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I
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Announcements

O
Homework 13, problem 3 is trickier than | intended.

If you separate the integral into 2 pieces:
one from -4 to 0 and another from O to 2
you end with infinity at R=0

To avoid this:

1. notice the radial symmetry in E, and just use
the radial coordinate for the points, instead of z.

OR

2. Choose a path that avoids intersecting the
origin.
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Chapter 4 Overview vxe= 2
-_ V-B=0

Maxwell's Equations E— / JE — & Py dzv’ - e
Electrostatics & VxH=J+—.
Magnetostatics (volume distribution) ot

Charge density

Current density VL

Electric field from charges (differential form of Gauss’s law) V-D=py,

Gauss's Law

Electric Scalar Potential Field foD-ds=0. VXE=0.

Dipole Field
Poisson's egn
Conductors
current
resistance

—/ E-dl

Joo VxH-=].
joule's law

Dielectrics

=V, 0=[pdv  (©
polarization "

Boundary Conuiuons J=oE (A/m’) (Ohm’slaw), J = pyu (A/mz)
Capacitance - /E s /E A

Potential Energy r-Y_ /i = P= [ E-Jdv (W) ]=/J-ds (A).
Image method ! /SJ"’S /GE"’S /" S :

of Gauss’s law)

vV-Bb—0




Lecture Coverage

o
Today's lecture:

Review of Sections 4-1 through 4-5 of the book:

4-1: Maxwell's Equations

4-2: Charge and Current Distributions
4-3: Coulomb's Law

4-4: Gauss's Law

4-5: Voltage (Electric Scalar Potential)

Section 4-6 of the book:

4-6: Conductors



Chapter 4 Review
N

Maxwell's Equations: o _
Empirically derived from

VoD =p.. many measurements
oB _
V x E = , D=¢E
ot B — uH.
YV «B =0,
D E: Electric Field
H: Magnetic Field
VxH=] T J: Current Density

p,: Charge Density



Chapter 4 Review
T

Static Conditions: s L
V:-D=p,,
Opy -
5% 0 VxE=0.
Magnetostatics
6_'] — 0 V:-B =0,
ot VxH=.

Electric and Magnetic Fields are decoupled.



Chapter 4 Review
T

1 ~ PydD"
E = T /v ,R R (volume distribution)

| 7 Dods
E = o /S | R’ P R,?_S (surface distribution)

/
1 R Pt i (line distribution)




Chapter 4 Review
T

Total charge
inV

Gauss's Law

D-ds
% D-ds=0Q (4.
S
(Integral form of Gauss’s law).

¢D-ds=/,ovdv

Iy 1%

Gaussian surface S
enclosing volume V

or:

where the closed-surface S is the
boundary of 7/



Chapter 4 Review
N
Voltage:

P
V = —[E-dl (V). (4.43)
00

N Point Charges:




Chapter 4 Review
_

E=-VV.

Electric Dipole:

qd

= (R2cosB +0sinf) (V/m)
0

(wikipedia.org)




Chapter 4 Review
B

Since:

V2V = — Pv (Poisson’s equation)
if p,=0:

V2V =0 (Laplace’s equation)

Useful for problems where V is known on boundaries.



Chapter 4 Review
-

z e Conducting plate

4
~ l Area A4 R
% R : Fringing
ol y , field lines
5 =
-

z=d o
i_ + +1+ + +|+]+ . _
V_—___— i e Dielectric ¢
=0 /= -
Conducting plate

. Vo Vo

E=-2— V(z) = —=
d d

This approximation is OK for thin capacitors



Conductors and Conduction Current

I
Conduction Current Density:

J=0E (A/m? (Ohm’slaw)

INSULATORS SEMICONDUCTORS METALLIC
Teflon Sulfinr Gallium/Arsenicum Graphite Copper
Quartz Polyethylene Glass Silicon Indium/Antimony Bismuth  lron
Polystyrene  Diamond Germanium
1 L 1 1 1 1 1 | 1 1 1

1 | 1
I | | I J 1 I I |

1 I I | I
10 10'®* 10 10" 102 100 10 106 10+ 102 10° 102 104 108

Conductivity

Note how wide the range is:

over 27 orders of magnitude:
10%°t0 107



Conductivity: Conductors

Electrons move through material at a velocity known
as the Drift Velocity:

Ue = _ueE (m/s),
The electron mobility:

Ue units: m2/(V Sec)
relates the induced velocity to the Electric field.

Recall: J = p, U

so:J=-pV/,¢eE =oE



Conductivity: Conductors
B

For a uniform charge density:

Define: the Number Density of free electrons, Ne:

Pve = _Nee

N_ has units of: #electrons/m?



Conductivity: Semiconductors

For semiconductor materials it is useful to model atoms in
the material that have a "missing" electron as "holes".

The holes are positively charged.

We then define a charge density for the holes: Pyh
And we can define the Number Density of holes, N, :

Pvh = MVpe

N, has units of: #holes/m?3

(EECS320 deals with semiconductors and holes in more detail)



Conductivity
L

Hence for semiconductors:

O = —Pyele + Pyvhldn = (Neue +Nhuh)e (S/m)’

(semiconductor)

and for good conductors:

O — —Pwlle = Nellee (S/m).

(good conductor)

where the contribution from the holes is negligible.



Conductivity

I
Special cases:

Perfect Dielectric:. ¢ = 0. J =0,
Perfect Conductor: 0 = o E =0.



Example 1
N

Given: copper wire
2mm diameter
o =5.8X10" S/m
u, = 0.0032 m?/(V-s)
|IE| = 20 mV/m




Example 1
)

Solution:

(a)

5.8 x 107
pe=——r =_22% = _ _1.81x 101 (C/md).
o 0.0032

(b)
J=0E=58x10"x20x 1073 = 1.16 x 10° (A/m?).



Example 1

d? 4 x 1070
=J(”—)=1.16><106(’”< : )=3.64A.



Example 1
I
(d)
Ue = — E = —0.0032 x 20 x 107> = —6.4 x 107> m/s.

The minus sign indicates that u. 1s in the opposite direction
of E.

(e)

1.81 x 1010
_bw. x — 1.13 x 10*? electrons/m?>.

N. = —
s e 1.6 x 10—19




Example 2: Free Electron Density
B

Find: Compare the Free Electron Density in Copper
to that in Aluminum.

o
Solution: N.=—
Hee

For Aluminum: ¢ = 3.5X10" S/m

Ug = 0.0015 m2/(Vsec)
For Copper. o = 5.8X1 0’ S/m

Uy = 0.005 m2/(VseC)




Example 2: Free Electron Density
B

Solution: Free Electron Density Ratio: Al/Cu:
3.5X10” S/m /0.0015 m?/(Vsec)

5.8X107 S/m / 0.005 m?/(Vsec)
S0, Al has twice the free electron density of Cu,
but that does not make up for it's much lower

conductivity: most circuits use Cu.

However: because Al is lighter and lower cost, it is
used in power lines.



Example 3:
)

Given: long wire: L=100m, 6=2X10" S/m

J = 3X10° A/m?
Find: Voltage change across the length of the wire.

Solution:
Since J=cE, E= J/o
and so Voltage=EL=JL/o
= (3X10° A/m?) (100m) / (2X10" S/m)
IV =15V]|




Example 4:
B

Given: Cylindrical bar of Silicon: =4mm, L=8cm
Voltage difference=5V,

Ug = 0.13 m2/(Vsec), Uy = 0.05 m2/(Vsec)
Ne = 1.5X’IO16 eIectrons/mS, Nh = Ne

Find: conductivity of Si, /, u,, Uy, R, P



Example 4:
N

Solution:
0= (Neﬂe +Nhﬂh)e
= (1.5 x 10'°)(0.134+0.05)(1.6 x 10~ %)

—432%x 1074 (S/m).




Example 4:
N

Solution:

I =JA =0CEA

= (432 x107%) (-(i—(\)%) (m(4 x 1073)?)

I= 136 (uA)I




Example 4:
N

Solution:
ue = —ukE
Ue = el
e = eV /L

ue = (0.13m?/(Vsec))(5V)/0.08 m
lue = 8.125 m/sec |




Example 4:
N

Solution:
up = pp
up = ppV/L

up, = (0.05m?/(Vsec))(5V)/0.08 m
fup, = 3.125 m/sec|




Example 4:
N

Solution:

R=V/I
R =5V /1.36 uA
[R=368MQ]|




Example 4:
N

Solution:

P=1V
P = (1.36 uA)( 5V)
(P=68uW |




Resistance

Consider the Longitudinal Resistor

X1

V=W—W=—/Edl

(Vo)

(4.68)




Resistance

V=E_ |

I:/J°ds:/0'E-ds:0'ExA (A).
A A

Ohm'sLaw: V=IR: R=V/I

Bl [
= = : R=—
K o, A >0 oA




Resistance

For any conductor:

/ dl —fE-dl

/st faEds



Example 5:
)

Given: copper wire: L=50m, 6=5.8X10" S/m
circular cross-section: =2cm
voltage change along length = 1.5 mV
Find: Resistance, power dissipated.

Solution:

ol 50
- 0A  5.8x107 x w(0.02)2

R

R= 69x10"%Q.




Example 5:
B

Solution:




Coax Conductance

Given: a coaxial cable:
length =/

Inner radius = a

outer radius = b
iInsulation conductivity = o

Find: the conductance per unit length: G'

Radial current, I, flows through a cylindrical surface at
distance r, with area

A=2nrl



Coax Conductance

Hence:
I 1
= — =T
J=r A 2mrl
and since: J = oE
. /
get: E—¢
2rtorl

and for the voltage between inner and outer conductors:

dl = v dr



Coax Conductance

Hence:

4 a | tefdr [ b
Vab=— | E-dl=-— = In{ -
2 /b /b 2ol r 2ol n(a)

the conductance per unit length is then:

G’—g—i— I/ B 2O
] _Rl_Vabl_ln(b/a)

as given in Chapter 2.

(S/m).




PEC

Coaxial Resistor
=

PEC 5,

Given: cylindrical matls
difft conductivities
PEC: conducting
plates
Find: expression for resistance

o7

Acom)

Solution: voltage at each end is same across plate
hence: E is along the length of the resistor
Like 2 resistors in parallel:

1 1 1

— - :
R Rinner Router




Coaxial Resistor REC
=

PEC

Solution; R=—:
CA
L
Rinner —_— 5 /
g1ma (chegg.com)
L
Router —

o9 (mh? — ma?)

1  oima N oo(mb? — ma?)
R L L




Coaxial Resistor =
e

PEC

[
Solution: R=—

cA
_1- - 017ra2 - 0'2(7Tb2 _ 7Taz) /(Chegg-com)
R L 7
1 oyma* + ogm(b* — a?)
R L

- oyma? + oam(b? — a?)




Cylindrical Resistor

Given: carbon resistor

L =8cm, diameter=1mm
Find: Resistance

[
Solution: R=—
cA
o for carbon, from appendix B: 3X1O4 S/m
0.08 m
(3 x 104 S/m)7 (0.5 x 1073 m)?
IR =3.4Q]

R =




Cylindrical Resistor

Find: Reduce the resistance -
by 40% by coating with
copper: what is the thickness needed?

Solution: like previous example:

L
o1ma? + oom(b? — a?)

R =

wantR__ =06 R=0.6(3.4Q)=2.040Q
new



Cylindrical Resistor
I
- "]

Solution: like previous example: 4

R— L =2040Q

o1ma? 4+ oom(b? — a?)

with: L = 0.08m. a=0.5X10"3m,
o, = 3X1O4 S/m (carbon)

oy = 5.8X1O7 S/m (copper)
Solve for b:

b = 5.00086 X10™* m



Cylindrical Resistor
N . :
{: — ] —+ E @\—

Solution: Y
b = 5.00086 X10™* m

Thickness = b-a = 5.00086 X10™* m - 5.0 X10™* m
= 0.00086 X10™* m

‘ Thickness = 0.086 um ‘

(a very thin copper coating)



Joule’s Law

xl [ X2
B 2
Assume: a conductor: { —J — E (—i—
Charge density: p_ A

Charge in a differential volume: dq = deW

Force due to applied Electric field:
F = dgE

F=(pdV)E

Differential Work (energy) to move dq a length dl-
dW=F - dl



Joule’s Law . | .
40— — E

Differential Work (energy) to ,
move dq a length dl- ‘ A
dW =F - dli

Differential Power to move it:
dW/dt=F - dI/ dt

dW /dt=F - u_

dW /dt= (p d)E - u_

dW /dt= E - p u_dv
dP = E - Jdv



Joule’s Law . | .
I .
(RS

Differential Power to move it: 7 .
dP = E - Jdv N

Integrate over the volume:

P:/E-Jdl) (W) (Joule’s law),
D



Joule’s Law

P / E-JdU (W) (Joule’slaw), @
(0]

Since we know that: J = ¢ E:
) Ea— / E-cEdV
%

Pz/aE-EdV
\%

P:/ﬂmwv
V




Joule’s Law

X1
@

I R
\
i 1

P:/E-Jdl) (W) (Joule’s law),
D

For a uniform resistor:
P=EJY7
P = (V/m) (A/m?) (m°)
P=(V)(A)
P=1V (Watts)

Just like in EECS215.



Joule’s Law

I
Given: non-uniform wire: circular cross-section,

— — _ A 2
r=r,, L—LOJ = Z-JO re, r<r,,

voltage across
— mpr
wire: VO _.O = J :j_
Find: Power, P 1 -
. /
Solution:

U

cylindrical coords: d7=r dr d¢ dz
uniform field along length: E = Q-VO/ L,



Joule’s Law

Solution:
e / E-Jdv
(V]

cylindrical coords: d7=r dr d¢ dz
E=12V, /L,

Plug in:
/ / / -z Jor’ rdrdo dz
r=0 0 LO




Joule’s Law

Solution:
P / E-Jdv
(V]

cylindrical coords: d7=r dr d¢ dz
E=12V, /L,

Plug in:
/ / / -z Jor’ rdrdo dz
r=0 0 LO
Lo
P = JO—/ 3dr/ dd)/ dz
z2=0




Joule’s Law

e
Solution:

27 Lo
P = JO—/ 3dr/ d¢/ dz
P = JO—LO/ 3dr/
=0




Joule’s Law
I

Solution:
Vo r27"0
P = Jyg—Lo(2 —
JOLO O( Tr) |:4:|'r=0
V() 7’4
P = Jy—Lo(2m) 2
0T 0(2m) 1
4
P = WJQVOEO-




Homework
I

Homework 14 is due tomorrow at midnight.

submit to gradescope via the canvas site.



Next Time

e
Sections 4-7, 4-8:

Dielectrics
Boundary Conditions



