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ON THE TRANSLOCATION OF MASSES

L. KANTOROVITCH
Foreword

The following paper is reproduced from a Russian journal of the character
of our own Proceedings of the National Academy of Sciences, Comptes Rendus
(Doklady) de U’Académie des Sciences de UURSS, 1942, Volume XXXVII,
No. 7-8. The author is one of the most distinguished of Russian mathema-
ticians. He has made very important contributions in pure mathematics in
the theory of functional analysis, and has made equally important contribu-
tions to applied mathematics in numerical analysis and the theory and practice
of computation. Although his exposition in this paperis quite terse and couched
in mathematical language which may be difficult for some readers of Manage-
ment Science to follow, it is thought that this presentation will: (1) make avail-
able to American readers generally an important work in the field of linear
programming, (2) provide an indication of the type of analytic work which
has been done and is being done in connection with rational planning in Russia,
(3) through the specific examples mentioned indicate the types of interpreta-
tion which the Russians have made of the abstract mathematies (for example,
the potential and field interpretations adduced in this country recently by
W. Prager were anticipated in this paper).

It is to be noted, however, that the problem of determining an effective
method of actually acquiring the solution to a specific problem is not solved
in this paper. In the category of development of such methods we seem to be,
currently, ahead of the Russians.—A. CuARNEs, Northwestern Technological
Institute and The Transportation Center.

R will denote a compact metric space, though some of the following definitions
and results are valid in more general spaces.

Let ®(e) be a mass distribution, i.e. a set function possessing the following
properties: 1) ®(e) is defined on Borel sets in R, 2) ®(e) is non-negative, ®(e) >
0, 3) ®(e) is absolutely additive, i.e.if ¢ = ¢; + e + - - -, e:ex = 0(7 # k), then
®(e) = ®(e;) + ®(ex) + ---. Let further ®(¢’) be another mass distribution,
such that ®(R) = ®&'(R). Under the translocation of masses we shall understand
the function ¥(e, ¢’) defined on the pairs of B-sets ¢, ¢ ¢ R and such that: 1)
¥(e, €') is non-negative and absolutely additive in each of its arguments, 2)
¥(e, R) = ®(e); ¥(R, &) = &' (¢).

Let a continuous non-negative function r(x, y) be given that represents the
work expended in transferring a unit mass from z to y.

By the work required for transferring the given mass distributions will be
understood
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W, ®, @) = f f r(z, 2')¥(de, de’) = lim Z r(zs, ') (e; , €r)
R YR A0 3,k
where e; are mutually disjoint and D7 e; = R; ¢/; are also mutually disjoint
and .7 €% =R, ziee;, x'x e€’s, \ being the maximum of diameter e; (¢ = 1,
2, -+, n) and diameter ¢’ (k = 1,2, - - -, m). This integral does evidently exist.

w®,¥) = iéxf Wy, d,d)

is said to be the minimal translocation work. Since the totality of functions {¥}
is compact, there exists a function ¥, that realizes this minimum, i.e. such that

W®,&) = W(¥,d, ).

This function, it is true, is not unique. Such a translocation is sald to be mini-
mal translocation.

We shall further say that the translocation ¥ from z to y is not zero, and write
z—yif ¥(U,, U,) > 0 for any neighbourhoods U, and U, of the points x and y.
The translocation ¥ will be called potential if there exists a function U(z) such
that: 1) | U(z) — U(y) | < r(z,9); 2) U(y) — U(z) = r(z, y) when z—y.

Theorem. The translocation ¥ is minimal if and only if it is potential.

Sufficiency of the Condition. Let ¥, be a potential translocation and U the cor-
responding potential. According to property 2) of U

W, ,®,&) = fR L r(z, y)Wolde, de') = fR fR [U(y) — U@)(de, de’)
= /R ./; U(y)¥o(de, de’) ~ j; fR U(x)¥o(de, de’)

- [ v e - [ vesw),

while for any other function ¥

W, d,&) = fR fR r(z, y)¥(de, de) > fR fR [U(y) — U@)w(de, de')

= fR U(y)®'(de’) — fR U(z)®(de),

ie. W¥,®, @) > W, ®, &) and ¥, is thus minimal,

Necessity of the Condition. Let ¥o be a minimal translocation. Consider a set of
points & , & , - - - dense in R. Denote by D, the minimal point set containing £,
and such that z ¢ D, and z >y, or y — z, imply y e¢ D, . It is obvious that if
y e D, , there exists then a system of points z:, y: such that & = xo— y1,
T YL, L1 Y2, * ) Tael —Yn, Tn—>Ya(yn = y) (or a similar chain with the
inverse direction of arrows at the beginning or at the end). In our case we set

n n

U(y) = ; (@i, yi~1) - 21: (s, ye).
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It is readily verified that U does not depend on the choice of the joining chain
and that properties 1) and 2) of the potential are valid for U, if x, y € Do . Indeed,
it is easy to show that if one of these circumstances failed to take place, ¥, might
be replaced by another translocation involving less work, which contradicts the
assumed minimality of ¥y .

Suppose the function U to be already defined on the domains Dy, Dy, ---,
D,_,.

If the point r, belongs to Do + Dy + -+ + D,y , then U is defined in r, and
on the whole D, as well. Otherwise we define V(z) on the domain D, in the same
way as U on D, provided that ro is now replaced by 7, . Further we choose the
number u satisfying the inequalities

inf {U) — V(y) — rl@,y)} < n
EX3 Do;—; -D';FD,,,_]_

S ool (U@ = VG) + @, ),

The existence of such u is again implied by the minimality of ¥, . Then we put
forveD,: U(x) = V(z) + u. The function U is thus defined on the
set Do + D; + - --. As the latter is everywhere dense in R, U is defined on the
whole space R according to the property 2), so that properties 1) and 2) are
preserved. We see that ¥, is a potential translocation.

The theorem just demonstrated makes it easy for one to prove that a given
mass translocation is or is not minimal. He has only to try and construct the
potential in the way outlined above. If this construction turns out to be impos-
sible, i.e. the given translocation is not minimal, he at least will find himself in
the possession of the method how to lower the translocation work and eventually
come to the minimal translocation.

It is interesting to investigate the space of mass distributions with the metric
defined as W(®, ®) [in the case, when r(z, y) coincides with the distance p(z, ¥)].
This method of metrization of the space considered seems to be the most natural
in some respects.

Finally, we give two practical problems, for the solution of which our theorem
may be applied.

Problem 1. Location of consumption stations with respect to production stations.

Stations 4, , 4z, - - -, Am , attached to a network of railways deliver goods to an
extent of a;, @z, - - -, an carriages per day respectively. These goods are con-
sumed at stations B, , By, - - -, B, of the same network at a rate of by, by, - - -, b

carriages per day respectively (Za; = Zby). Given the costs r;; involved in
moving one carriage from station A; to station By , assign the consumption sta-
tions such places with respect to the production stations as would reduce the
total transport expenses to a minimum.

The solution of this and more complicated problems of the same type the
reader will find exposed in detail in a paper by L. Kantorovitch and M. Govurin
which is soon to be published.
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Problem 2. Levelling a land area. Given the relief of the locality, namely, the
equations z = f(z, y) and z = fi(z, y) for the earth surface, before and after the

levelling [under the condition f f flx,y) dzdy = f f filz, y) dx dy] and the cost

of transport of 1 m® of earth from point (z, y) to point (x;, ¥1); find a plan of
transporting the earth masses with the least total expense.



	Article Contents
	p. 1
	p. 2
	p. 3
	p. 4

	Issue Table of Contents
	Management Science, Vol. 5, No. 1 (Oct., 1958), pp. i-vi+1-142
	Volume Information [pp.  i - vi]
	Front Matter
	On the Translocation of Masses [pp.  1 - 4]
	Some Experimental Games [pp.  5 - 26]
	Contributions of Accounting to Measurement in Management [pp.  27 - 37]
	A Linear Programming Approach to the Chemical Eqilibrium Problem [pp.  38 - 43]
	The Theory of Search: Optimum Distribution of Search Effort [pp.  44 - 50]
	A Theory of Conveyors [pp.  51 - 71]
	Development and Evaluation of Surveillance Sampling Plans [pp.  72 - 88]
	Dynamic Version of the Economic Lot Size Model [pp.  89 - 96]
	A Suggested Computation for Maximal Multi-Commodity Network Flows [pp.  97 - 101]
	LIFO vs FIFO in Inventory Depletion Management [pp.  102 - 105]
	Computer Simulation of Peak Hour Operations in a Bus Terminal [pp.  106 - 120]
	Toward More Clarity in Business Communications by Modern Logical Methods [pp.  121 - 135]
	Discussion: A Note on the Political Economy of Organization [pp.  136 - 138]
	Book Reviews
	untitled [pp.  139 - 141]
	untitled [pp.  141 - 142]

	Back Matter



