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Leland Pierce
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Announcements:
N

Exam1:
next monday, oct 7, 5:30-7PM, CHRYS220
or
next tuesday, oct 8, 5:30-7PM, EWRE185

bring:

calculator

ruler

compass

1-sheet handwritten

provided: test, paper, smith chart, 3-pg eqns



Prerequisite: MATH 215

This class assumes that you have had MATH 215 or
equivalent.

This means:

Textbook:
Multivariable Calculus by James Stewart

Coverage:
Chapters 12 through 16
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Lecture Coverage

Today's lecture:

Sections 3-1 thru 3-7 of the book:

3-1: Vector Algebra
3-2: Coordinate Systems

3-3: Coordinate System Transformations
3-4: Gradient

3-5: Divergence
3-6: Curl
3-7: Laplacian



Vector Multiplication: Scalar Product or "Dot Product”

A-B= ABCOS@AB

(b)
Figure 3-5: The angle 64p is the angle between A and B,
measured from A to B between vector tails. The dot product

is positive if 0 <84p < 90°, as in (a), and it is negative if
90° < B4p < 180°, as in (b).

A-B=B-A (commutative property), (
A-B+C)=A-B+A-C (distributive property)



Vector Multiplication: Scalar Product or "Dot Product”

A-B=ABcosOup X-Xx=y-y=2-2=1,
X-y=y-2=1z-x=0.

A=Al = VA-A

A-B
OAB = COS_l |: i’/AA ;"/BB:I A-B= Arby +A_yB_y + A;B;.




Vector Multiplication: Vector Product or "Cross Product”

N
AXB=ﬁABSiIl9AB

gl N

AXB=ﬁABsinHAB

AxB=—-BxA
AxB+C)=AxB+AxC

AxA=0

y. (3.25)| «x

N>
X
>

|
-

Xxy—17 Y X272 —xX

(a) Cross product

AxB

AxB=| A, A, A,
B, B, B

A
(b) Richt-hand rule



Triple Products

Scalar Triple Product Vector Triple Product
ABxC)=B-(CxA)=C-(AxB). Ax (BxC)=BA-C)—-CA-B),
A A, A, which is known as the “bac-cab™ rule.
A-BxC)=| B, B, B,
& En G,




Cartesian Coordinate System
T

Differential length vector

dl=Xdly+ydly+2dl,=xXdx+ydy+zdz, (3.34)

where dl, = dx is a differential length along X. and similar
interpretations apply todly =dy and dl, = dz.

g ds, =Z dx dy
A

dy

ds, =¥ dx dz

L
dV = dx dy dz

ds, =X dy dz




Cartesian Coordinate System

dy

ds, =y dx d

P
dV = dx dy dz

X .
dsy =X dy dz

Y

Differential area vectors

dsy =Xdl, dl, =Xdy dz (y—z plane), (3.35a)
with the subscript on ds denoting its direction. Similarly,

dsy =ydx dz (x—z plane), (3.35b)
ds, =7 dx dy (x—y plane). (3.35¢)



Cartesian Coordinate System

ds, =y dx d

P
dV = dx dy dz

X .
dsy =X dy dz

Y

Differential Volume

A differential volume equals the product of all three differential
lengths:
dV =dx dy dz. (3.36)



Cylindrical Coordinate System
)

z=1zp plane
_— .. (r$,z)
Wy r is sometimes called p
e A rand ¢ are in x-y plane
¢ r— ¢ = plane



Cylindrical Coordinate System

dsg, = ¢ dr dz
dV =rdrdj dz

\, s, =T rdddz

Figure 3-10: Differential areas and volume in cylindrical
coordinates.



Cylindrical Coordinate System

0
ds, =rdlydl, =rrd¢ dz (qb—z cyllndrlcal surface)

s ds, = Zr dr do
~ \ o ~

dsy = & dr dz
dV =rdrdd dz

\, S, =T1rdddz

dsy =0dl, dl,=0drd;  (r-zplane), —
ds;,=1Zdl, dly =Zrdrd¢ (r-¢ plane)

e T

dv = o dr d¢ dZ Figure 3-10: Differential areas and volume in cylindrical

coordinates.



Spherical Coordinate
System i

. 4] / P =R, 01, )
fo:nii):lal

surface

(R, 6, 9)

R (to distinguish fromr) 7
radial in all directions }

6 angle from "up" (+z-axis)

¢ same as in cylindrical




Spherical Coordinate
System

dl =Rdig+0dlg+édl
—RdJR+OR dO + ORsin6 do,




Spherical Coordinate
System

I
dsg =R dlg dly = RR*sin 6 d6 d¢

4
A

R sin 6 do

6= spheniel Sunaee), \ dV = R2 sin 0 dR dO do>
dse =0 dlg dly = ORsinO dR d¢

(R—¢ conical surface),

dsy = dig dlg =ORdRdO (R-6 plane), _,

dV =dlg dlg dly = R*sin® dR d6 d¢.




Coordinate Transformations: Coordinates

N
CyIinZdricaI — J{/xz —|-y2,
I o=t (2).
~ s X
X =1rcosQ,
y =rsing.

=X



Coordinate Transformations: Coordinates

+
Spherical R= /x> +y*+2,

X =Rsin6cosq,

y = Rsin 0 sin ¢,

z=Rcos6.



Coordinate Transformations: Unit Vectors
-

Cylindrical

= X 0S¢ + ysin ¢.

r
cf)= —Xsin¢ + ycos ¢.




Coordinate Transformations: Unit Vectors

Spherical

R

Xsin @ cos@ +ysinOsing +ZcosH.
6

XcosBOcos® +ycosOsing —Zsin 6.

® = —Ksin¢ + ycos ¢.

A

% = RsinOcos¢ +0cosOcosp —dsin g,

>

— Rsin @sin¢ -|—90059sin¢ —|—¢cos¢,

7 = Rcos6 —0Osino.




Distance Between 2 Points

I
d = |Ry2]

= [(x2 — x1)> + (02 — y1)? + (22 — z1)*]/%. (3.66)

d = [(r2 COS 2 — 1| COS¢1)2

+ (r2singn — 1 sing1)? + (22 — 21)2]"

— [1”22+r12 — 21‘11”2 COS(¢2_¢1)+(ZZ—Z1)2]1/2

(cylindrical). (3.67)

d = {R% B R% — 2R Ry[cos 6> cos B

+ sin & sin B, cos(¢pr — qbl)]}ll2

(spherical). (3.68)



Vectors in 3 Coordinate Systems

Table 3-1 Summary of vector relations.

Cartesian Cylindrical Spherical
Coordinates Coordinates Coordinates
Coordinate variables X, 9,2 re.,z R,0,¢
Vector representation A = XA, +§Ay+12A; TA, +$A¢ +2A, RAR + éAg +<|3A¢
Magnitude of A |A| = {/AZ+AZ 4+ A2 YAR A +AZ /AR + A5 +A5
—— A
Position vector OP| = %x1 +§y1 +2z1, try +2zy, RR;,
for P(x1,y1,21) for P(ry, 01,21) for P(R1,61,¢1)
Base vector properties Xx—yvy—a27—1 f'-f':(f)-tf):i-izl R-ﬁ:é-é:$-$:1
Xy=%'2=2'Xx=0 | t-¢0=¢:2=2-t=0 R06=0:0=0-R=0
Rx§ =12 Exd=12 Rx0=¢
yx2=% Oxz=Ff O0xp=R
IxR=79 IXE=0 dxR=60
8 9 2 T R 6 ¢
Cross product AXB= Ay Ay A Ay Ay A; AR Ag Ay
Bx By B, B, By B Br Bg By
Differential length dl= | Rdx+§dy+2dz tdr+@rdp+2dz | RAR+ORdO +§Rsin6 do
Differential surface areas dsy =Xdydz dsy =trd¢ dz dsg = RR?sin® dO d¢
dsy = §dxdz dsy = ¢ drdz dsg = ORsin6 dR d¢
ds;, = 72dxdy ds; =2rdrd¢ dsy = OR dR d6

Differential volume dv =

dxdydz

rdrd¢ dz

R%sin@ dR d6 d¢




Transformations in 3 Coordinate Systems

Table 3-2 Coordinate transformation relations.

Transformation Coordinate Variables Unit Vectors Vector Components
Cartesian to r= {/x%+y? f = Xcos + §sing A =Axcosd+Aysing
cylindrical ¢ =tan~! (y/x) ¢ = —Xsing +ycos ¢ Ay = —Ayxsind +Aycos @
=7 72=—12 A=A,
Cylindrical to X =rcos¢ X =fcos¢ — (f)sin(p Ax =A;cosp —Aysing
Cartesian y=rsin¢ y=rsing +¢cos¢ Ay =A,;sing +Aycos¢
T =7 2=12 AZ = AZ
Cartesian to R= {/x2+y2+72 R = &sin6cos ¢ Ag = Ay sinBcos ¢
spherical + §sinOsin@ +2Zcos O +Aysin@sing +A cos6
6 =tan~![{/x2+y2/z] | @ =%cos B cos ¢ Ag =A,cosBcos @
+ §cosOsing —Zsin O +AycosBOsing —A;sinf
¢ =tan"!(y/x) ¢ = —Xsin¢g +ycos ¢ Ay = —Axsin@ +Aycos ¢
Spherical to X = Rsin O cos ¢ X — RsinGcos(P Ay =Apgsinfcos ¢
Cartesian +0cos O cos o —Psing +AgcosOcos —Apsing
y =Rsin@sin ¢ ¥ = RsinBsin¢ Ay = Agsin0sin ¢
+0cosOsing +@cos +AgcosOsing +Ay cos @
Z=Rcos0 Z=Rcos® —0sin6 A; =Agrcos@ —AgsinO
Cylindrical to R=Vr2+22 R = #sinf +2cos @ AR =A,sin@ +A;cos 6
spherical 0 =tan~!(r/2) 0 =fcosf—Zsin6 Ag =A,cos0 —A,sinf
¢=0 *=0 Ag =4y
Spherical to r = Rsin0 £ =Rsin6 +6cos 6 A, =AgsinO +Agcos0
cylindrical 0=0¢ =0 Ay =Ay
Z=Rcos 0 Z=Rcos6 —0sin6 A, =ARcosO —Agsin O




Coordinate Systems: Notation

There are different ways of naming the coordinate
directions, and naming of unit vectors.

In this class you must use the notation from the
book, as presented in this lecture.

It is wrong if you don't.



> 1

Gradient of A Scalar Field

Py =i(x+ dy, y+dy z +dz)

X

From differential calculus, the temperature difference between

points P and Py, dT =15 — Ty, 18

A ST 3T
B . G B 4
i T gy BT A

(3.70)

Because dx =Xx-dl, dy =y-dl, and dz =Z-dl, Eq. (3.70)

can be rewritten as

L N AT Lo
=% iy Yz

B 8T+A8T+ ol L
B 0x yé\ dz

x>

(3. 11)



i’ Py =i(x+ dy, y+dy z +dz)
dy
Gradient of A Scalar Field ds/|
T dz
1 | R eyt
> )/

8T cer . aT

4= y— +z— . (3.72)
Bx

VI =grad T =
0z

Equation (3.71) can then be expressed as
di’ =NT:d) (3:13)

The symbol V 1is called the del or gradient operator and is
defined as

d d 0
V=Xx—+4+y—+72— (Cartesian). (3.74)
0x dy 0z




Py=(x+dx,y+dy z+dz)

Gradient of A Scalar Field

1l
d dJ 0 |
N=x -y o/ (Cartesian). (3.74)
0x Jy 0z

* The gradient operator itself has no physical meaning
* |t attains a physical meaning once it operates on a scalar

quantity.
* The result of the operation is a vector with magnitude

equal to the maximum rate of change of the physical
quantity per unit distance and pointing in the direction of

maximum increase.



Gradient: Directional Derivative

Definition of directional derivative:

v _vra. (75
T aj. $ )

where:
dl = ajdl,

Is the direction along which we want the derivative:

Py=(x+dx,y+dy z+dz)




Gradient: Directional Derivative
e

Use the directional derivative to find the difference in
values between 2 ends of a path:

T2

T1

For some fields, T, the path matters



Gradient: Directional Derivative
I

Since we know: J7 = VT -dl.

iIntegrating both sides:



Example: Directional Derivative
B

Given: T = x% 4%z
Find: directional deriv along I = X2 + y3 — 22,
evaluate it at the point (1,-1,2)

Solution:
Step1: find the gradient of T:

PO A e L
=\ Tt bz )& YD)

= X2x + y2yz + Zy".



Example: Directional Derivative
N

Solution:
Step2: find the unit vector of I: X2 +y3 — 22
. 1 X2+y3—72 xX24y3 -2

aI=—= —_—
1 /22432422 V17




Example: Directional Derivative
N

Solution:

Step3: find the directional derivative:
dT . : : X2 +§3 — 122
— =VT -4 =R2x + 2y DK
7 a) = (X2x +y2yz + Zy“) ( i )

dT  4x +6yz— 2y?
dl V17




Example: Directional Derivative
B

Solution:
Step4: evaluate the directional derivative:

dT 4.X. -|— 6.\;2 — 2)‘,2

dl V17
At (1, —1,2),
dT  4-12-2 -10

dl (p.—v3,  T1 2~ AT

=|-2.43 |




Divergence of a Vector Field

o N "~ Imaginary
N spherical
2 surface
LN

Figure 3-20: Flux lines of the electric field E due to a positive
charge q.

Total flux crossing a closed
surface, S, such as a sphere:

Total flux = %E - ds.

3
where E is a vector field.
ds = nds

n = outward normal
ds = differential surf area



Divergence of a Vector Field

Example in 2D:
Underground pipe with water flowing out of it.
Drain nearby. lines of flow:
S
S
l |- ~_/
AN N
.



Divergence of a Vector Field

N
Example in 2D:
Underground pipe with water flowing out of it.
Drain nearby. lines of flow:
e
I
~ Total flux around red

circle is positive



Divergence of a Vector Field

I
Example in 2D:
Underground pipe with water flowing out of it.
Drain nearby. lines of flow:
S
S
N
AN
\

|

| ~ Total flux around red
1 circle is negative

|



Divergence of a Vector Field

I
Example in 2D:
Underground pipe with water flowing out of it.
Drain nearby. lines of flow:
S
S
l |- ~_/
AN N
.

|

| ™~ Total flux around red
| circle Is zero

|

Just as much entering as leaving



Divergence of a Vector Field

Intuition:

Total flux is positive for a source
Total flux is negative for a sink
Total flux is zero otherwise.

Relation to Electromagnetics:

Source of E field is +charges

So: positive total flux: enclosed +charges
negative total flux: enclosed -charges
zero total flux: no enclosed charges



Divergence of a Vector Field

Divergence is defined as the Total Flux per volume:

f K- ds
divE £ lim = ;
AV—0 AV

which can be expressed as:

. JE. JE, JE,
V-E=divE= 5+ 52+ o




Divergence Theorem

From previous equation we can say:

/V-Edv = jéE-ds.
v S

We will use this equation in order to solve problems
in the following chapters.




Divergence Theorem

Examples of dv and ds:

ds, =7 dx dy

dy
ﬁ/
> ds, =y dx dz

X
/ dv = dx dy dz

dsy =Xdydz




Divergence Theorem

Examples of dv and ds:

ds = drdz
dV =rdrdp dz

ds, =rrddz




Divergence Theorem

Examples of dv and ds:




Example 3-13: Divergence

e
Given: E = ﬁ3x2_ +$2z+ jixzz
Find: divergence of E, evaluate at (2,-2,0)

Solution:
. 9E, OE, OE.
it dx  dy T dz
J J J
ax (3)6 ) ay (22)‘|‘ a—Z(X Z)
= 6x+ 0+ x>

V-E = x>+ 6z




Example 3-13: Divergence

Solution:
Evaluate: at (2,-2,0):

V-E=2%+6216



Example 3-13: Divergence

Given: E=R(a’cos 9/R2) (a sin 6/R2)
Find: divergence of E, evaluate at (a/2,0,7)

Solution: from appendix C:

1 o 1 0 1 OE
V-E=— —(R2E Epsin 0 9
72 R R ER)+ pone 9 (Eosn0) + e 50
ii(a ——n 1 0 _a3sin29
R? OR RsinO d6 R?
:O_Za cos 6
R3
2a3cos 6
V.-E= — =3




Example 3-13: Divergence

Solution:
Evaluate: at (a/2,0,7):

2a3 cos 6
V- -E=— =3

2a° cos(0)

E = — ‘

v (@/2)?

2a3
V-E=——

a3/8

V-E=—16‘




Exercise 3-15: Total Flux

e
Given: E = RAR

4
f
\ f A Find: The total flux of E
AN ! . e through a spherical
N\ | surface of radius a
‘“_4_4_/{1\_:’—*—'” centered at the origin.
// | \\
pd I \ Solution:
|
\

Total flux = ]( E - ds
S



Exercise 3-15: Total Flux

Solution:

//;/.fﬁ Total flux = %QE - ds

— — — ——

A

- = A f— f—

look up in table 3.1:
N ds = RR?sin 0df do

To integrate over entire
sphere:

0 ranges from O to &

¢ ranges fromQto2 x

e e e s g —_— s —  —h



Exercise 3-15: Total Flux

Solution:
T 27
Total flux = / / E(R =a)- RR?sin 0df d¢
60=0 J =0 R=a
iy 27
Total flux = / / RAa - Ra?sin 0 df do
0=0 J =0
T 2T
Total flux = / / Aaa?sin 0 df do
0=0 J =0
Total flux = / 21 Aa® sin 0 df
6=0



Exercise 3-15: Total Flux

e
Solution:

7y

Total flux = / o2 Aa’ sin 0 df
6=0
Total flux = 27 Aa” / sin 0 df
6=0

Total flux = 27 Aa’ | — cos 0}

7

6=0
Total flux = 2w Aa® [— cosm — (— cos 0)]

Total flux = 27 Aa® [—(—1) — (=1)]




Exercise 3-15: Total Flux

e
Solution:

Total flux = 2w Aa® [—(—1) — (—=1)]
Total flux = 27 Aa® [1 + 1]
Total flux = 47 Aa” ‘




Exercise 3-16: Divergence Theorem

Given: E = RAR
© Find:

4
f
w 1 Z
\\ 1 /// = V-Ed»
N v
B l \. where the Volume is of
// 1 \\ the sphere with radius a
¥ N
# | X
: : Solution:

tep1: calc V- E:
From appendix C: Step. tale

1 0, 5
V-E—RQ&R(R ER) +

19 1 9B,
E,sin 6
Rsing 90 205+ 7o 0




Exercise 3-16: Divergence Theorem

Solution:
step1: calc V- E:
since:

***** Eg=0, Ez3=0

/
\\\
‘\ %

A e — — ] — — —

N we get:
N 1 0
E ;B =
¥ RzaR(
1 @ .5
V-E= R28R(R AR)
1 8(
R?OR

R%ER)

V- -E =

AR?)



Exercise 3-16: Divergence Theorem

Solution:
step1: calc V- E:

— 1 0 3
V-E= = -=(ARY)




Exercise 3-16: Divergence Theorem

K
AW

e e e s g —_— s —  —h

- — — ——— — — — — ——

step4: Plug in:

Solution:
step2: expression for d

dV = R%sin0dR df do

step3: range of integration:
R:0toa

0.0torn

¢:0to 2n

a s 27
/V-EdV:/ / / 3A R?sin 0 dR df do
)% R=0 J60=0 J $=0



Exercise 3-16: Divergence Theorem

Solution:
stepb: integrate:

a /I 2m
/V-Ede/ / / 3A R?sinfdR df do
1% R=0 J6=0 J¢$=0
a /I 2
/V-EdV:/ / / 3A R?sinfdR df do
1% R=0 J6=0 J ¢p=0
27 R3 a
/V-EdeSA/ / sin 0 dO d¢
Y 0 8 |pp

/V-EdV:BA/ / a’/3)sin 6 d d¢
%




Exercise 3-16: Divergence Theorem

Solution:
stepS: integrate:

s 2
/V-EdV=3A/ / (a®/3) sin 6 df d¢
V 0=0

=()

2m ™
/V-EdeAa3/ {—COSH:| do
\% ¢=0 0=0

29t
/V-EdV:Aa3/ ) — (1]
V ¢o=0

27

/V-EdeQAa3/ do
V ¢o=0




Exercise 3-16: Divergence Theorem

Solution:
stepb: integrate:

27
/V-EdeZAa3/ do
Y ¢o=0

/V-Edv — 41 Aa®
) %




Exercise 3-16: Divergence Theorem

Solution:
This is the same as the solution to exercise 3-15
So, for this example:

/V-Edv = 7éE-ds.
v o




Curl of a Vector Field

The curl of a vector B describes its rotational property, or
Circulation:

Circulation = §£ B - dl.

C
1l " where :
1.1 Contour B is a vector field,
T T dl=a;dl,
"T1° a; is the unit vector of dl,
| e d/ is the differential length

" (a) Uniform field along the path: C



Curl of a Vector Field
—

Examples: z

/Current /

-y
a d ¢

_| +Contour C | Contour C
>V
y
B
b1 |c
X/

. A

(b) Azimuthal field

-

(a) Uniform field

Circulation of azimuthal field is

Circulation of uniform field is zero. i )
non-zero in azimuth plane



Curl of a Vector Field

I
The curl is defined as the Circulation per unit area:

VB =curl B= lim -—[ j[:B dl]
As—0 AS

with the path, or contour, C, oriented so that the
circulation is maximum.

Which can be expressed as:

VB3 dB, JB, 24k dB, JB, s (883. B an)
- dy 0z J dz  dx dx  dy




Curl of a Vector Field

I
From the previous equation we can say:

/S(VxB)-ds: jéB-dl.

We will use this equation (Stokes' Theorem) in

order to solve problems in the following chapters.
ds = n ds

n

This figure shows the
geometry relating dl and ds

dl
contour C



Curl of a Vector Field

-\
Examples of ds and dfr-

ds is the area,
with normal z

— dlis all 4 line
1 s segments that
outline the
rectangle




Curl of a Vector Field

N
Examples of ds and dfr-

> N

ds is the curved

< ) area, with normal
_ r=2 - -
Z 3y ;

d dlis all 4 line
g segments that
G- outline the curved
0 ‘\b . rectangle




Curl of a Vector Field

N
Examples of ds and dfr-

ds is the curved
area, with normal
R
dlis all 4 line
segments that
-y outline the curved
rectangle




Example 3-14 Stokes' Theorem
=

Given: B = Zcos¢/r, A
Find: the Circulation over a

segment of a cylindrical T
surface, defined by: v
d

r=2

¢: /3 to /2 >

z:0to 3 | S
—o_ Ny




Example 3-14 Stokes' Theorem

I
Solution: .
Circulation = 74 B dl
C - r=2 N
step1: identify C: < 3y
C is the closed path that is on a
the edge of the green surface N
C has a direction, that goes 5~ ‘\b -
from start to end \Q

continuously. . / ¢



Example 3-14 Stokes' Theorem
=

Solution:

Circulation = y{ B -dl
C - r=2 -
step1: identify C: < SV

The direction of C is such d
that the right hand-rule, with N
fingers in the direction of C, e
has the thumb pointing in the
direction of the surface L

normal. x/ ¢ \}

Ll N




Example 3-14 Stokes' Theorem
=

Solution:

Circulation = ]4 B -dl
C z= r=2 ¢
step1: identify C: < 3v
d

L i

Hence, to get the normal to
be : we use the closed path: N
G-
a-b-c-d-a |
%B-dl:/ Ba,,-dH—/ B, - dl d 4
C a b /3

d a x/ !
+/ B -dl +/ By, - dl,
C d



Example 3-14 Stokes' Theorem

I
Solution: 1
Circulation = 74 B -dl
A o N
step1: identify C: v
b c d
%B-dlzf Ba,,-dl—|—/ B, - dl g
& a b \ﬁ:f_
d a —
+/ Bcd-dl+/ By, - dl, ]
C d = b »y
where: —
. a
Bab Is B along segment ab X /

etc....



Example 3-14 Stokes' Theorem

I
Solution: 1
Circulation = ]4 B - dl
C =
step2: evaluate each integral: < v
d
b
/ Fha ) ‘\\fl=i
a
Bab along arc from a to b: T \'b -
r=2, ¢ varies, z=0, so: 3
_COS®p . CcoSo x/
B.y=12 = 7

r 2



Example 3-14 Stokes' Theorem
=

Solution:
step2: evaluate each integral:

b _
/ By - dl Cz 3Xr2/4"’

From table 3-1: S
dl = #dr + ¢rdo + zdz =

since only ¢ Is varying:

L i

dl = ¢ rdo W



Example 3-14 Stokes' Theorem
=

Solution:
step2: evaluate each integral:

b _
/ By - dl Cz 3&)‘7

plug in: N

L i

b
/Bab dl_zCOS¢ . drdo 0 ;

/bBab-dle e )




Example 3-14 Stokes' Theorem
=

Solution: 1

step2: evaluate each integral:
¢ r=2
/b c de/

Bbc along line from b to c:
r=2, ¢=nx/2, z varies, So: ‘\\ﬁ=f
~— | ]
. COS cos(m/2
B, — 2 ¢ _ . (/):02 On\qb o
° 2 /3

S0; /CBbc-dlzo 5
b




Example 3-14 Stokes' Theorem

I
Solution: 1
Circulation = ]4 B - dl
C =

step2: evaluate each integral: < v

p d

/C B.;-dl !\\ﬁ:f

Bcd along arc from c to d. T \'b -
r=2, ¢ varies, z=3, SO: 3

_COSQ®  , COSQ x/

B.i=12 — 7

r 2



Example 3-14 Stokes' Theorem
=

Solution:
step2: evaluate each integral:

d <=3 r=2 N\,
/ B, - dl N A

From table 3-1: S
dl = #dr + ¢rdo + zdz =

since only ¢ Is varying:

L i

dl = ¢ rdo W



Example 3-14 Stokes' Theorem
=

Solution:
step2: evaluate each integral:

d <=3 r=2 N\,
/ B, - dl N A

plug in: N

L i




Example 3-14 Stokes' Theorem
=

Solution: ?
step2: evaluate each integral:

Bug - dl <3 =i
/d ’ ™~

Bda along line from d to a:
=2, p=m/3, z varies, So: ’\\ﬁ:f
COS cos(m/3 1 ]
r




Example 3-14 Stokes' Theorem
-

Solution:
step2: evaluate each integral:

"By, - dl <3 —)
/, B <

dl = tdr + ¢rde + 2dz N
dl = zdz N

L i




Example 3-14 Stokes' Theorem
=

Solution:
step2: evaluate each integral:

plug in: <=3 r=2 "\
0 \/‘

¢ 1
/ Bda - dl = / 7— - Zdz .

O fl:f'

a 1 _
B, -dl = —
/d da d 4/223dz 0 i ! .

a 1 0 /3 .
/ Bda-dlz—H v/
y A

2=3

L i




Example 3-14 Stokes' Theorem

I
Solution: ?
step2: evaluate each integral:
a 1T 0 <=3 r=2 N
/ Bda -dl = - Zi| v
d 4 o B3 4
a 1 = S -
/Bda'dlz—0—3} i
d 4| ]
a 3 0 b > )
Bda cdl = —— /3
d 4 x/ “




Example 3-14 Stokes' Theorem
=

Solution:
step3: sum integrals:

b " - r=2 &
B-dl:/ B, -dl+/ B, -dl <

d a
+/ Bcd-dH—/ B,,-dl. i
C d

L i

So: 0 I
Circulation = 0+0+0-3/4 S
| Circulation = -3/4 | x/ “




Example 3-14 Stokes' Theorem

I

Part 2: i
Find:

/(VxB)-ds < | r=2

: N
Solution: d
step1: find VxB: i\\A A
From appendix C: P S Sa

. (10B, 0By\ (JB. OB\ b .
VXB_r(? ¢ _a—z) +¢< 0z _7> 7N
JdB

1 J @ r
+Z; (E(FB(I,) — a¢ )



Example 3-14 Stokes' Theorem

Solution:
step1: find VxB:

Since only BZ IS non-zero:
VxB=

1 0 [cosd A cos ¢
—r;8¢( r >_¢§;< r

A COS @

vxB — 31 .5

r2

r2

)

L i

3 rE2 N\
~
d
k\fl=%
0 b s




Example 3-14 Stokes' Theorem
=

Solution: ?
step2: find ds:

From table 3-1: T
use expression with I': v
a

ds=rrdodz 4
. . e
step3: range of integration: _
r=2 5~ \1[) —
¢ /3 to 7/2 <

z:0to3 x/ ¢



Example 3-14 Stokes' Theorem

I
Solution: 1
step3: plug in:
R | 7 S om0l N
/ / (—f'81n¢ +<}scoi(/’> trdodz _y
2=0 Jp=n/3 r r d

2
/2
/ / Sln¢rd¢dz
z=0 J¢p=m/3

/ Smf rdo
dp=m/3 r

/2
§/ — sin ¢ d¢

" Jo=n/3




Example 3-14 Stokes' Theorem
-

Solution: 1
step3: plug in:

3 /2
—/ — sin ¢ do¢
¢

T Jé=r/3

/2

COS qﬁ]
dp=m/3

cos(/2) — cos(7r/3)]

: 1
_“‘5]

SITW I |TW I |W
LI | 1




Example 3-14 Stokes' Theorem

I
Solution: 1
step3: since the surface is at
r=2: 5 I 1- <_3 =12 N
o [ = °
T 2 | Xd/
3[ 1 g
5 -___ . \fl=l‘
3 0 \b —
/(VxB)-ds: - m

s L
x/



Example 3-14 Stokes' Theorem
=

Solution:
So, for this example,

Stokes' Theorem holds: <=3Ixr—2/c

/S(VXB)-ds=jéB-dl. d

L i




Laplacian Operator
T

Laplacian of a Scalar Field

2V 9V 92V

dx2 + dy?2 b 0z2

V2V =V (VV) = (3.110)

Laplacian of a Vector Field
ik 9° 9°
VB=| —4 —1L—|B
(8x2 i dy? & 822>
=X V°E, - §V°E; 4+ %V~E;

We will use this equation in order to solve
problems in the following chapters.



Homework
2

Homework 11 is due tomorrow at midnight.

submit to gradescope via the canvas site.



Next Time

I
Sections 4-1 through 4-4:

Maxwell's Equations

Charge and Current Distributions
Coulomb's Law

Gauss' Law



