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Lecture Coverage

o
Today's lecture:

Review of Sections 5-1 and 5-2 of the book:

5-1: Magnetostatics:
Magnetic Forces and Torques
5-2: H due to a steady current (Biot-Savart Law)

Sections 5-3 through 5-4 of the book:

5-3: Magnetic Field from Currents
Ampere's Law

5-4: Magnetic Vector Potential Field
Poisson's egn
Magnetic Flux



Chapter 5 Review
T

Static Conditions: Magnetostatics:
0J V:-B =0,
— =)
ot VxH=].

magnetic flux density B
-magnetic field intensity H

B = uH.

J is the current density



Chapter 5 Review

I
Magnetic force  F,, = gu X B (N)

Force on a current in a wire:

If part of wire is in uniform B: N
szl(/dl)xB=I€xB, !
/

A

/ t

Vector /¢ <—dl
a —



Chapter 5 Review

Torque for a loop with N turns, and

surface normal fi at angle O relative ! @®
to B direction: < :
. 1
T = NIABysin®. : e
- . ISR S, | e
magnetic moment of the loop: 0, : ©) ’
m=NIA : - B
define: . ,
@
m=aN/A=ftm (Am?), a
SO: Pivot axis =

T=mxB (N-m).



Chapter 5 Review
B

Biot-Savart Law:

Magnetic field induced by a current: (. cut ;’)fthe page)
/OdH
I [dlxR /R
= A/m), (5.22 '
[

P@ JH
(dH 1into the page)



Chapter 5 Review
B

B due to current in straight wire: ]1
A Holl
B =uyH =
A ¢ 2rV4r? + 2

For a very long wire:
In the limit as [—



Chapter 5 Review
B

B along z-axis, due to circular P=(0. o,z>i
current loop:

Since the magnetic moment of
a loop in the x-y plane is:

m=1zI[A
the magnetic moment of this ¢ a
loop is: A A
P m = zlra’ . = 4
SO. I 2 m
H=-_"3= Z R=+Va?+ 22



Chapter 5 Review

Magnetic Dipole:
Solving for the fields everywhere far from a current loop
results in:

H =

(R2cos0+0sin@)  (for R >> a).

4TR3

A

(physics.stackexchange.com)



Chapter 5 Review

o
Force due to Parallel Currents: \

So the force per unit length fro I L
wire1 on wire2 is: l - l
F2: —Yy e "

27Cd | — dr2 d/z“ -y
- | | T L
similarly, from wire2 on wire1: /
, . Uol B / - -
Fl — y X
2md

This force pulls the two wires together.



5-3 Maxwell's Magnetostatic Equations

I
Gauss’s Law for Magnetism:

In Electrostatics: V-D=p, <> % D-ds=0Q
S

In Magnetostatics: V.B=0 <= jé B-ds=0.
S

This says there are no "magnetic charges"
(also called: "magnetic monopoles")

Also means that magnetic field lines always form
continuous closed loops.



5-3 Maxwell's Magnetostatic Equations
I

Ampere's Law:
In Electrostatics: VXE =0 e jé E-dl =0,
C

In Magnetostatics: VxH=] <> jéH-dB:I,
¢

I is the current crossing the surface of the contour C

Using the right-hand rule, with the thumb pointing along

the direction of C:
Current is positive when it points along the direction of

the fingers.



5-3 Maxwell's Magnetostatic Equations

T
Ampere's Law: Examples:

H
HY
H
Choose contour H
shape to make o H-d¢{ =0
integral easier. ¢



Example 5-4
T
Magnetic Field of current in long straight wire

. _ _ Contour
Given: wire radius: a for ry > a
constant current, / Cop
current uniformly -
distributed over the wire o
" / = ~
x-section K e V
Z\
I 2 = =
/ ‘n i forr; <a
/ T
: . \ /.7
Find: H(r), =0 s

Includes both inside
and outside the wire.



Example 5-4

0
Magnetic Field of current in long straight wire
_ Contour (3
Solution: forr, >a \‘
Use cylindrical coords: oy’ D
N ” k &
I1=2z1 S
- , oS
within the wire: / S .
: / e
choose circular path, C;, .2 7% S >—", Contour C
. . I <<
with radius r,<a: / P2 e
\ /.7
Z - . /,,
* Hi-dly =1, Where [, is the fraction of the total
1

current crossing C, within radius r,.



Example 5-4
0
Magnetic Field of current in long straight wire

Contour
We already know that H for r, >a
must be of the form: Cop
H, = ¢H,
T
with dl along the circle: A V 4
d11 :$r1 d¢ :\ g ‘I ::41——’ forr; <a
so we get: Z/<— rial
21 A
H,-dl| = H1(¢-¢)r1 d(b = 2xriHy

6 0



Example 5-4

0
Magnetic Field of current in long straight wire

. Contour (»
By the Ampere for 7, > a
right-hand rule the Cop
current crossing C, is -
positive. se
///— = >

- forri<a



Example 5-4
T
Magnetic Field of current in long straight wire

: : : _ Contour
Since I is uniform, 7, is for r, > a
related to / by the ratio of Cop
the areas: >

757‘% Il 2 //—’:\
Il — —2 — | — [ 2 \\
ta a / oy

” \ ~ >
! e fi =
SO 7 / B R =
2nriHy = —1 = As




Example 5-4

0
Magnetic Field of current in long straight wire

_ _ Contour
outside the wire: for 1, > a i
_ - sz:
Hz'dlz - 271'1’2H2 = b

8)) e |
/// S. "
/ \/‘ / /
: P =+ Contour C;
. I \71——’ forri<a
\ ! L

7"
SO. 4 SO
A VoS I
H, =0H, =¢ — (for r, > a)

27171’2



Example 5-4

I
Magnetic Field of current in long straight wire

Complete solution:

A

<
H(r) — 4)2#&[ 0<r<a

4’27?1“ OJST




Example 2

Magnetic Field of coaxial cable
Current in center conductor:
same magnitude, but
opposite direction of current
In outer conductor




Example 2
-

Magnetic Field of coaxial cable
Already solved part of this
problem in Example 1: Still to find:
1. Field of inner conductor 1. Field in outer conductor

2. Field of insulation region 2. Field outside cable




Example 2

o

Magnetic Field of coaxial cable
within the outer sheath:
choose circular path, C, 4> H . dl — ]
with radius b<r<c: . |

JC

_L

g ——




Example 2

T
Magnetic Field of coaxial cable

determine the current enclosed: - 9 2 -
- wr4 — wb

+/ from inner conductor I, = I

-1,, where I, is related to I by mwc? — mb?

the ratio of the areas:




Example 2
T
Magnetic Field of coaxial cable

i 2 27 2 2
wr* — b r<—b
12 — I Ienclosed — |:1 — ] 1




Example 2
T
Magnetic Field of coaxial cable

2 b2 62 — r2
Tenclosed = |:1 = = ] ! Lenclosed = |:(32 — bZ:| 1




Example 2
T
Magnetic Field of coaxial cable

As in first example: yé H-dl =2nmr Hy
C




Example 2
0
Magnetic Field of coaxial cable in the outer conductor:

c? —p?
2 b2




Example 2
-

Magnetic Field of coaxial cable
In the region outside the cable:
Current-enclosed is zero, so field is zero.




Example 2

I
Magnetic Field of coaxial cable




Example 2

I
Magnetic Field of coaxial cable




Exercise 5-11

s
Maximum Current in a Superconductor

Given:
A Niobium wire of diameter 0.1mm.
It's a superconductor when cooled: T < 9K.

But if the magnetic field at its surface > 0.12 T
it's no longer a superconductor.

Find: Max current while still a superconductor



Exercise 5-11

I
Maximum Current in a Superconductor

Solution:

From Example 1: B = ugH = Ho_
2ma
- 2ma B ax
Ho
I (27)(0.5 x 107°m)(0.12T")
e 4 x 107H /m

Ima,x = 30A




Exercise 5-11
I

Maximum Current in a Superconductor

Why does this matter?

A 30A current in a 0.1mm diam copper wire would melt it
The niobium wire does not melt: no resistive heating
Can use superconductors to make electromagnets, etc
that are much smaller and more light-weight.

Just need to cool it.....

It's how they make MRI machines for medical imaging.



Example 5-5

0
Magnetic Field inside Toroidal Coil

Given: styrofoam doughnut
wire with current / I
wrapped around doughnut
Inner radius a
outer radius b

Find: H in the plane:
cuts thru centerline C
of the torus
In all 3 regions.

Amperian contour



Example 5-5
0
Magnetic Field inside Toroidal Coil

Solution:
choose cylindrical coordinates.

For r<a:
circular contour

does not enclose any current.
H=0

Amperian contour



Example 5-5
0
Magnetic Field inside Toroidal Coil

For r>b:

equal current crosses the
plane of the enclosing
contour in both directions:

current into page: @

current out of page: @

Amperian contour

net enclosed current is zero:
H=0



Example 5-5

0
Magnetic Field inside Toroidal Coil

Inside the toroid:

a<r<b
Given the direction of the
current, using right-hand
rule:

H= —¢H

and as in example 1:

dl=ordo

Ampeérian contour



Example 5-5

0
Magnetic Field inside Toroidal Coil

Given the direction of the
contour, the right-hand rule
for Ampere's law would
have a positive current if
it's out of the page.

Since the current crosses the
contour N times, and is P t
. . mperian contour
directed into the page: g

Current enclosed is -NI



Example 5-5

I
Magnetic Field inside Toroidal Coil

Plugging into Ampere's Law:

fH-dl:I
C

/OW(—<i>H) brdp=—NI

—2mrH = —N1
NI

— \mperian contour
27T

H



Example 5-5

I
Magnetic Field inside Toroidal Coil

0 forr < a,
H= —A—zj—\% fora < r < b,
0 for r > b.



Example 5-6
—

Given: x-y plane contains an infinite current sheet
with surface current density: Js =%xJs

Find: H everywhere

| Amperian
Solution: contour
due to symmetry

and right-hand rule:

H must be in direction
shown in green
on the figure

_|_>H

Js (out of the page)



Example 5-6
-

Solution: Choose a rectangular path around the sheet
Total current crossing this surface: | = J /.

A
Ampérian H e
contour |~ [ ~|
\,: """ ""‘,T
§o * e o e o ; o%l > )
: i W
L______..__'_L
_'—>H

Js (out of the page)



Example 5-6
—

Solution: Apply Ampere's Law around loop in
counter-clockwise direction:

z
jﬁ@ H-dl=1 }
& Amperian H

contour |- [ -
because H perp N, 1T oo
to path along w, 1 - |
H’d£=O,SO: §o : e o e o T oivlv > )
(H)(2t) = J_1 T U .
_|—">H

Js (out of the page)



Example 5-6
-

Solution: Since (H)(2t) = J_1{

we get:
Js
—yi‘ forz > 0, i
3'55 forz < 0. |:__--£--:|
\: : ‘
go * e o e o ' o%l >V
I I w
L______..__'_L
_I_>H

Js (out of the page)



5-4 Magnetic Vector Potential A
)

In Electrostatics the potential is scalar and is defined

in terms of the E field.
E=-VV. V2V — Pv

€

What about the potential in Magnetostatics?
Since for any vector A: V- (Vx A) =0

if we form:B=VxA

we are guaranteed that: V-B =0
(which is one of Maxwell's egns)



5-4 Magnetic Vector Potential A
)

Looking at another of Maxwell's Eqns:

VxB=ul
Plug in our new definition of B:

Vx (VxA)=ulJ
rewrite using vector identities:

V(V-A)—V*A =uj

Since we are specifying A, force/choose: V-A =0

get:

VA = —uJ (vector Poisson's eqn)



5-4 Vector Poisson's Equation
N

VA= —uJ (vector Poisson's eqn)

Can compare to Electrostatic Poisson's eqgn:

vy = &
E
which gave, for a volume charge distribution:
| Py
V = dv’
477:8 v’ R,
Similarly, we get:
LA Y

41 v/ R/



5-4 Magnetic Vector Potential A
N

Electrostatics Magnetostatics
E=-VV B=VxA (Wbm?),
E
1 Pv H J /
. I A=— | —dV Wb/m).
dre J R’ Y 4w | R’ ( )

V/ VI



Example 6
D
52 - y2
4

Find: J, using the vector Poisson's Equation

Given: A =z A

Solution:
The vector Poisson's Equation is:

ViA=—uj

SO.
Ay [0%(x? + y?) N 0% (2% + y?)

2A — B
¥ ‘74 die 0y?




Example 6
)

have:
Ag [0%(x% +y?)  0%(2? + y?)
2 A =30
V=i 4 Ox?2 T 0y?
get:
A
V2A =7 TO [2 + 2]
SO:




Example 7
-

Given: Current directed in +z direction
Wire of length L,
circular cross-section,
radius a

L)2

[
\J
"B

Find: A at point P,

distanceto Pislarge i
such that distance from
every point on wire to P e
IS "the same”".

—L/2

K Cross-section Ta2



Example 7
-

Solution: Use the integral eqgn for A:

A=t [ 3 4y il P
4 Ju' R’
R' is constant since we are ﬂ

assuming it's the same

for all points inwire r
I
J is current/area: z
(7a?) i
d¢"' = Area dz = 7 a* dz il

K Cross-section Ta2



Example 7

N
A= HO J dV’
471 D’ R/ L/2 b P
Ho / . 1 2
— ma-d
iR S e ™ i
7 L2z T
R J-1)2 e
A IJ'OIL L
= —L/2
A £ 4]'[ R (R>>L) KCross-section Ta2




5-4 Magnetic Flux @
)

Defined as the total "magnetic flux density" passing
through surface S.

D = / B-ds (Wb)
S
Using the vector magnetic potential, and Stokes' thrm:
<I>:/(V><A)-ds: 7é A-dl
S C
where S is usually a planar area, with edge C.

This is related to the Wireless Power Transfer labs



Example 8
)

.--'----__

Given: ///'

Circular loop, /f,/’/ 5
radius a, ——

in x-y plane — |
B =yB, +zB. ~L -

So—
Find: & x ,///#_:,




Example 8
B

-—-"----.-_

Solution: ’/Z/—//'
Use the integral eqn: /—*’”/ B

CD:]QBodS

— >V
where S is the
surface of the loop: B

ds =zrdrdo




Example 8
)

@z?{B-ds
S

a 27
<I>:/ / yBy, +2B.|-zrdrdg
r=0 J =0

a 27
<1>:/ / B, rdrdd
r=0 J¢=0
a 27
<I>=Bz/ ’rd'r/ do
r=0 =0




Example 8




Example 9

T
Given: 40 cm} =
rectangular conducting loop
coplanar with an
- e . : 20A 30 cm
infinitely-long straight wire
carrying a current /=20A —|5em
10 cm =
Find: Flux through the loop =2

-
Solution: x/‘
¢ = 7{ B - ds
5



Example 9

@z%i&%
S

S is the area enclosed by
the loop, so ds is:

Xdydz
B is the magnetic field due
to the wire:
oM

B =
2Ty

for our problem:
Uol

B=-X—
2Ty

40 cm*

20 A

10cm <+

—|5cm

~— 20 cm —|

30

cm




Example 9

Bds

0.2m 0.4m
1
/ / ( gl )-(fcdydz)
0.05m v z=0.1m

I' O.2m 1
= _HO (0.3)/ (—) dy
27 y=0.05m Y

(47 x 10~7H/m)(10A) 0.2
O = In =58
= (0.3) In 005

| = —2.8uWH)



Homework
3

Homework 19 is due tomorrow at midnight.

submit to gradescope via the canvas site.



Next Time

1\
Sections 5-5 through 5-6:

Magnetic Permeability
Hysteresis

Magnetic Boundary Conditions



