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Abstract. We present new, and mostly sharp, bounds on the maximum length of certain
generalizations of Davenport—Schinzel (DS) sequences. Among the results are sharp bounds on
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1. Introduction. A generalized Davenport—Schinzel (DS) sequence is one over
a finite alphabet, say, [n] = {1,...,n}, none of whose subsequences are isomorphic to
a fixed forbidden sequence o or a set of such sequences. (A sparsity criterion is also
included in order to prohibit degenerate infinite sequences such as aaaaa - --.) When
o is the alternating sequence abab - - - with length s + 2 this definition reverts to that
of standard order-s DS sequences. Whereas standard DS sequences have countless
applications in discrete and computational geometry, generalized DS sequences have
found fewer applications [3, 6, 18, 21, 25, 29]. Whereas bounding the length of DS
sequences is now essentially a closed problem [2, 16, 17], the most basic questions
about generalized DS sequences are open or have received only partial answers.

We are mainly interested in answering two questions about forbidden sequences.
A purely quantitative question is to determine the maximum length Ex(o,n) of a o-
free sequence over an n-letter alphabet, for specific o or large classes of 0. An equally
interesting question, particularly when Ex(o,n) is superlinear in n, is to character-
ize the structure of o-free sequences. There are infinitely many forbidden sequences
one could study, but some classes of subsequences are more interesting than others,
either because of their applications or because of their intrinsic structure or for his-
torical reasons. In this article we focus on forbidden sequences that generalize, in
various ways, the idea of an alternating sequence. In order to properly explain our
results, in section 1.4, we need to introduce some notation and terminology and to
review the history of DS sequences and their generalizations, in sections 1.1-1.3. For
the moment we can take a high-level tour of the results. Following convention, let
As(n) = Ex(abab- - - ,n) be the extremal function for order-s DS sequences, where the
alternating pattern has length s + 2.
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Double DS sequences. The most modest way to generalize an alternating sequence
abab - - - is simply to double each letter, transforming it to abbaabb---.' Double DS
sequences were the first generalized DS sequences to be studied [1, 5, 14]. Let A%
be the extremal function of order-s double DS sequences. Davenport and Schinzel [5]
noted that A{*'(n) is linear (see [13, p. 13]) and Adamec, Klazar, and Valtr [1] proved
that A\3”'(n) is also linear, matching Ay and A2 up to constant factors. (The forbidden
sequences here are abba and abbaab.) Klazar and Valtr [14] claimed without proof that
A3 (n) = O(na(n)), which would match A3 asymptotically [9]. However, this claim
was later retracted [13]. Here a(n) is the inverse-Ackermann function. We prove that
AgP(n) is, in fact, O(na(n)) and, more generally, that A2*" and A, are asymptotically
equivalent for every order s.

Formation-free sequences. Take any s + 1 permutations over {a,b}. Regardless
of one’s choice, the concatenation of these permutations necessarily contains an alter-
nating subsequence of length s+ 2: the first permutation contributes two symbols and
every subsequent permutation at least one. More generally, an (r,s + 1)-formation
is obtained by concatenating s + 1 permutations over an r-letter alphabet. Define
Form(r, s + 1) to be the set of all (r, s + 1)-formations, and let A, ; be the extremal
function of Form(r, s 4 1)-free sequences. The argument above shows that order-s DS
sequences are Form(2,s + 1)-free, which implies that A\s(n) < Ag4(n). Klazar [10]
introduced Form(r, s + 1)-free sequences as a “universal” method for finding upper
bounds on Ex(o,n). If there exist 7, s (and there always do) such that o is contained
in every member of Form(r, s + 1), then Ex(o,n) = O(A, 5(n)).

A natural hypothesis, given [16, 17], is that As and A, s are asymptotically equiv-
alent for all . We prove that this hypothesis is false, which is quite surprising. One
upshot of [2, 16, 17] is that when s > 7 is odd, As(n) and As_1(n) are essentially
indistinguishable, and that As(n) and A4(n) are asymptotically distinguishable but
very similar. In contrast, we prove that, in general, A, (n) behaves very differently
at odd and even s. The extremal functions Ay and A, ; are asymptotically equivalent
only when s < 3, or s > 4 is even, or r = 2.

Just as DS sequences can be generalized to double DS sequences, Form(r, s + 1)
can be transformed into a set dblForm(r, s + 1) by “doubling” it. Let Ay%(n) be the
extremal function of dblForm(r, s + 1)-free sequences. The function A’ was studied
in a different but essentially equivalent form by Cibulka and Kynécl [3]. We prove
that A2 is asymptotically equivalent to A, s for all r,s. This fact is not surprising,
but what is surprising is how many new techniques are needed to prove it when
s =3.

Zig-zagging patterns. One way to view the alternating sequence abab--- with
length s+ 2 is as a zig-zagging pattern with s+ 1 zigs and zags. Generalized to larger
alphabets, we obtain the IN-shaped sequences, of the form ab---zy---ab-- -z, when
s = 2, the M-shaped sequences ab---zy---ab---2zy---a when s = 3, the N-shaped
sequences ab---zy---ab---zy---ab---z when s = 4, and so on. Klazar and Valtr [14]
(see also [21]) proved that the extremal function of each N-shaped forbidden sequence
is linear, matching A2(n). See Valtr [29] for an application of N-shaped sequences to
bounding the size of geometric graphs and Pettie [21] for an application of M-shaped
sequences to bounding the complexity of the union of fat triangles.

11t is straightforward to show that repeating letters more than twice, or repeating the first and
last at all, can affect the extremal function by at most a constant factor. See [1].
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Given [14, 21], one is tempted to guess that the extremal function for a zig-zagging
forbidden sequence is, if not asymptotically equivalent to the corresponding order-s
DS sequence, at least close to it. We give lower bounds showing that for each ¢, there is
an M-shaped forbidden sequence with extremal function Q(naf(n)) and an N-shaped
forbidden sequence with extremal function Q(n - 2(1+°(1))°‘t(”)/“). Put a different way,
in terms of their extremal functions M-shaped sequences may be similar to ababa but
N-shaped sequences bear no resemblance to ababab.

Our results on zig-zagging patterns are the least conclusive and therefore offer the
most opportunities for future research. They are based on a general, parameterized
method for constructing nonlinear sequences.

1.1. Sequence notation and terminology. Let |o| be the length of a sequence
0 = (0i)1<i<|o| and let [|o]| be the size of its alphabet ¥ (o) = {0;}. Two equal length
sequences are isomorphic if they are the same up to a renaming of their alphabets.
We say o is a subsequence of ¢’ if o can be obtained by deleting symbols from ¢’. The
predicate o < ¢’ asserts that ¢ is isomorphic to a subsequence of ¢’. If o A o’ we say
o' is o-free. If P is a set of sequences, 0 < P holds if o < ¢’ for every ¢/ € P and
P £ o holds if ¢/ £ o for every ¢’ € P. The alphabet size of P is || P|| = max,cp ||o]|.
The assertion that o appears in or occurs in or is contained in ¢’ means o < o’. The
projection of a sequence o onto G C (o) is obtained by deleting all non-G symbols
from o. A sequence o is k-sparse if whenever 0; = o; and i # j, then |t — j| > k.
A block is a sequence of distinct symbols. If o is understood to be partitioned into a
sequence of blocks, [o] is the number of blocks. The predicate [o] = m asserts that
o can be partitioned into at most m blocks. The extremal functions for generalized
DS sequences are defined to be

Ex(o,n,m) = max{|S| : 0 £S5, ||S|| =n, and [S] < m},
Ex(o,n) = max{|S| : 0 £ S, ||S|| =n, and S is ||o||-sparse},

where o may be a single sequence or a set of sequences. The conditions “[S] <
m” and “S is ||o||-sparse” guarantee that the extremal functions are finite. Note
that Ex(o,n,m) has no sparseness criterion. The extremal functions for order-s DS
sequences are defined to be

length s + 2 length s + 2
—— ——
As(n) = Ex( abab--- ,n) and As(n,m) = Ex( abab--- ,n,m).
Since [Jabab - - - || = 2, the sparseness criterion forbids only immediate repetitions.

1.2. Davenport, Schinzel, Ackermann, Tarjan. Davenport and Schinzel [4]
observed that A1(n) = n and Aa(n) = 2n — 1. It took several decades for all
the other orders to be understood. The following theorem synthesizes results of
Hart and Sharir [9], Agarwal, Sharir, and Shor [2], Klazar [12], Nivasch [16], and
Pettie [17].

THEOREM 1.1. Let \s(n) be the mazimum length of a repetition-free sequence
over an n-letter alphabet avoiding subsequences isomorphic to abab--- (length s+ 2).
Then \s satisfies
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n, s=1,
2n — 1, s =2,
2na(n) + O(n), s =3,
As(n) = O(n2%m), s =4,
O(na(n)24m), s=25,
n - 20 M)/t 40 " (n) s>6, t=[%52].

Here «(n) is the functional inverse of Ackermann’s function discovered by Tar-
jan [28], defined as follows:

aLj = 2j, ] 2 ].,
a1 =2, 12> 2,
ai,j =w - ai_l_,w, i,j Z 2,

where w = a; j_1.

One may check that in the table (a;;), the first column is constant and the second
column merely exponential: a; 1 = 2 and a; 2 = 2°. Ackermann-type growth appears
only at the third column, motivating the following definition of the inverse functions:

a(n,m) =min{i | a; ; > m, where j = max{[n/m],3}},

a(n) = a(n,n).

There are numerous variants of Ackermann’s function in the literature, all of which
are equivalent inasmuch as their inverses differ by at most a constant. Observe that
Theorem 1.1 is robust to perturbations of a(n) by O(1), so it does not depend on any
particular definition of Ackermann’s function or its inverse.

1.3. Generalizations of DS sequences. Certain classes of forbidden sequences
have received significant attention. We review three systems for generalizing (stan-
dard) DS sequences, then mention some miscellaneous results in the area.

Double DS sequences. Let dbl(o) be obtained from o by doubling each letter ex-
cept for the first and last, for example, dbl(abcabc) = abbccaabbe. The extremal
functions for order-s double DS sequences are A"(n) = Ex(dbl(abab---),n) and
A% (n,m) = Ex(dbl(abab- - -),n,m), where the alternating sequence has length s+ 2.
It is known that A{™(n) and Ag"'(n) are linear, matching \; and Ay asymptotically.
See Davenport and Schinzel [5], Adamec, Klazar, and Valtr [1], and Klazar [11, 13, p.
13]. Pettie [20, 21] proved that A$"(n) = O(na?(n)) and Ex({abbaabba, ababab},n) =
O(na(n)) and that for s > 4, A% (n) matched what were the best upper bounds
on Ay(n) at the time [16], namely, A% (n) < n - 22" (M/11+0(" () for even s, and
A () < p - 20" (M (log(a(m)+OM)/H for odd s.

Formation-free sequences. Recall that Form(r,s + 1) is defined to be the set of
sequences obtained by concatenating s 4+ 1 permutations over an r-letter alphabet.
For example, abed cbad badc € Form(4,3). Let A, (n) = Ex(Form(r,s + 1),n)
be the extremal function for Form(r, s 4+ 1)-free sequences, with A, s(n,m) defined

2See Pettie [17, Remark 1.1] for a discussion of this notion of “Ackermann-invariance.”

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/12/15 to 141.211.4.224. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

GENERALIZED DAVENPORT-SCHINZEL SEQUENCES 2193

analogously.? It is straightforward to show that if o is contained in every member of
Form(r, s + 1), then

Ex(o,n,m) < A, (n,m) and Ex(o,n) = O(A,5(n)).

s

Nivasch [16] proved that any o is contained in every member of Form(||o||, |o| — ||| +
1). Very recently Geneson, Prasad, and Tidor [8] showed that it suffices to consider a
subset Bin, 541 C Form(r, s+ 1) consisting of binary patterns, where each of the s+ 1
permutations is either 12--- (r—1)r or r(r—1)---21. By repeated application of the
Erdés—Szekeres theorem, they showed that every member of Form(r’, s + 1) contains
a member of Bin, sy, where ' = (r — 1)2" 4+ 1. Consequently, if o is contained in
every member of Bin, 511, then Ex(o,n) = O(A, s(n)).

Nivasch [16], improving [10], gave the following upper bounds on A, ,, for any
r > 2,s > 1, where t = [%52]|. The lower bounds follow from previous [9, 2] and
subsequent [17] constructions of order-s DS sequences.

O(n), s <2,
O(na(n)), s=3,
O(n2e(m), s =4,
Arg(n) = { Q(na(m)2207) and O(n2e(mlosetzon), s =5,
n 20t (/40" (n) even s > 6,
Q(n . 9at(n)/t! +0<at—1<n>>),
and  O(n -2 (0(esal+om)/1), odd s =T

Note that A, s matches the behavior of A; when s < 3 or s is even.

Cibulka and Kynél [3] studied a problem on 0-1 matrices that is essentially equiva-
lent to the following generalization of formation-free sequences. Define dblForm(r, s+
1) to be the set of all sequences over [r] = {1,...,r} that can be written o1 ...0411,
where 01 and 0541 are permutations of [r] and s, ..., 05 are sequences containing two
copies of each symbol in [r]. Define A;";(n) and A" (n,m) to be the extremal functions
of dblForm(r, s 4 1)-free sequences. Cibulka and Kyncl only considered A;%(n,m).
For consistency we state the bounds on A" (n) they would have obtained using the
available reductions from r-sparse to blocked sequences [16].* For any r > 2,5 > 1,

3The “s+1” here is chosen to highlight the parallels with order-s DS sequences. Recall that every
o € Form(2, s+1) contains an alternating sequence abab - - - with length s+2, hence As(n) < Az 5(n).
4The only notable case here is s = 4. Cibulka and Kynél proved that A2 (n,m) = O(n + m),

A (n,m) = O((n+m)a(n, m)), and A% (n,m) = O((n+m)a(n, m)2%(m:m)) which imply, by [16,
Lemma 5.7], that A% (n) = O(na(n)), and AfYj(n) = O(na2(n)22(m),
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and ¢t = [552],

O(n), s=1,
Q(n) and O(na(n)), 5 =2,
Q(na(n)) and O(na?(n)), 5=3,
Q(n2°) and O(na?(n)2°™), s =4,

A7i(n) = Q(na(n)22™) and O(n20(ega(m)+0M)), 5=05,
n- 20" (M)/t+ 0@~ () even s > 6,
Q(n Lgat(m)/t1 4+ 0~ () )

and O(n . Qat(n)(loga(n)JrO(l))/t!)7 odd s 27

The definition of dblForm(r, s+1) may at first seem unnatural. Surely dbl(Form(r, s+
1)) = {dbl(o) | ¢ € Form(r,s + 1)} would be a more useful way to “double” the set
Form(r, s+1). For example, it is known that abcacbe < Form(4, 4), and therefore that
dbl(abcacbe) < dbl(Form(4,4)), but we cannot immediately conclude, as we would
like, that Ex(dbl(abcacbc),n) < Ag%(n). It turns out that the maximum length of
dblForm(r, s + 1)-free sequences and dbl(Form(r, s + 1))-free sequences is the same
asymptotically. The proof of Lemma 1.2 appears in the appendix.

LeMMA 1.2. The following bounds hold for any r > 2,s > 1:

Ex(dbl(Form(r, s + 1)),n,m) < - Ay(n,m) 4 2rn,
Ex(dbl(Form(r, s +1)),n) = O(A3%5(n)).

Zig-zagging patterns. Klazar and Valtr [14] introduced the N-shaped zig-zagging
patterns { Ny}, where

2 ,..(k+1)k..'12 o (k+1).
k:

Note that Nj-free sequences generalize order-2 DS sequences since N1 = abab. (The
vertical placement of the symbols in Ny, carries no meaning. It is intended only to im-
prove readability.) It was shown [14, 21] that Ex(dbl(Ny),n) = O(n), which matches
A2 (n) asymptotically. Pettie [21] proved that Ex({ M}, ababab},n) = ©(na(n)), match-
ing As(n), where Mj, is the kth M-shaped sequence,

R N TS CE D
M, =1 "1 "1

See [29, 25, 6, 21] for applications of N- and M-shaped sequences.

A different way to view even-length alternating patterns abab--- with length
s+ 2 is as a sequence of (s+2)/2 zigs, without corresponding zags. When generalized
to an r-letter alphabet we get the sequence (12---7)(5%2/2 which is contained in
every member of Bin, s since at least [£51] of the constituent permutations must
be identical. It follows from [2, 8, 16] that Ex((1---7)+2/2 n) = O(A.4(n)) =
n - 20+’ M)/t where ¢/ = (r —1)2° + 1 and t = [552].
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Other forbidden patterns. Much of the research on generalized DS sequences [1,
13, 14, 19, 20, 21, 22] has focused on delineating linear and nonlinear forbidden se-
quences. A o is linear if Ex(o,n) = O(n). It is known that ababa and abcacbe are
the only 2-sparse minimally nonlinear sequences over three letters [14, 20, 21]. There
are only a few varieties of sequences known to be linear. We have already seen that
doubled N-shaped sequences (dbl(Ny)) are in this category. Pettie [21, 19] proved
that abcbbecac is linear and showed that if 71,7 are two permutations on the same
alphabet, then 7y dbl(ms) is linear. For example, Ex(abcde acceebbd, n) = O(n). More
linear sequences can be generated via Klazar and Valtr’s [14] splicing operation. If
o = o1aace and o’ are linear, where X(0) N X(0’) = (), then o1a0’acs is also linear.

Other research has focused on identifying cofinal sets of forbidden sequences, with
respect to the total order on extremal functions.® Klazar’s general upper bounds [10]
imply that standard DS sequences {(ab)*} are cofinal. Pettie [20], answering a ques-
tion of Klazar [13], proved that the set of ababa-free forbidden sequences is also cofinal.
This fact is witnessed by the two-sided comb-shaped sequences { Dy}, which generalize
D = abacacbe. Here Dy, is defined to be

(k+2) (k+2) (k+2) (k+2)“.(k+1)(k+2).

Dp,=1"1 1 1 1

1.4. New results. In prior work [17] we showed that A; behaves very similarly
at the odd and even orders. In this paper we prove, quite unexpectedly, that A,
matches As; only when s < 3, or s > 4 is even, or r = 2. When s > 5 is odd and r > 3,
A, s and As diverge. Moreover, we prove that As and A" are essentially equivalent
and that A, s and Ay’ are essentially equivalent.

THEOREM 1.3 (omnibus bounds). For all s > 1 and r = 2, As, A%, A, 5, and
ASP are asymptotically equivalent, namely,

T,8

O(n), 5 <2,

O(na(n)), s =3,

As(n), AL (n), _ ) @(n2a(m), s =4,

M) g T g, .
n - 20 )/ +0 " (n) 5> 6, where t = | 252 ].

However, the behavior of A, s and Ay} changes when r > 3. In particular,

T,8

e(n), s <2,

O(na(n), s=3
Apa(n), A2 (n) = { ©(2°™), s—4,

n - 2at(71)(loga(n)+0(l))/t!’ odd s > 5,

n - 2/t + 0 ), even s > 6.

5A set A of sequences is cofinal if, for any o, there is a 0/ € A such that Ex(o,n) = O(Ex(c”’,n)).
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The new parts of Theorem 1.3 not covered by previous work [2, 3, 9, 16, 17] are
(i) upper bounds on A¢™, for s > 4, which also cover A5,
(ii) lower bounds on A, for » > 3 and odd s > 5,

(iii) a linear upper bound on Ay,

(iv) an O(n2°™)) upper bound on A%}, and

(v) an O(na(n)) upper bound on Af,"é, which also covers A"
For task (i) we generalize (and simplify) the recent analysis of [17] to work for double
DS sequences. This analysis only achieves tight bounds for s > 4. For task (ii)
we give a construction of sequences that are Form(3, s + 1)-free (but necessarily not
Form(2, s + 1)-free) with length n - 22 (m(og a(m)+OW)/#  Tagk (iii) requires no proof.
It follows from the linearity of dbl(NVy)-free sequences. For task (iv) we give a single
analysis of Ay’ that is tight for all » > 3,5 > 4, but not s = 3. Task (v) is far and
away the most difficult to prove. It requires the development of techniques new to
the analysis of generalized DS sequences.

Zig-zagging patterns. Recall that the N- and M-shaped sequences { Ni, M} gen-
eralize abab = N and ababa = M;. Define Z;, to be the corresponding generalization

of ababab = Z1, that is,

o (k+1) o (k+1) - (k+1).
Z =12 k-..12 k-..12

We give a flexible new way to construct (and succinctly encode) nonlinear sequences
that subsumes nearly all prior constructions [2, 9, 15, 16, 17, 20, 22]. Using the
new constructions we are able to show that for any ¢, there exists a k such that
Ex(Mj,n) = Q(nal(n)) and an [ such that Ex(Z;,n) = Q(n - 20+e)a’(n)/th) = The
bounds on My-free sequences are perhaps not too surprising, but they demonstrate
that the extremal function for a set of forbidden sequences can be different from any
member. (Recall that Ex({ My, ababab},n) = O(na(n)) for any k [21].) The new
bounds on Z; show definitively that, in general, zig-zagging sequences are not closely
tied to the corresponding DS sequences. In fact, the set {Z;} is cofinal among all
forbidden sequences, the other known cofinal sets being {(ab)*} and two-sided combs
{Dr}. Our new sequence constructions also let us show that the one-sided combs
{C)} behave differently than Cy = abcacbe, where

k+2) (k+2) (k+2) (k+2) (k+2).

) 5 o (kB+1)

Ck:123 1

We prove Ex(Cy,n) = Q(na’(n)).

1.5. Organization. In section 2 we present sharp lower bounds on Form(r, s +
1)-free sequences. In section 3 we review a number of standard sequence transforma-
tions and review the linear upper bounds on A, A", A, 5, and A2 when s € {1,2}. In
section 4 we establish sharp upper bounds on A{"!-free sequences for all s > 4. Section
5 reviews the derivation tree structure introduced in [17], which is used in sections 6
and 7. In section 6 we present sharp upper bounds on Ay’ (and A$"') and in section
7 we give sharp upper bounds on A" for all s > 4. Section 8 is devoted to a new,
generalized construction of nonlinear sequences. We prove that, under appropriate
parameterization, they are My-free, Zj-free, and Cj-free. Some open problems are

discussed in section 9.
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2. Lower bounds on formation-free sequences.

2.1. Composition and shuffling. We consider sequences made up of blocks,
each of which is designated live or dead. To distinguish the two we use parentheses to
indicate live blocks and angular brackets for dead blocks. The number of live blocks
in T is (7)) and the number of both types is [T]. Our sequences are constructed
through composition and two types of shuffling operations. These operations were
implicit in all constructions since Hart and Sharir [9] but were usually presented in
an ad hoc manner.

Composition. A sequence T over the alphabet {1,...,||T||} is in canonical form
if symbols are ordered according to their first appearance in 7. All sequences en-
countered in our construction are assumed to be in canonical form. To substitute T
for a block B = (a1,...,ap)) means to replace B with a copy of T'(B) under the
alphabet mapping k — ay. If Tiniq is a sequence with ||Thiq|| = 7 and Tiop a sequence
in which live blocks have length j, Tsu, = Tiop © Tmia is obtained by substituting
for each live block B in Tiop a copy Twmia(B). The live/dead status of a block in
Tsup is inherited from its status in Tiop Or Tiid, hence (Tsub ) = (Ttop ) - (Tmia ) and
[Tsub] = [Tiop] + (Trop ) ([Tmia] — 1). If each symbol appears in j.., live blocks and
Viop dead blocks in Tigp, and fi,:q live blocks and v,,;, dead blocks in Tj,iq, then the
corresponding multiplicities in Tiyp are fieop * fhmia N Vigy + fleop * Vinia-

Shuffling. Let Thor = (L1) (D1) (L2) (D2)---(L;) (D) be a sequence with [ live
blocks L1, ..., Ly and let Tsyp, = (L) (D4) (L) (D4) - -+ (L)) (D},) be a sequence whose
live blocks L7, ..., L}, have length precisely | = (Tiot ). The Ds here represents zero
or more dead blocks appearing between live blocks. The postshuffle Ty, = Tup © Thot
is obtained by first forming the concatenation T}, of I’ copies of Thot, each over an
alphabet disjoint from the other copies and disjoint from 3(Tgup). A copy of Ty is
shuffled into T}, as follows. Let L’q = (ayag - --a;) be the gth live block of Ty, and

Tégi = (qu)) <D§q)> e (Ll(q)) <Dl(q)> be the gth copy of Ti,o¢ in 17,,. We substitute
the following for Tégz, for all ¢, yielding Typ:

() (1) (7] o1720)
)

In other words, we insert a, at the end of the pth live block in Tégt and insert
all the dead blocks Dy following L in T, immediately after Tégz. See Figure 1.
The preshuffle Ty, = Tyup © Thot is formed in exactly the same way except that we
insert a, at the beginning of the block, that is, we substitute for Tégi the sequence
(angq)) <D§'J)> - (alLl(q)) <D§Q)D;>. In this section we consider only postshuffling,
whereas both pre- and postshuffling are used in section 8.

2.2. Construction of the sequences. Our Form(r, s + 1)-free sequences are
constructed inductively, beginning with Form(r, 4)-free sequences {T),(4, j) }i>1,j>0,p>2-
Each T),(4, j) consists of a mixture of live and dead blocks. The parameters ¢ and j con-
trol the multiplicity of symbols and the length of live blocks, respectively. The length
of dead blocks is guaranteed to be a multiple of p. Ignoring the role of p, this construc-
tion is essentially the same as the order-3 DS sequences presented in [9, 15, 30, 22].

T,(1,5)=(1---7) (L---4), one live block, one dead,
T,(i,0) = (), p > 2 empty live blocks, for i > 2,
Tp(zaj) = Tsub ) Tbot = (Ttop o Tmid) S Tbot7
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FIG. 1. Here Ly = (a1 ---a;) is the qth live block of Ty, and Tégz is the qth copy of Tyt in

Tgot‘
Dy, after Tég)t.

The sequence Tsup, © Thot s obtained by shuffling sz into the live blocks of Tégl and inserting

where Thor = T,(i,j — 1),
Tia = (1 e quot D) <(]Tbot D T 1> ’ one live blOCk’ one dead’
Tiop = Tp(i — 1, (Thot ))-

Lemma 2.1 identifies some simple properties of T,(4,j) that let us analyze its
length and forbidden substructures.

LEMMA 2.1. Let T =T,(i,j) for some p > 2.

1. Live blocks of T' consist solely of first occurrences and all first occurrences
appear in live blocks.

2. Lwve blocks of T have length j.

3. All symbols appear i + 1 times in T'.

4. When i > 2, the number of live blocks and the length of dead blocks are both
multiples of p.

5. As a consequence of parts 1-3, |T| = (i + 1)||T|| = (¢ + 1)j(T).

Proof. All the claims trivially hold in the base cases, when i = 1 or j = 0. Assume
the claim holds inductively for pairs lexicographically smaller than (i,5). Note that
part 1 holds for T},iq. If it holds for Tiop, and Tiniq it clearly holds for Ty, and if it
holds for Thet as well, then it also holds for T, (7, 7) = Tsub © Thot-

Part 2 follows since, by the inductive hypothesis, live blocks in Ty,oy = T, (4, j — 1)
have length j — 1 and exactly one symbol gets shuffled into each live block when
forming T, (4, j) = Tsub © Thot. Part 3 follows since the multiplicity of symbols in Tiop
is 4, by the induction hypothesis, and the multiplicity in Thq is 2, so the multiplicity
of symbols in Ty is ¢ + 1. The multiplicity of symbols in T}, is already i + 1, by the
induction hypothesis, so all symbols occur in T with multiplicity 7 + 1.

Turning at last to part 4, the claim is vacuous when ¢ = 1 and clearly holds
when ¢ > 2,5 = 0. In general, if (Thot) = (Z,(4,5 — 1)) is a multiple of p, then
(T,(i,4)) is also a multiple of p. All dead blocks in T,(¢,5) are either (i) inherited
from Thot, or (ii) inherited from Tiep, or (iii) first introduced in Ty, as the second
block in a copy of Tmia = (1--(Thot)) ((Thot)---1). The inductive hypothesis
implies that the length of category (i) blocks are multiples of p. When i > 3 the
inductive hypothesis also implies the length of category (ii) blocks are multiples of
p. When ¢ = 2 we have Tiop = Tp(1, (Thot)) = (1---(Toot)) (1---(Thot)). By
virtue of (Thot)) being a multiple of p, the length of the lone dead block in Tiep is
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a multiple of p. Category (iii) blocks satisfy the property for the same reason, since
Tiid = (1 s (]Tbot D) <(]Tbot D cee 1> and (]TbotD is a multiple of p. O

LEMMA 2.2. T,(7,7) is an order-3 DS sequence and hence Form(r,4)-free for all
r>2.

Proof. The claim clearly holds in all base cases, so we can assume T = T,(3, j)
was formed from Tiop, Timid, and Thot. Any occurrence of ababa could not have arisen
from a shuffling event. If a € X(Tiop) and b € X(Ty,), the projection of T onto
{a, b} is [b*ab*| a*, where the bars mark the boundary of b’s copy of Thet. (The live
block of T, shuffled into b’s Tyt contains the first occurrence of a. All other as in
Tsub are inserted after this copy of Tiet.) We could also not create an occurrence of
ababa during a composition event, where a and b shared a live block in Ti,,. The
projections of Tiop and Ty, onto {a, b} would be, respectively, of the form (ab)a*b*
and (ab) (ba) a*b*, the latter being ababa-free. O

The U, (i, j) sequences defined below have the property that all blocks are live and
have length exactly j and all symbols occur p; times, where the p-values are defined
below. This contrasts with 7),(4, j), where there is a mixture of live and dead blocks
having nonuniform lengths. We define U3 (i, j) to be identical to T}(z, j) as a sequence,
but we interpret it as a sequence of live blocks of length exactly j. This is possible
since, in T}(i,7), the length of live blocks is j and the length of each dead block is
a multiple of j. Since all blocks in Uy are live we can use the identities [Us (4, j)] =
(Us(i,7)) and |Us(i,7)| = ps,i|Us (3, )| = 7[Us (4, 5)]. Sequences essentially the same
as {Us} were used in [20] to prove lower bounds on Ex(Dy,n), where {Dj} are the
two-sided combs defined in section 1.3.

Us(i,j)=(1---5)(j---1), two blocks, for all 4,
Us(i, 1) = (1)#=, lts,i identical blocks, for i > 1,5 > 3,
Us(0,5) = (1---4), one block, for s > 3,
Us(i,j) =T;(i,7) (reinterpreted), for i > 1, where p = j > 2,
Us(1,7) = Usub © Unot = (Utop © Umid) © Upot,

where Upor = Ug(i,7 — 1),
Umid - US—Q(iv [[Ubot]])v
Utop - US(Z - 17 HUmldH)

The multiplicities {5 ;} are defined as follows:

Mo =2 for all 7,
pH3i=1+1 for all 4,
Hso =1 for all s > 4,
Ms,i = Mhsi—1fbs—2,i for s>4and i > 1.

LEMMA 2.3. Let U = Us(i,7), where s >2,i> 1,5 > 1.

1. All symbols appear in U with multiplicity precisely fis ;.

2. All blocks in U have length precisely j.

3. If a and b share a common block and a < b according to the canonical ordering
of (U), then the projection of U onto {a,b} has the form either a*b*(ba)b*a*
or a*(ab)a*b*. Moreover, unless s = 2, every pair of symbols appears in at
most one common block.
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Proof. Parts 1 and 2 hold in the base cases and follow easily by induction on s, 7,
and j. For part 3, if b precedes a in their common block, then, in some shuffling event,
a € X(Usup) was postshuffled into b’s copy of Uy, and all other copies of a were placed
before or after this copy of Upet, hence U’s projection onto {a, b} is a*b*(ba)b*a*. If
a precedes b in their common block, then this must be the first occurrence of b in
U (otherwise b < a in the canonical ordering). By the same reasoning as above the
projection of U onto {a,b} must be of the form a*(ab)a*b*. 0

In Lemma 2.4 we analyze the subsequences avoided by U, and in Lemma 2.5 we
lower bound the length of Us.

LEMMA 2.4. When s = 3 or s > 2 is even, Ug is an order-s DS sequence and
hence Form(2, s + 1)-free. When s > 5 is odd and r > 3, U is Form(r, s + 1)-free.

Proof. The claim is clearly true for s = 2 and Lemma 2.2 takes care of s = 3.
Observe that ababab can never be introduced by a shuffling event. If a € X (Usup)
and b € X(Uf.,), only one copy of a can appear between two bs; all others precede or
follow b’s copy of Upet in Uy,,. Thus any alternating subsequence ab- - - ab of length
542 > 6 must be introduced in Usy, = Utop © Umia by composition. The projection of
Utop onto {a, b} is of the form a*b* (ba)b*a*. Since Umiq = Us—2(+, -) has order s—2 and
b precedes a in the canonical ordering of Uy,iq, its longest alternating subsequence is
bab - - - ab (length s — 1), hence the longest alternating subsequence in Uy}, has length
s+ 1.

We now consider U = Us(4,j), where s > 5 is odd. Define P11 to be the set of
all sequences o € {1,2,3}* such that dbl(c) contains a subsequence of the form

123 {123}~ {23},

where {123} indicates any permutation of the symbols 1,2, 3. We will prove by induc-
tion that U, contains no Psy1 subsequence. This implies that it is Form(r, s+1)-free as
well for all » > 3. The claim holds at s = 3 since all members of P, contain 23232. For
s > 5, Ps11 could not have arisen from a shuffling event since every member of Psq
contains a sequence isomorphic to ababab for each pair of symbols {a,b} C {1,2,3}.
It also could not have arisen from a composition event in which some strict subset of
{1,2,3} appears in one block. Suppose a block in Uy,p contains 1 and 2 but not 3.
The projection of Uyp onto {1,2} is of the form 1*2%(21)2*1*. Even if there were 3s
interspersed conveniently outside the block (21), substituting any Upyiq for the block
(21) could only create four permutations on {123}, whereas we need at least s > 5
such permutations.

We can therefore assume that any Ps;; sequence in Us, say, over the alphabet
{a, b, ¢}, first arose in Ug,p, from a composition event in which some block B containing
{a, b, ¢} is substituted for a copy Umia(B). By the inductive hypothesis Upiq is Ps—1-
free. By Lemma 2.4, before the substitution the projection of Uy, onto {a,b,c} is of
the form

c*b* a* (abe)a* b* ¢*.

Some prefix of a P;11 sequence is taken from ¢*b*a*, some suffix of the P11 sequence
is taken from a*b*c*, and the remainder must come from the Uyiq(B) substituted for
(abc). We consider three cases depending on the mapping from {a, b, ¢} to {1,2,3}.

Case 1. The mapping is ¢ = 1 and {a,b} = {2,3}. The suffix of Psy; can
include at most aab, that is, the final permutation {23} and the last letter of the
last permutation of {123} if it is an a. The prefix of P,4; can include at most
cbaa = 1233. Of course, since Upia(B) is in canonical form and a < b < ¢ according
to the canonical order of X (Uwida(B)), we know a is the first letter among {a,b, ¢} to
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appear in Upyiq(B).% Thus, for Py, 1 to appear in Uy we would need Upiq(B) to
contain abc{abc}*~3{bc}, contradicting the P;_i-freeness of Upiq(B).

Case 2. The mapping is ¢ = 1 and {b,c¢} = {2,3}. In this case the suffix can
include at most abbe, but only if the last permutation on {abc} in Ps 1 is exactly cab.
Since Upia(B) is in canonical form the first occurrence of a precedes those of b and c,
so no useful prefix of Pyy; is provided by the c*b*a* preceding B in Usep. For a Poiy
to appear in Uy, we would need Upiq(B) to contain abe{abe}*~2c, contradicting the
P,_q-freeness of Upia(B).

Case 3. The mapping is b = 1 and {a,c} = {2,3}. The suffix can include at most
a ac. The prefix can apparently include as much as ba, but just as in Case 2, this is not
a useful prefix. Since Upiq(B) is in canonical form the first ¢ is already guaranteed to
be preceded by ab. Thus, for Ug,, to contain Psy; we would need Up,iq(B) to contain
abc{abc}*~2{bc}, contradicting the Py i-freeness of Upia(B). O

We have established that U, is Form(r, s 4+ 1)-free and now need to lower bound
its length.

LEMMA 2.5. Fiz s and let t = |(s — 2)/2].

i+t—1

1. For even s, us; = 9("iY) = git/t oG,
2. For odd s, jus; = [1j_o(i +1— Z)(Htri_ll) = 9i'(log)/t!+ O(")
Proof. Consider the even case first. When ¢ = 0 we have ;0 =1= 2(0+i_1) and

i+0—1

when s = 2,t = 0 we have ps; = 2( o) = 2. The claim holds for all even s > 4
since, by Pascal’s identity, ps; = fs,i—1 - fls—2,i = (TN H(EIYTY) oY)
Clearly o("i) > 91"/t

For odd s the base case ¢ = 0 is trivial. When s = 5,t = 1 we have p5; =
I+t—1

H3ipsi—1 - 3,0 = (4 + 1)1, which can be expressed as ngo(i +1-— l)( 1) since
t =1 and (lJ{)O) =1 for all I. For odd s > 7 the bound follows by induction.

Hsi = Hsi—1 " Hs—2,i

i—1 i s
~ T - +1 =D L+ 1=y
=0 =0
~ [T+ [+ 1 -0
1"=0 I'=0

(" 141, When 1" =0, (i + 1)(=1) = 1.}

i

N ) CERE (G yR Gy
=0

) (RS
=0

When s is odd, it is simpler to obtain asymptotic bounds on log, (11s,;) directly, without
analyzing the closed-form expression above. Assuming inductively that logy(ps—2:) =
it L(logi)/(t —1)! + O(i*=2), where the constant hidden in the second term depends

6Note that the canonical orderings of {a, b, c} within Usop and Up,;q(B) are unrelated and in fact
typically are the reversal of each other. If B contains neither the first occurrence of b nor ¢, then
¢ < b < a according to the canonical order of E(Ump) but a < b < ¢ according to the canonical order
of E((]mid (B))
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on s — 2, we have
1085 (f1s,i) = 1085 (1s—2.6) +108o(psi—1) = >_ 1085 (s —2.2)

- : [xt“ log =
B —1)!
2!
_i'logi
-t

Note that the sum is faithfully approximated by the integral fo Yogz)/(t — 1) +
O(2t72)dz = i*(logi)/t! + O(i'~1) as the two differ by O(i*~1). O

It is a tedious exercise to show that for n = ||Us(4,7)|| and m = [Us(i,5)], i =
a(n,m)+O0(1) and i = a(n)+O(1) when j = O(1). (See [16, 20] for several examples
of such calculations.) Lemmas 2.2, 2.4, and 2.5 establish all the lower bounds of
Theorem 1.3, with the exception of A\s(n) = Q(na(n)2%™), which is proved in [17].

Remark 2.6. It should be possible to improve the lower bounds on Aj ,, for odd
s > 5, by substituting Nivasch’s construction of order-3 DS sequences [16, section 6]

for T;(i,7) in the definition of Us(Z,j). Nivasch’s sequences are roughly twice as
long as Tj(7,j), which would lead to a 2(1+(3(1)) factor improvement in p,; for odd

s> 5. The only technical issue is to deal with nonuniform block lengths. In the [16]
construction there is no straightforward way to force dead blocks to have lengths that
are multiples of some p. As a consequence, the block lengths in Us(4, 7) would also be
nonuniform but upper bounded by j.

+ O(xt*Z)}

+0(z71).

3. Sequence transformations and decompositions. This section reviews
some basic results and notation used throughout the article, sometimes without direct
reference.

3.1. Sparse versus blocked sequences. An m-block sequence can easily be
converted to an r-sparse one by removing up to r — 1 symbols in each block, except
the first. This shows, for example, that As(n,m) < As(n) +m — 1 and Ay(n,m) <
A2 (n)+ (r—1)(m—1). However, converting an r-sparse sequence into one with O(n)
blocks is, in general, not known to be possible without suffering some asymptotic loss.
The following lemma generalizes reductions of Sharir [24] and Pettie [17] to A2, A, 5,
and A7%. In the interest of completeness we include a proof in Appendix A.

LEMMA 3.1 (cf. Sharir [24], Fiiredi and Hajnal [7], and Pettie [17]). Define
Yor Yo'y Yross Vow N = N to be nondecreasing functions bounding the leading factors
of As(n), A" (n), A, o(n), and Agri(n), e.g., Ay < 4p%(n) - n. The following bounds
hold:

As(n) < vs—2(n) - As(n, 2n),
A () < (572 (n) +4) - A (n, 2n),
As(n) < vs-2(7s(n)) - As(n, 3n),
A ) < (122 (757 (n) +4) - AT (n, 3n),
A s(n) < vps—2(n) - Ars(n,2n) + 2n,
?f (n) < (7i—2(n) + O(1)) - AS™ (n, 2n)),
rs(n) < Yrs—2(yrs(n)) - Ar,s(na 3n) + 2n,

—~

Aif’é( n) < (Vs-2(775(n) + O(1)) - AT (n, 3n)),

where the O(1) terms depend on r and s.
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3.2. Reductions between formation-free sequences and DS sequences.
It is not immediate from the definitions that the extremal functions Ay, As™, As 4, and
AgPl are closely related. Lemma 3.2 is used to reduce the number of facts that must
be established to prove Theorem 1.3: lower bounds on A4 apply to the other extremal
functions and upper bounds on A5’ apply to the other extremal functions:

LEMMA 3.2. The following inequalities hold for all s:

As(n) < Ags(n) < A (n) <APL(n)+2n < 5-AP(n) 4 2n,
As(n,m) < Ags(n,m) < AP (n,m) < AS(n,m) +n <3 AP (n,m) +n.

Refer to Appendix A for proof of Lemma 3.2.

3.3. Linearity at orders 1 and 2. We bound the length of sequences induc-
tively through the use of recurrences. The induction bottoms out when s € {1,2}, so
we need to handle these two orders directly. Lemma 3.3 summarizes linear bounds
on As, A% A, 5, and A" that were discovered by Davenport and Schinzel [4, 5],
Klazar [10, 13], Klazar and Valtr [14], Fiiredi and Hajnal [7], and Pettie [21]. A proof
of Lemma 3.3 appears in Appendix A.

LEMMA 3.3. At orders s =1 and s = 2, the extremal functions Ag, \J"', A, 5, and
A2t obey the following:

7,8

A1(n) =mn, A(n,m)=n+m-—1,

A2(n) =2n—1, Xo(n,m) =2n+m —2 [4],

(n) =3n — 2, AP (n,m) =2n+m — 2 [5, 13],

9" (n) < 8n, ' (n,m) < bn+m [11, 7],
Ari(n) = At (n) <rn, Apa(n,m) = A (n,m) <n+(r—1)m [10],
Aro(n) < 2rn, Aro(n,m) <2n+ (r—1)m [10],
At (n) < 6"rn, AL (n,m) <2-6"(n+m/3) [21].

The linear bound on A;% is a consequence of bounds on dbl(N,_p)-free se-
quences [14, 21], though this connection was not noted earlier [3].

3.4. Sequence decomposition. We adopt and extend the sequence decom-
position notation from [17]. This style of decomposition goes back to Hart and
Sharir [9] and Agarwal, Sharir, and Shor [2] and has been used many times since
then [3, 10, 16, 20]. This notation is used liberally throughout sections 4-7.

Let S be a sequence over an n = ||S|| letter alphabet consisting of m = [S]
blocks. (It may be that S avoids some forbidden sequences, but this has no bearing
on the decomposition.) A partition of S into 7 intervals Sy - - - Sy, is called uniform if
my = --- = my_1 are equal powers of two and my;, may be smaller, where my = [\S,]
is the number of blocks in the gth interval. A symbol is global if it appears in multiple
intervals and local otherwise. Let S = S; -+ - S,;, and S = 5'1 e S’m be the projections
of S onto local and global symbols, so |S| = |S| + |S|. Define 72 = ||S]| to be the size
of the global alphabet and 7, = ||.S,|| and 72, = ||S,]| to be the number of global and
local symbols in 3(Sy), son =0+ > . < Mig-

A global symbol a € E(S’q) is classified as first, last, or middle if no as ap-
pear before S,, no as appear after S, or as appear both before and after S,.” Let

S’q,Sq,Sq < S, be the projections of S’q onto symbols classified as first, last, and

"Note that if a € E(S‘q) is classified as first, all the possibly many occurrences of a in Sy are
“first” occurrences.
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middle in Sy; let 7ig, fug, and fig be the sizes of the alphabets £(S,), £(S,), and £(S).
Define S, .S, and S to be subsequences of first, last, and middle occurrences, namely,
S= S Sp1Sm,
S= Sy Sp_1.

Note that S’l = Sl consists solely of first occurrences and S’m = \m consists solely
of last occurrences, so S is empty if 77 = 2. These notational conventions will be
applied to sequences and other objects defined later. For example, the diacritical
marks 7, ", 7, *, and ~ will be applied to objects pertaining to local, global, first, last,
and middle symbols, respectively. Moreover, whenever we define a new subsequence
of Sy, say, S'q, quantities and objects pertaining to S'q will be indicated with the same
diacritical mark, such as 72, = ||S,|-

The global contracted sequence S = By --- By, is obtained by contracting each
interval 5’ to a single block B, consisting of some permutation of E(S’ ). Unless
spec1ﬁed otherwise, the Symbols in B, are ordered according to their ﬁrst occurrence
in S It follows that S’ < S, so S inherits any forbidden sequences of S.

4. Upper bounds on dblForm(r, s)-free sequences. In this section we give
recurrences for the extremal functions of Form(r, s+ 1)-free sequences and dblForm(r,
s + 1)-free sequences. Lemmas 4.4 and 4.5 give closed-form upper bounds on the
length of such sequences in terms of Ackermann’s function. These bounds on A, ,

dbl dbl

and Aj% are sharp, except for As s and A%, when s > 5 is odd, and A%, for any

r > 2. These exceptions are addressed in sections 6 and 7.

4.1. A Recurrence for A, ;. In reading the proofs of Recurrences 4.1 and 4.3
one should keep in mind that all extremal functions are superadditive. For example,
A s(ny,ma) + Ars(no, ma) < Ay s(n1 4+ na,my + mo).

RECURRENCE 4.1. Define n and m to be the alphabet size and block count
parameters. For any m > 2, any block partition {mq}1<q<m, and any alphabet parti-
tion {n} U {fgti<q<m, Ars obeys the following recurrences, for any fized
r>2,8>3: When m =2,

A s(n,m) < Z Ay (g, mg) + Ar s—1 (20, m),
ge{1,2}
and when m > 2,
Ar,s(nam) < ZAns(ﬁqa mq) + 2 Ar,sfl(ﬁam) + Ar,872(Ar7s(ﬁ7m) - 2’&; m)
qg=1

Proof. We adopt the sequence decomposition notation from section 3.4. The

contribution of local symbols is >° [Sq[ < >°, Ars(itg,mg). As each symbol in S,

appears at least once after Sy, each S’ is a Form(r, s)-free sequence, it follows that

m—1

Z|S|< ZA” 1(1hg, mq) < Ay s 1<Z nq,qu> = A s1(n,m —my).
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A symmetric statement is true for each Sg; hence the contribution of last occurrences
is >, 1Sy] < Aps1(itym —my). If 7 = 2, then we have accounted for all symbols,
and by superadditivity A, s—1(7,m1) + Ar s—1 (R, ma) < Ay s—1(20,m).

If 11 > 2, then we must also count middle symbols. Each symbol in S, appears at
least once before S, and at least once afterward. This implies that S, is Form(r, s —1)-
free, hence

Z |Sql < ZAns—?(ﬁqvmq)
q q
<Arso <Z Ng, Z mq> superadditivity
q q

(4.1) = Ars2(|S'| = 200, m — my — M)
< Ars—2(Ay (R, ) — 20, m) S’ is Form(r, s + 1)-free.

Equality (4.1) follows since } 714 counts the number of middle occurrences of symbols
in S, that is, the length of S less 27 for first and last occurrences. a0

4.2. A recurrence for A7%. Recall that A7%(n,m) was defined to be the ex-
tremal function for dblForm(r, s+1)-free, m-block sequences over an n-letter alphabet.
Here dblForm(r, s+ 1) is the set of sequences over the alphabet [r] = {1,...,7} of the
form oy - -+ 0541, where o7 and 0,41 contain one occurrence of each symbol in [r] and
o9,...,0s contain exactly two occurrences of each symbol in [r].

Remark 4.2. The definition of A;% has one annoying property. Suppose S is a
sequence and S’ a contracted version of it in which each occurrence of a symbol repre-
sents two or more occurrences in S. We would like to say that if S is dblForm(r, s+1)-
free, then S’ is Form(r, s + 1)-free, but this is not strictly true. For example, suppose
S’ contained the Form(2,4) sequence ab |b(a |b)a | ab, where the bars separate the four
constituent permutations over {a, b} and the parentheses mark the boundaries of one
block B in S’. If we substitute aa and bb for all as and bs outside B, and substitute
abab for B, we find that S may only contain aabb bb (abab) aa aabb, which contains
no dblForm(2,4) sequence. On the other hand, if occurrences in S” represent at least
three occurrences in S, and symbols in the blocks of S’ are sorted according to the
second occurrence in the corresponding subsequence of S, then S’ is Form(r, s+1)-free
it S is dblForm(r, s 4 1)-free.

We can easily “force” blocks in S’ to represent at least three corresponding occur-
rences in the original sequence. Suppose we are given an initial dblForm(r, s + 1)-free
sequence S*. Obtain S from S* by retaining every other occurrence of each symbol,
so S is also dblForm(r, s 4+ 1)-free and |S| > |S*|/2. When bounding |S| inductively
we may construct a contracted version S’ whose occurrences represent at least two
occurrences in S, and hence at least three occurrences in S*. (One subtlety here is
that S’ will be a subsequence of S*, not necessarily S, since we order symbols in the
blocks of S” according to their position in S*.)

In Recurrence 4.3 (and Recurrences 6.1 and 7.4 later on) we use the inference
[S is dbl(o)-free] — [S’ is o-free], knowing that the bounds we obtain on the given
extremal function may be off by a factor of two.

RECURRENCE 4.3. Define n and m to be the alphabet size and block count
parameters. For any m > 2, block partition {mg}ti<q<m, and alphabet partition
{1} U{ngti<qcm, A5 obeys the following recurrences for any fived r > 2,5 > 3:
When m = 2,
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Aff(n,m) <Y A (g, mg) + AL (20,m) + 20,

r,5—1
ge{1,2}
and when m > 2,
AN (nym) < A (gmg) + AR(R,) + 2 AT (R, m)
qg=1

£ AN (A (R, ) — 20,m) + 2+ Ay (R, 10).

r,8—2

Proof. We consider the case when 1 > 2 first. Let S be a dblForm(r, s + 1)-free
sequence. The contribution of local symbols is > |Sq| < 37, Ai%(72g,mg). 1f a global

symbol appears exactly once in some S that occurrence is called a singleton. Let S

be the subsequence of S consisting of singletons. Clearly S can be partitioned into
7 blocks, hence |S| < Agri(n,m). Remove all singleton occurrences from S and let

S be what remains. Classify occurrences in S’q as first, middle, and last according
to whether they do not occur before, do not occur after, or occur both before and
after interval ¢ in S (not in S) Let S,5,5 < S be the subsequences of first, last,
and middle occurrences. Obtain S‘; (and S’q_ ) from S, (and S,) by removing the
last (and first) occurrences of each symbol, and obtain S, from S, by removing both

the first and last occurrences of each symbol. It follows that both 5'(; and S’; are
dblForm(r, s)-free and that S, is dblForm(r, s — 1)-free. The contribution of first and
last nonsingleton occurrences in S is therefore at most

Z {Aib; 1(T2g, mq) +10g + Aib; 1(Tg, mq) + nq} [Aibsl 1 (7, m) + ﬁ}

q

Form S’ from S by contracting each interval into a single block. Since S is dblForm(r, s+
1)-free, S must be Form(r,s +1). (See Remark 4.2.) Therefore, the contribution of
middle nonsingleton occurrences is at most

Z [ :})slfz(ﬁqv mq) + 2ﬁq} < A:?sL? (Z g, Z mq> +2: Z Nq
q q q q
= A" (|8 — 27, m) + 2(]S"| — 2)

r,s—2

<A (Ay (R, ) — 20, m) + 2 - A, (R, ) — 4n.

r,s—2

When m = 2 there are no middle occurrences and, in the worst case, no singletons.
The total number of first and last occurrences is (Ay_y (72, m1)+7)+ (Af,"; 1 (7, me)+

n) < AP, (271, m) + 2n. This concludes the proof of the recurrence. O

r,s—1

Lemma 4.4 gives explicit upper bounds on A, s and Ay’ in terms of inductively
defined coefficients {ms ;, 727} and the ith row-inverse of Ackermann’s function. One
should keep in mind, when reading this lemma and similar lemmas, that we will
ultimately substitute a(n,m)+ O(1) for 7 and that this choice makes the dependence
on the block count m negligible.

LEMMA 4.4. Fiz parameters 1 > 1, r > 2, s> 3, and ¢ > s — 2. Let n,m be the
alphabet size and block count and let j be minimal such that m < (a;;)°. Then A, s

and Ay are bounded as follows:
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A"’vs(na m) S Ts,i (Tl + O((Cj)S_Qm)),

Al n,m) < 78 (n+ O((cj)*~*m)),
where the asymptotic notation hides a constant depending only on r. The coefficients
{ms,i, 75} are defined as follows:

dbl
Tii = T =1,

To,i = 2,
Mgl = 2Mg_1,1 = 251,
(4.2) Tsi = 2Me—1,i + Ts—2,4(Ts i1 — 2),
wgb; =2.6""1,
M om0 12
(4.3) Wif?l: Toi—1 + 2w + (s + 2)ms i1

The proof is by induction over tuples (s,i,7), where ¢ and r are regarded as
fixed. (The base cases when s € {1,2} follow from Lemma 3.3.) At the base case
; = 1 we let j be minimal such that m < a; ;. By invoking Recurrence 4.1 with
m = 2 is it easy to show that A, s(n,m) < ms1(n + O(j°"2*m)), where the constant
hidden by the asymptotic notation does not depend on s or c¢. This also implies
that A, 5(n,m) < ms1(n + O((cj)*"2m)) when j is defined to be minimal such that
m < af;, since aj ; = a1,¢; = 2¢7. In the general case, when i > 1, we apply
Recurrence 4.1 using a uniform block partition with width w® = af SO

o= [m/w] < (ai;)/(aij-1)" = (ai-1,0)"

We invoke the inductive hypothesis with parameters ¢,7 — 1 on sequences with w®
blocks (namely, {S,}). On sequences with m blocks (such as $,S) we invoke the
inductive hypothesis with i,7 and on sequences with m blocks we invoke it with
i — 1,w. The induction goes through smoothly so long as the coefficients {7 ;, 7"
are defined as in Lemma 4.4, (4.2), and (4.3). See [17, Appendix B] for several
examples of such proofs in this style.®

LEMMA 4.5. The ensemble {ws,i,wg};ﬂ s>3,i>1 satisfies the following, where t =

552

1,0—1

7T3Z‘:2Z'+2
e(i*),

T, T = O(29),
2'(i

i+ O()),
(o)

dbl __
7731 -

db
T5,i; 775,1

Tsis Moy < 2 for even s > 4,

Taiy T bl 1< 2(Z+O(1))10g(2(1+1)/6) fO?” odd s > 5.

8For an alternative approach see Nivasch [16, section 3]. Tt differs in two respects. First, it refers
to the slowly growing row-inverses of Ackermann’s function rather than using the “j” parameter of
Ackermann’s function. Second, there is no equivalent to our “c¢” parameter in [16], Wthh leads to a
system of two recurrences, one for the leading factor of the n term and one for the leading factor of
the j°~2m term. For yet another style of analysis, which leads to the same recurrences for ms,i and
mdbl | see Nivasch [16, section 4], Cibulka and Kynél [3, section 2], or Sundar [26].

8,17
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Proof. First consider the case when s € {3,4}. Equation (4.2) simplifies to

M35 =2+ T3,i—1,
T4 = 27T3’1' + 2(7T47i_1 — 2)

One proves by induction that m3,; = 2i + 2 and m4; = 10 - 2° — 4(i + 2). Using these
identities, (4.3) can be simplified to

mi = 2 (2-6771) + (142)(2i - 2),
Ty ST+ 2 7rdbl+(2'6r_1+2)(10'2i_1 — 4@+ 1))

A short proof by induction shows % < 6(*}") +4-6"71(i + 1) and that 77 <
20(6" 71 4 2)2¢. In the general case we have, for s > 5,

(44) s <214+ M52, Ts i1
=2 1,i + Mo2,i(2Ms—1,im1 + To—2,i—1 (25 —1,i—2
+Ms_oio( -+ +Ts_22Ts1) -+ ))

i—2 -1 i—2
= E 21 i—1 - H Me—2i—k + Ts1- H Mo iek-
1=0 k=0 k=0

When s = 5 we have m,_1; = ©(2%) and 75_2,; = 2(i + 1), so (4.4) can be written

17—

2
02 204+ 1)2 -2 +2 1) + w1 -2(i 4+ 1)2i2(i — 1) ---2(3)
=0

02 - (i + 1)) = 2+0W)log(2),

~

i+Cs
We prove that there are constants {C} such that my,; < 2( ) when s is even and
i+Cs .
s < (") 108(2(+1)/e) when s is odd. The analysis above shows that Cy and Cj

exist. When s > 4 is even, (4.4) is bounded by

(4.5)

V)

i -1

il Cy_ 2(i—14+1) i—k+C 1 k+C
< (T los(F )-”2( i) + T ||2 ),
1 k=0

Il
=]

By Pascal’s identity Y (i_kttfs‘2) = (i+1+t05‘2) - (i_“'tc**”), so (4.5) is bounded
by

(4.6)

1—2
L+1+Cs 2 < 1 L-%—C’S 1 lo (2(1 L+1)) (17l+1+C5_2)
2 o8 ¢ + 71

1=0
i+1+Cs
(") for some sufficiently large Cs.
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The sum in (4.6) clearly converges as i — oo, though for some constant values of 7 — [
(depending on Cs_y and Cs_3), (1_1:_015‘1) log(2(i — I + 1)/e) may be significantly
larger than (“~"'1“=2). When s > 5 is odd the calculations are similar. By the

inductive hypothesis, (4.6) is bounded by

(4.7)
=2 i—l+Cy_y Ll (z’—M—C8 2) log(2U=htD) ) (- k+cs,2)lo (2l=kt1) y
<y 2T 20 € + e Hz eor ) s (T
=0 k=0 k=0
i—2
i+14+Cg 2(i+1) i—1+Cg_ i—l4+14+Cq_ 2(i41)
< () g2 <22< Sty (o 2>1og<+>+m>
=0
i+14+C 2(i+1) .
(") 1085 for some sufficiently large Cj.
Turning to 7", we have
(4.8)
dbl __ dbl dbl dbl
Tsi = Ts,i— 1+27r3717i+(s21+2)7r81 1
i—2
dbl dbl d
_7T81+ § 27Ts lzl+(s2zl+2)ﬂ-57i—1—l}'
=0

It is straightforward to show that when s > 4, the bounds on 7, ; also hold for 7r(“’1
with respect to different constants {Ds}. When s = 5, (4.8) becomes

|
N

i
db dbl
m5y = Tsa +

(2-0027") + (0 —1)*) +2)- 027 i — 1))

(]

l
=0(2(i +2

Il
=]

2(i41)

1) < 20+Ds)log(

) for a sufficiently large Dj.

~

When s > 4 is even, (4.8) implies, by the inductive hypothesis, that

bl < bl Z { 1 H—Ds 1 (@)—H " (2(1’—1:—_131572) +2)2(i717tl+cs)

51— s,1

(T ) for a sufficiently large Dj.

When s > 5 is odd,

SZ*

) dbl + Z{ 1 H'Ds 1 +1 4 (2(7 lile 2)1 (Lfﬁn) +2)2(i_1_tl+cs)log(2(i7;”)

L+tDs)

< ol log(z(tl)) for a sufficiently large D;. o

Given that Lemma 4.5 holds for all 7, one chooses 7 to be minimum such that the

m” term does not dominate, that is, the minimum ¢ for which j < 3 or (¢j)*2 <
n/m. It is straightforward to show that i = a(n, m)+ O(1) is optimal, which immedi-
ately gives bounds on A, s(n,m) and A" (n, m) analogous to those claimed for A, 5(n)
and A;%(n) in Theorem 1.3, excluding the case s = 3, which is dealt with in section 6.
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In order to obtain bounds on A, s(n) and Ay (n) we invoke Lemma 3.1. For example,
it states that A, s(n) = v s—2(7r.s(n)) - Ay s(n,3n)) + 2n, where v, 5(n) is a nonde-
creasing upper bound on A, ¢(n)/n. The v, s—2(7rs(n)) factor may not be constant,
but it does not affect the error tolerance already in the bounds of Theorem 1.3.°

Remark 4.6. Our lower and upper bounds on A, s(n) are tight (when r > 3)
inasmuch as they are both of the form n - 90! ()/t+0(a" "1 () when s > 4 is even and
n -2 (moga(n) +OMW)/th when s > 5 is odd. However, it is only when s is even that
these bounds are sharp in the Ackermann-invariant sense of [17, Remark 1.1], that
is, invariant under £0O(1) perturbations in the definition of a(n). For example, our
lower and upper bounds on A, 5(n) are n- (a(n) 4+ O(1))! and n - 2% (a(n) + O(1))!.
The 2%(") factor gap could probably be closed by substituting Nivasch’s construction
of order-3 DS sequences [16, section 6] for Us(i,j) in section 2, which would lead
to sharp, Ackermann-invariant bounds of A, 5(n) = n - 2™ (a + O(1))!. With a
more careful analysis of the recurrence for 7 ; it should be possible to obtain sharp,
Ackermann-invariant bounds on A, s(n) for all odd s.

5. Derivation trees. Derivation trees were introduced in [17] to model hi-
erarchical decompositions of sequences. They are instrumental in our analysis of
dblForm(r, 4)-free sequences, in section 6, and of double DS sequences, in section
7. Throughout this section we use the sequence decomposition notation defined in
section 3.4.

A recursive decomposition of a sequence S can be represented as a rooted deriva-
tion tree T = T(S). Nodes of T are identified with blocks. The leaves of 7 correspond
to the blocks of S, whereas internal nodes correspond to blocks of derived sequences.
Let B(v) be the block of v € T, which may be treated as a set of symbols if we are
indifferent to their permutation in B(v).

Base case. Suppose S = By Bs is a two-block sequence, where each block contains
the whole alphabet 3(S). The tree T (5) consists of three nodes w, u1, and us, where
u is the parent of u; and ug, B(ui) = By, B(uz) = Ba, and B(u) does not exist. For
every a € X(S5) call u its crown and u; and wus its left and right heads, respectively.
These nodes are denoted cr|,,lh|q, and thy,.

Inductive case. If S contains m > 2 blocks, choose a uniform block partition
{mgq}1<q<m, that is, one where m, ..., my_1 are equal powers of two and my;, may
be smaller. This block partition induces local sequences {S,}1<4</n and an 7i-block
contracted global sequence $’. Inductively construct derivation trees 7 = 7(S) and
{Ta}1<q<im, where T, = T(S,). To obtain T(S), identify the root of 7, (which has
no block) with the gth leaf of T, then place the blocks of S at the leaves of 7. This
last step is necessary since only local symbols appear in the blocks of {7;}, whereas
the leaves of T must be identified with the blocks of S. The crown and heads of each
symbol a € %(S) are inherited from 7T if a is global or some 7y if a is local to S,. See
Figure 2 for a schematic.

5.1. Special derivation trees. It is useful to constrain 7 to use a uniform
block partition. Every derivation tree generated in this fashion can be embedded in a
full rooted binary tree with height [logm], though the composition of blocks depends
on how block partitions are chosen. We will generate two varieties of derivation trees.

OL2 n a(n
9For example, when s = 6, v s—2(yrs(n)) = 0(204(2 )72+ Ole( )))) — O(ga(a(n))) is
nonconstant. Nonetheless O(2¢(())) . Ar,s(n,3n) = 0(20‘(0‘(”))) in 207 ()/240(aln)) — .
9a2(n)/2 + O(a(n)).
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[a]
. [a]
17'
[Ca]
S|
Ta
ST 1T 1T T1] ---[TalTa

FIG. 2. The derivation tree T(S) is the composition of T = T(S") and {Tat1<q<m, where
Tq =T(8y). A global symbol a € 3(S) appears in blocks at the leaf level of T, at the leaf level of T,
and possibly at higher levels of T.

At one extreme is the canonical derivation tree, where block partitions are chosen in
the least aggressive way possible. At the other extreme is one where block partitions
are guided by Ackermann’s function.

Canonical deriation trees. The canonical derivation tree 7*(S) of a sequence S
is obtained by choosing the uniform block partition with /m = [m/2]. We form T*(5)
by constructing 7*(5’) recursively and composing it with the trivial three-node base
case trees {7(Sy)}4-

Derivation trees via Ackermann’s function. Given a parameter i > 1, define j > 1
to be minimal such that m < a; ;. If j = 1, then m = a,;1 = 2, meaning 7 (S) must
be the three-node base case tree. When j > 1 we choose a uniform block partition
with width w = a; ;1 (which is a power of 2), so . = [m/w] < a;;/aij—1 = Gi—1.w-
The global tree T is constructed recursively with parameter!® i — 1 and each local
tree 7; is constructed recursively with parameter .

5.2. Projections of the derivation tree. The projection of T onto a € 3(S),
written 7),, is the tree rooted at cr|, on the node set {cr|,} U{v € T |a € B(v)}. The
edges of 7|, represent paths in 7 passing through blocks that do not contain a.

DEFINITION 5.1 (anatomy of a projection tree).

o The leftmost and rightmost leaves of T, are wingtips, denoted lt|, and rt),.
o The left and right wings are those paths in T, extending from lhy, to 1t|, and
from thy, to rt,.
Descendants of 1hy, and thy, in 7T, are called doves and hawks, respectively.
A child of a wing node that is not itself on the wing is called a quill.
A leaf is called a feather if it is the rightmost descendant of a dove quill or
leftmost descendant of a hawk quill.
e Suppose v is a node in T|,. Let wij,(v) be the nearest wing node ancestor
of v, qu|o(v) the quill ancestral to v, and fe|,(v) the feather descending from
qu,(v). See Figure 3 for an illustration.

10Note that when i = 1 it does not matter that 4 — 1 = 0 is an invalid parameter. In this case
w=aij -1 =a1,;/2and m =2,so T is forced to be a three-node base case tree.
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CT|q

1t|a fe|a(v)

rt|q

FiG. 3. In this ezample v is a hawk leaf in T|, since it is a descendant of th),. Its wing node
wiq(v), quill qui,(v), and feather fe,(v) are indicated.

If T(S) is specified, the terms feather and wingtip can also be applied to individual
occurrences in S. For example, an occurrence of a in block B(v) of S is a feather if v
is a feather in Tj,.

When T(S) is constructed according to Ackermann’s function, a short proof by
induction shows that the height of each projection tree 7|, (distance from cr|, to a
leaf) is at most 7 + 1.

6. Upper bounds on dblForm(r,4)-free sequences. Since order-3 DS se-
quences are necessarily Form(2, 4)-free, we have Ay (n) > A, 3(n) > A3(n) = ©(na(n)).
In this section we prove tight upper bounds of As%(n) = O(na(n)). These bounds
imply Ag*'(n) is also O(na(n)), resolving one of Klazar’s open problems [13].

Our analysis is different in character from all previous analyses of (generalized)
DS sequences. There are two new techniques used in the proof which are worth
highlighting. Previous analyses partitioned the symbols in a block based on some
attributes (first, middle, last, etc.) but did not assign any attributes to the blocks
themselves. In our analysis we must treat blocks differently based on their context
within the larger sequence, that is, according to properties that are independent of
the contents of the block. (See the definition of roosts in section 6.2.) The second
ingredient is an accounting scheme for bounding the proliferation of symbols. Rather
than count the number of occurrences of a symbol, say, b, we assign each occurrence
of b a potential based on its context. If one b in S begets multiple bs in S, the number
of bs increases, but the aggregate potential of the bs in S may, in fact, be at most the
potential of the originating b in S’. That is, sometimes proliferating symbols “pay
for themselves.” We need to track changes only in sequence potential, not sequence
length. Amortizing the analysis in this way lets us account for the proliferation of
symbols across many levels of the derivation tree, not just between S’ and S.

6.1. A potential-based recurrence. Fix a dblForm(r,4)-free sequence Z and
i* > 1. Define j* to be minimal such that its block count [Z] < a;« j+ and let
T = T(Z) be constructed as in section 5.1 with parameter ¢*. In this section we
analyze a sequence S encountered in the recursive decomposition of Z, that is, S
is either Z itself or a sequence encountered when recursively decomposing 7' and
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{Z,}. Since S < Z, it too must be dblForm(r, 4)-free but we can often say something
stronger. If each occurrence of a symbol in S represents at least two occurrences in
Z, then S must be Form(r, 4)-free.!! Call an occurrence in S terminal if it represents
exactly one occurrence in Z and nonterminal otherwise. In terms of the derivation
tree, an occurrence of @ in S is terminal if and only if it has exactly one leaf descendant
in 7,

Each occurrence of a symbol in S carries a nonnegative integer potential based
on its context within S and even within 7(Z). Since the length of S is no more than
its aggregate potential, it suffices to upper bound the potential. Define Y (n, m) to be
the maximum potential of an m-block sequence over an n-letter alphabet encountered
in decomposing Z. The way potentials are assigned will be discussed shortly. For the
time being it suffices to know that the maximum potential is ¢ = O(1), all terminals
carry unit potential, and all nonterminals carry potential at least three.

Our goal is to prove that Y obeys the following recurrence.

RECURRENCE 6.1.

T(nym)= 3 Tlig,mg) + 2 [¢-Ar,2m,m) + A (R, m) + 7] + (R, 1)

1<q<rn

=16 m + 2(r — 1)(i* ~ 2 -,

_ Decomposing S as usual, it follows that the maximum potential of local sequences
{Sqtq s >0, Y, myg), giving the first term of Recurrence 6.1. The sequence S of

global first occurrences can be partitioned into terminals St and nonterminals S
After removing the last occurrence of each symbol in S”‘, the resulting sequence is
dblForm(r, 3)-free, so its length (and potential) is | S| < v (n,m) +n. We endow
each nonterminal in $™ an initial potential at most ¢. (Note that occurrences of a in
S correspond to quills in 7|,.) Being Form(r, 3)-free, the potential of Sut is therefore

at most ¢ - Ay o(f,m). A symmetric analysis is applied to S, the sequences of last
occurrences, which gives the second term of Recurrence 6.1.

The global contracted sequence S begets S.S8, and S, the first two of which we
have just accounted for. In general |S| may be significantly larger than |S’|. We
account for this proliferation in symbols by showing that the aggregate potential of
S is nonetheless at most that of S plus (r — 1)¢ - m + 2[(r — 1)(i* — 1)]? - 7, which
explains the last three terms of Recurrence 6.1. Consider the sequence S, begat by
the middle symbols of block B, in §’. We decompose S, as follows:

1. Tag any symbol occurring exactly once in S,. (Its potential in S, will be at
most its potential in 5’.)
2. Tag the first nonterminal occurrence of each symbol in .
3. Tag the first, second, and last terminal occurrences of each symbol in Sj,.
4. Tag the first 7 — 1 untagged occurrences (terminal and nonterminal) in each
block of .
Symbols that are tagged in both steps 2 and 3 have molted; all others are unmolted.
We will say that the nonterminal a tagged in step 2 has molted those terminal as
tagged in step 3. See Figure 4 for a schematic.

We claim S, has been completely tagged after step 4. If this were not so, there

must be r symbols a1, ..., a, in some block B in S;. If aj is terminal in B it must

1 This is not quite true, but we can make this inference when bounding AdPl asymptotically. See
Remark 4.2 for a discussion of this issue.
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F1G. 4. Here v is an internal node of T,. Between qu‘a(v) and v, a has molted twice: At v’s
parent it molted one a to the right and at v’s grandparent it molted two as to the left.

be preceded by two terminal aps and followed by one terminal aj in S’q; if ay is
nonterminal in B it must be preceded by a nonterminal ag. Dividing S, at the left
boundary of B, we see two occurrences of each of aq, ..., a, on both the left and right
sides of the boundary, which may take the form of one nonterminal or two terminals.
Since ay, ..., a) are categorized as global middle in Sy, each appears both before and
after Sy, yielding an instance of dblForm(r,4) in Z, a contradiction.

The aggregate potential of those symbols tagged in step 4 is at most (r —1)¢ - m,
which are covered by the second-to-last term of Recurrence 6.1. Suppose that a € B,
is nonterminal in S but it begets only terminal as in S, that is, no as are tagged in
step 2. This proliferation of as causes no net increase in potential since the a € B,
carries potential at least 3, which covers the potential of the three terminal as tagged
in step 3. In general, for each molted symbol a, we will tag one nonterminal and
up to three terminals in steps 2 and 3. This will cause no net increase in potential
provided that the a in B, carries at least the potential of the nonterminal a in S, plus
3. In order to avoid cumbersome statements, we will treat the nonterminal a tagged
in step 2 as the “same” a € B,. For example, if B is a block in S, and a € B is
nonterminal, to say the a € B has molted four times means that, in 7|,, B has four
ancestors, possibly including itself, and all strict descendants of qu|a(B), which each
have at least one sibling in 7,. This sibling corresponds to an a removed in step 3 at
some stage in the decomposition of S.

In the remainder of this section we explain why it suffices to endow each new
nonterminal quill with a constant potential ¢. The analysis above shows that 3-(i*—1)
suffices, which is not constant.?

6.2. Roosts, eggs, and fertility. Our analysis considers properties of blocks
(and of occurrences of symbols) that depend on their context within a larger sequence.

DEFINITION 6.2 (roosts and eggs). Let S be a sequence encountered in the de-
composition of Z.

120bserve that for any a € X(Z), the height of Tja is i* + 1 and all quills of 7, are at distance
at least 2 from cr|,. Every nonterminal quill can therefore molt up to i* —1 times, generating up to
three terminals per molting, each of which carries unit potential.
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By

a2...akai...a% a%...azak...aQ

Sq

v
S ay

Fic. 5. A k-egg is formed when a middle a1 € Bq is dropped into a (k — 1)-roost in Sq.

1. An interval I of zero or more blocks in S is a k-roost if there are k distinct
symbols aq, . ..,ay such that the sequence contains

2 2 2 2 2 2
ayasz---a apap_i---ay I ajay---ap agag—1---ap,

where b refers to two terminal bs or one nonterminal b. The occurrences of
a1 just to the left and right of I are called k-left mature and k-right mature.
A k-mature occurrence of a symbol whose block is a k-roost is infertile. A
k-left mature occurrence that is not infertile is k-left fertile; k-right fertile is
defined analogously. (For any l < k, k-roosts are clearly also l-roosts, and
k-mature occurrences are also l-mature.)

2. An occurrence of ay in block B of S is a k-egg if the sequence contains

2 2 2 2 2 2
aiaz---a apai_;---ay B ajzaz---ap apar—1---aq.

Note that any middle occurrence of a symbol is a 1-egg.

One may already discern from Definition 6.2 the shape of the rest of the proof.
A k-roost can exist only if the sequence contains a dblForm(k,4) sequence, so there
cannot be r-roosts. If the proliferation of symbols necessarily leads to k-roosts for
ever larger k, we have a cap on the proliferation of symbols. Lemma 6.3 lists some
straightforward consequences of Defintion 6.2.

LEMMA 6.3 (properties of roosts and eggs). Let S be an m-block sequence en-
countered in the recursive decomposition of a dblForm(r,4)-free sequence Z. Define
{84,854, 84} 1<q<im and S' = By --- By, as usual.

1. No block in S is an r-roost. All r-eggs represent at most three occurrences in
Z.

2. If By is a k-roost in S, every block of Sy is a k-roost in S.

3. Let B be a block in S, containing a global symbol a. If B is a (k — 1)-roost
in S, and the a € By is a middle occurrence in S', then a € B is a k-egg in
S. See Figure 5.

4. Let B be a block in S, containing a global symbol a. Suppose the a € By is
k-left fertile in S’ and the a € B is k-left fertile in S. All blocks following
B in Sy are k-roosts in S. A symmetric statement is true of k-right fertile
occurrences. See Figure 6.

6.3. Molting and the evolution of potentials. Consider the status of a
nonterminal symbol a as it descends, in 74, from qu,(v) to some leaf v. Since
a € B(qu),(v)) is a middle symbol at that level (it is not on either wing of 7},), this
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B, Bgi
[ o a ‘

" k-infertile
k:fertile '

4

R 85 5 o o R
Sq

F1G. 6. The shaded blocks are k-roosts. A k-left fertile occurrence of a € By in S begets at
most one k-left fertile occurrence in Sy and, in this example, one k-infertile occurrence. Since Bqi1
is a k-roost in S, all blocks in Sqy1 are k-roosts in S whether or not they were already k-roosts in
Sq+1-

a begins as a l-egg and may become 1-fertile (left or right), then 1-infertile, then a
2-egg, 2-fertile, 2-infertile, and so on. It cannot become r-mature (fertile or infertile)
for this would mean that dblForm(r,4) < Z, so there are at most 3(r — 1) transitions.
Multiple transitions may occur simultaneously. When a nonterminal first becomes a
k-egg, or k-fertile, or k-infertile, its potential becomes qbzg, f,f, or (bik“, where

£ i fe i
P=0¢F > > > > >0 > P > Pt =3

If we can show that each symbol molts O(1) times between status transitions, it
suffices to set the initial potential at ¢ = O(r) = O(1). This is clearly true of k-egg
— k-mature transitions. Any k-egg a that molts three as must have molted two of
them to the same side, left or right, making it k-mature. Since a nonterminal can
molt up to three terminals in the molting event that makes it k-mature, it suffices
to set ¢y® — 26 = 5. (If this a transitions directly from a k-egg to k-infertile, all the
better, for ¢i* < ¢26-) We now analyze the k-fertile — k-infertile and k-infertile —
(k + 1)-egg transitions.

LEMMA 6.4. Fiz a block index q¢ < [S'] and let F C B, be those symbols newly
k-left fertile, that is, they were not k-left fertile at any ancestor of By in their respec-
tive derivation trees. The total number of terminals molted by F'-symbols before they
become k-infertile is at most 2|F| + (r — 1)(i*2_1).

Proof. Part 4 of Lemma 6.3 implies that so long as symbols in F' remain k-fertile,
as they travel from B, to a block in Sy, to blocks at lower levels of the derivation
tree, they will always be contained in a single block at that level of the tree. In other
words, there is a sequence of nodes (By = v1,v2,...,v;) in 7 lying on a path from
B, = v (in §'), to vy (in S), to a descendant leaf v; (where I < i*) such that any
symbol a € F is k-left fertile in some prefiz of the list B(v1), B(va),...,B(v;). See
Figure 7. Call a symbol a € F type (f, g) if a molted a terminal to the right at both
B(vs) and B(vg), for 1 < f < g < 1.** That is, in Tj,, B(vs) and B(vy) have right
siblings. Note that during the time in which this a is k-left fertile it can molt at most
once to the left: molting two as to the left would make it k-infertile.

By the pigeonhole principle, if (r — 1) (l*; ") 41 symbols in F molted twice to the
right, then a subset F/ C F of r of them has the same type, say, (f,g). However,
this would imply that Z is not dblForm(r,4)-free. Since k-fertile symbols are middle

I3Note that a symbol that molts exactly twice to the right has one type. In general, a symbol
that molts h times to the right is of (g) distinct types.
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Fic. 7. A newly k-left-fertile symbol a € By = B(v1) in S'. Asa progresses down T, il
continues to be k-left fertile at B(vz),...,B(vs). Since it molts to the right at blocks B(v3) and
B(vs) it has type (3,5). It also molts to the left at B(vs). Were it to molt twice to the left at B(vs),
B(vs) would then become a k-roost and the a € B(vs) k-infertile.

symbols, every symbol in F’ appears at least once before and after B,. The occur-
rences of F'-symbols in B(vg) are nonterminal, so they each represent at least two
occurrences in Z. Finally, the F’-symbols appear twice at descendants of B, but to
the right of B(vy). See Figure 7.

To sum up, we let each F-symbol molt once to the left and once to the right while
k-left fertile. Some subset can molt more than once to the right, but the total number

of such terminals molted by these symbols is at most (r — 1)(*;1). O

A nearly symmetric analysis can be applied to right fertile symbols. The asym-
metry comes from the fact that nonterminals can molt two terminals to the left but
only one to the right.

LEMMA 6.5. Fiz a block index ¢ < [S'] and let F C By be those symbols newly
k-right fertile, that is, they were not k-left fertile at any ancestor of By in their
respective derivation trees. The total number of terminals molted by F-symbols before
they become k-infertile is at most 2|F| + (r — 1)((1*271) +ir—1).

Proof. The argument is the same as above, except that we allow types (f, f) if
a symbol molts twice to the left at B(vy). There are now at most ((1*2_1) +i*—1)
possible types, and we cannot see r symbols of the same type. |

According to Lemmas 6.4 and 6.5, it suffices to set ¢i¢ = ¢i"+2. The total number
of molted terminals unaccounted for, over all ¢, all k¥ < r, counting both k-left fertile
and k-right fertile symbols in By, is - (r—1)%(2 (i*z_l) +i*—1) <m-[(r—1)(*—1)]?,
which are covered by the last term of Recurrence 6.1.

The remaining task is to analyze the k-infertile — (k + 1)-egg transition.

LEMMA 6.6. Let u,v,w be distinct nodes such that a,b € B(u),a € B(v),b €
B(w), where v is the parent of u in T, and w is the parent of u in Ty. If a,b were
k-infertile in blocks B(v) and B(w), then at least one of a,b became a (k+1)-egg when
it was inserted into B(u).
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Proof. This is a consequence of parts 2 and 3 of Lemma 6.3. Without loss of
generality w is a strict ancestor of v, so a was inserted into B(u) before b was inserted
into B(u). Since the a € B(v) was k-infertile, B(v) was a k-roost, by definition. By
part 2 of Lemma 6.3, B(u) became a k-roost after a was inserted there. By part 3 of
Lemma 6.3, when b was inserted in B(u) it became a (k + 1)-egg. O

LEMMA 6.7. Let I C %(S,) be those nonterminals that were k-infertile, non-
(k+1)-eggs in B, but became (k+1)-eggs in Sq. The number of terminals molted by I
symbols while they were k-infertile, non-(k+1)-eggs is at most 2|I|+ (r—1)(2 (1*2—2) +
= 2).

Proof. Lemma 6.6 implies that on a path from B, to the root of 7 we en-
counter nodes v1 = By, va, ..., v, not necessarily adjacent, such that, for each symbol
a € I, the set of blocks in which a is k-infertile and not a quill is some prefiz of
B(vi),...,B(v), where | <i*—2. Call an a € I type (—, f, g) if it molted a terminal
to the right in both B(vy) and B(vg), where 1 < f < g < [. Call it type (+, f, 9),
where 1 < f < g </, if it molted a terminal to the left in both B(vy) and B(vg), or
two terminals to the left if f = g. There are 2(5) + [ distinct types. There cannot
be r symbols of one type, for this would imply that Z is not dblForm(r, 4)-free. (The
argument is the same as in the proof of Lemma 6.4.) Since every symbol that molts
more than two terminals is of at least one type, the total number of terminals molted
by I while being k-infertile, non-(k + 1)-eggs is 2|I| + (r — 1)(2(" ;) +i* —2). O

We set ¢} — ¢} | = 2, so the total number of terminals unaccounted for, over all
g < and k < r, is at most 7 - [(r — 1)(i* — 2)]?, which is covered by the last term
of Recurrence 6.1. Given the constraints we have established on potentials it suffices
to set ¢ = ¢% = 7(r — 1) + 1, since |¢}F — ¢f| = 5, [plf — ¢ = [¢}" — ¢35 1| = 2, and
o = 3.

Remark 6.8. Observe the asymmetry in the arguments of Lemmas 6.4-6.5 and
Lemma 6.7. In Lemmas 6.4 and 6.5 we are tracking moltings that will happen “in
the future” (below the level of S in 7'), whereas in Lemma 6.7 we are accounting for
moltings that have already occurred at and above the level of S in T.

dbl

6.4. Wrapping up the analysis. Since A, 2(-,-) and A7%(-,-) are both linear
and m < m, we can simplify Recurrence 6.1 to

Y(nom) < Y Y(ig,mg) + Y(i,m) + Cli+ (i*)*m]

1<q<rn

for some constant C' depending only on r. A straightforward proof by induction shows
that for any i < ¢* and j minimal such that m < a; ;, T(n,m) < Ci(n + (i*)%jm).
Putting it all together we have, for | Z|| = n* and [Z] = m*,

(6.1) |Z] < A2 (n*,m*) < T(n*,m*) < Ci*n* + C(i*)%*m*.
Equation (6.1) leads to an upper bound of A% (n,m) = O(na(n,m) + ma®(n,m)),
which, by Lemma 3.1, implies an upper bound of Af%(n) = O(na?(n)). Theorem 6.9
reduces this to O(na(n)), which is asymptotically tight since Aj3(n) = Q(Az(n)).
THEOREM 6.9. For anyr > 2, Ay%(n) = ©(na(n)) and Ay (n,m) = O(na(n, m)+
m).
Proof. Let S be a dblForm(r,4)-free sequence. To bound |S| asymptotically we
can assume, using Lemmas 3.1 and 3.3, that S consists of m < 2n blocks. (If there are
m > 2n blocks, remove up to r — 1 symbols at block boundaries to make it r-sparse. If
the sequence is r-sparse, we can discard a constant fraction of occurrences to partition
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sUlolol [ Lol [T Tl TTTTTol [T T[T lalablt] la] [a]

Fic. 8. An example of a canonical derivation tree for S. Dashed boxes isolate the base case
trees that assign a,b € X(S) their crowns and heads.

the sequence into 2n blocks.) Choose 7 to be minimal such that m < a; ;, where j =
max{3, [n/m]}. Partition S = S;--- Sy into m = [m/i?] intervals, each consisting
of i2 blocks. Define S, 5, S,, etc., as usual. Applying (6.1) with i* = i, we have |5"| <
C(in+i3jm) < C(i(A+ jm)) = O(in). Since each Sy, Sy, and S, is dblForm(r, 3)-free
and A% (ng, my) = O(ng + my) is linear, it follows that |S| = O(in +m) = O(in).
We now apply (6.1) to local symbols with ¢* = 1, that is, for each index ¢ < m, j is
chosen to be minimal such that m, < a1 ;. Since a; ; = 27, j = [logm,] < [logi?]. It
follows that |S| = > 1S,| < >4 Citg +mglogmg) = O(7 + mlog(i?)) = O(nlogi).
Since i = a(n,m) + O(1), |S| = |S] + |S] = O(na(n,m)) = O(na(n)). O

Theorem 6.9 and Lemma 1.2 immediately give us asymptotically sharp bounds
on the extremal functions for certain doubled forbidden sequences.

COROLLARY 6.10 (see Nivasch [16, Remark 5.1], Pettie [21], Geneson, Prasad,
and Tidor [8], and Klazar [13, p. 13]).

A3"(n) = ©(A33(n)) = O(na(n)),
Ex(dbl(abcacbe), n) = ©(Ag%3(n)) = O(na(n)), see [21],
Ex(dbl(abcabea),n) = O(A3'5(n)) = O(na(n)), see [16],

and, more generally,
Ex(dbl(1---k1---k1),n) = O(A33(n)) = O(na(n)),

where r = (k —1)% + 1.

7. Double DS sequences. Recall from section 5.1 that the canonical derivation
tree 7*(S) is obtained by decomposing S in the least aggressive way possible, choosing
m = [[S]/2] whenever [S] > 2. Figure 8 gives an example of such a tree.

The structure of the canonical derivation tree is, in many respects, simpler than
general derivation trees. For example, all wing nodes in any projection tree 7},, where
a € 3(5), have either one or two children. Those with two children (branching nodes)
are associated with precisely one quill and therefore one feather,'* so counting the
number of feathers is tantamount to counting branching wing nodes.

Recall that a feather of T|a is the rightmost descendant of a dove quill or leftmost descendant
of a hawk quill.
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Nesting was a concept introduced in [17] to analyze odd-order DS sequences. Here
we generalize it to deal with double DS sequences.

DEFINITION 7.1 (nesting). Let B be a block of S containing a,b € %(S). If S
contains either

abbBbba or baa B aab,

then a and b are called double-nested in B.

Lemma 7.2 can be thought of as a generalization of [17, Lemma 4.4] to deal with
double-nestedness. Whereas [17, Lemma 4.4] assumed any derivation tree, Lemma 7.2
refers to the canonical derivation tree 7*(S’) as this makes the proof slightly simpler.
This assumption is actually without much loss of generality since any derivation tree
obtained with uniform block partitions is “contained” in the canonical derivation tree,
that is, its blocks are subsequences of the corresponding blocks in the canonical tree.

LEMMA 7.2. Consider a sequence S’, its canonical derivation tree T*(S’), and a
leaf v for which a,b € B(v). Let S be obtained from S" by substituting, for each leaf
u # v, a sequence S(u) containing at least two copies of each symbol in B(u). (The
block B(v) appears verbatim in S.) If v is neither a wingtip nor a feather in both ’7@
and Ty, then, in S, a and b are double-nested in B(v).

Proof. Without loss of generality we can assume that v is a dove in 7 and cry,
is ancestral to cr,. Because v is neither a wingtip nor a feather in ‘2, it must be
distinct from the leftmost and rightmost leaf descendants of wi|,(v), namely, 1t|, and
fe|q(v). Moreover, since v is a dove in Tlg it descends from the right child of wi|,(v),
namely, qu;,(v). Partition S into four intervals:

I,: everything preceding B(lt),).

I: everything from I to the beginning of B(v).

I3: everything from the end of B(v) to the end of B(fe|,(v)).

14: everything following I3.

If b appeared in both I; and Iy, then a,b € B(v) would clearly be double-nested in S.
Therefore it suffices to consider two cases: (1) I; contains no bs, and (2) I contains
no bs. Figures 9 and 10 illustrate the two cases.

Case 1. The wingtip lt, must be in interval I, though it may be identical to
It),. Since wij,(v) is ancestral to both It;, and v, and is a strict descendant of cry,
it follows that v is a dove in 7; and that wij,(v) is a descendant of wij,(v). The
rightmost descendant of wij,(v) in 7} is fej, (v), which is distinct from v. Since wij,(v)
is a descendant of lh|,, any descendant of rhy,, such as rt,, lies to the right of fey,(v),
in interval I4. By the same reasoning, rt|;, lies in Iy.

Regardless of whether 1t|, and lIt|;, are identical or distinct, B(v) is preceded, in
S, by either abb or baa. In the first case It|q, It v, fe,(v), rt), certify that a,b are
double-nested in B(v); see Figure 9. In the latter case It, = lt|4, v, fe|,(v), rt), certify
that a, b are double-nested in B(v).

Case 2. The wingtip rt;;, must lie in I3, so v and rt), are both descendants of
quy,(v), the right child of wi,(v). It follows that v is a hawk in 7;; and that no
descendants of wij,(v) are in interval I;. Since fe|,(v) is the leftmost descendant of
wijp(v) in ﬂ;, and fe,(v) # v, the distinct nodes It|,, fe;,(v), v, rt), 1t), certify that
a,b are double-nested in B(v). See Figure 10. O

Recurrence 7.3 is essentially the same as the corresponding recurrence from [17].

RECURRENCE 7.3. Let S be an m-block, order-s DS sequence over an n-letter
alphabet and let T = T*(S) be its canonical derivation tree. Define ®5(n, m) to be the
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lt‘a 1t|b

v

Lal [b] [ab]
N

Il 12 IB I4

Fic. 9. In Case 1 interval 11 contains no bs. Contrary to the depiction, It|, and 1t} are not
necessarily distinct, nor are wij,(v) and wijy(v) or cr|, and cryy,. In this depiction qu,(v), the right
child of wi,(v), happens to be identical to wij,(v).

F1c. 10. In Case 2 interval I4 contains no bs. Contrary to the depiction, rt,, and fe‘a(v) are
not necessarily distinct.

maximum number of feathers of one type (dove or hawk) in such a sequence, where
feather is with respect to T. For any s > 2,

®,(n,2) =0,
Do(n,m) <m,
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and for any uniform block partition {mg}1<q<m and alphabet partition {A}U{nq t1<q<m,

Oy(n,m) < Dy(iig,mg) + o2, 1) + By (R, m) + .
=1

Proof. Suppose we only wish to bound dove feathers. If there are only two
blocks, then all occurrences are wingtips and feathers are not wingtips. This gives
the first equality. In the most extreme case every nonwingtip is a dove feather, so
D (n,m) < As(n,m)—2n. In particular, ®o(n,m) < \a(n, m)—2n < m. Decompose S
into S, 5", S'q, S’q, S, in the usual way with respect to the given uniform block partition.
Let 7 = T*(S') be the canonical derivation tree of the contracted global sequence
S’. Tt follows that S, is an order-(s — 1) DS sequence. Define 7, = T*(S,) to
be its canonical derivation tree. The branching nodes on the left wing of 7),, where
a € %(8,), consist of (i) the branching nodes on the left wing of ’ﬁa, (ii) the branching
nodes on the left wing of (’7’;)‘@, and (iii) the crown cr|, of (7’;)‘,1, which is on the
left wing of 7}, but not (7/71)‘&. Each branching node is identified with one feather in
Tja- The total number of branching nodes/feathers covered by (i), summed over all
a € N(S), is at most ®,(f,7m). The total number covered by (i), summed over all
g < mand a € (S,), is > ®s—1(f2g,mg) < ®5_1(72,m). The number covered by
(iii) is clearly 7, which gives the last inequality. O

Recurrence 7.4 generalizes [16, Recurrence 3.1] and [17, Recurrences 3.3 and 5.2],
from DS sequences to double DS sequences. When s = 3 or s > 4 is even, Recur-
rence 7.4 is substantively no different from Recurrence 4.3 for dblForm(r, s + 1)-free
sequences.

RECURRENCE 7.4. Let s,n, and m be the order, alphabet size, and block count
parameters. Let {mq}i<q<m be a uniform block partition, where m > 2, and {n} U
{Ngt1<q<m be an alphabet partition. When m = 2, for any s > 3,

A (n,m) < Z A (Rg, mg) + A (20, m) + 27,
qef{1,2}
When m > 2 and either s =3 or s > 4 is even,
AP (nym) <Y AP (g, mg) + ALY (R 1) + 25 A (R m) AL (A (R, 1), m)
q
+ 2 As(R, 1),
and when s > 5 is odd,

m

A (n, m) Z 1 (g, mg) + AL (R 100) 2 X2 (R, m) + A (2 B2, 7i), )

4Dy (R, 1) + A (A (R, 1), m) + 2 A (R, 1),

Proof. First consider thg case then s > 51is odd. Let S be an order-s double DS
sequence, decomposed into S and {9;} as usual. The contribution of local symbols is

2o A (g, mg). If a global symbol occurs exactly once in an S’q this occurrence is a
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singleton. Let S < S be the subsequence of singletons and S < S be the subsequence
of nonsingletons. By definition S is partitioned into 72 blocks, so |S| < A (7, ).
Symbols in E(S ) are classified as first, last, and middle if they appear, in S, after S,
but not before, before gq but not after, and both before and after Sq, respectively.
In the worst case these three criteria are exhaustive. However, it may be that all
nonsingleton occurrences of a symbol appear e:cclusively in E(S ). In this case we call
the symbol first if it appears after interval ¢ in S and last if it is not first and appears
before interval ¢ in S. Define S, S,, S, < S, to be the subsequences of first, last, and
middle occurrences in S

If we remove the last occurrence of each letter from S, or the first occurrence of
each letter from S’q, the resulting sequence is an order-(s — 1) double DS sequence.
The contribution of first and last nonsingletons is therefore at most

> [N gy ) + iy + AL (g mg) + g | < 2N (2, m) + ).
q

Obtain S’ = -- By, from S by contracting each interval S into a single block B,.
Since occurrences in S’ each represent at least two occurrences in S, we can conclude!®
that [S'| < (7, m).

Let T = T*(S’) be the canonical derivation tree of S’. Define S’ to be the
subsequence of S consisting of feathers with respect to T (both dove and hawk) and
let S be the subsequence of S begat by symbols in S’. Tt follows that |S’| < 2-®4(n,m)
since @4 only counts feathers of one type (dove or hawk). Define S < 8 to be
the subsequence of nonfeather, nonwingtips with respect to 7, and define S =<5
analogously. Since S consists solely of middle symbols, removing the first and last
occurrences of each letter in S’q leaves an order-(s — 2) double DS sequence, hence

|‘§|:Z|S|<Z o(fg, mg) + 20q)

< A <an >—|—2Zq:fzq

Mo (187, m) +2(197))
dbl( O, (R, 110),m) + 4 - By (i1, ).

We have accounted for every part of S except for S. Fix an interval qganda,be E(S )
Since a,b € B, are neither feathers nor wingtips in T, Lemma 7.2 implies that S

contains a bb Sq bba. Suppose we remove the first and last occurrences of each letter
in So’q. (These letters are underlined below.) The resulting sequence must be an order-
(s — 3) double DS sequence, for if it contained a doubled alternating sequence with
length s — 1, which is even, we would see either

s—1 alternations s—1 alternations
—_—f —_—f
abb| aabb - ---aabb | bba or abb| bbaa ---bbaa | bba,

15This is not quite true. As discussed in Remark 4.2, we can make this inference when bounding
APl asymptotically.
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contradicting the fact that S is an order-s double DS sequence. We can therefore
bound |S| by

Z|S | < Z $23(ng, mq) + 211)
(i) o5
q

< A5(18],m) + 2|9

<AL (18] = 20, m) + 2(|8| — 27)
<AL (A (R, ) — 200, m) + 2(\s (R, 10) — 200).

This establishes the recurrence for odd s > 5. When s = 3 or s > 4 is even, we ignore
the distinction between feathers and nonfeathers and bound |S| by A ()\S(ﬁ, m) —
21, m) 4+ 2(As(R, 1) — 2n). When S = 5155 consists of m = 2 intervals, no symbols
are classified as middle, so it suffices to account for first, last, and local occurrences
only. After discarding the last occurrence of each symbol from S, and the first from
Sy, what remains are order-(s — 1) double DS sequences, so |S] < 274 A%, (7, my) +
L (R, me) < 20+ A2 (20, m). O

Recurrence 7.5 comblnes the content of [17, Recurrences 3.3 and 5.2] but is pre-
sented in the style of Recurrence 7.4. The proof is essentially the same as that of
Recurrence 7.4 except that we do not need to distinguish singletons from nonsingle-
tons, nor do we need to remove symbols from S’q, S’q, Sy, §q, or S, in order to make
them double DS sequences with order s — 1 or s — 2 or s — 3, as the case may be.

RECURRENCE 7.5. Let s,n, and m be the order, alphabet size, and block count
parameters. Let {mg}1<q<m be a uniform block partition, where m > 2, and let
{n} U{ng}ti<q<m be an alphabet partition. When 1 = 2, for any s > 3,

As(n,m) Z As (Mg, mg) + As—1(20, m).
qE{l 2}

When m > 2 and either s =3 or s > 4 is even,

As(n,m) <3 Aa(iigmg) + 2+ Aam1 (R, m) + Asma (A (R, 10) — 202, m),
q

and when s > 5 is odd,

(n,m) SZ (Mg, mg) + 2 As—1 (R, m) + As—2(2 - Ds(R2, 72), m)

+ As—3(As(n, ), m).

Lemma 7.6 states some bounds on @, Ag, and A" in terms of coefficients {¢; ;,
0s.is 53"’;} and the ith row-inverse of Ackermann’s function, for any i > 1. Refer to [17,
Appendix B], for proofs of similar lemmas, and to the discussion following Lemma 4.4.

LEMMA 7.6. Fixz parameters i > 1, s > 3, and ¢ > s — 2 and let n,m be the
alphabet size and block count. Let j be minimal such that m < (a; ;). Then ®g, A,
and A% are bounded by
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Dy(n,m) < ¢si(n+ O((cj)* *m)),
As(n,m) < s 1(n+0((CJ)S Zm))’
AP (nym) < 635 (n + O((¢j)*~m)),

where {¢s.;, 054, 53};‘} are defined as follows:

@2, =0, all 1,
(bs,l = ¢s—1,1 + 17 s> 3a
¢s,i = ¢s7i71 + ¢sfl7i +1, 52> 3,1 > 2,
01, = 1, all i,
(52 P = 2, all i,
=2, all 4,
5t = 5, all i,
851 = 20511 =251, 52>3,
= 262, +1) =27 — 272 223
5 205-1,i + 0s—2,i(0s,i—1 — 2), s =3 or even s > 4,
v 20510 +205—2,iPsi—1 + 0s—3,i05,i—1, odd s > 5,
o OS 2087 + (0575 + 2)6s i1, s =3 or even s >4,
o Oy 2057 ; +2(055 ; + 2)ds,i—1 + (0525 ; +2)ds,i—1, odd s >'5.

When applying Lemma 7.6, the tightest bounds are obtained by setting ¢ =
a(n,m) + O(1), which is a(n) + O(1) whenever j = O(1). Lemma 7.7 gives closed-
form bounds on the coefficients {Js i, 63", ¢s : }, which immediately yield sharp bounds
on the extremal functions Ag(n,m) and A2 (n,m) for DS and double DS sequences
partitioned into blocks.

LEMMA 7.7. For all s > 3,1 > 1, we have

1+s—2
ER _1a
bs, ( 5—2 )

034 = 21+ 2,

5 = 0(2),
04,4, 5‘“’1 = @(2i),
5.1, 5‘“’1 = @(i2i),
Goar 00 < 200,

where t = [£52].

Proof. The expression for ¢, ; holds in the base cases, when s =2 or i = 1. By
Pascal’s identity it holds in general since

¢5-i:¢5i—1+¢s—1i+1: i3 + ihs—3 —1= is—2 — 1.
’ ’ ' 8_2 8—3 8_2
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When s € {3,4}, 05, and g4 are identical to 7, and 75" and therefore satisfy

the same bounds from Lemma 4.5. Define C4 such that s ; < 2i+C1  Assuming
inductively that for some sufficiently large Cs, 05,—1 < (i — 1)2(i*1)+c5, we have

05,5 < 204, + 203,i¢5,—1 + 02,i05,i—1
<2t 4921 4-2) - (F?) +2- (1 — 1)277 1
< §20+0s,

We claim that there are constants {Cs} such that, for all s > 5, d5; < 2("*). When
s > 4 is even,

0si <2051+ 052,051
i+Cs_1 i+Cs_2

<ol B o ()

< 2("°) for some Cs > Cs—1 > Csa.

i+ Oy
When s > 5 is odd, whether s —2 = 5 or not, 5_2,; < i2( ) by the inductive
hypothesis, so

0si < 2051, + 205-2,iPs,i—1 + 05-3,i0s,i—1

i+Cg_o

< (T 4 (T (iso8) 4 o (TET)(THY)

(1) <ol (T sy g @Cag () ()
i+Cs)

(r2) <ol

Inequality (7.1) follows since t — 1 > 1 and inequality (7.2) follows since, for Cj

. (%) . . ('i+05_2) (*Ce-1)41 .
sufficiently large, 2\ ¢/ dominates both poly(:) - 2\ ¢/ and 2\ . It is
straightforward to show the same bounds hold on §¢"' for s > 4, with respect to

different constants {Ds}. That is, d5" < 2(""*) \when s # 5 and 687 <i27HPs, O
Choosing i = a(n,m) + O(1), Lemmas 7.6 and 7.7 imply that

a(n, m)20mm)),
2at(n,m)/t!+O(ozt_1(n,m))).

When m = O(n) these bounds are all sharp, with the exception of A§", which was
already handled in section 6. Using the best transformations from 2-sparse to blocked
sequences from Lemma 3.1, we obtain all the bounds on \s and A{™ claimed in The-
orem 1.3, except at s = 5, where we only get A\s(n) = O(a(a(n))) - As(n,3n) and
AP (n) = O(a(a(n))) - Ag*'(n, 3n). Refer to [17, section 6.2] for an ad hoc method to
eliminate this a(a(n)) factor.

8. Generalized constructions of nonlinear sequences. Lower bounds on
generalized DS sequences are generally expressed in an ad hoc manner. Nonetheless,
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all prior constructions can be expressed in terms of three basic operations: compo-
sition, preshuffling, and postshuffling.'® The nominal purpose of this section is to
establish specific lower bounds on certain forbidden subsequences. However, its true
contribution is a new succinct notation that is expressive enough to capture prior
sequence constructions and suggest numerous variations.

Recall from section 2.1 that the difference between postshuffling and preshuffling
is in how blocks of one sequence are merged with copies of another. In Ug,p, © Upot
symbols from Uy, are inserted at the end of blocks in copies of Uy, whereas in
Usub © Upot they are inserted at the beginning of blocks. It is not immediately clear
why these two shuffling strategies should yield sequences with different properties.
Consider the projection of symbols R = {a,...,z} in a common block B of Ui,
where all symbols in R are middle occurrences in B. If Ui, was constructed via
a series of composition and postshuffling operations, the projection of Ui, onto R,
ignoring repetitions, would be

abz(zya)zya7

ab...z(ab...z)zy...a.

In a subsequent composition event Usyb, = Usop © Umid, the canonical ordering of R
in Unia(B) is identical to their ordering in Uyop, in the case of preshuffling, or the
reversal of that ordering in the case of postshuffling.

In this section we explore the complexity of sequences avoiding “zig-zagging”
patterns, which can be viewed as one natural generalization of DS sequences. Recall
the definitions of Ny, My, and Zj:

Np =12 (k4 1k---12--(k+ 1),
My =12 (k+Dk---12- -+ (k+ 1)k-- -1,
Ze =12 (k+ k- 12 (k+ Dk---12--- (k + 1).

Note that Ny = abab, M1 = ababa, and Z; = ababab generalize order-2, -3, and
-4 DS sequences. Klazar and Valtr [14] and Pettie [21] proved that Ex(Ny,n) =
O(A2(n)) = O(n) and that for any k& > 1, Ex({My,ababab},n) = O(A3(n)) =
O(na(n)). (That is, avoiding both M} and ababab are equivalent to just avoiding
M;i.) One might guess that zig-zagging patterns, in general, mimic the behavior of
the corresponding order-s DS sequences.
We prove two results that, taken together, are rather surprising. Theorems 8.5
and 8.6 state the following in a more precise fashion:
1. For all ¢, there exists a k such that Ex(My,n) = Q(nat(n)).
2. For all t, there exists a k such that Ex(Zy, n) = Q(n2(e()a’(n)/t),
Overview. We define two classes of nonlinear sequences. Class I sequences have
lengths ©(na'(n)) and Class II sequences have length n2(1To()e" M/t for any ¢ > 1.
Both Class I and Class 1I sequences are parameterized by a binary pattern m over
the alphabet {, \}, that is, 7 = mma -7 € {/, \}I7l. The diagonals in 7 have

16The one possible exception to this blanket statement is Nivasch’s construction [16] of order-3
DS sequences with length 2na(n) — O(n). That construction’s shuffling operation selectively applies
postshuffling to first occurrences and preshuffling to last occurrences, so it is still possible to view it
through the prism of these three basic operations.
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the following interpretation. Consider any set {ai,...,a;} of symbols in a sequence
T, of type m. A maximally intertwined configuration is one in which each pair of
symbols in {ay, ..., a;} alternates the maximum number of times. In 7 all maximally
intertwined configurations will take the form A™ A™ ... A7~ where A~ = a1 ---q
and A> = a;---ay. Class I and II sequences are defined in sections 8.1 and 8.2 and
their forbidden sequences are analyzed in section 8.3.

8.1. Class I sequences. The sequence T (i,7) consists of a mixture of live and
dead blocks. It is parameterized by a pattern 7, which always begins with /. The base
cases for T, are given below. (Recall that live blocks are indicated with parentheses
and dead blocks with angular brackets.)

T (i,5)=12---5) {j---21), one live block, one dead, for any i,
T, (i,5) = (12---5) (12---4), one live block, one dead, for any i,
T,,(l,j):{ (12---5) {j---21) if i =\ and || > 2,

(12---5) (12---4) if 7 = and |7| > 2,
Tr(i,0) = ()2, two empty live blocks, any .

Note that T (1, j) is identical to either T~ (-, 7) or T, (-, j), depending on the last
character of 7. For the inductive case, when ¢ > 1,j > 0, and |7| > 2,

Tsub ) Tbot = (Ttop o mid) o Tbot if Tx| = N
Tr(i,j) =
Tsub e Tbot = (Ttop o Tmid) ] Tbot if x| = i

where Thot = T (4,75 — 1),
Tmid :Tﬂ'—(ia(]TbOtD)a T =71 x| —1-
Ttop = Tﬂ'(l - ]-7 HTmid||)7

The following facts can easily be proved about T, (4,7) by induction:
1. The first occurrence of every symbol appears in a live block and live blocks
consist solely of first occurrences.
2. All live blocks have length exactly j. The length of dead blocks varies, as
does the number of dead blocks between consecutive live blocks.
3. Each symbol occurs with the same multiplicity, v ;, defined below. Hence
7] = v |7l = v -5 - ().
The construction of T gives us an inductive expression for the multiplicity vy ;
of symbols in T (4, 7).

Vni=2 for || = 2 and all 1,
Vp =2 for all 7,
Vpi = Vrji-1+ Ve ;— 1, where 77 = 71 - W 1

A short proof by induction shows that v, ; has the closed form

b= (P8 for all i > 1, |7| > 2.
' || —2
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It can be shown that i = a(n,m) + O(1), where n = ||T:(4,7)|] and m =
[T (i, )]), from which it follows that Ty (i, j) has length ©(na!™'=2(n,m)) and length
O(nal™=2(n)) if j = O(1). Theorem 8.1 summarizes two results from [9, 20, 22] using
the T; notation.
THEOREM 8.1 (see [9, 20, 22]).
1. ababa, abcaccbe AT, .
2. abaaba, abcacbc AT, . .
As a consequence both Ex(ababa,n) and Ex(abcacbe, n) are Q(na(n)), which is asymp-
totically tight.

8.2. Class II sequences. Class Il sequences consist solely of live blocks. They
are parameterized by binary patterns, which are restricted to being even-length palin-
dromes, starting with ~ and ending with \. If 7 = 7 - - - 7|/, its flip flip(7) is obtained
by flipping the direction of each diagonal and its truncation 7~ is obtained by trim-
ming m; and 7. For example, if 7 = A0\, flip(n7) = 2/ AN\

The base cases for U, are given below. The sequence U, (i, j) has the property
that each block has length j and each symbol has multiplicity fi,;, which will be
defined below.

U, (i,j)=(12---5)(5---21), two blocks, for any i,
Us(1,5)=(12---4)(5---21), two blocks, for any T,
Ur(0,7)=(12---3), one block, for any m,
Ux(i, 1) = (1)F=7, [r,; identical blocks.

For the inductive case, when ¢ > 1,5 > 0, and |7| > 2, we have

U ( ) { Usup, © Upor = (Utop o mid) © Ubot if 2T || -1 = N
w\%J]) =
Usub S Ubot = (Utop o mid) ) Ubot if 2T || -1 = AV
where Upot = Ur(i,5 — 1),

Uz~ (i, [Toot]) if mom 1 =\,

Unid = . .
Utip(r—) (4, [Thot]) if mom L1 =\,

UtOp = Uﬂ(i -1, HTmid”)-

The construction of U, is a strict generalization of the Uy sequences defined in
section 2 for even s. Note that when m = (\)*/2, only postshuffling is used, since
flip(m~) = (\)*/?71. The multiplicity s, ; of symbols in Uy (4,) is not affected by
which shuffling operation is used, so the analysis from section 2 still holds: p,; =
9(" ) > 21/t where t = (|n] — 2)/2, and i = a(|Ux (4, )|, [Ux (4, 5)]) + O(1).

8.3. Analysis of T; and U,. Lemmas 8.2 and 8.3 isolate some properties of
T, useful in the analysis of M-shaped sequences and comb-shaped sequences.

LEmMMA 8.2. Let Ty, = Tx(i,j), where i and j are arbitrary. Let x = 7| and
X = Tix|—1 be the last and second-to-last characters of m, and let Tiop, Tmid, Tsub, and
Thot be the sequences arising in the formation of Tgy.

1. If abba < Ty, or baba < Ty, then it cannot be that b € X(Tya) while a €
E(T}:ot)'

2. If a < b share a live block in one of Tiop, Thot, or Tsn, then this sequence’s
projection onto {a,b} has the form (ab)a*b* if x = / and (ab)b*a* if x =\.
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3. Ifay < -+ < a; share a live block in Ts,p, then its projection onto {a1,...,a;}
has the form (a1 ...a;)AX AX, where A7 = a}...af and AN =aj ---aj}.
LEMMA 8.3. Whereas ababa A T~ -, abaaba 4 Ty, for any pattern m €
VA WaANYII4S
Proof. Part 1 of Lemma 8.2 implies that ababa cannot be introduced by a shuffling
event but must first appear in Tyy, = Tiop © Trnia from a composition event. Moreover,
abaaba could not arise in Ty, from an occurrence of ababa in T}y, since, in such an
occurrence, the middle a would necessarily be in a dead block and could therefore not
beget multiple as in Tgu1,. It must be that a and b share a common live block in Tip,
so its projection onto {a,b} is contained in (ab)a*b* if 73 = / and (ab)b*a™ if w3 = \..
Since Tiiq is either T or T~ the projection of Ty, onto {a, b} is one of

(ab) (ba) a™b* or (ab) (ba) b*a* or (ab) (ab) a*b* or (ab) (ab) b*a*.

The first is ababa-free, while the remaining are abaaba-free. d

In Theorem 8.5 we prove that Ex(Mayr,n) = Q(na*+1(n)) by induction. Lemma 8.4
handles the base case for M.

LEMMA 8.4. My = abcbabcba A T, for any of the length-4 patterns ™ €
AN

Proof. Since My contains a subsequence of the form xyzyx for each pair of
symbols {z,y} C {a,b,c}, any instance of My must first arise in Tyup = Tiop © Timid
from a composition event, not in Ty, = Tsup © Tmiq from a shuffling event. Here Tiiq
is defined by any of the four patterns 7= € /{/,\}2. It must be that a,b,c share
a live block in Tiop. If only b and c shared a live block, then the projection of Tiop
onto {a, b, ¢} would need to have the form a*(bc or ¢b)a*b*c*b*a*, violating Lemma 8.2
since neither (bc) nor (¢b) can be followed by beb. If only a and b shared a live block the
projection onto {a,b,c} would need to have the form a*b*c*(ba or ab)c*b*a*, which
violates the property that live blocks contain only first occurrences.

We have deduced that a, b, and c share a live block B in T}y, but they do not
necessarily appear in that order. To form a copy of Ms, some prefix must arise from
substituting the type 7~ sequence Tryia(B) for B; the remaining suffix must follow a, b,
and ¢’s live block in Tio,. We can always include at least one symbol in the suffix,
so the split between prefix and suffix can be one of three options: (i) abcbab | cba,
or (ii) abcbabe | ba, or (iii) abebabedb|a. In cases (i) and (ii), b must precede a in B,
meaning b < a in the canonical ordering of T1,;4(B). As a consequence, any occurrence
of the prefix abcbab (or abcbabe) in Tiyiq implies an occurrence of babbab < Tinid,
contradicting Lemma 8.3. In case (iii) the prefix contains bebbed, also contradicting
Lemma 8.3. a

THEOREM 8.5. For any k > 1, My £ Ty, where 7 € /{/ \}2/%. As a
consequence, Ex(Maykr,n) = Q(na*f*Tt(n)).

Proof. The proof is by induction on k; the base case is covered by Lemma 8.4.
For succinctness let K = 2F. As in the proof of Lemma 8.4 we can restrict our atten-

tion to the case where My, say, over the alphabet ai,...,ax41, arises in Ty, after
a composition event. Moreover, we can assume as,...,Gx+1 appear in a common
live block B, so the projection of Tiop onto {ay,...,ax 1} is (a1 ---arxy1)at - ajy -

If substituting Ti,ia(B) for B creates an instance of My, some prefix must come
from Tyia(B) and the remaining suffix from the sequence aj ---aj ., following B.
There are two cases: the suffix contains either a strict majority of the K + 1 symbols
or a strict minority. In the former case we have ag/41 < -+ < axy1 accord-
ing to the canonical ordering of T,q(B), so any instance of the N-shaped pattern
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AR 410K Qfj2410K /242 OK 110K * Q241 0 Tia(B) implies that it also con-
tains

,.-aKJrlaK. ..~aK+1aK_

My )2 = arjoq1 VE/2+2 agyoy1 VK/242 TGk /241,
which contradicts the hypothesis that Tinq is Mg jo-free. If, on the other hand, the
suffix of My following B contains a strict minority of {a1,...,ax 11}, then Tyia(B)
must contain an instance of My /o on the alphabet ai, ..., ax 241, also contradicting
the inductive hypothesis. 0

We now turn to the analysis of the forbidden sequences of U;.

THEOREM 8.6. For any k > 0, Zsx £ Uy, where 1 = /T ~\Ft1. As a
consequence, Ex(Zgr,m) > n - g(1Fo(1)a* (n)/(kt+1)!,

Before proving Theorem 8.6 we must make a few observations. First, preshuffling
is the norm when generating sequences of type m = /*T1 \ /\**1. Whenever k > 0
we have mom - _1 = /\, implying preshuffling is used; it is only when & = 0 (pattern
A\\) that postshuffling is used. In any sequence formed using preshuffling, if a
block contains (ag - --a;), the projection of the sequence onto {ai,...,q;} is of the
form

atal - a(ay - a)afal_y - al.
Second, note that Theorem 8.6 fails to be true for most patterns. Indeed, sufficiently
long sequences of type N\ contain Zg for every K > 0.

Proof. The proof is by induction on k. For succinctness we let K = 3*. In the
base case k = 0, Zx = ababab, and U, = U ,_._is ababab-free, by Lemma 2.4. In the
general case k > 1 and 7 = /*H1\/\FH1 50 U, = Usub @ Unot = (Utop © Umid) © Ubot
is formed by composing Usop with Unid, a type 7~ sequence, then preshuffling it with
Upot- We can assume that any occurrence of Zx arises from the composition event
Usub = Utop © Umia since ababab < Zk for every pair of symbols {a,b} C X(Zk) and
ababab cannot be introduced by shuffling. Write Zk as

o OK41 qpe o OK41 qpe oo OK 41

ap @2 “ap 42 cap 92
It is easy to verify that if Zx occurs in Ug,p, it must be that {ai,...,axy1} share
a single block B in Ugyp. (Note, however, that their canonical orderings in Uyop and
Unia(B) are not necessarily a; < -+ < axy1.) Some prefix of Zx appears before
B in Uiop, some suffix of Zg appears after B in Usop, and the remaining middle
portion appears in Upia(B). Suppose aj ---q; is the prefix and apapyq---ax41 the
suffix for some indices [,1’. It follows that a1 < as < -+ < a; and a1 < ag <
-+« < ap according to the canonical ordering of Uiq(B), which implies { <’. (Since
preshuffling is used, the canonical ordering of nonfirst symbols in B is the same in Uygp,
and Upia(B), though the same is not true of symbols making their first appearance
in B.) At least one of the following must be true:
(i) The prefix contains at least K/3 + 1 symbols and is disjoint from the suffix,
that is, | > K/3+1and I < '.
(ii) The suffix contains at least K/3 + 1 symbols and we are not in case (i), that
is, I < 2K/3 + 1.
(iii) There are at least K /3 4+ 1 symbols in neither the prefix nor suffix, that is,
I<K/3andl' >2K/3+2.
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Case (iii) is the simplest. To form a copy of Zx in Uy, we would need Upiq(B) to
contain a copy of Zg /3 on the alphabet {ax /341, ..,a2k/341}, contradicting the in-
ductive hypothesis. In case (i), Unia(B) must contain ag /31 - a1~ ag/g41 a1
ag/3+1- However, by the canonical ordering a1 < --- < ag 341, this implies that the
first af /341 is preceded by ay - - - ag /3, meaning Unia(B) also contains a copy of Zg /3,
a contradiction. Case (ii) is symmetric to case (i). a

8.4. Comb-shaped sequences. The results of [9, 14, 20, 21] show that ababa
and abcacbc are the only minimally nonlinear 2-sparse forbidden sequences over a
three-letter alphabet, both with extremal function ©(na(n)). Just as ababa can be
generalized to M-shaped sequences, C; = abcacbe can be generalized to the one-sided
comb-shaped sequences {C}}r>1, where

N (k+2) (k+2) (k+2) (k+2)
Ck:123. 1 2 3

(k+1) (k+2).

Our parameterized sequences let us obtain nontrivial lower bounds on comb-
shaped sequences.

THEOREM 8.7. For all k > 1, C, # Ty, where 1 = /~\F. Consequently,
Ex(Ck,n) = Q(na*(n)).

Proof. The proof is by induction on k. Theorem 8.1 (see [20]) takes care of the base
case C1 = abcacbe. We will focus on Cy = abedadbded, then note why the argument
works for any k. Define Tiop, Tsub, Thot, Tmid, and Ty, as usual, where T,iq is now
a type /\ sequence. Note that both Tio, and Tiiq are formed using preshuffling,
so if a live block in either contains (a; ---q;), the projection of the sequence onto
{a1,...,a;} is of the form (a1 ---a;)a} - - - aj.

We first argue that {a,b,c,d} C X(Tiop). One may check that the only case
that does not immediately violate part 1 of Lemma 8.2 is that a € X(T},,) while
b,c,d € X(Tiop). This means that for Cy to show up in Ty, we must already have
(bed)dbded < Tyup, where the live block (bed) is shuffled into a’s copy of Th,or. However,
part 3 of Lemma 8.2 implies that the projection of Ti,, onto {b,c,d} is (bed)d*c*b*
and therefore that the projection of Ty, onto {b, ¢, d} is (bed)d*c*b*d*c*b*. This does
not contain (bed)dbded. We proceed to consider the case when {a,b, ¢, d} C 3(Tiop).

One can see that a, b, ¢, and d must share a live block B in Tiep. If the first two as
in Cy < Tgyp arose from the composition that created Tgyp, then b, ¢, and d must have
been in a’s live block. If not, then C would have already appeared in Tiop. Thus,
some prefix of Cy arose from substituting Ty,a(B) for B and the remaining suffix
followed B in Tiop. Part 2 of Lemma 8.2 implies that the suffix cannot be ded for
otherwise (cd)ed < Tiop or (dc)de < Tyop. This implies that abdadbd = Ci < Tia(B)
(a type /\ sequence), which contradicts Theorem 8.1.

For k > 2 write Cy, = aqaz - - agy1baibagb - - - bag1b. The same argument from
above shows that {a1,...,arq1,b} are contained in a single block B of Tiop. For Cj,
to arise in Ty, a prefix of it must come from Ty,y;q(B) and a suffix from the part of
Tiop following B. By part 2 of Lemma 8.2 the suffix cannot be bay41b, which means
the prefix in Tiyiq(B) must contain ag - - - agbaibasd - - - bagb = Cy_1, contradicting the
inductive hypothesis. a

9. Conclusions. In Theorem 1.3 we established sharp bounds on the functions
A, s and AL, for all values of r and s, and showed, perhaps surprisingly, that these

.87

extremal functions are essentially the same. Moreover, they match s and A" only
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when s < 3, or s > 4 is even, or r = 2. However, Theorem 1.3 is not the last word
on A", In Cibulka and Kynél’s [3] application of Aj"(n,m), s is a fixed parameter,
whereas r is variable and cannot be bounded as a function of s. Cibulka and Kyncl
require upper bounds on Ay’ (n,m) that are linear in 7, whereas the leading constant
in our bounds matches that of Aj"%(n,m), currently known to be at most O(6").
See Lemma 3.3. In other words, we now have two incomparable upper bounds on
AR (n,m) when r is not treated as a constant, namely, O((n+rm)a(n, m)) [3], which
has optimal dependence on 7, and O(6” (n+m)), which is optimal for fixed . Whether
A (n,m) = O(n 4+ rm) or not is an intriguing open question.

~ We have shown that doubling various forbidden patterns (alternating sequences
and (r, s + 1)-formations) has no significant effect on their extremal functions. It is
an open problem whether Ex(dbl(c),n) is asymptotically equivalent to Ex(o,n) for
every o. We conjecture the answer is no when o can be a set of forbidden sequences,
though it seems plausible the answer is yes for any single forbidden sequence.

CONJECTURE 9.1. In general, it is not true that Ex(dbl(c),n) = O(Ex(o,n)).
In particular, whereas Ex(dbl({ababa, abcacbc}),n) = O(na(n)), we conjecture that
Ex({ababa, abcacbc}, n) = O(n).

The main open problem in the realm of generalized DS sequences is to character-
ize linear forbidden sequences or, equivalently, to enumerate all minimally nonlinear
forbidden sequences. The number of minimally nonlinear sequences (with respect to
the partial order <) is almost certainly infinite [20], but whether there are infinitely
many genuinely different nonlinear sequences is open. Refer to [20] for a discussion of
how “genuinely” might be formally defined.

CONJECTURE 9.2 (informal). Ewvery nonlinear sequence o (having Ex(o,n) =
w(n)) contains ababa, abcacbc, or some sequence morally equivalent to abcacbe.

Our lower bounds on Ex(Mj, n) are weak, as a function of k, and we have provided
no nontrivial upper bounds. It may be possible to generalize the proof of Theorem 6.9
to show Ex(Mjy,n) = O(npoly(a(n))), where the degree of the polynomial depends
on k.

Appendix A. Proofs.

A.1. Proof of Lemma 1.2. Recall that dbl(Form(r,s + 1)) = {dbl(c) | o €
Form(r, s + 1)}, whereas sequences in dblForm(r,s 4+ 1) are formed by taking the
concatenation of s + 1 sequences, the first and last being a permutation of {1,...,r}
and all the rest containing two occurrences of {1, ..., r}. For example, abc abaccb bea €
dblForm(3, 3), whereas abbcc ccbbaa bbeca € dbl(Form(3,3)). We restate Lemma 1.2:

LEMMA 1.2. The following bounds hold for any r > 2,8 > 1:

Ex(dbl(Form(r, s +1)),n,m) < - Ajbs(n,m) + 2rn,
Ex(dbl(Form(r, s 4 1)),n) = O(A%5(n)).

Proof. Let S be a dbl(Form(r,s + 1))-free sequence over an n-letter alphabet.
Obtain S’ from S by discarding the first occurrence and last r occurrences of each
letter, then retaining every rth occurrence of each letter (i.e., the rth, 2rth, 3rth, etc.),
discarding the rest. Clearly S’ has the property that each b is preceded and followed
by at least r bs in S, and between two bs in S’ there are at least » — 1 bs in S. It
follows that |S’| > (|S| —2rn)/r. Suppose |S’| contained some sequence o’ --- 07, €

dblForm(r, s + 1). (Recall that o] and o, contain one copy of {1,...,r}, whereas
ob,...,o. contain two copies of {1,...,r}.) This implies that S contains a sequence
01+ 0st1, where each oy, contains r+1 copies of {1, ...,7}. We claim each o}, contains
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a doubled permutation of {1,...,r}, which implies that S is not dbl(Form(r, s + 1))-
free, a contradiction. Find the symbol b in o} whose second occurrence is earliest,
that is, we can write o, = o}, bo) bo}’, where o0} contains at most one copy of each
symbol. Since o/ contains at least r copies of the r — 1 symbols in {1,...,7r}\{b} we
can continue to find a doubled permutation of {1,...,7}\{b} by induction. If S is an
m-block sequence, then S’ is too, giving the first bound. When S is merely r-sparse
we can only bound S’ by Aj"(n) if it, too, is r-sparse. This is done as follows.

Greedily partition S = S152....5,, into maximal sequences {S,} over alphabets
of size exactly 272, with ||S,,| perhaps smaller. Since each S, has length at most
Ex(dbl(Form(r, s+1)), 2r?) = O(1), it follows that m = Q(|S]). Obtain T be replacing
each S, with a block consisting of its alphabet %(S,). If |T| < 2r?n there is nothing to
prove since [S| = O(|T'[) = O(n) = O(A;"(n)), so assume otherwise. Obtain 7" from
T by discarding the first occurrence and last r occurrences of each letter, then retaining
every rth occurrence of each letter. It follows that [I7| > (|T| — 2rn)/r > |T|%2,
that is, the average length of blocks in T” is at least 2(r — 1). Let 7" be an r-sparse
subsequence of T” obtained by scanning T from left to right, removing a symbol if
it is identical to one of the preceding r — 1 symbols. At most » — 1 letters from each
block of T” can be removed in this process. The average block length of T" is at least
2(r —1)— (r—1) > 1, hence [T"| > m = Q(]S|). Since T"” is dblForm(r, s + 1)-free,
we have |S| = O(A;"i(n)). a

A.2. Proof of Lemma 3.1. There is no theorem to the effect that Ex(o,n) =
O(Ex(o,n,0(n))). Lemma 3.1 restates the best known reductions from r-sparse to
blocked sequences. Some ad hoc reductions are known to be superior, for example,
those for order-5 DS sequences [17, section 6.2].

LEMMA 3.1 (cf. Sharir [24], Firedi and Hajnal [7], and Pettie [17].) Define
Vs Vs Vross Vs 2 N = N to be nondecreasing functions bounding the leading factors
of As(n), Ag"(n), A s(n), and A% (n), e.g., A%y < ph(n) - n. The following bounds
hold:

As(n) < vys—2(n) - As(n, 2n),
A () < (752 (n) +4) - AP (n, 2n),
As(n) < vs-2(7s(n)) - As(n, 3n),
AL () < (7522 (757 (n) +4) - AJM (n, 3n),
A s(n) < vps—a(n) - Ay s(n,2n) + 2n,
ms(n) < (’V?bsl 2(n) + O(1)) - A" (n, 2n)),
Ars(n) < vrs—2(rs(n)) - Ay s(n,3n) + 2n,
AT (n) < (a2 (77 (n) + O(1)) - ASY(n, 3n)),

where the O(1) terms depend on r and s.

Proof. All the bounds are obtained from the following sequence manipulations,
which were first used by Hart and Sharir [9] and Sharir [24]. Let S be an r-sparse
sequence avoiding some set o of subsequences over an r-letter alphabet, so |S| <
Ex(o,n). Greedily parse S into m intervals S1.55---S,, by choosing S to be the
maximum-length prefix satisfying some property P, Ss to be the maximum-length pre-
fix of the remaining sequence satisfying P, and so on. Form S’ = %(51)X(S2) - - - 2(Sm)
by replacing each interval S; with a single block ¥(.S;) containing its alphabet, listed
in order of first appearance. Since S’ is a subsequence of S, |S’| < Ex(o,n,m). To
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bound |S| we only need to determine upper bounds on m and the shrinkage factor
|S[/15°].

Bounds on \s. If we parse S into maximal order-(s — 2) sequences, then each S;
must contain either the first or last occurrence of some symbol, hence m < 2n. The
shrinkage factor is |.S;|/||Si]] < vs—2(||Sil]) < vs—2(n), which gives the first inequality.
Now consider parsing S into m maximal sequences that are both order-(s — 2) DS
sequences and have length at most vs(n). It follows that m < 3n: at most n sequences
were terminated because they reached length ~ys(n) (by definition of v4) and the
remaining sequences number at most 2n since each must contain the first or last
occurrence of some letter.

Bounds on A"'. Let osy2 be the alternating sequence with length s+ 2. Order-s
double DS sequences are dbl(cs42)-free. Obtain o7, by doubling each letter of o442,
including the first and last. It is easy to show that Ex(o}_ 5, n) < A2"(n)+4n so we can
take v2*'(n) + 4 to be the leading factor in this extremal function. Consider parsing
an order-s double DS sequence S. If we parse S into maximal ol-free sequences,
then each subsequence must contain the first or last occurrence of some symbol, so
m < 2n and the shrinkage factor is at most v, (n) + 4. If, further, we truncate any
subsequence in the parsing at length v2*'(n), then m < 3n and the shrinkage factor
is at most v, (v (n)) + 4.

Bounds on A, s and Ay’;. The argument is the same, except that during the pars-
ing step, we discard any symbol that triggers the termination of a subsequence. For
example, if S is a Form(r, s+1)-free sequence we parse it into S1a; S2as -« - @pm—1.Smam,
where the {S;} are maximal Form(r, s — 1)-free sequences and {a;} the single letters
following them, where a,, might not be present. Since S;a; contains some element
of Form(r, s — 1), S;a; must contain the first or last occurrence of some letter, hence
m < 2n. We form S’ by contracting each S; to a single block, discarding a;, so the
shrinkage factor is at most 7, s_2(n). It follows that |S| < v, s—2(n) - Ay s(n, 2n) 4 2n.
The procedure for A" is a straightforward combination of the procedures described

T8

above for A, ; and /\g‘;‘. a

A.3. Proof of Lemma 3.2. We restate the lemma.
LEMMA 3.2. The following inequalities hold for all s:

As(n) < Az s(n) < A (n) <AL(n)+2n < 5.2 (n) + 2n,
As(n,m) < Ags(n,m) < AP(n,m) < APU(n,m)+n <3-AP(n,m) +n.

Proof. Order-s DS sequences are Form(2, s+ 1)-free, which gives the first and fifth
inequalities. Form(2, s + 1)-free sequences, in turn, are order-s double DS sequences,
which gives the second and sixth inequalities. Let S be an order-s double DS sequence.
Form S’ < S by (i) removing the first occurrence of each letter and, if necessary, (ii)
removing up to n additional symbols to restore 2-sparseness. Clearly |S| < [S/|+ n if
only (i) is applied and |S| < |S’| +2n if (i) and (ii) are applied. Suppose S” contained
a dblForm(2, s + 1) pattern of the form {ab} {aabb}*~'{ab}, where the bracketed
sequences can be permuted arbitrarily. Together with the initial @ and b in S, this
shows that S contains a doubled alternating sequence isomorphic to abbaabb - - - (s+2
alternations), a contradiction. This gives the third and seventh inequalities.

We now turn to the fourth and eighth inequalities. Let S be a 2-sparse dblForm(2, s+
1)-free sequence and let S” be derived as follows:

(i) Retain every third occurrence of each letter, starting from the first; discard

all others.

(ii) Discard additional occurrences to restore 2-sparseness.
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The number of letters discarded in step (i) is clearly at most (2/3)]S]. We claim
the number discarded in step (ii) is at most 1/5th the number discarded in step
(i). Suppose we see two consecutive as after step (i), one of which will be removed
to restore 2-sparseness. There must have been two additional as between those as
removed by step (i), and by 2-sparseness, at least three non-a interstitial letters,
also removed by step (i). The picture looks like @z aya z@, where the overlined as
are those remaining after step (i). (Obviously x,y, and z cannot all be identical, for
otherwise at least one would be retained in step (i).) Thus, the total number of letters
removed by steps (i) and (ii) is at most (6/5)(2/3)|S| = (4/5)|S], so |S| < 5]57].
Suppose that S’ contained a doubled alternating sequence abbaabb --- with s + 2
alternations. This implies that S contains a bbbb aaaa bbbb - - -, where the underlined
letters appear in S but not S’. This contradicts the dblForm(2, s + 1)-freeness of S.
The fourth inequality follows. The eighth follows from the same argument, omitting
step (ii) in the construction of 5. O

A.4. Proof of Lemma 3.3. Some of the results cited in Lemma 3.3 refer to
(or implicitly use) results on forbidden 0-1 matrices. See Fiiredi and Hajnal [7] and
Pettie [19, 20, 21] for more details on the connection between matrices and sequences.

LEMMA 3.3. At orders s =1 and s = 2, the extremal functions Ag, A&, A, 5, and
ASP obey the following:

T,8

A1(n) =n, A(n,m)=n+m—1,

A2(n) =2n —1, Xo(n,m) =2n+m — 2 [4],
AP (n) = 3n — 2, AP (n,m) =2n+m — 2 [5, 13],

3°1(n) < 8n, A (n,m) < bn—+m [11, 7],
Ari(n) = Afh(n) <rn, A i(n,m) = AP (n,m) <n+(r—1)m [10],
Ay 2(n) < 2rn, Aya(n,m) <2n+ (r—1)m [10],
A (n) < 6"rn, A (n,m) <2-6""1(n+m/3) [21]

Proof. Davenport and Schinzel [4] noted the bounds on Aj(n) and Ay(n); their
extension to blocked sequences is trivial. In an overlooked note Davenport and
Schinzel [4] observed without proof that A{*'(n) = 3n — 2, which was formally proved
by Klazar [13]. Tts extension to blocked sequences is also trivial. Adamec, Klazar, and
Valtr [1] proved that A"'(n) = O(n) and Klazar [11] bounded the leading constant
between 7 and 8. A blocked sequence S can be represented as a 0-1 incidence matrix
As whose rows correspond to symbols and columns to blocks, where Ag(i,5) = 1 if
and only if symbol ¢ appears in block j. A forbidden sequence becomes a forbidden
0-1 pattern. The bound on A3 (n,m) follows from Fiiredi and Hajnal’s [7] analysis
of a certain 0-1 pattern. The bounds on A, ; and A, 2 were noted by Klazar [10] and
Nivasch [16]. They are straightforward to prove.

Since the N-shaped sequence 12 ---rr(r—1)---112-- .7 over r letters is contained
in Form(r, 3), the linear upper bound on Ex(dbl(12---7rr(r—1)---112---7),n) due to
Klazar and Valtr [14] (see also [21]) immediately extends to Ay%(n). With some care
the leading constants of A% (n) and Ay%(n,m) can be made reasonably small using
the 0-1 matrix representation of (forbidden) sequences from [21]. Consider an m-
block, dblForm(r, 3)-free sequence S. Without loss of generality assume the alphabet
X(S) ={1,...,n} is ordered according to their first appearance in S. Let Ag be an
n x m 0-1 matrix where Ag(i,j) = 1 if and only if symbol ¢ appears in block j. By
virtue of being dblForm(r, 3)-free, Ag does not contain P as a submatrix,'” where P

I7In this context a submatrix is obtained by deleting rows and columns from Ag, and possibly
flipping some 1s to Os.
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is defined below. Following convention [27, 19] we use bullets for 1s and blanks for Os.

The vertical bars are not part of the pattern; they mark the boundaries of the three

components of a dblForm(r,3) sequence. The results of [21] imply Af%(n,m) <

Ex(P,n,m) < 2-6""1(n +m/3), where Ex(P,n,m) is the maximum number of 1s

in P-free n x m matrix. To get a bound on Ay%(n) we will show how to convert

an r-sparse, dblForm(r,3)-free sequence S into a blocked one. Greedily partition
S = Sja152az - -+ S, into maximal Form(r, 3)-free sequences S, ..., Sy, separated
by single symbols ay,...,a,,. That is, Sy is Form(r, 3)-free but Sya; is not; Sy is
Form(r, 3)-free but Szas is not; and so on. Each interval Sj must contain the last
occurrence of some symbol, hence m < n. If this were not the case, then S neces-
sarily contains a Form(r,4) pattern, each of which is also a dblForm(r,3) pattern,
contradicting the dblForm(r,3)-freeness of S. Obtain S’ by discarding ai, ..., am
and contracting each Sy to a single block containing its alphabet X(Sk). Since
ISk| < Ara(||Skll) < 2r||Skll, we have |S| < 2r|S’| + n. Being an n-block sequence,
S| < Ay (n,n) <2-6""1(4n/3), so |S| < 6"rn. O

Acknowledgment. We thank the referees for their comments and suggestions,
particularly Referee 1, who spotted an error in an earlier version of Lemma 3.2 and
whose comments helped simplify the proof of Lemma 2.4.

REFERENCES

[1] R. ApAMEC, M. KLAZAR, AND P. VALTR, Generalized Davenport-Schinzel sequences with linear
upper bound, Discrete Math., 108 (1992), pp. 219-229.
[2] P. AGARWAL, M. SHARIR, AND P. SHOR, Sharp upper and lower bounds on the length of general
Davenport-Schinzel sequences, J. Combin. Theory Ser. A, 52 (1989), pp. 228-274.
[3] J. CiBULKA AND J. KYNCL, Tight bounds on the mazimum size of a set of permutations with
bounded VC-dimension, J. Combin. Theory Ser. A, 119 (2012), pp. 1461-1478.
[4] H. DAVENPORT AND A. SCHINZEL, A combinatorial problem connected with differential equa-
tions, Amer. J. Math., 87 (1965), pp. 684-694.
[5] H. DAVENPORT AND A. SCHINZEL, A note on sequences and subsequences, Elem. Math., 20
(1965), pp. 63-64.
[6] J. Fox, J. PACH, AND A. SUK, The number of edges in k-quasi-planar graphs, SIAM J. Discrete
Math., 27 (2013), pp. 550-561.
[7] Z. FUREDI AND P. HAINAL, Davenport-Schinzel theory of matrices, Discrete Math., 103 (1992),
pp. 233-251.
[8] J. GENESON, R. PrRAsAD, AND J. TIDOR, Bounding sequence extremal functions with forma-
tions, Electron. J. Combin., 21 (2014), P3.24.
[9] S. HART AND M. SHARIR, Nonlinearity of Davenport-Schinzel sequences and of generalized path
compression schemes, Combinatorica, 6 (1986), pp. 151-177.
[10] M. KLAZAR, A general upper bound in extremal theory of sequences, Comment. Math. Univ.
Carolin., 33 (1992), pp. 737-746.
[11] M. KLAZAR, Extremal functions for sequences, Discrete Math., 150 (1996), pp. 195-203.
[12] M. KLAZAR, On the mazimum lengths of Davenport-Schinzel sequences, in Contemporary
Trends in Discrete Mathematics, Stifin Castle 1997 (Czech Republic), AMS, Providence,
RI, 1999, pp. 169-178.
[13] M. KLAZAR, Generalized Davenport-Schinzel sequences: Results, problems, and applications,
Integers, 2 (2002), A11.
[14] M. KrAazAR AND P. VALTR, Generalized Davenport-Schinzel sequences, Combinatorica, 14
(1994), pp. 463-476.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/12/15 to 141.211.4.224. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

2238 SETH PETTIE

P. KoMJATH, A simplified construction of nonlinear Davenport-Schinzel sequences, J. Combin.
Theory Ser. A, 49 (1988), pp. 262-267.

G. N1vascH, Improved bounds and new techniques for Davenport-Schinzel sequences and their
generalizations, J. ACM, 57 (2010).

S. PETTIE, Sharp bounds on Davenport-Schinzel sequences of every order, J. ACM, 62 (2015).

S. PETTIE, Splay trees, Davenport-Schinzel sequences, and the Deque conjecture, in Proceedings
of the 19th ACM-SIAM Symposium on Discrete Algorithms (SODA), 2008, pp. 1115-1124.

S. PETTIE, Degrees of nonlinearity in forbidden 0-1 matriz problems, Discrete Math., 311
(2011), pp. 2396-2410.

S. PETTIE, Generalized Davenport-Schinzel sequences and their 0-1 matriz counterparts, J.
Combin. Theory Ser. A, 118 (2011), pp. 1863-1895.

S. PETTIE, On the structure and composition of forbidden sequences, with geometric applica-
tions, in Proceedings of the 27th Annual Symposium on Computational Geometry (SoCG),
2011, pp. 370-379.

S. PETTIE, Origins of nonlinearity in Davenport-Schinzel sequences, STAM J. Discrete Math.,
25 (2011), pp. 211-233.

S. PETTIE, Sharp bounds on formation-free sequences, in Proceedings of the 26th Annual ACM-
SIAM Symposium on Discrete Algorithms (SODA), 2015, pp. 592-604.

M. SHARIR, Almost linear upper bounds on the length of general Davenport-Schinzel sequences,
Combinatorica, 7 (1987), pp. 131-143.

A. SUK, k-quasi-planar graphs, in Proceedings of the 19th International Symposium on Graph
Drawing (GD 2011), Lecture Notes in Comput. Sci. 7034, Springer, New York, 2012,
pp. 266-277.

R. SUNDAR, On the Deque conjecture for the splay algorithm, Combinatorica, 12 (1992), pp. 95—
124.

G. TARDOS, On 0-1 matrices and small excluded submatrices, J. Combin. Theory Ser. A, 111
(2005), pp. 266-288.

R. E. TARJAN, Efficiency of a good but not linear set union algorithm, J. ACM, 22 (1975),
pp. 215-225.

P. VALTR, Graph drawings with no k pairwise crossing edges, in Proceedings of the 5th Inter-
national Symposium on Graph Drawing, Lecture Notes in Computer Sci. 1353, Springer,
New York, 1997, pp. 205-218.

A. WIERNIK AND M. SHARIR, Planar realizations of nonlinear Davenport-Schinzel sequences
by segments, Discrete Comput. Geom., 3 (1988), pp. 15-47.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


