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Chapter 4 Overview vxe= 2
-_ V-B=0

Maxwell's Equations E— / JE — & Py dzv’ - e
Electrostatics & VxH=J+—.
Magnetostatics (volume distribution) ot

Charge density

Current density VL

Electric field from charges (differential form of Gauss’s law) V-D=py,

Gauss's Law

Electric Scalar Potential Field foD-ds=0. VXE=0.

Dipole Field
Poisson's egn
Conductors
current
resistance

—/ E-dl

Joo VxH-=].
joule's law

Dielectrics

=V, 0=[pdv  (©
polarization "

Boundary Conuiuons J=oE (A/m’) (Ohm’slaw), J = pyu (A/mz)
Capacitance - /E s /E A

Potential Energy r-Y_ /i = P= [ E-Jdv (W) ]=/J-ds (A).
Image method ! /SJ"’S /GE"’S /" S :

of Gauss’s law)

vV-Bb—0




Lecture Coverage

.\
Today's lecture:

Review of Sections 4-1 through 4-6 of the book:
4-1: Maxwell's Equations

4-2. Charge and Current Distributions

4-3. Coulomb's Law

4-4: Gauss's Law

4-5: VVoltage (Electric Scalar Potential)

4-6: Conductors

Sections 4-7, 4-8 of the book:
4-7: Dielectrics
4-8. Boundary Conditions



Chapter 4 Review
N

Maxwell's Equations: o _
Empirically derived from

VoD =p.. many measurements
oB _
V x E = , D=¢E
ot B — uH.
YV «B =0,
D E: Electric Field
H: Magnetic Field
VxH=] T J: Current Density

p,: Charge Density



Chapter 4 Review
N

Static Conditions:

Electrostatics
V : D — pV9
0Py 0
— VxE =20.
ot
Magnetostatics
6«1 — 0 V-B=0,
ot VxH=.

Electric and Magnetic Fields are decoupled.



Chapter 4 Review
N

1 ~ PydD"
E = T /v ,R R (volume distribution)

| 7 Dods
E = o /S | R’ P R,?_S (surface distribution)

/
1 R Pt i (line distribution)




Chapter 4 Review
N

Total charge
inV

Gauss's Law

D-ds
% D-ds=0Q (4.
S
(Integral form of Gauss’s law).

¢D-ds=/,ovdv

Iy 1%

Gaussian surface S
enclosing volume V

or:

where the closed-surface S is the
boundary of 7/



Chapter 4 Review
)
Voltage:

P
V = —[E-dl (V). (4.43)
00

N Point Charges:




Chapter 4 Review
N

V = me o Z =~ dV' (volume distribution),
Vi = 1 Bs ds' (surface distribution)
Ame < R ’
1 P I e C L en e
V=— - dl" (line distribution).

4me

— |R—R;



Chapter 4 Review
_

E=-VV.

Electric Dipole:

qd

= (R2cosB +0sinf) (V/m)
0

(wikipedia.org)




Chapter 4 Review
N

Since:

V2V = — Pv (Poisson’s equation)
if p,=0:

V2V =0 (Laplace’s equation)

Useful for problems where V is known on boundaries.



Chapter 4 Review
)

J=0E (A/m?) (Ohm’slaw)

P = /E-Jdv (W) (Joule’s law)
1%



4-7 Dielectric Materials
=

 Nature of insulators: electrons in Electron
the outer-most atomic shells are

strongly bound to the atom.

Atom =" Nucleus

(a) External Eqy =0

 Electron "cloud" is uniformly distributed around the
nucleus

Note: this is a "classical" model of QM: only kinda true...



4-7 Dielectric Materials

0
: : : Nucleus

« External field E will polarize the E E
atoms by moving the center of 4 A
the electron cloud away from
nucleus.

* Polarized structure is called Centerof tlection cload
a dipole

* Induced electric field by the
dipole is called the g
polarization field P. I ‘d



4-7 Dielectric Materials
I

https://chem-textbook.ucalgary.ca/

- Some molecules already have | ™ 0N ° «~Df
a non-uniform charge ) - . 5
distribution. 9 S 2

« Called Polar molecules i - 1D

| | e @

 They can be re-oriented in the |} " e = §

J
presence of an external field. N ———
Electric Field



4-7 Dielectric Materials

e
No Electric Field

 The Electric Field can even M
change the bond lengths
between atoms.

<+
Electric Field




4-7 Dielectric Materials
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http://www.youtube.com/watch?v=gSbCSytVvvo

4-7 Dielectric Materials

I

Depends on Frequency and Temperature
90 T T T
- T(\)Nater (OC)_
0t r—
60 F o —
50

w4o -

30
20 F
10 | N

Andryieuski, 2015

Frequency (GHz)



4-7 Dielectric Materials

Depends on Frequency and Temperature

LA LA | v | tmmn Per M | 1

—%— 303 K
—— 323 K |
—b— 363 K
—2— 383 K
—2— 103 K -

Ahmed, 2012 1MHz



4-7 Dielectric Materials
I

Polarized material, showing polarized molecules

Positive surface charge Polarized molecule

Positive

surface

charge on Negative
one side surface

charge on
other side

Negative surface charge



4-7 Dielectric Materials
I

 Polar v.s. Nonpolar molecules

* Nonpolar material: does not possess permanent
dipole moment, Only generated once an external
field is applied.

« Polar material (e.g. NaCl) have permanent dipole
moments, but are randomly oriented without the
presence of an external field.




4-7 Polarization Field

1\ O
In free space: D = ¢oE-

In a dielectric: D =¢oE+ P

P = electric flux density induced by E
P = SOXeEa (4-84)

where x. is called the electric susceptibility of the material.

D = goE 4 gg xE
= &0(1 + xe)E = ¢E, (4.85)



4-7/ Electric Breakdown
I

Dielectric Strength:

Magnitude of E such that current arcs through the

material
Material Relative Permittivity, &  Dielectric Strength, £3; (MV/m)
Air (at sea level) 1.0006 3
Petroleum oil 2.1 12
Polystyrene 2:6 20
Glass 4.5-10 25-40
Quartz 3.8-5 30
Bakelite D 20
Mica 5.4-6 200

Note: € = €&y and &y = 8.854 x 1012 F/m.



4-7/ Electric Breakdown

Current (pA)

ico-Amps

Voltage

Collapse
Stage

Final Current
Discharged Runaway
State Stage

(nsec)

Initial State

: . - ‘ ' )
| 2 7 8 9

Voltage (ature.com)

Initial State:
High voltage, low current

Runaway Current:
High voltage, high current
OCCUrs in nsec

Voltage Collapse:
voltage discharged
current decays

Discharged:
low voltage, low current



4-/ Electric Breakdown: examples

S
I Breakdown of air: lightning

. 4 T

+

+ centre of
+ positive charge E 4+
E + T 8

-4

“

> — centre of = —
- negative charge —

. g -
» . — smallcentreof 4 cloud to
c) = positive charge ] ground

(britannica.com)



4-/ Electric Breakdown: examples

/ﬁ Spark Plugs in cars are designed
£=. to cause breakdown

The spark ignites the gasoline,

the expanding gas pushes on the
pistons,

rotating the drive shatt,

moving the wheels

% (amazon.com)



4-/ Electric Breakdown: examples

Often, plugging into the grid will
cause an arc between the
receptacle and the plug.

This is due to the breakdown of
air between the contacts. (pottselectric.com)

Usually not a problem.

Can be a problem if using a relay...



4-/ Electric Breakdown: examples

contacts

High-current relay p *\

Worn contacts:
little to no current flow:

(electronic-components.com.au)

Can get arc-suppression circuits to put in parallel
with the contacts to keep them working longer.

~ (digikey.com



4-8 Dielectric Boundary Conditions

f f

Because D = ¢ E:

We expect the fields to
be different in different
materials.

We also expect to see an
abrupt change across a
boundary between different
materials.

diverging lenses

ppppp

fffff
ppppp
© 2012 Encyclopaedia Britannica, Inc.

Example: fields are
changed after passing
through a lens



4-8 Dielectric Boundary Conditions

Scenario:
We have a static electric
field in free space.

(homework.study.com)



4-8 Dielectric Boundary Conditions

Scenario:
We have a static electric
field in free space.
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4-8 Dielectric Boundary Conditions

Scenario:
We have a static electric
field in free space.

Move an object into this
field.

What are the fields inside
the object?

-

i |

(homework.study.com)



4-8 Dielectric Boundary Conditions

.

Scenario: | +

We have a static electric | + > -
field in free space. i’ | :

Move an object into this 1’ 5
field. i
AN ?

What are the fields inside +f
the object? E 2

B
'-.
P
-

-

-v-

: : (homework.study.com)
How do the fields outside

change?



4-8 Dielectric Boundary Conditions

Scenario:
We have a static electric
field in free space.

Move an object into this
field.

What are the fields inside
the object?

(homework.study.com)

How do the fields outside
change? Possible Resulting Fields



4-8 Dielectric Boundary Conditions

0
 How do the fields (E, D, J) change across a boundary?

* Boundary defined by: different materials: €

 ...and possibly a surface charge

Medium 1
€1
E|

Eq e Ps
Eo¢
E2n
E;

Medium 2
&



4-8 Dielectric Boundary Conditions

I
 How do the fields (E, D, J) change across a boundary?

* Boundary defined by: different materials: €

 ...and possibly a surface charge

Medium 2
&



4-8 Dielectric Boundary Conditions

-
From math we know:

fﬂVdevz—gfﬁdes
% S

From Maxwell's equations (electrostatics):
VX E=0.

ﬁExdFo
o)

Plug in:



4-8 Dielectric Boundary Conditions

0
Choose the surface to be a box that spans the boundary:
Medium 1 .

//lzztr
E2n
E;
Medium 2

82 ﬁl

In the limit as Ah— 0, we are left with the two end-caps.
The "vector" surface ds uses the outward normal:

in medium 2: Ny

in medium 1: My



4-8 Dielectric Boundary Conditions

Medium 1 )
@EXdSZ@El XﬁQdS-i—gltﬁEQXflldS € 2 A
S S S
Since n; = —ny:

EﬁﬁExds=—@Elxﬁlds+@E2xﬁ1ds
S S S

Medium 2
& ﬁl

Very small: so nothing changing inside the surface:
{PE x ds = —Ey x 1As + By x filds = 0
S

(El - EQ) xn=~_ where: E x n = Etangcntial



4-8 Dielectric Boundary Conditions

Medium 1 .
&1 ny

Ejt
E2n
E;
Medium 2

82 ﬁl

(E1 —E3) x i=0

iIn words: Tangential E is continuous



4-8 Dielectric Boundary Conditions

-
' Medium 1 .
Apply Gauss' Law: £ n)

fD-ds=Q

S
For the cylindrical surface,

in the limit as Ah — 0: Medium 2

& fll

fn.ds= Dicazdii [ Disdigds=pAs,
S

top bottom

fi,-(D;—Dy)=p,  (C/md). Din—Dan=ps (C/m?).

Normal components of D change by the surface charge
density.



4-8 Dielectric Boundary Conditions

o
Medium 1 .
81 n)
Epn --- ".El
\AEM
Eo¢
E2n
V:z
Medium 2
€ fll
2
Ei; = Eo; Din — D2y = ps (C/m~).

Tangential E is continuous

Normal D is discontinuous
by the surface charge
density




Example 4-13

Given: P, = 0, planar interface between 2 matls: ¢

e » x—y plane

€2

E), =xEi1;, +yE1y +2E;,

Find: (a) E,
(b)6,, 0,

1> €2

Note that this definition of the
angles is different than usual



Example 4-13 N E,
I U —

€2

Solution:
assume E2 has the form:

E, = XEp, + yEZy = iEZZ'

Enforce boundary conditions:
Tangential E is continuous:

Ery = Ejqy, E2y — Elya



Example 4-13
N

» x—y plane

Solution:
assume E2 has the form:

E, = XEp, + yEZy = iEZZ'

Enforce boundary conditions:
Because p =0, Normal D is continuous:

D2Z = Dlz or ngzz — 81E1Z.



Example 4-13 M E:
—0 B -
D . . R lin:
4 Ey
E>, / o &
_______ Ea | ___._
Solution:

Combine the results of the Boundary Conditions:

E
E, = %E, + §E1, + 2 8—1151Z
2




Example 4-13 . E,
— 0 - -
D — 7 e ~ x-y plane
E22 E2 ez &
Ery

Solution:
Now: how about those angles?

We know the magnitude of the tangential components are:

En=\/E}+E}, and  Ex=\/E}+E},



» x—y plane

2 2 2 2
Ey, E2x+E2y B \/E1x+E1y

Ezz B E2z (81/82)E1z ,



» x—) plane




Example 2 ,
-

Given: a dielectric sphere of

radius = a ]

surface charge density P, |
Interior field: E; = E\zR + Eyf + E14¢
Interior: €4, Exterior: &,

Find: Exterior electric field: E2

Solution: We know: tangential E is continuous:
EQQé — Elgé

E2¢&5 = Elgb&s



Example 2 N

Solution: Eogh = Ey 40 )

N A Ps
Eop = E140
We know: normal D is discontinuous:

SO.




Example 2

N
Solution:
SO:
e1E1Rp — Ps - . N
E> = 2 1: pSR -+ E199 -+ E1¢¢
),




4-8 Dielectric Boundary Conditions

o
Medium 1 .
81 n)
Epn --- ".El
\AEM
Eo¢
E2n
V:z
Medium 2
€ fll
2
Ei; = Eo; Din — D2y = ps (C/m~).

Tangential E is continuous

Normal D is discontinuous
by the surface charge
density




4-8 Dielectric/Perfect Conductor BC's

Conducting slab ——g E|

Net electric field inside a perfect conductor is zero

E, =D, =0.




4-8 Dielectric/Perfect Conductor BC's

Conducting slab ——g E|

E,=D, =0,

Tangential E is continuous, so:

Elt = Dlt — O:



4-8 Dielectric/Perfect Conductor BC's

= g1

/pS
+

-

€1
+ + 4+ 4+

-

E E
+++T+++++T

Conducting slab ——g E|
2

€1

Normal D: Din — Dy = ps

:pS

Din —E1Eix



4-8 Dielectric/Perfect Conductor BC's

D, = g E; =np;, E is always normal to a

(at conductor surface) perfect conductor's surface



4-8 Dielectric/Perfect Conductor BC's

E is always normal to a
perfect conductor's surface

Field lines near a
perfectly-conducting
sphere:

YYYYY YY VY

VV'YVYV‘V

(lumenlearning.com)



4-8 Summary of Boundary Conditions
L

Field Component Any Two Media [)lﬁfgclzl:l :‘l g/f)i(gsgoi
Tangential E Ei = Ey Eit =Ex=0

Tangential D Di/e1 =Dy /e Dii=Dy=0

Normal E E1E1n — &2E2n = ps Ein = ps/€1 Erqa =0
Normal D D1y — Dy = ps Dip = ps Dy, =0
Notes: (1) ps is the surface charge density at the boundary: (2) normal components of
E|.D;. E>. and D, are along n,. the outward normal unit vector of medium 2.

Remember E = 0 in a good conductor



I Module 4.2 Charges in Adjacent Dielectrics

Input

charge value: | _2 9 e

I add charge

() edit charge value

| delete charge

() drag charge

(e} display electric field
and voltage at cursor:

V=
E=

Volts

V/im f

2.53587E-1
2.53076E-2

Plot Characteristics:

[21 Potential field
l?] Electric field

[2] Equipotential lines:

less
lines

more
lines

Eiclear

! Instructions }

y(nm“ Epye= 2.5 Ep = 4

> P A T

51 e

4 i i

3] e ina

2 b Smp =

1_/ O N

0/ s W T e S — :

v \“\K\P\?\J}_ﬂ,;p/u&f
Bl A RN NN NS - O T
S I T TV VR G N D o
_3_'[ l l J & \ AV W U & 2 f
Ed 4 1 1 OV VA N YN NSSN - 72
-5

T N . R
-6

b S S . T R

m
-
N

x(nm)




Module 4.3 Charges above Conducting Plane

Input I View Image Charges I

charge= 5 e X ¥

place charge
change charge value

LI T TN

remove charge
move charge

() show voltage, electric field,
and charge density at cursor:

)
P
L
Nl
48

P S S O R
T R Y R A A |

i W}

v= 3.43513E-2 Volts
E= 22048E-2 V/m ¥
p= -2.9087E-3 C/m?

Plot Characteristics:
™ Potential field
™  Electric field
™ Charge density

™ Equipotential lines:
less -

lines




I Module 4.4 Charges near Conducting Sphere

Input

charge= | 2.6 e

() place charge

change charge value
remove charge
() move charge
(+) show voltage, electric field,
and charge density at cursor:

v= .2.14238E-2 Volts
E= 2.17693E-3 V/im ¥
p= 3.34842E-4 C/m?

Plot Characteristics:
™ Potential field

™ Electric field

™M Charge density

™ Equipotential lines:

TRy v 7T
Y A

l

i
i
i

View Image Charges \

\

t

NN
s f f

/
/
/
/

\

O Y A

A AN NN N = m o mmxr

\

I\ ¥ o= -~ w xn \ K

Instructions \

\
r

1?’x(nm)




4-8 Conductor/Conductor BC's

0
 How do the fields (E, D, J) change across a boundary?

 Boundary defined by: Different materials: €, ¢

« ... and possible surface charge

Medium 1
&1, 01

-
— >

Jot
Medium 2
Jy

€2, 02



4-8 Conductor/Conductor BC's

I
 How do the fields (E, D, J) change across a boundary?




4-8 Conductor/Conductor BC's

o
as before: Ei; = Ey, E1E 1, — &Er = ps
new: Ji =01E; and J, = v E».
Jln
Medium 1 Ui A
n
€1, 01 | :
Jit 1
. Joy
Medium 2 J
&2, 0) 2n J2



4-8 Conductor/Conductor BC's

_
Jlt o J2t Jln J2n
— ==, g ——&—=0p
O] 0)) O] 0))
Jln Jl

Medium 1
€1, 01
Jit
. Iot
Medium 2 J
€2, 0 - Jy

e 15>




4-8 Conductor/Conductor BC's
=

If J, # J, , adifferent amount of charge arrives at
the boundary than leaves it. So p_ would change
with time. Not allowed in electrostatics.

Medium 1
€1, 01

—
— >

Joy
Medium 2
Jy

€2, 02



4-8 Conductor/Conductor BC's

=
Hence J1n = J2n:
&1 & .
Jin| — — — | =ps (electrostatics).
o; O
Jln Jl
Medium 1 a
&1, 01
J1t 1
Joy
Medium 2 J
€2, 09 2 Jy



4-8 Conductor/Conductor BC's
=

and o~1E1n = o~2E2n

E., =(o)o,)E

2n
Jln Jl

Medium 1 a

€1, 01

Jit 1
. Iot

Medium 2 J

€2, 0 - J



Homework
3

Homework 15 is due tomorrow at midnight.

submit to gradescope via the canvas site.



Next Time

1
Sections 4-9, 4-10:

Capacitance
Electrostatic Potential Energy



