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Today's Lecture Coverage

I
Review Sections 2-1 through 2-5 of the book:

2-1: What is a transmission line?
Why study transmission lines?
2-2: Lumped-Element Model
2-3: Governing Differential Egns
2-4: Solve the Differential Equations
Properties of the solution: wave propagation
2-5: Lossless Microstrip Line
2-6: Lossless Transmission Lines
2-7: Lossless Transmission Lines: Wave Impedance

Sections 2-8, 2-9 of the book:
2-8: Lossless Transmission Lines: Special Cases
2-9: Lossless Transmission Lines: Power Flow



Chapter 2 Review
L

* A transmission line connects a generator to a load.

Zg

A B

gE—g E:
;g Sending-end T takon s Receiving-end §ZL

port port

— —

A’ =

Generator circuit Load circuit



Chapter 2 Review

Phase Delay due to length of transmission line:

A4 o B
T i
§
Vg@ Vaa' Transmission line VlB' %R
ky _l ! Ly
T o
| / >
wl  27fl ;.
Po = — = / = 27— radians.
C C A

I/A < 0.01: Can ignore transmission-line effects
I/A 2 0.01: Must deal with phase shift, and other
effects...



Chapter 2 Review
—

Metal

Different

% iz’

Ad h

- D 16 . 1 STyaci o
g eo m etrl eS Dielectric spacing Dielectric spacing et o
. . (a) Coaxial line (b) Two-wire line (c) Parallel-plate line
for transmission
Metal strip conductor Metal

Iines Metal

Z Metal ground plane
Metal ground plane Dielectric spacing

Dielectric spacing

Dielectric spacing
(d) Strip line (e) Microstrip line (f) Coplanar waveguide

TEM Transmission Lines

Metal %
/ Concentric
dielectric

layers

(g) Rectangular waveguide (h) Optical fiber

Higher-Order Transmission Lines



Chapter 2 Review

I
Lumped-Element Model:

R'Az L'Az R'Az L'Az R'Az L'Az R'Az L'Az
——o— WAV —

G'AZ{}C'AZ G’Az{ ClAz G’Az% = A G'Az% —CiAZ

£ 5
~ ~

L

I Az Az Az

All parameters are "per unit length™:

R': Combined Resistance of BOTH conductors: | |/m
L': Combined Inductance of BOTH conductors, H/m
G': Conductance of insulation

between inner and outer conductor, S/m
C': Capacitance

between inner and outer conductors, F/m



Chapter 2 Review

I
Lumped-Element Values: geometry/materials/freq

Table 2-1 Transmission-line parameters R’, L', G’, and C’ for three types of lines.

Parameter Coaxial Two-Wire Parallel-Plate Unit
Ry (1L 1 2R 2R
R/ LA — i O
2% (a i b) rd w /m
/ H H 2 ph
L o In(b/a) - In [(D/d) + \/(D/a’) 1] ” H/m
’ 2o o ow
G — S/m
In(b/a) In [(D/d) ++/(DJd)? = 1} h
! 2re TE Ew F/m
In(b/a) 1 |(D/d)++/(D/dP 1] :

Ry = /T fUc/0c



Chapter 2 Review
N

Transmission-line governing Differential Equations

dV (z)

7 = (R'+joL) I(2),

7

dz(z) = (G'+ joC") V(2).
%

(telegrapher’s equations in phasor form)



Chapter 2 Review
L

Transmission-line governing Differential Equation for V-

d*v ~
PV =0

(wave equation for V (z))

Y=/ (R + joL) (G + joC').

(propagation constant)



Chapter 2 Review

T
Complex propagation constant:

y=oa-+jp

Where:
Y. Units of 1/m

0.. Attenuation constant, units of Np/m (>0 in this class)
f3. Phase constant, units of rad/m

Np and radians are both "dimensionless”, and are the
conventional "units" for these parameters.



Chapter 2 Review
N

Form of the solution: traveling waves, going in both

directions:
V)=V, e " +Vy,e* (V)
3 % Vi
(Z) — 0 , 7 0 L% (A)
/0 70
 R+joLl  |R+ joL
Zo = y = \/G,+jwc, (£2),



Chapter 2 Review
N

Solution in time-domain

V(z,t) = V(;L e “cos(wt — Bz + gb*)

+ |V, e cos(wt + Bz + ¢ )

Remaining unknowns are determined via specification
of source and load.



Chapter 2 Review
N

* The wave equation for a general Transmission Line.

d*V (z ~
dzg ) _ v?V(z) =0, (221)

« General solution of the wave equation

* [t involves both incident and reflected waves
V(z) = Vie "+ Vge"? V),
[(2) = [()“Le—yz s eb= (A).



Chapter 2 Review
N

« Useful Relations for lossless Transmission Lines:

=0 (lossless line),
B=wvLC’ (lossless line). (2.45)

| i — a)\/ﬁ (rad/m), (2.49)
1 1 ¢ 5 — up _ ¢ 1 _ Ao
w VHo€o VEr  Er J fovEe Ve

Zo=,/§ (lossless line),  (2.46) | (REAL)




Chapter 2 Review
N

 \oltage reflection coefficient due to load:

TR e

F=—+=
VO Z1 + 7o




Chapter 2 Review
-

Reflection Coefficient I' = |"|e/%
Load IT| o,

r — 1) 422 ca X X
Z 71 = ix)Z — tan~! ( — tan~!
E L= (r+jnZ |:(r+l)2+x2:| W he—1) T e
2y % 2 0 (no reflection) irrelevant
Z | (short) 1 +180° (phase opposition)

e
Zy (open) | 0 (in-phase)
—o0

Zy §jX = jolL | +180° — 2tan— ! x

T

0 F e d 1 +180° + 2tan—! x
L TIX=C

7, =2 )L =R+ JX)[Lp=FF jx



Chapter 2 Review
)

« Concept of standing wave

V(z) = Vi (e77%% + T'e??),

5 v : .
I(z) = _0 (e—JBZ _ I“eJ,BZ).
2o

 Voltage magnitudes at any point on line:

o 1/2
V(@) =V [1+|I‘|2+2|I‘|cos(2f3d—9,)]/ . (2.66)



Chapter 2 Review

Voltage g - V@)
max\
| P max
Iﬂmin \
d <—t + —; ¢ | 0.
A 131 41 dnin)  dmax
14 2 Vg .
1 (a) IP(AD versus A (b) |/(d)| versus d

e Location of minima / maxima

9r+2n7r O A na
dmax = _ |
o 2p 4 " 9
n=1,2,... if6, <0,
{ n=012 ... 16 =0, (2.70)

Value of V__: |V (d)| = |V|max = V5" I[1 + T[],



Chapter 2 Review

Voltage g - V@)

d <=t : —; :
A 131 (A Gminl  dm
14 2 Vg .
1 (a) IP(AD versus A (b) |/(d)| versus d

A
» Spatial period of standing wave: E

« Standing wave ratio S:

¥ 1 F |
|V|min ] — Irl




Chapter 2 Review

T
A B C
Wave Impedance: o s 3
At a distance d from the load: Ve P Z(d)—>B' Zo o
7(d) = X9 ey ; :
[(d) (a) Actual circuit
U/ e B P |
VT [e/fd — Teifd] a\,)_E_é 4
3 —j2Bd v Z(d)
=4 Rl j‘? d:| . - ::%I
'1 - Fe—J-ﬂ (b) Equivalent circuit




Chapter 2 Review

0
Define the phase-shifted voltage 4 B &
. - L &} -.-. 5
reflection coefficient: b A
Ve Z(d)—> A L
q . . B A' Br Cr
Fd — l"e—Jz.Bd — |l"|e]9re—125d :I: I :::
d=1 d 0

— Il“lej(gr—zﬂd) '
A
—0

Zg
Z(d) is different than Z {C’SE g‘d]
Ratio of Total Voltage and . 5 1B

Current

(b) Equivalent circuit

_|_

V.
Recall: 7, = -5
Ly



Chapter 2 Review

|

Ju I |

) Fa— 2 n[E .nput Impedance: o

T ! impedance of the transmission
Generator |- ~ Twa line at d=/:

L o= Z(d=1) = L@=D
Jo I(d=1)
“@ ¢ [ Notethat Z_is different from the

o’ Characteristic Impedance, and is different

from the Load Impedance:
Zia = 4 Zin # 4L



Chapter 2 Review

l |

~Z Lﬁ Transmission line
— Z¢ /I G ‘11
V@ N N Input impedance: o
T U, ! impedance of the transmission
Generator ? TO Load Iine at d=l..
z=-] z=
d=1 d=0 ~
| V(d=1)
— Z, o
+ I(d=1)
@@ 7 i
4

21, + j tan(BI) ]
1 4 jzr, tan(BI)

Zin :ZO [




Chapter 2 Review
N

_@ 5:174,; Voltage Amplitude:
~g®

_ YA’ V+ — ngin 1
2 Zo+ Zin | \ /Pl +Teibl )’

We used the boundary conditions (£, Zg , Vg, /) to solve
for the 2 unknowns.

S
AN
=]

I
o)

This completes the solution of the transmission line
differential equation.



O
(- o s}}ort.
Z"‘ 0 circuit
O

2-8 Short-Circuited Line - ;
7 ld)
.. 4@ —_— 1%
V(d) = V" (e7P4 4 DP9 )
- Vo
1(d) L(eyﬁd Fe—yﬁd)
2
For the short-circuited line:
[ = -1 i
Vie(d) = V[ [e/P4 — e7IP)
=2jV," sin Bd,
+

: oV
I.(d) = Z—g cos Ad,



O
{ 75 s}.lort.
Zin 0 circuit
O

2-8 Short-Circuited Line - ;

Vie(d) = 2V, sin Bd,

Vsc(d)
.. ] 2Vt
Voltage ; =]
|
° ° ° |
For the short-circuited line: a4 + ; i 0
T 5 '
| 1 ——'—l
[ = —1 . o !
| |
! i Ioo(d) Zo
— I I 2V0+
| |
|
|
|
|

. 2v+ - : )
ISC(d) — Z—O COSﬁ ? ?_ N
o | © |
Veeld) _ . ; I
SC (d) - ] ZO tan ﬂd. : lmp(dmu: e
SC (d) : : %
! i i 0
repeats every A/2 (or: x rad) "R* TN
I d) .




O
(- o sl_]ort.
Zin . circuit

2-8 Short-Circuited Line - 3

Yacld)
. Tl
Voltage ! -T-
At its input, the line appears like - : 0
A 3 y 1
an inductor or a capacitor @ 7 §
depending on the sign of : ® -1
| : L@ 2
tan Bd 5 g
d -1 : 5
j 3
4 g
JwLeq = jZotan i, if tanBl >0 <0
1 i B
. = jZotan B, if tanBl <0 ' ;
JwCeq i |




Example 2-8

1<
Given: short-circuited transmission line,

ZO—5OQ f=225GHz, u_=0.75C

Find: length, /, so that input |mpec§)ance Is the same

as a capacitor with value 4pF.
| [ I

short
7y sh( It :
circuit




Example 2-8
L

Solution: Given:

up = 0.75¢ = (0.75)3 x 10° m/sec = 2.25 x 10° m/sec
Zy = 509
f=2.25GHz = 2.25 x 10° Hz
Cii =4pF =4 X 10~2F



Example 2-8
L

Solution: |
we know that: Z;, = jZptan 8l = -
SO: JwCeq
tan 8l = L
jZOjWCeq
1
| =—
tan 3 ZowCom

1
_ -1 _
Al = tan ( 7o Ceq>

b= lta,n_1 (— L )
B ZOWCeq




Example 2-8

Solution:

w=2nf = (2m)2.25 x 10° Hz = 14.14 x 10 rad/sec

2t 2nf w
B — 7 = e— T —
Up Up
5 14.14 x 10 rad/sec
2.25 x 108 m/sec

8 = 62.83 rad/m




Example 2-8
L

Solution:

| = lta,n_1 (— ! )
B ZOWCeq
| = ! ta,n_l <— ! )
62.83 rad/m (50€2)(14.14 x 109 rad/sec)(4 x 10~ 12 F)

[ = 0.015915 m/rad tan " —L
2.828

! = 0.015915 m/rad tan™*(—0.3536)
[ = 0.015915 m/rad(—0.34 rad)

But the length can't be negative !



Example 2-8
L

Solution:

[ = 0.015915 m/rad(—0.34 rad + )
[ = 0.015915 m/rad(2.8 rad)

[ =0.0446 m
and since it repeats every 1/2:

[ =0.0446 + nA/2m




Example 2-8
L

Solution:
with:
N 2.25 x 108 m/sec
f 2.25 x 109 Hz
A =01m
SO:

| = 0.0446 + n(0.05) m




2-8 Open-Circuited Line .,

1
I'=1

Voc(d) = Vi [e/P4 4 e=7P4] = 2Vt cos Bd,

N Vo : 2V
foe(d) = Z—"O[e“"’d g T JZ—OO sin Bd,
Vool
Z%¢ = ,.°C() = —jZocotBl. (293
Loc (1)

repeats every A/2 (or: & rad)

O

ocC

@ !

d

(b)

d

I

I

I

0as

Current

I

. R
|

|

|

(c)

Impedance

3

(d)

B T T T L B




Example 2-8a
)

Given: open-circuited transmission line,

ZO—5OQ f=225GHz, u_=0.75C

Find: length, /, so that input |mpec§)ance Is the same

as a capacitor with value 4pF.
| [ I

Open

SC Z
Zm 0 circuit




Example 2-8a
T

Solution: Given:

up = 0.75¢ = (0.75)3 x 10° m/sec = 2.25 x 10° m/sec
Zy = 509
f=2.25GHz = 2.25 x 10° Hz
Cii =4pF =4 X 10~2F



Example 2-8a
T

Solution: |
we know that: Zi, = —jZpcot 8l = -
SO: JwCeq
t Bl = — }
0 JZijCeq
1
cot Bl = ZowCen




Example 2-8a

Solution:

w=2nf = (2m)2.25 x 10° Hz = 14.14 x 10 rad/sec

2t 2nf w
B — 7 = e— T —
Up Up
5 14.14 x 10 rad/sec
2.25 x 108 m/sec

8 = 62.83 rad/m




Example 2-8a

Solution:
1 -1
B 1 1 9 —-12
L= S R A ((50€2)(14.14 x 10” rad/sec)(4 x 107 F))

[ = 0.015915 m/rad tan ! (2.828)
[ = 0.015915 m/rad(1.231 rad)
[ =0.0196m

and since it repeats every 1/2:

[ =0.0196 + nA/2m




Example 2-8a
T

Solution:
with:
- up 2.25 x 108 m/sec
f 2.25 x 109 Hz
A =01m
SO:

[ = 0.0196 + n(0.05) m




2-8 Short-Circuit/Open-Circuit Method

I
Starting with:
Z3C = jZytan Bl
79¢ = —iZs cot Bl

multiply the 2 equations together:

Z5CZ0C = [jZo tan Bl [j Zo cot BI]
Zin Zin- = Z4
SO.

Zo = £/ 25 Z2C




2-8 Short-Circuit/Open-Circuit Method
S

5 Measure Zin twice:

> when terminated in a short
o when terminated in an open
Use both: get £ :

Zo = £/ 255 ZC




Example 2-Qa
N

Given: lossless transmission line
Z;f = j40.42 Q) Zi‘:f = —j121.24 Q

Find: Z0

m

Zo = /(540.42 Q) (—5121.24Q)

Zoy = V4900 Q2
‘ZO - 709\

Solution: Z; = \/ AN




2-8 Special Case: A/2
S

Recall the input impedance of a lossless line:
o zr, + j tan(BI)
Zin = 2o (1 1 325 tan(ﬁl))
If the length is constrained to be a muiltiple of 4/2:
Bl = 2a/A) (nAl2) = nx

SO:
tanp/=tan nt =0
Hence:
Z =2,2 =2, zL/ Z,

Zin T4,




2-8 Special Case: /2
B

Recall the input impedance of a lossless line:

B zr, + j tan(Bl) )
Zin = Zo (1 S deme FRTY

So for a line of length ni/2, Zin = ZL !

Lmll T YU
Hence:

Z =2,2 =2, zL/ Z,

Zin T4,




2-8 Special Case: 1/4
S

zr, + j tan(Bl) )
1 4 gz tan(pl)

Zin:ZO<

For | = \/4, Bl = 27 /A)(\/4) = /2
So, as Bl — w/2, tan(Bl) — oo

. jtan(B) \ _ Zs
l Zin =/ : — =
51—1{2/2 ° (]zL tan (A1) Zr,

Ty = — forl = A/4 + n)/2.



Example 2-10
N

Feedline A
A/4 transformer

Zoi =500 Ziiwne: Zg éZL=IOOQ

e
e

(—)A'
- A4 g

Given: lossless transmission line above.

ZO1 = 50Q), ZL =100Q

Find: 202 to make Zin = 50Q (Matched Line)



Example 2-10

e
Solution: We know:

2
7 gQZ.
n ZL
SO:
Zo» = \ZinZ1
Plug in known values:

‘Zoz =707 Q.‘




2-9 Instantaneous Power Flow

I
From EECS 215:

Power anywhere on the line, at any time t is:
P(d. t) =uld,t)ild,1)
= |V [cos(wt + Bd + ¢™)
+ |T| cos(wt — Bd + ¢ + 6;)]
|V+|
0
— |T| cos(wt — Bd + ¢ + 6;)]

[cos(wt + Bd + ™)




2-9 Instantaneous Power Flow

I
From EECS 215:

This looks like:

P = C (a+b)(a-b)

2

P=C(a +ab-ab-b2)

P =C (a® - b%)



2-9 Instantaneous Power Flow

I
Pd,t)=v(d, t)i(d,?)

e "
= [cos?(wt + Bd + ¢T)

— |T)? cos*(wt — Bd + ¢ + 6,)]




2-9 Instantaneous Power Flow
I

P(d,)= P'(d,t) + P'(d,t)

The 2 terms are the Incident and Reflected power:

V+2

Pi(d,1) = | ;O' cos*(wt + Bd +¢T) (W),

V+|2

P'(d,t) = —|r|2| § cos”(wt — Bd + ¢t + 6,)

0



2-9 Instantaneous Power Flow
I

Using the trigonometric identity

cos® x = %(1 + cos 2x),

2
|V0+|"

+
270 [1 + cosRawt + 28d + 2¢™)],

Pi(d, 1) =

\ 7k
270

P'(d,t) = —|I'|? [1 + cosQQwt — 2B8d

+2¢7 +26,)].



2-9 Instantaneous Power Flow
—

P oscillates at twice the frequency of V and I

i |V0+|2 =
Pl 1) = ST+ coRo) 28 +267))
0

2 Vo' I?
P'(d,t) =—|T'F >7 [1 + cos@ 2Bd
0

+2¢7 +26,)].




2-9 Instantaneous Voltage
F—

I Module 2.4 Transmission Line Simulator Options: | View Plots (time) v
d= ©
= - B +

vid t) e

[mV]

voltage(t)

VO ength
— >

-750.0
/ 0
. (J Trace OFF Envelope ON
Time Dependent Voltage VI @ . —
L] ITI ~ << Slower ) faster pp




2-9 Instantaneous Power
_—

e tions: | View Plots (ti
I Module 2.4 Transmission Line Simulator Options: | View Plots (time) v]
d= “
= = = +
2,812 ® Pmax =25 [mW] d =00A =00m |V°|2/ZO_
pld.t)

power(t)

[mW] /

0.0 e

power wavelength
—

\/

=282

/ 0
. (J Trace OFF Envelope ON
Time Dependent Power v g
. I Total I << Slower faster pp




Average a Signal
)

To find the average of a signal over a time period:
1. Divide up time period into small bins

2. for each bin get the center value

3. add up all the areas: center value X dt

4. divide by the total time

5. take the limit as dt goes to zero

: Peg

y(2) dt

Nz o average =

0.6 1 T T
AL ¥
average = - y(t)dt

0

h.N
R\
o3
R
&
r
. 4
=l¥]s




2-9 Average Power Flow
T

28 Transmission line

¢
Q

Zg

+ PQ
() T
Pav=_|r| Pziv

" ™
~ ~7

d=1 d=0
For the incident power, average over one period:

i w [ |Vo+|2 -
P = - 27 [1 + cos(2wt + 28d + 2¢ )] dt

2T 2T
w = —, hence T = —
T w



2-9 Average Power Flow
L

Transmission line
Zg O O

\Y%
d

% Z
Q) .
= ‘Pa{v=_|r|2Pz;v

I —Q

[ d=0

P = 1+ cos(2wt + 28d + 2¢™)] dt

21

W |V0+|2 [t | “

Pi

_ - +
e = 95 270 + — sin(2wt + 26d + 2¢™)

2w 0



2-9 Average Power Flow

Transmission line
+ Pay
b <Pav = —|I| Pziv

e
~7

d

—|— — sm (2wt + 26d + 2q§+)]

0

27
w

Pz _ W ‘VO+|2
avg 27 QZO

0

Ay
b _ W VP ([

_'_
ave = 91 9z sm (47 4+ 28d + 2¢

]
- [0+2isin(0+25d+2¢+ ”

w



2-9 Average Power Flow
L

Transmission line

Zg O O
. Py
~ — = 7
Vg@ <Pa{v=_|r|2Pziv -
T T
d=1 d=0
: |V0+|2 27 |
P = 47 + 2Bd + 2¢7T)
e ar 27, W +2w SIS S E 20
1 + |
— O-I——Sln(O—I—ZBd—I—qu
2w |
- w V5% [ 2 2
Pzivg - | | P?, |V l
2w 2/, ", avg 27




2-9 Average Power Flow
L

Transmission line

Zg O O
+ Pay
Q) =R L
e <Pav=_|r| Pay
T T
d=1 d=0

Similarly for the reflected power:

Vo' PP

Pr . =—|[}? 27,

avg




2-9 Average Power Flow

Transmission line
Zg O

N

~

Pl
() !
g

Pe{v =_|r|2Pziv
- -

I —Q

d=1 d=0
P’i — |Vv0+|2 V+ )
R P =P+, = Ly
o 27y
Pafvg — _|F| Pazvg

The average power absorbed
by the load.



Exercise 2-1/
e

Given: ZO = 50Q), ZL =100 +j50 Q
Find: fraction of the avg incident power that is
reflected from the load

D Transmission line
Zg




Exercise 2-1/

Solution: the "fraction of the avg incident power
that is reflected from the load" is just: |r|2, SO:

_Zp— %y
- Zp+ Zg
r_ 100 + 250 — 50
100 + 350 + 50
~ 90+ 750
150 + 790
V502 + 502¢7 tan—1(50/50)
I'= \/1502 £l 5026jtan—1(50/150)

I




Exercise 2-17
I

Solution: . V502 T 502eJ tan~ (50/50)
o V1502 + 502 tan=1(50/150)
e 70.7e345"

158.1¢718.4°
[ = (0.447¢7266°

hence:
I'|? = 0.447°
'l =0.2




Homework
2

Homework 7 is due tomorrow at midnight.

submit to gradescope via the canvas site.



Next Time

1
Section 2-10:

The Smith Chart

(A graphical method to solve transmission line
problems.)



