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Exercise 2F-2. Mathematical Induction [5 points]. Find the flaw in the following
inductive proof that “All flowers smell the same”. Please indicate exactly which sentences
are wrong in the proof via highlighting or underlining.

Proof: Let F be the set of all flowers and let smells(f) be the smell of the flower f € F.
(The range of smells is not so important, but we’ll assume that it admits equality.) We'll
also assume that F' is countable. Let the property P(n) mean that all subsets of F' of size
at most n contain flowers that smell the same.

P(n) Lvx e P(F). |X|<n = (Vf, f € X. smells(f) = smells(f"))
(the notation | X| denotes the number of elements of X)

One way to formulate the statement to prove is Vn > 1.P(n). We'll prove this by
induction on n, as follows:

Base Case: n = 1. Obviously all singleton sets of flowers contain flowers that smell the
same (by the definition of P(n)).

Induction Step: Let n be arbitrary and assume that all subsets of F' of size at most n
contain flowers that smell the same. We will prove that the same thing holds for all subsets
of size at most n+ 1. Pick an arbitrary set X such that |X| = n+1. Pick two distinct flowers
f, f' € X and let’s show that smells(f) = smells(f’). Let Y = X — {f} and Y = X — {f'}.
Obviously Y and Y’ are sets of size at most n so the induction hypothesis holds for both
of them. Pick any arbitrary x € Y NY’. Obviously, z # f and =z # f’. We have that
smells(f") = smells(z) (from the induction hypothesis on Y') and smells(f) = smells(z) (from
the induction hypothesis on Y”). Hence smells(f) = smells(f’), which proves the inductive
step, and the theorem.

(One indication that the proof might be wrong is the large number of occurrences of the
word “obviously” :-))
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