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THE PROBABILISTIC ANALYSIS OF MATCHING HEURISTICS™
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Center for Research on Computing Technology
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ABSTRACT

It can be shown that the total length of the optimum matching of a set
of n points uniformly distributed on the unit square--or any other Lebesgue
area of measure 1 --is, when divided by \f;, almost certainly equal to a 1
constant W2 .25, We analyze probabilistically several heuristics for the
matching problem and obtain upper bounds on the value of p. We show
that H £ .40106, and conjecture that K= . 35,

1. INTRODUCTION
2. THE SHORTE
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Many combinatorial optimization problems call for the construction
of the shortest possible network of some kind, given the matrix of distances
among a set of n points. These problems include the traveling salesman
problem (TSP), the minimum spanning tree problem, Steiner's problem,
the matching problem, etc. (See [18] for definitions.) When the given
points are actually realized as points on the plane--and the distance matrix

is thus induced by the two-dimensional Fuclidean metric--we obtain the
Euclidean case of such a problem. Different problems, however, behave
differently under this restriction. The minimum spanning tree problem
becomes easier [12], but the TSP and Steiner's problem remain hard [5, 9].
There is no obvious advantage to the matching problem [1 1], and the com-
lexity of another problem is reduced from probably exponential to O(nlog n)

~ THEOREM 1 [2]. vV
exists and is equal to a cons

11].
The proof of Theorem

For these Euclidean cases of ''network design' problems a very strong TSP is shown to satisfy fou
robabilistic result is available [2]. In the case of the traveling salesman finite set of points in an are
problem this result essentially asserts that the value of the optimal tour of 1‘ Qis... »Qp,  is the correspt
n points drawn from a uniform distribution in the unit square is almost conditions:
certainly equal to a constant B times «/n. (See Theorem L of Section 2 for
a precise statement.) This result is surprisingly stable when the assump- )
tions are relaxed significantly. In particular, it holds for arbitrary measur- 1, T(Q)

able regions with arbitrary probability distributions, and can be generalized
to many dimensions. Furthermore, it is also valid for the minimum span-
ning tree problem, Steiner's problem, and, in fact, any network design-type
of problem as long as it satisfies four conditions stated in our Section 2. In
particular, it holds for the matching problem [3,8] (Corollary 2).

the result of [2] received some well-deserved attention from
nd was used as the main argument in the probabilistic
analysis of heuristics for the TSP [7] and other hard Euclidean problems
[10]. However, heuristics such as the ones in [7,10] are susceptible to
evaluation of the solution yielded only relative to the optimum solution, and
not in absolute terms (e.g., calculating the actual length of the derived
solution). Hence, no information about the magnitude of the constant B in
the theorem of [2] can be deduced by analyzing them. We also notice here
that in contrast to the TSP, the matching problem (Euclidean or otherwise)
can be solved exactly in O(n3) time by the algorithm of Edmonds [3] as
implemented by Gabow and Lawler [4,8]. The conceptual complexity of

this algorithm, however, renders it beyond any detailed probabilistic analysis,
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The value of the corresponding constant for the matching problem, W,
is unknown as well. Since the optimum matching is at most a half of the
shortest tour, we notice immediately that LS .5B=< .46, We also show
that 2 .25, The last part of this paper concentrates on improving the .46
upper bound using techniques that are applicable to matching and not to the

TSP. For this purpose we analyze probabilistically certain matching

heuristics, most notably a three-phase extension of the "monotonic' heuristic.

The constant corresponding to the three-phase heuristic is shown to be less
than , 40106,

2. THE SHORTEST PAIRING OF MANY POINTS

We will state the result of [2]
and uniform distribution,
Introduction.

for two dimensions, the unit square
The possible extensions were sketched in the

Let P = (p; +P2:...) be a random variable with range infinite
sequences of points independently and uniformly distributed in the unit

square. Let PR = tP1s...,P,f, andlet T(P") denote the shortest tour
of all the points in P&,

THEOREM 1 [2]. With probability 1, the limit lim L T(PY.nl/2
exists and is equal to a constant B. m nTe

The proof of Theorem 1 essentially consists of two parts. First, the
TSP is shown to satisfy four simple combinatorial conditions. Let Q be a
finite set of points in an area A, andlet A,,... A be a partition of A,

Qrseniy Qn is the corresponding partition of Q. satisfies the following
conditions:

m
1. TQ < 3 (T(Qj)-*-éjj

b=) U

where 6ij is the diameter of AiUAJ- and 6m,m+1 = éml'

m
2, TQ) = 3 (TQ,)-2-]|34.])
i=1 J ]

where |5Aj[ is the length of the boundary of Aj'

3. There exists a constant o such that T(P?) < an .

4, There exists a constant Yy such that éa(T(Pn)) = y\/ﬁ .
The second part of the proof involves a dee

uses only properties (1-4) of the TSP. An eleme
the argument appears in [11]

P analytic argument which
ntary exposition of some of

Let P be as in Theorem 1. A matching of P® is a set of line

segments (p-k,pjk), k=1,...,[n/2] such that all i, j;, are distinct.
Let M(PR) b

e the shortest such matching.

369































