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cessing at least a subset of the plurality of jobs on processors
within the multi-processor computing environment from a
solution of a mathematical program that provides a near
maximal completion reward. The schedule comprises a
sequence of tasks for each processor. In a third step, the
computer processing jobs are processed on the processors
according to the sequence of tasks for each processor.
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1
SCHEDULING COMPUTER PROCESSING
JOBS THAT HAVE STAGES AND
PRECEDENCE CONSTRAINTS AMONG THE
STAGES

FIELD OF THE INVENTION

The present invention relates to the field of computing.
More particularly, the present invention relates to the field of
computing where computer processing jobs are scheduled for
execution.

BACKGROUND OF THE INVENTION

Scheduling is a basic research problem in both computer
science and operations research. The space of problems is
vast. A subset of this problem space is non-preemptive mul-
tiprocessor scheduling without processor-sharing. Generally,
techniques for solving non-preemptive multi-processor
scheduling problems are based upon an objective function,
which a scheduling tool seeks to optimize. Such objective
functions include, the completion time of the lastjob (i.e., the
makespan) or mean completion time. Jobs may be made up of
one or more tasks.

In many cases, task dispatching decisions are made manu-
ally by human operators. For example, a human operator may
assign ordinal priorities (e.g., most important, medium
importance, least important) to a set of tasks and as resources
become available tasks are selected from an assignable pool
of tasks according to their ordinal priority. This approach
does notscale, is labor intensive, error prone, and often results
in undesirable dispatching sequences (e.g., low utilization,
uneven load, violated assignment constraints, and violated
precedence constraints).

Automated dispatchers are based on fixed dispatching
rules such as FIFO (first-in, first-out), round robin, lowest
utilization first, and fair share. As a result, automated dis-
patching sequences are inflexible. In some cases, automated
dispatching rules can be changed by a human operator while
a system is in operation. This allows for improved perfor-
mance but requires human intervention.

SUMMARY OF THE INVENTION

The present invention comprises a method of scheduling
computer processing jobs. According to an embodiment, the
method begins with a first step of receiving job properties for
a plurality of jobs to be processed in a multi-processor com-
puting environment. At least some of the jobs each comprise
a plurality of stages, one or more tasks for each stage, and
precedence constraints among the stages. The method con-
tinues with a second step of determining a schedule for pro-
cessing at least a subset of the plurality of jobs on processors
within the multi-processor computing environment from a
solution of a mathematical program that provides a near
maximal completion reward. The schedule comprises a
sequence of tasks for each processor. In a third step, the
computer processing jobs are processed on the processors
according to the sequence of tasks for each processor.

These and other aspects of the present invention are
described in more detail herein.

BRIEF DESCRIPTION OF THE DRAWINGS

The present invention is described with respect to particu-
lar exemplary embodiments thereof and reference is accord-
ingly made to the drawings in which:
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2

FIG. 1 illustrates a set of multi-stage computer processing
jobs processed according to an embodiment of a method of
scheduling computer processing jobs as a task chart in accor-
dance with an embodiment of the present invention;

FIG. 2 schematically illustrates a multi-processor comput-
ing environment that processes computer processing jobs
according to a method of scheduling computer processing
jobs in accordance with an embodiment of the present inven-
tion; and

FIG. 3 illustrates an embodiment of a method of scheduling
computer processing jobs of the present invention as a flow
chart.

DETAILED DESCRIPTION OF A PREFERRED
EMBODIMENT

The present invention comprises a method of scheduling
computer processing jobs in a multi-processor computing
environment. The computer processing jobs comprise multi-
task jobs each having a plurality of stages with one or more
tasks per stage and precedence constraints among the stages.
Each stage includes computational tasks that may be executed
in parallel. All tasks in a stage must complete before any tasks
in the next stage may begin execution. In other words, the
tasks in a later stage are subject to a precedence constraint that
requires the preceding stage’s tasks finish processing before
any of the tasks in the later stage may begin processing. There
are no precedence constraints between tasks of different com-
puter processing jobs.

An embodiment of a set of multi-stage computer process-
ing jobs that may be processed according to embodiments of
the method of the present invention is illustrated as a task
chart in FIG. 1. The set of multi-stage jobs 100 includes first
and second jobs, 102 and 104. The first job 102 (also indicated
by j=1) includes three stages, indicated by ge{1, 2, 3}, and six
tasks, indicated by ie{1, 2, .. ., 6}. The second job 104 (also
indicated by j=2) includes two stages, indicated by ge{1, 2},
and six tasks, indicated by ie{1, 2, . . ., 6}. The first and
second jobs, 102 and 104, may be characterized by first and
second critical path lengths, 106 and 108, which are the times
required to process the first and second jobs, 102 and 104,
respectively, if an unlimited number of processors are avail-
able.

The problem of scheduling the multi-stage computing pro-
cessing jobs may be described more formally as follows. The
multi-stage computer processing jobs comprise a set of jobs
jel. Job j contains a set of stages geG(j). A set of tasks 1 in
stage g of job j is denoted as S(g.j). Stages encode precedence
constraints among tasks within a job. No task in stage g+1
may begin until all tasks in stage g have completed. Stages
represent a special case of “series-parallel” precedence con-
straints or interval based precedence constraints. Precedence
constraints do not exist among tasks of different jobs.

A job completes when all of its tasks have completed, and
areward is accrued if the job completes by its due time D;. In
any schedule of all of the jobs jel, each job j has a completion
time C, and a completion reward R;. The goal is to sequence
tasks onto processors in such a way that the final schedule
maximizes the aggregate reward Ry. The aggregate reward
Ry may be given by:

RZZEjZIJUD(/‘)(Cj)
where Up,,(C) is utility for the completion time C, of job j
and may be given by U, ,(C))=R; if C,=D; and U, ,(C)=0
otherwise. (Note that the due time D, appears as the due time

D(j) in places where the due time is a subscript.) Utility may
be expressed as a dollar value or as points on an arbitrary scale
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or in some other units. The definition of Uy ,(C,) may be
extended to allow a lesser positive reward for jobs that com-
plete after the due time.

The problem of scheduling the multi-stage computer pro-
cessing jobs with arbitrary completion rewards and arbitrary
task execution times is NP-hard to approximate within any
constant factor. A particular problem is NP-hard if another
problem known to be NP-complete can be reduced to the
particular problem in polynomial time. With unit completion
rewards and unit task execution times, the problem of sched-
uling the computer processing jobs is NP-complete. The
terms “NP-hard” or “NP-complete” mean that an exact solu-
tion can only be obtained within a feasible time period, if at
all, for a small problem size. Providing more computing
power only slightly increases the problem size for which one
can expect to find the exact solution if such a solution exists at
all. The terms “NP-hard” and “NP-complete” come from
complexity theory, which is well known in the computer
science and scheduling disciplines.

In an embodiment, the multi-stage computer processing
jobs comprise a batch of animation processing jobs. For
example, the batch of animation processing jobs may be brief
excerpts of a computer-animated film that is in production.
Typically, each of the brief excerpts is processed in a series of
stages which must be processed in a particular order. For
example, the series of stages may begin with simulation of
physical movement followed by model baking, then frame
rendering, and concluding with film clip assembly.

Other computer processing jobs have a similar multi-stage
structure in which stages include tasks that may be executed
in parallel and later stages are subject to precedence con-
straints that require tasks in earlier stages to complete pro-
cessing before the tasks of the later stages may begin process-
ing. Examples include protein sequence matching, certain
classes of fast Fourier transformations, petroleum exploration
workloads, and distributed data processing.

An embodiment of a multi-processor computing environ-
ment that employs a method of scheduling computer process-
ing jobs of the present invention is schematically illustrated in
FIG. 2. The multi-processor computing environment 200
comprises a scheduler 202 and a plurality of clusters 205,
which are coupled together by a network 208. Each cluster
205 comprises a plurality of servers 204 and storage 206. In
an embodiment, the scheduler 202 comprises a processor 210
and memory 212. In an embodiment, each server 204 com-
prises a processor 210 and memory 212. In another embodi-
ment, one or more servers 204 further comprise one or more
additional processors. In an alternative embodiment, the stor-
age 206 of each of the clusters 205 is a portion of a storage
pool that is coupled to the servers 204 by a SAN (storage area
network). More generally, a multi-processor computing envi-
ronment that employs a method of scheduling computer pro-
cessing jobs of the present invention includes a plurality of
processors, memory, and storage. In this general multi-pro-
cessor computing environment, one or more of the processors
acts as a scheduler. Alternatively, the scheduler is located
separately from the multi-processor computing environment.
The scheduler is a computing entity that determines a sched-
ule as part of a method of scheduling computer processing
jobs of the present invention.

An embodiment of a method of scheduling computer pro-
cessing jobs in a multi-processor computing environment of
the present invention is illustrated as a flow chart in FIG. 3.
The method 300 begins with a first step 302 of receiving job
properties for a plurality of jobs to be processed in the multi-
processor computing environment. At least some of the jobs
each comprise a plurality of stages, one or more tasks for each
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stage, and precedence constraints among the stages. The
method continues with a second step 304 of determining a
schedule for processing at least a subset of the plurality of
jobs from a solution of a mathematical program that
sequences tasks to processors within the multi-processor
computing environment and that provides a near maximal
completion reward. The schedule determined in the second
step includes a sequence of tasks for each of the processors
within the multi-processor computing environment.

In an embodiment, the mathematical program is a Mixed
Integer Program (MIP), which may be solved using a com-
mercially available solver such as CPLEX. Alternatively, the
mathematical program is an integer program, which also may
be solved using a commercially available solver. The MIP and
an appropriate solver guarantee an optimal solution of the
formulated MIP if run to termination. Beyond some large
real-world problem size, the MIP and the appropriate solver
provide a feasible solution for the formulated MIP and a
conservative estimate of a lower bound of an optimal solution.
In an embodiment, the MIP includes decision variables, state
variables, input and derived parameters, constraints, and an
objective. The decision variables include task-to-processor
assignment decision variables, job selection decision vari-
ables, job-to-processor assignment decision variables, and
stage sequence decision variables. The state variables are
derived from the decision variables; they are intermediate
results that improve the formulated MIP. The state variables
include stage-at-processor completion time variables and job
completion time variables. The constraints include tasks pre-
cedence constraints, job completion time constraints, job
selection constraints, processor constraints, and sequence
constraints. In an embodiment, the objective comprises maxi-
mizing a sum of completion rewards for jobs completed by
the due time.

A more detailed description of an embodiment of a MIP of
the present invention is described as follows. The MD
employs indices and sets listed in table 1.

TABLE 1

Indices and sets Description

pye¥ Set of users, user groups, or a combination thereof
je Iy Set of jobs from user or user group }

keK Cluster of processors

pePk) Set of processors at cluster k

k(p) Denotes the corresponding cluster k for processor p
i€ S(g) Set of tasks i of stage g of job j

g€ G(j) Set of stages g for job j

1=1() Last stage | of job j

Input and derived parameters for the MIP are listed in Table
2. The completion reward R; of job j has some value if job j is
completed by the due time. Otherwise, it is zero. Alterna-
tively, the completion reward R, may be reduced by a penalty
if job j is not completed by the due time. A total processing
time available W between a release time and a due time may
be given by:

W= HZ [Pk

kek
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TABLE 2
Parameters Description
D; Time available between release time (or present time)
and due time for job j
R; Completion reward for job j if it is finished on time
tef Average processing time at processor p for stage g of job j
ng; Number of tasks of stage g of job j
H Maximum time available in a processing period
fy Percentage of total processing time allocated to user
or group of users ¢ over a period of time, where
Dty =1
gel
w Total processing time available between release
time and due time
Ty Consumption of time by user or user group 1

The decision variables include task-to-processor assign-
ment decision variables, job selection decision variables, job-
to-cluster assignment decision variables, job-to-processor
assignment decision variables, and stage sequence decision
variables. The task-to-processor assignment decision vari-
ables indicate quantity of tasks of stage g of job j that are
assigned to processor p and may be given by:

P=
Xg F=0

The job selection decision variables indicate the jobs that
are processed in a processing period and may be given by:

1 job jis selected
z; =
! 0 otherwise

Each of the job-to-cluster assignment decision variables
indicates an assignment of a job to a cluster of processors and
may be given by:

1 cluster k process all tasks of job j
Yik = 0

otherwise

Each of the job-to-processor assignment decision variables
indicates an assignment of at least one task of a job to a
processor and may be given by:

1 processor p processes one or more tasks of job j

8jp = { 0

The stage sequence decision variables indicate stage and
job sequences and may be given by:

otherwise

tasks in (g, j') follow tasks in

Vg iH = (g, j) if assigned to processor p

0 otherwise

The stage sequence decision variables cover stage sequences
within a single job (i.e., stage g and stage g' are part of a single
job indicated as both job j and job j') and stage sequences
between two jobs (i.e., stage g is part of a first job j and stage
g' is part of a second job j').

6

The state variables include stage-at-processor completion
time variables, stage-at-cluster completion time variables,
and job completion time variables. The stage-at-processor
completion time variables ¢, / provides a completion time of
stage g of job j at processor p.

The stage-at-cluster completion time variables C, Jk pro-
vide a completion time of stage g of job j at cluster k and may
be given by:

w

10 C,/=Max{c, 7:peP(k)}

The job completion time variables CJ, provide a comple-
tion time of job j and may be given by:

- k.
CI=Max{Cy;, *:keK}

The constraints comprise tasks precedence constraints, job
completion time constraints, job selection constraints, fair
share constraints, affinity constraints, cluster constraints, pro-
cessor constraints, and sequence constraints.

The task precedence constraints ensure that tasks at a par-
ticular stage cannot start processing until a previous stage
completes processing. The task precedence constraints may
be given by:

20

2 2. 2. 2. (
Cef ZCaf ¥ foe f =B~V rie)

25

P @) Po==2
Cof ZCq.1 i, F8=2

*(@) 7
CgJ chj

where B is a sufficiently large constant to ensure correct
operation of these constraints when stage g' of job j' precedes
stage g of job j.

The job completion time constraints ensure that the
completion time of job j equals or exceeds the completion
time of the last stage 1(j) of job j on any cluster. The job

35 completion time constraints may be given by:

CJ=C, VkeK

The job selection constraints assure that jobs are completed
by the due time and may be given by:

40 2=D~CJ+1

If'the right hand side of a particular job selection constraint is
zero or negative (e.g., 1 sec. late), the particular constraint is
infeasible. This forces the second decision variable z, to take
a value of zero, which forces the job completion time CJ; to
zero and satisfying the particular job selection constraint.

The fair share constraints may assure that at least some jobs
for each user or user group ) are processed. Alternatively, the
fair share constraints may limit the number of jobs that are
processed for each user or user group . Or, the fair share
constraints may assure that at least some jobs for each user or
user group  are processed while limiting the number of jobs
that are processed for each user or user group . The fair share
constraints may be implemented as hard constraints, either as
a hard fraction or a range of fractions, or as soft constraints.
The fair share constraints implemented as hard fractions may
be given by:

Z )‘gjxgjsfd,*W—Td,

60
2eG(.jel @)
peplk)kek
The fair share constraints implemented as soft constraints
65 may allow violation of either the hard fractions or the range of

fractions while imposing penalty terms, which reduce the
completion reward. Fair share constraints that assign different
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factions to different users or user groups may be referred to as
weighted fair share constraints as opposed to un-weighted
fair share constraints that provide equal fractions to users or
user groups.

The affinity constraints ensure that all tasks of job j are
assigned to no more than one of the clusters of processors and
may be given by:

Zyj,k =z

kek

The cluster constraints ensure that all of the tasks of stage
g of job j are processed by cluster k and may be given by:

Py, .
e j = YikTlg,j
pEPl)

The processor constraints ensure that tasks are assigned to
a processor and may be given by:

P . .
Xe,j =g j*Sp

P
E g.j

£eG())

Ojp =<

hHP =

The sequence constraints ensure a consistent ordering of
jobs and stages. The sequence constraints may be given by:

Vien(@ e in@n=0 o+ 01

V@ tVE e =1
In an embodiment, the objective seeks to maximize the
completion reward and may be given by:

Maximize Z Rjz;
Jjel@)

In an alternative embodiment, the objective seeks to maxi-
mize the completion reward and to minimize penalties. For
example, such penalties may be for not completing jobs by
the due time or for violating fair share constraints.

The method 300 (FIG. 3) concludes with a third step 306 of
processing the computer processing jobs on the processors
within the multi-processor computing environment accord-
ing to the sequence of tasks for each processor.

The foregoing detailed description of the present invention
is provided for the purposes of illustration and is not intended
to be exhaustive or to limit the invention to the embodiments
disclosed. Accordingly, the scope of the present invention is
defined by the appended claims.

What is claimed is:

1. A method of scheduling a plurality of computer process-
ing jobs comprising:

determining, by executing instructions on a scheduling

processor, a schedule for processing the plurality of
computer processing jobs on processors within a multi-
processor computing environment, wherein each job has
a plurality of stages, at least one task for each stage,
precedence constraints among the stages, and a job
completion due time, wherein the precedence con-
straints include a particular precedence constraint
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8

between a first of the stages and a second of the stages,
where each of the first and second stages has plural tasks,
wherein a completion reward accrues for a job if the job
completes by the corresponding job completion due
time, and wherein the determined schedule assigns
sequences of tasks to the processors in a manner that
maximizes a sum of the completion rewards for the
plurality of computer processing jobs; and

processing the plurality of computer processing jobs on the

processors within the multi-processor computing envi-
ronment according to the determined schedule.

2. The method of claim 1 wherein the instructions executed
by the scheduling processor comprise a mixed integer pro-
gram.

3. The method of claim 2 wherein the mixed integer pro-
gram comprises decision variables, state variables, input and
derived parameters, constraints, and an objective.

4. The method of claim 3 wherein the decision variables
comprise task-to-processor assignment decision variables,
job selection decision variables, job-to-processor assignment
decision variables, and stage sequence decision variables.

5. The method of claim 3 wherein the state variables com-
prise stage-at-processor completion time variables and job
completion time variables.

6. The method of claim 5 wherein the state variables further
comprise stage-at-cluster completion time variables.

7. The method of claim 3 wherein the constraints of the
mixed integer program comprise tasks precedence con-
straints, job completion time constraints, job selection con-
straints, processor constraints, and sequence constraints.

8. The method of claim 3 wherein the objective comprises
minimizing penalties.

9. The method of claim 8 wherein the penalties comprise
fair share violation penalties.

10. The method of claim 8 wherein the penalties comprise
due time violation penalties.

11. The method of claim 1, wherein the determining com-
prises finding a solution to a program that includes solving for
decision variables of the program, wherein the decision vari-
ables include task-to-processor assignment variables, where
each of the task-to-processor assignment variables represents
a number of tasks assigned to a corresponding one of the
processors.

12. The method of claim 11, wherein the decision variables
further include job-to-processor assignment variables each
indicating an assignment of at least one task of a correspond-
ing one of the jobs to a corresponding one of the processors.

13. A non-transitory computer readable medium compris-
ing computer code that upon execution cause a computer to:

determine a schedule for processing a plurality of com-

puter processing jobs on processors within a multi-pro-
cessor computing environment, wherein each job has a
plurality of stages, at least one task for each stage, pre-
cedence constraints among the stages, and a job comple-
tion due time, wherein the precedence constraints
include a particular precedence constraint between a
first of the stages and a second of the stages, where each
of the first and second stages has plural tasks, wherein a
completion reward accrues for a job if the job completes
by the corresponding job completion due time, and
wherein the determined schedule assigns sequences of
tasks to the processors in a manner that maximizes a sum
of the completion rewards for the plurality of computer
processing jobs; and

process the plurality of computer processing jobs on the

processors within the multi-processor computing envi-
ronment according to the determined schedule.
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14. The computer readable medium of claim 13, wherein
the determining comprises finding a solution to a program
that includes solving for decision variables of the program,
wherein the decision variables include task-to-processor

10

15. The computer readable medium of claim 14, wherein
the decision variables further include job-to-processor
assignment variables each indicating an assignment of at least
one task of a corresponding one of the jobs to a corresponding

assignment variables, where each of the task-to-processor 5 one of the processors.

assignment variables represents a number of tasks assigned to
a corresponding one of the processors.
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