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Chapter 5 Overview
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Lecture Coverage

I
Today's lecture:

Review of Sections 5-1 through 5-6 of the book:

5-1: Magnetostatics: Magnetic Forces and Torques

5-2: H due to a steady current (Biot-Savart Law)

5-3: Magnetic Field from Currents: Ampere's Law

5-4: Magnetic Vector Potential Field, Poisson's eqn, Magnetic Flux
5-5: Magnetic Permeability, Hysteresis

5-6: Magnetic Boundary Conditions

Sections 5-7 through 5-8 of the book:

5-7: Inductance
5-8: Magnetic Energy



Chapter 5 Review
T

Static Conditions: Magnetostatics:
0J V:-B =0,
— =)
ot VxH=].

magnetic flux density B
-magnetic field intensity H

B = uH.

J is the current density



Chapter 5 Review

I
Magnetic force  F,, = gu X B (N)

Force on a current in a wire:
If part of wire is in uniform B:

szl(/dl) X B =1¢xB,
0

Vector ¢




Chapter 5 Review

Torque for a loop with N turns, and

surface normal fi at angle O relative ! @®
to B direction: < :
. 1
T = NIABysin®. : e
- . ISR S, | e
magnetic moment of the loop: 0, : ©) ’
m=NIA : - B
define: . ,
@
m=aN/A=ftm (Am?), a
SO: Pivot axis =

T=mxB (N-m).



Chapter 5 Review
B

Biot-Savart Law:

Magnetic field induced by a current: (. cut ;’)fthe page)
/OdH
I [dlxR /R
= A/m), (5.22 '
[

P@ JH
(dH 1into the page)



Chapter 5 Review
B

B due to current in straight wire: ]1
A Holl
B =uyH =
A ¢ 2rV4r? + 2

For a very long wire:
In the limit as [—

472+P— B



Chapter 5 Review
B

B along z-axis, due to circular P=(0. o,z>i
current loop:

Since the magnetic moment of
any loop in the x-y plane is:

m=1zI[A
= )

the magnetic moment of this ¢ a

. ) =
loop is: 1, — 57042 ) = a
SO. I 2

a“ m
H=—z= Z



Chapter 5 Review

Magnetic Dipole:
Solving for the fields everywhere far from a current loop
results in:

H =

(R2cos0+0sin@)  (for R >> a).

4TR3

A

(physics.stackexchange.com)



Chapter 5 Review

o
Force due to Parallel Currents: \

So the force per unit length fro I L
wire1 on wire2 is: l - l
F2: —Yy e "

27Cd | — dr2 d/z“ -y
- | | T L
similarly, from wire2 on wire1: /
, . Uol B / - -
Fl — y X
2md

This force pulls the two wires together.



Chapter 5 Review
N

Ampere's Law:
In Electrostatics: VXE =0 e jé E-dl =0,
C

In Magnetostatics: VxH=] <> jL@H-dB:I,
¢

I is the current crossing the surface of the contour C

Using the right-hand rule, with the thumb pointing along

the direction of C:
Current is positive if points along the direction of the

fingers.



Chapter 5 Review

I
Magnetic Field of current in long straight wire

Complete solution:

A

-] 0<r<a

H(r,a) — ¥ 27ma
1
‘b 27?7“1 & S r
H(r)
A
inside outside

I |wire wire




Chapter 5 Review

0
Magnetic Field inside Toroidal Coil

0 forr <a,
H = _"2Lvn1_r fora < r < b,
0 forr=b.

Field is concentrated
inside the toroid. Ampérian contour



Chapter 5 Review
)

Magnetic Vector Potential

B=VXxA

Vector Poisson's Equation:

VA =—uJ

u J ..
A= — —d
41 u’Rl v



Chapter 5 Review
B

Magnetic Materials:
B=uH

L is called the permeabillity.



Chapter 5 Review

Ferromagnetic Materials:

Hysteresis enables
the creation of
permanent magnets




Chapter 5 Review
—

Iron-Core Transformers
" . z 5
Ferromagnetic: u_= 10°.

Concentrates the magnetic
flux

: EMagnetic flux
SIS -

ll , [ — s -~ S .
+ - \ '\+
(] : N]
- ]
-
\ ! e
= — U - '/
Primary ch/
Secondary port
i1(2)
= —_—
+ (Dll P ° (—D-tl% s +
l, - ~
t 02

Ql

N turns N, turns



Chapter 5 Review
—

Magnetic Boundary Conditions:

H, b 4_£_ a A Medium 1

Hl“\L ) r — 1\ Ak a uy
g =t = ME— } a—2 o ok
o L& 7

Z“% = Medium 2
2
2

Hlt — H2t« B, = By

ﬁ,s

Tangential H is continuous Normal B is continuous
(finite conductivities)



5-7 Inductance

]
Typical inductor is a A 3 \\ lN
solenoid: _ NN
)3 \‘\‘\ 'lll: B
Current induces a D) ‘ '
magnetic field. D)
l
$ S
The field inside is ‘ 1
reinforced by the (a) Loosely wound (b) Tightly wound
solenoid solenoid

closely-spaced wires.



5-7 Inductance

. ] [
A
Solenoid geometry:
length: /
radius: a
number of "turns': N N ]
For a tightly-wound solenoid:
each loop is nearly a circular loop
S

Y

So, we make the approximation:
a collection of circular loops Cross section



5-/ Inductance
I

We already know the field
along the axis of a circular

loop:
1/ 2
H=12 i
2(a2 +72)3/2
Treat an incremental length dz —

of the solenoid as a loop, with:
n=N/[ turns per unit length
then: n dz is number of turns per z increment
Hence: current per z increment: I' = [/ n dz

=)



5-7 Inductance

-~ a ,I
I g
dB = u dH = _l:{Z
5 unla® +
L 2(a? +72)3/2 dz. )
Get the field at the [ I ! » x
center point P:
Integrate dB over |
the solenoid's length I (out) [ (in)
Plan: \\\

. —t
Express z in terms of O

Then integrate over 0 (a) Cross section



5-7 Inductance |
S .

tan 6 = z/a
so: z = a tan 0

a’+z? = a? + a? tan?6
=a?(1+tan?0)
a’+z? =a? sec®6

dz = a d(tan 0) dO
dz = a sec?6 dO



5-7 Inductance |
S

a’+z% =a? sec?0
dz = a sec?6 d6

dB =1

unla’
dz.
2(a? +z2)3/2

unla®* 9 asec’ 6 do
2 Jo, a’sec’B

B=12



5-7 Inductance
I N

unla? /92 asec’ 0 do
Z .

B=12

9, a’sec’ O

where we are
integrating

from 0, to 0.
angles from the ends

of the solenoid to the
center.

> a -]
()
-

B R
%)
O
P L
[ (out) [ (1n)

(a) Cross section



5-7 Inductance

I

B=12

unla? /92 asec’ 0 d6

2 Jo, a’sec’B

move the a's outside the

integral, integral is then: /

_/92 do
~Jo, sech

02
= / cos 0 d6
0, —

— sin 0 — sin 04 (a) Cross section

[ (out)




5-7 Inductance

L= a >|
. A @ T 7X)
I T
~ Au“n’ . . dadz
B=72Z— (sin6, —sin6;) B (%)
> (sin 6, 1) oF &
If assume solenoid is 2 z
long, [>>aq, then: / P ! » x
8] = -90°
82 = +90°
[ (out) I (1n)
B~ zunl = ZHINI \\

(long solenoid with //a > 1).
(Field at CENTER of solenoid)

(a) Cross section



Ny

5-7 Inductance

What is B at an edge
of a long solenoid? e

This changes the
integration limits, so
that:

6., =-90° /
0 0°

z |

0000000000

by

n

=

Z

(sin @y — sin 6y) I (out)

B I (in)
B

=
S O
~

Z

(sin(0) — sin(—90°))

M ‘



5-7 Inductance

What is B at an edge of
a long solenoid? T

)

n

=

(sin(0) — sin(—90°

(0—(=1))

Z

=
s

|
N>

o & @
|
N>
=
31\3‘31\9
~

w |

Half the magnitude
of the field at the center.

.

g

By

- X

I (in)



5-/ Inductance

- 1

1 O
What is B at any z?

1. Choose an arbitrary z.

2. Draw angles

3. Use expression for B

4. Determine expressions

for sin 6?1 and sin 92

5. Plug in.



5-7 Mdgne’ric Flux

Recall definition of Magnetic Flux A

"Linking" a surface S:
D — / B-ds (Wb).

For a single loop of a long solenoid:

D = /( )zds‘— —IS

Total Magnetic Flux Linkage for a

solenoid: A2
A= NPi= u—IS (Wb)

>

assuming B is uniform. S=Area Cross section



5-7 Self Inductance

Definition of Self Inductance: A

L== ().

For a solenoid: 2
N

So, if a solenoid is used as an inductor,
this would be the value of its inductance (5
Cross section



5-7 Coax Self Inductance

For a coax:

The magnetic field
is directed in the (f)
direction, so:

Choose the areq, S,
to be perpendicular to the field, and within the

dielectric.

A ] |
L:—:—z—/B-a’s.
/ I Jg



5-7 Coax Self Inductance

I/

For a coax:

The magnetic field

is due to both:

1. the current in the
inner conductor

2. the current in the
outer conductor.

Outer =

conductor

!

® o

ONO
JT

® ®
© 0]

Inner /

conductor

Z
A
I
|

1> I

ﬁ

Outer
conductor

Turns out: B(outer conductor) << B(inner conductor)

So: we can ignore it.




5-7 Coax Self Inductance

I/ i’ 1
1 } . |
For a coax: N — .
. @ @ L @ ® 1
Approximately: i |
@ @ | : ® @ I//S
) QN Pl w1 H -
DIxr © O||® r@g:
PlUg into: Outer = ®© O], : ® ® : Outer
conductor B conductor
A (I) 1 Inner/f
= —=— = — B:ds. conductor g
I f ] s
length

with:  ds = ¢ dr dz /

since B does not depend on z, integral over z is just /



5-7 Coax Self Inductance

I z I
For a coax: o P |
Approximatel © O eeh

PP y @ O|I[il® e
B ¢ MU [ Fqll ‘)l—
27rr © O[] @ ®p
Plug into: Outer — | | © O} |1 ® ® .
conductor B
A 1 Inner/f
L =—=— = — B:ds. conductor g
Ets

get:

i (b
—I/Ba'r—l/ —dr_—” ln( )
27r a

Outer
conductor




5-7 Coax Self Inductance

I i 74
1 | . !
For a coax: N .
S ©ollll® e,
ince: ©ollile® |l s
wil b wo L@
22—111 — ® of [ ® B,
L - Outer — | | ©® © : : ® ® E Outer
conductor B conductor
Inner/f
conductor g

(As given in chapter 2)




5-7 Two-Wire

Self Inductance
e

For a 2-wire transmission-line:
wire diameter: d
wire center separation: D

Choose to:

orient wires along z-axis,
separate wires along x-axis,
y-axis into page

Use superposition to find B field
at point P, between the wires

B = B(wire1) + B(wire2)

A
A/
OB ©
P
O P\
-
X
-—
D-x
= -p
s d
Y
/




5-7 Two-Wire

Self Inductance
e

For a 2-wire transmission-line:
previously solved for a wire
with current going up z-axis:

B:M_f

27T

adapt to this situation:

B(wirel) = y—

B(wire2) =y
(wire2) y27r(D—x)




5-7 Two-Wire
Self Inductance

For a 2-wire transmission-line:
Hence:
L

B=y—+Yy
29t

ul
2m(D — x)

ul D
2mx(D — x)
Since the self-inductance:

L/ZEZE
I U

Need to find ®©

B=y




5-7 Two-Wire

Self Inductance
e

For a 2-wire transmission-line:
Calculating &:

<I>=/B-ds

Choose S to be a region between
the 2 wires: Normal to B.

ds = ydx dz




5-7 Two-Wire ¢

Self Inductance A
I

For a 2-wire transmission-line:

/ / y ,u -ydx dz
2
2=0 Jr=d/2 7T£13 :U)

P
integrate over a length / of the g
transmission line, and along x -
between the 2 wires.
Simplify:

uID (P42 gy /l L diid
= dz
2m r=d/2 QZ(D o x) =0

b =




5-7 Two-Wire

A
Self Inductance A
-. A4
For a 2-wire transmission-line: ) @ o@
ID D—d/2 d [
b = M— = / dz .
2m r=d/2 CE(l) _'/B) z2=0 P
O P X
From an integral table: =
-
/ dax 1. a+bx D-x
= ——1n
z(a + bx) a x
with a=D, b=-1, giving: Ity
o _ HIDI [ 1 mD—xJ b-d/2 v
= = I
27 D x B2 lt—D—|




5-7 Two-Wire

Self Inductance
I

For a 2-wire transmission-line:

o MWDI[ 1. D-ua D=d/z
— —— ln
2T D x B2
p_ HIDIL @ D=d;2
21 D Dz |,y
7 D—d/2
<I>:'u—lln o

o ML[ _D—d/2 . df2
D—-D+d/2 =~ D-dJ2



5-7 Two-Wire

Self Inductance
I

For a 2-wire transmission-line:

ull D —d/2 d/2
® =— [In — In
27 D—-D+d/2 D—d/2

pll . D—d/2 D —d/2
O = o -ln i/ + In 72
(I):“_Il 21nD_d/2

2 | d/2

assume D>>d:

o - 411, 0]
T d



5-7 Two-Wire

Self Inductance
I

For a 2-wire transmission-line:

H — pll lln@]

T d

SO.

y 20
L' = %ln (7) (D>>d)




5-7 Mutual Inductance
e

For 2 loops near each other:

No current in Loop?2.
Current in Loop 1

produces field B]
which interacts with Loop2

Using:

D — /B-ds (Wb). ®_,: Flux "linking" one turn of
Sy .
LoopZ2 due to:

®, = [ Bj-ds field produced by Loop1
JSH



5-7 Mutual Inductance
N

For 2 loops near each other:
Flux "linking" one turn of
Loop2 due to

field produced by Loop1:

(1312 — B] -ds.
J S

Total Magnetic Flux Linkage:

/\12 =N2(D12 = N2 B1 -dSs.
YY)



5-7 Mutual Inductance
N

For 2 loops near each other:

Total Magnetic Flux Linkage:
A12 =N2¢12 = N2 / B1 -dSs.
JS,

Mutual Inductance:

A M
Lp=—2— % [ B s
2= 5 s, 1




Example 5-9: Mutual Inductance
I

40 cm —
For a wire near a loop:
Current in wire,
not in loop. [=20A 30 cm
G ~—|5cm
eneral formvula: oo 1

~— 20 cm —|

N> _

Lip = — B] -ds ¥
I Js,

X

Differential area: normal
& Ho! points in same direction as

21y B 4s— _gdydz

Field at loop due to wire:

B1:



Example 5-9: Mutual Inductance
N

For a wire near a loop:
Current in wire,

not in loop.

0.20
Lip = = / (—Xdydz
. Jy=0.05 ( 27Ty) (=Rdyds)




Lab5: Mutual Inductance in Circuits
=

2 nearby coils of wire:

+0

02

ol

~ I
N turns N, turns

Current i, induces magnetic flux @  linking coil 1 alone
and induces magnetic flux @ , linking both coils.

Total magnetic flux through coil 1:
D) =Dy + Py2.



Lab5: Mutual Inductance in Circuits
—

2 nearby coils of wire:

+0

D -

Self inductance of coil 1:

A
L1=—1

QI

N turns N, turns

I
Induced voltage across coil 1:
d A diq
V] = = L] —

dt dt



Lab5: Mutual Inductance in Circuits
—

2 nearby coils of wire:

+0

D -

Similarly for coil 2:

(o

N turns N, turns

dA2 dcblz
— —— =N
o2 dt - dt

How does v,, depend on di./dt?



Lab5: Mutual Inductance in Circuits

I
2 nearby coils of wire:

+0

D -

(o

Rewrite: Nj turns N, turns
dd di
Uy = N2 .12 X i
diq dt
Define Mutual Inductance:
dcblZ
My = Ny

di



Lab5: Mutual Inductance in Circuits

2 nearby coils of wire:

D -

So: Nj turns N, turns

vy = tM>r —
2 21—
the sign depends on current direction and coil winding
direction.

+ In this situation.




Lab5: Mutual Inductance in Circuits

I
Putting voltage source on other side:

O

- ) o (e 0
RO

ol } 2 (™
U4

+0

QI

ol

Get:
V1 = My @
dt
di»
V) = L E

It turns out that M12 = M21 =M



Lab5: Mutual Inductance in Circuits

I
Putting voltage source on other side:

O
o

ol

Nj turns N, turns

So:
The mutual inductance can be treated like an
inductor, but with a different current.

Can see all details in Circuits book, chapter 11.



Example 1
-

Given: The circuit: R, G M

Cy
= T ;
Find: Z oMW" i
in i L

Solution: O
(a) Time domain

1. Convert to phasor domain



Example 1

.
Given: The circuit: R, H0C joM —j/ﬁCz
Find: Z O_"W_l g 3 i
Ziy — 1) jooL, JoLy /1-2) %RL
Solution: O

(b) Phasor domain

1. Convert to phasor domain

2. KVL:
1, Z + LR, +L[H(@C )] + L[ joL,]- L, joM = 0 (ean1)

[2[ ja)L2] + 12[-j/(a)C2)] + ]ZRL- 1 joM =10 (egn2)



Example 1
-

Given: The circuit: R, H0C joM —j/ﬁCz
Find: Z oW~ T e

1|
Ziy — 1) jooL, joLy I1,) %RL

Solution: o
(b) Phasor domain

3. solve for 12:

[2[ ja)L2] + 12[-j/(a)C2)] + ]ZRL- 1 joM =10 (egn2)

Iz[ja)L2 -j/(a)Cz) + RL ] = ]1 joM

Ly

]1 JjoM
ja)L2 -j/(a)C2) + RL



Example 1

I
Given: The circuit: R H0C joM —j/ﬁCz
Find: Z O_W_I g 3 e
Zig = (1) jooLy JjwLo @ %RL
Solution: O

4. plug into eqn1: (b) Phasor domain
"1y Z + LR, +L[§(@C)] + L[ jolL,]

1, JjoM
ja)L2 -j/(a)C2) + RL

-+

joM =0




Example 1

I
Given: The circuit: R HOC joM _j/ﬁcz
Find: Z_ O_W_I g 5 ! e
Zig = (1) jooLy JjwLo @ %RL
Solution: O

(b) Phasor domain
4. solve for Zin:

Zin - R1 T ['J/(CUC»] )] +2[Ja)|-1]
(wM)
ja)L2 -j/(a)C2) + RL

-+




5-8 Magnetic Energy

0
. i)
VWAA o——
t=0 it
os(1) (ﬁ) LS o@)
know: v = L di/dt so: v dt = Ldi

and since Power = iv

and Energy = _[ Power dt
Get the Magnetic Energy stored in an inductor:

! 1
Wm:/pdt:/ivdt:L/ idizile )
: : JO



5-8 Magnetic Energy !

- 4
For a solenoid:

L = uN*S/1 N 1
B=uNI/I

I=Bl/(uN)
plug in: |

IL

[ Cross section
B2 |
u 2

LS} =

m:—Lﬂ

H2

| — l\)l



5-8 Magnetic Energy
N

For a solenoid:
Magnetic Energy Density:

Turns out this is true for any configuration,
not just solenoids.
And so for any volume we get:

szlquzdv )
2 Jv




5-8 Magnetic Energy
-

For a coax:

with steady current /

Determine stored magnetic energy
in a segment of length d




5-8 Magnetic Energy
B

For a coax: 2
we know: L= 5—; In (—) (H/m).
a
and since: 1
Wm — ‘2—L12

1 pod b
get: Wi = —“Lln( )12




5-8 Magnetic Energy
N

For a straight wire:
uniform current /, infinite length, radius a
Find Stored Magnetic energy inside wire

1
Use: W, — - / uH*dv ()
2 /o

r

know: H = &

I . . .
>0 (inside the wire)

since using cylindrical coords: dV = rdrd¢dz



5-8 Magnetic Energy

For a straight wire:




Homework
3

Homework 21 is due tomorrow at midnight.

submit to gradescope via the canvas site.



Next Time

1
Sections 6-1 through 6-3:

Time-Varying: All 4 Maxwell's Equations:

Voltage in one circuit induced by a time-varying
current in another. (Faraday's Law)

Stationary Loop in time-varying Magnetic Field

The Ideal Transformer



