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Announcements



Announcements

Homework 13, problem 3 is trickier than I intended.

If you separate the integral into 2 pieces:
     one from -4 to 0 and another from 0 to 2
     you end with infinity at R=0

To avoid this:
     1. notice the radial symmetry in E, and just use 
the radial coordinate for the points, instead of z.
     OR
     2. Choose a path that avoids intersecting the 
origin.
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Lecture Coverage

Today's lecture:

Review of Sections 4-1 through 4-5 of the book:

4-1: Maxwell's Equations
4-2: Charge and Current Distributions
4-3: Coulomb's Law
4-4: Gauss's Law
4-5: Voltage (Electric Scalar Potential)

Section 4-6  of the book:

4-6: Conductors



Chapter 4 Review

Empirically derived from 
many measurements

 E: Electric Field
 H: Magnetic Field
 J: Current Density
ρv: Charge Density

Maxwell's Equations:



Chapter 4 Review

Static Conditions:

Electric and Magnetic Fields are decoupled.



Chapter 4 Review



Gauss's Law

or:

where the closed-surface S is the 
boundary of V

Chapter 4 Review



Voltage:

Chapter 4 Review

N Point Charges:



Chapter 4 Review

Electric Dipole:

(wikipedia.org)



Since:

if ρv=0:

Useful for problems where V is known on boundaries.

Chapter 4 Review



This approximation is OK for thin capacitors

Chapter 4 Review



Conductors and Conduction Current

Note how wide the range is: 
over 27 orders of magnitude:
               10-20 to 107 

Conductivity

Conduction Current Density:



Conductivity: Conductors

Electrons move through material at a velocity known 
as the Drift Velocity:

The electron mobility:
                                   units: m2/(V sec)
relates the induced velocity to the Electric field.

Recall: J =  𝛒v u 

      so: J = -𝛒v 𝜇e E  = 𝜎 E



Conductivity: Conductors

For a uniform charge density:

Define: the Number Density of free electrons, Ne:

Ne has units of: #electrons/m3



For semiconductor materials it is useful to model atoms in 
the material that have a "missing" electron as "holes".
The holes are positively charged.

We then define a charge density for the holes:
And we can define the Number Density of holes, Nh:

Nh has units of: #holes/m3

(EECS320 deals with semiconductors and holes in more detail)

Conductivity: Semiconductors



Hence for semiconductors:

and for good conductors:

where the contribution from the holes is negligible.

Conductivity



Conductivity

 
Special cases:



Example 1

Given: copper wire
           2mm diameter
           𝜎  = 5.8X107 S/m
           𝜇e = 0.0032 m2/(V·s)
          |E| = 20 mV/m

Find:  (a) ρve
          (b) J
          (c) I
          (d) ue
          (e) Ne          



Example 1



Example 1
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Example 2: Free Electron Density

Find: Compare the Free Electron Density in Copper 
to that in Aluminum.

Solution:

For Aluminum:  𝜎  = 3.5X107 S/m
                         𝜇e = 0.0015 m2/(Vsec)
For Copper:      𝜎  = 5.8X107 S/m
                         𝜇e = 0.005 m2/(Vsec)  



Example 2: Free Electron Density

Solution:  Free Electron Density Ratio: Al/Cu:
     3.5X107 S/m / 0.0015 m2/(Vsec)
     ------------------------------------------- = 2
     5.8X107 S/m / 0.005 m2/(Vsec)

So, Al has twice the free electron density of Cu, 
but that does not make up for it's much lower 
conductivity: most circuits use Cu.

However: because Al is lighter and lower cost, it is 
used in power lines.



Example 3: 

Given: long wire: L=100m, 𝜎=2X107 S/m
           J = 3X105 A/m2

Find: Voltage change across the length of the wire.

Solution:
Since J=𝜎E, E= J/𝜎
and so Voltage = E L = J L / 𝜎
                         = (3X105 A/m2) (100m) / (2X107 S/m)
                    V  = 1.5 V



Example 4: 

Given: Cylindrical bar of Silicon: r=4mm, L=8cm
            Voltage difference=5V, 
            𝜇e = 0.13 m2/(Vsec),     𝜇h = 0.05 m2/(Vsec)
            Ne = 1.5X1016 electrons/m3,     Nh = Ne

Find:  conductivity of Si, I, ue, uh, R, P



Example 4: 

Solution:



Example 4: 

Solution:



Example 4: 

Solution:



Example 4: 

Solution:



Example 4: 

Solution:

               R = V /  I
                R = 5V / 1.36 𝜇A
              R = 3.68 MΩ



Solution:

              P = I V
              P = (1.36 𝜇A)( 5V) 
              P = 6.8 𝜇W

Example 4: 



Resistance

Consider the Longitudinal Resistor



Resistance

V=Ex l

Ohm's Law: V = I R:  R = V / I

                         

                              so:



Resistance

For any conductor:



Example 5: 

Given: copper wire: L=50m, 𝜎=5.8X107 S/m
           circular cross-section: r=2cm
           voltage change along length  = 1.5 mV
Find: Resistance, power dissipated.

Solution:
                 



Example 5: 

Solution:
                 



Given: a coaxial cable:
length = l
inner radius = a
outer radius = b
insulation conductivity = 𝜎

Find: the conductance per unit length: G'

Radial current, I, flows through a cylindrical surface at 
distance r,  with area

Coax Conductance



Hence:

and since:

get: 

and for the voltage between inner and outer conductors:

Coax Conductance



Hence:

the conductance per unit length is then:

as given in Chapter 2.

Coax Conductance



Coaxial Resistor

(chegg.com)

Given: cylindrical matls
           difft conductivities
           PEC: conducting
                     plates
Find:  expression for resistance

Solution: voltage at each end is same across plate
               hence: E is along the length of the resistor
               Like 2 resistors in parallel:



Coaxial Resistor

(chegg.com)

Solution: 



Coaxial Resistor

(chegg.com)

Solution: 



Cylindrical Resistor

Given: carbon resistor
           L=8cm, diameter=1mm

Find: Resistance

Solution:

𝜎 for carbon, from appendix B:  3X104 S/m



Cylindrical Resistor

Find: Reduce the resistance
         by 40% by coating with
         copper: what is the thickness needed?

Solution: like previous example:

want Rnew = 0.6 R = 0.6 (3.4 Ω) = 2.04 Ω



Cylindrical Resistor

Solution: like previous example:

                                                        = 2.04 Ω

with: L = 0.08m, a=0.5X10-3m,
        𝜎1 = 3X104 S/m (carbon)

        𝜎2 = 5.8X107 S/m (copper)
Solve for b:
          b = 5.00086 X10-4 m



Cylindrical Resistor

Solution:           
            b = 5.00086 X10-4 m

Thickness = b-a = 5.00086 X10-4 m - 5.0 X10-4 m

                 = 0.00086 X10-4 m

Thickness = 0.086 μm

(a very thin copper coating)



Joule’s Law

Assume: a conductor:
Charge density: 𝛒v
Charge in a differential volume: dq = 𝛒vdV

Force due to applied Electric field: 
                         F = dqE
                         F = (𝛒vdV) E

Differential Work (energy) to move dq a length dl:
                         dW = F ･ dl



Joule’s Law

Differential Work (energy) to 
move dq a length dl:
                         dW = F ･ dl

Differential Power to move it:
                        dW / dt = F ･ dl / dt
                        dW / dt = F ･ ue
                        dW / dt =  (𝛒vdV) E ･ ue
                        dW / dt =  E ･ 𝛒vuedV
                               dP =  E ･ JdV



Joule’s Law

Differential Power to move it:
                dP =  E ･ JdV

Integrate over the volume:



Joule’s Law

Since we know that: J = 𝜎 E:



Joule’s Law

For a uniform resistor:
           P = E J V
           P = (V/m) (A/m2) (m3)
           P = (V) (A)
           P = I V    (Watts)
Just like in EECS215.



Joule’s Law

Given: non-uniform wire: circular cross-section, 
           r=r0, L=L0J =   J0 r2, r<r0, 
           voltage across 
           wire: V0
Find:   Power, P
Solution: 

cylindrical coords: dV = r dr d𝜙 dz
uniform field along length: E =    V0/ L0



Joule’s Law

Solution: 

cylindrical coords: dV = r dr d𝜙 dz
E =    V0/ L0
Plug in:



Joule’s Law

Solution: 

cylindrical coords: dV = r dr d𝜙 dz
E =    V0/ L0
Plug in:



Joule’s Law

Solution: 



Joule’s Law

Solution: 



59

Homework

Homework 14 is due tomorrow at midnight.

submit to gradescope via the canvas site.



Next Time

Sections 4-7, 4-8:

Dielectrics
Boundary Conditions


