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I. The Optimum Assignment Problem

For rectangular array (matrix), N, we define a matching
in N to be a subset M of the positions in W such that ench

column and each row of N contains at mosi on~ aember ¢f M.

For any square array N , we define a tranaversal or a perferct
matching M to be a subset of the positions 11 N such that each

column and each row of N contains exactly one member of M .

The optimum ascignment problem is,

®
given any n x n array N of real ®
numbers, find in N a transversal the &
sum of whose entries is maximum, i.e., ®
@

an "optimum" transversal.

A transversel in N "assigns" the rows of N 1o the volwens
of N . Where the columns are people and the rows are Jjcbs, and
where each numerical entry represents the value of the person of that
column at the job of that row, an optimum transversal represents

an optimum assignment of the people to the jobs.



A well-known generalizaetion of the assignment problem is
the integer Hitchcock-transportation problem: Given & rectangular
array N of real numbers, cij , and given an integer 8y >0
for each row i and an integer bj > o for each columm j , assign

a non-negative integer X3 to each position (i,J) so that

(1) for every 1 , PSP
(2) for every j , 1Ty = b, ,

and so that 15551 5%4 3 is minimum (or maximum).

I 8, represents the number of refrigerators aveilable at
factory 1 , and bj represents the number of refrigerators
ordered by dealer J , and Cij represents the cost of shipping a

refrigerator from i to J , then i sz represents the
8 4
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total cost of the particular manner [xij] of distributing the

refrigerators.

The assignment problem is where all a; = 1 and all bJ =1 .

A minor varintion of the assignment problem is: given &
rectangular array N of real numbers find in N a matching whose
entries have maximum sum. This variation corresponds to replacing
the equality signs in (1) and (2) by inequality signs. Ofcourse,

g maximum matching will not contain a position whose entry is
negative. In particular if all the entries are negative then the
maximum matching will be the empty matching. It is an interesting
exercise to discover how any meximum transversal problem can be solved

by solving a maximum matching problem, and vice versa.



There are other generalizations and variations of the optimum
assignment problem -- most notably integer network flow problems.
These lectures, after treating the assignment problem itself will

deal (briefly, I'm afraid) with some bizarre variations.

Inan n xn array there are n' different transversals. In
particular there 100! ways to assign 100 people to 100 jobs.
100! 1is very large. If our method for finding an optimum assign-
ment spent one microsecond per possible assignment, it would teke

hundreds of years to optimally assign 100 men.

It is a remarkable fact there exists a consistently good
algorithm. An algorithm good enough that you could actually do as
homework any instance of the assignment problem with 100 people, 100 jobs,
and any collection of 3 digit numbers as values. Good enough to be
used for many thousands of people and Jjobs. Ofcourse you have to

know how, and it is not easy to discover how.

It is an unfortunate fact for most combinatorial problems -=
problems very similar to the assignment problem -- that good algorithms
are not known. For most such problems, though they are ofcourse
finite, the best known methods do considerably worse than one might
expect. Such problems include the bulk of integer linear programming

problems.

Therefore we do what we can. We experiment with the most
promising methods we can find for problems that need answers. And

we also try to find classes of problems for which, using special

methods we can predict computational efficiency. These lectures fall
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