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Chapter 2 Overview
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Chapter 2 Applications
N

Radios: cell phones, internet, broadcast radio/tv, GPS

Radar: civilian aeronautical, military, vehicle collision
sensors, weather, remote sensing

Heating: Microwave Ovens, Cancer Treatment



Today's Lecture Coverage
N

Review Sections 2-1 and 2-2 of the book:

2-1: What is a transmission line?
Why study transmission lines?
2-2: Lumped-Element Model

Sections 2-3 through 2-5 of the book:

2-3: Governing Differential Egns
2-4: Solve the Differential Equations

Properties of the solution: wave propagation
2-5: Lossless Microstrip Line



Chapter 2 Review
T

* A transmission line connects a generator to a load.

A B

— — -
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Generator circuit Load circuit



Chapter 2 Review

Phase Delay due to length of transmission line:

A4 o B
T i
§
Vg@ Vaa' Transmission line VlB' %R
ky _l ! Ly
T o
| / >
wl  2rfl ;.
Po = — = / = 2w — radians.
C 6 A

I/A < 0.01: Can ignore transmission-line effects
I/A 2 0.01: Must deal with phase shift, and other
effects...



Chapter 2 Review
—
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Chapter 2 Review

I
Lumped-Element Model:

R'Az L'Az R'Az L'Az R'Az L'Az R'Az L'Az
——o— WAV —

G'AZ{}C'AZ G’Az{ ClAz G’Az% = A G'Az% —CiAZ

£ 5
~ ~

L

I Az Az Az

All parameters are "per unit length™:

R': Combined Resistance of BOTH conductors: | |/m
L': Combined Inductance of BOTH conductors, H/m
G': Conductance of insulation

between inner and outer conductor, S/m
C': Capacitance

between inner and outer conductors, F/m



Chapter 2 Review

I
Lumped-Element Values: geometry/materials/freq

Table 2-1 Transmission-line parameters R’, L', G’, and C’ for three types of lines.

Parameter Coaxial Two-Wire Parallel-Plate Unit
Ry (1L 1 2R 2R
R/ LA — i O
2% (a i b) rd w /m
/ H H 2 ph
L o In(b/a) - In [(D/d) + \/(D/a’) 1] ” H/m
’ 2o o ow
G — S/m
In(b/a) In [(D/d) ++/(DJd)? = 1} h
! 2re TE Ew F/m
In(b/a) 1 |(D/d)++/(D/dP 1] :

Ry = /T fUc/0c



Chapter 2 Review

I
Lumped-Element Values: geometry/materials/freq

Notice that for a coax:

27e
] In(b/a)

L'C = [-i In(b/a)

27

L'C’ = e

This turns out to be true for all the transmission-lines
we study.



Chapter 2 Review

I
Lumped-Element Values: geometry/materials/freq

Also notice that for a coax:

2TO
g’_ _ln(b/a)_
C' | 27E€ ]
_ln(b/a)_
G _o
C!' €

This also turns out to be true for all the
transmission-lines we study.



2-3 Transmission-Line Equations
D

Using our model:

R'Az L'Az

R'Az L'Az

A ]

R'Az L'Az R'Az L'Az
—AA—TTIT

ClAz G’Az% — G Az

— @A

e, O
I

Az

Az

5
~

Az I

Let's derive the governing differential equations for the

transmission line.



2-3 Transmission-Line Equations

1
Node Node

N iz;t) N+1 i(z+ Az, 1)
P . — o+

\ A
v(z, 1) C'Az 9@ +Az 1)

¥ Y
ol -

| = Az - |

Apply KVL clockwise around outer loop:

0i(z,t)
ot

—v(z,t) + R'Azi(z,t) + L' Az +v(z+ Az, t) =0



2-3 Transmission-Line Equations
N

—v(z,t) + R'Azi(z,t) + L' Az 825‘; ) +v(z + Az, t) =0

Divide by Az and rearrange:

v(z+ Az, t) —v(z,t)| . , 0i(z,1)

Ko = R'i(z,t)+ L =
Take the limit, Az — 0:
ov(z,t) i , 0i(z,1)
— — L 1
Bl i+ 2 ()

Since we have 2 unknowns, v and ¢, we need another equation.



2-3 Transmission-Line Equations
N

Node (@ 1) Node oAz, B
P = o+
A A
v(z, 1) C'Az  »lz +Az, 1)
Y Y
ol e
| = Az - |
Apply KCL at node N+1: "sum of the current into the node = 0"
Az, t
i(z,t) — G'Azv(z + Az, t) — C'Az ilat esi) i(z+ Az, t) =0

ot



2-3 Transmission-Line Equations
)

ov(z + Az, t)
ot

Divide by Az and rearrange, and take the limit, Az — 0:

i(z,t) — G'Azv(z + Az, t) — C'Az

—i(z+ Az, t) =0

ov(z,t)
g (2)

~ 0i(z,1)

5, =G v(z,t)+ C

For sinusoidal signals, convert to phasor notation, using:
v(z,t) = me:V(z) e/,
i(z,t) = Rell(z) ej“”‘],




2-3 Transmission-Line Equations
)

These are the governing differential equations for a
transmission line in phasor form:

dZ(Z) = (R'+ joL') I(z),

%

dz(z) = (G + joC") V().
7%

(telegrapher’s equations in phasor form)



2-4 Transmission-Line Solutions
e

To solve these coupled differential equations,
take the z-derivative of the first:

dz";(z) Vi ol df(z)
22 = (B +jwl’) dz

Substitute in the equation for the derivative of the current:

2V (2 e
_d;;g ) _ (R + jwL) — (G + jwC) V(2)]

2V/( » ~

d;;g ) _ (R,+ij/> (G’+ij') V(Z)

d217(z)

7o (R'+ jwL') (G' + jwC") V(z)=0



2-4 Transmission-Line Solutions

1\
Simplify:

d*V ~
dz§Z) YV (z) =0,

(wave equation for V (z))

Y=/ (R + joL') (G + joC').

(propagation constant)



2-4 Transmission-Line Solutions
I

Going through the same process for the current:

~

(wave equation for /(z))



2-4 Transmission-Line Solutions

T
Complex propagation constant:

y=oa-+jp

Where:
Y. Units of 1/m

0.. Attenuation constant, units of Np/m (>0 in this class)
f3. Phase constant, units of rad/m

Np and radians are both "dimensionless”, and are the
conventional "units" for these parameters.



2-4 Transmission-Line Solutions
I

A solution to the wave equation is:

Vi=Ae 1"

To show this: plug into original equation:
Cfi—: — 4V =0




2-4 Transmission-Line Solutions
I

Another solution is:

V = Bet?
which means that:

V = Ae "% 4+ Be™?

IS also a solution.



2-4 Transmission-Line Solutions
e

So, the solutions of these wave equations are:

~

Viz) =Vy e " +V e (V),
[(2) =1 e "+ I e" (A).

These represent the sum of waves traveling in both
directions on the line.

Need to solve for the 4 unknowns.



2-4 Transmission-Line Solutions
I

Let's find a relationship between the voltages and
currents. We know:

dv (2)
dz

= (R + joL') I(z),

and:

~

V(Z) _ VO—|-6—7Z i VO—eYZ
which has z-derivative of:

dv (z)

=—YVy e "+ YV er
dz | !




2-4 Transmission-Line Solutions
I

Plug into first equation:

YVye =YV e = (R + jol) I(2)

Solve for the current:

.y b - B
I(Z)—R, ]a)L’[V vy er.

Equate like terms from this equation:

~/

[(2) =1e 41, e



2-4 Transmission-Line Solutions
I

So we get:
+ _ i +
IO == R’ +ij/VO
- %Y o
I7 = —
0 R + ij/ VO
Remembering Ohm's Law: I = V/R, write as:
V+
e UL
0 ZO
PR



2-4 Transmission-Line Solutions
I

Where:
R+ jwlLf

N

Zo

which is a complex resistance (impedance), in Ohms.
This is called the Characteristic Impedance



2-4 Transmission-Line Solutions
I

Another way to express it is:

7 R + jwlL/
- Y
o R + jwIL'
’ \/(R’ + jwL) (G + jwC")
g (R + jwL’)(R' + jwL')
¢ (R' + jwL')(G' + jwC")
g R + jwL’
"7\ @ + jwC’




2-4 Transmission-Line Solutions
I

Using this relationship we get:

~

V(z) =V, e " +V, e~ (V),

. V.r
J(7) = O o7z
(2) 7 Z

which now has only 2 unknowns.

e’ (A).




2-4 Transmission-Line Solutions
I

Each of these unknowns is complex:
+ _ |yt 0"
Voo =1V e ¥

Vo = |Vy |e/®



2-4 Transmission-Line Solutions

o
Express the solution, so far, in the time-domain:

v(z,t) = Re {V(z) ej“’t}
v(z,t) = Re { (VO+6—7Z + VO—8+7z) 6jwt}
= Re { ( VO+ ejcb"‘e—’vz + |Vb_ eJ9” e—i-'yz) ejwt}

— Re {|VO+|e—az6j(¢+—ﬁz+wt) + |VO—|6+azej(¢_+5z+wt)}

= V" le™** cos(wt — Bz + ¢T) + |V, |eT** cos(wt + Bz + cf)_)‘

)
v(2,)
v(z,t) = Re { ( VH|ed® e~(@tifz Y- |edd e+(a+j6)z) ejwt}
v(2,1)

)




2-4 Transmission-Line Solutions

0
Express the solution, so far, in the time-domain:

‘ v(z,t) = |V e % cos(wt — Bz + ¢T) + |V |eT cos(wt + Bz + ¢7)

This is two travelling waves:
one moving in the +z direction another in the -z direction




2-4 Transmission-Line Solutions
I

For the current, we use:  Z = |Zy|e’%

~ : V. . . . |
i(z,t) = Re(I(z) /") = NRe [M o9 o=tz piot ,—~(a+jP)z

Vo | Jjo~ ,—j9: jot ((HJB)Z]
——— /" e e’ e
2o
which yields
: - |V0+| —Qaz o -
l(Z,t) = W e COS(COt ﬁZ"‘ ¢ (Pz)
V
| | e %cos(wt+PBz+ ¢ — ¢;) (2.35)

|Zol



2-4 Transmission-Line Solutions
e

V(z,t) = VOJr e “cos(wt — Bz + ¢+)

+ |V, e cos(wt + Bz + ¢ ) (2.32)
Vo' .

i(z,1) 7 e ““cos(wt—Pz+ o — ¢,)
‘EO\‘ T cos(wt + Bz+ ¢ — ¢,) (2.35)

Current has an extra phase term due to ZO’

Current magnitudes are basically V/R
Reflected / has opposite sign compared with v



Example 2-1 Air Line

Given: Air separates the
2 conductors, so:
G'=0
Conductors are
very good: R'=0

ZO=50 Q,

=20 rad/m,
f=700 MHz

Conductors

Find: L', C'

Solution: Since we know ZO and 3, use those equations



Example 2-1 Air Line

1
Solution: Since we know Z

0 and S, use those equations

p =TIm(y)
— Jm (\/ (R'+ joL) (G + jwc'))

B =3m |/ (joL)(joC))]
= Jm (ja)\/L’—C’)
= @/ L'C’



Example 2-1 Air Line

o
Solution: Since we know Z

0 and S, use those equations

Zo — R+ jol" | R+ jol
- y  \| G+ joC’




Example 2-1 Air Line
N

Solution: So: w C' =g/ ZO

C, — ﬂ _— IB
wZO 27TfZ0
C 20 rad/m

~ 27(700 x 106 Hz)(50 Q)
C'=9.09 x 107" F/m
|C" = 90.9 pF/m |




Example 2-1 Air Line
-

/
Solution: Given: Z~= £—
0"V

I =Z5C'
= (50)* x 90.9 x 10~ %
=227 % 107 (H/m)

L' =227 (nH/m)




Exercise 2-4 Two-Wire Air Line

Given: R'=0.404 mQ/m
L'=2.0 uH/m
G'=0
C'=5.56 pF/m
f =5kHz

Find: a, S, up, Z

0



Exercise 2-4 Two-Wire Air Line
—

Solution:

o =Re{[(R + joL') (G + joc)]'*}
= me{[(0.404 x 107 + j27 x 5 % 10° x 2 x 107°)

(04 j27 x 5 x 10° x 5.56 x 10_12)]1/2}

= Me[3.37 x 1077 4 j1.05 x 107]
|¢=3.37x10"7  (Np/m).

Note the units! ‘




Exercise 2-4 Two-Wire Air Line
e

Solution:
from part (a):

B =Im{[(R +joL)(G +joc)]'|
(B=105x10"* (rad/m). |

orf  2m(5 x 10%Hz)
3 1.05 x 104 rad/m




Exercise 2-4 Two-Wire Air Line
e

Solution:
RI ; L/
Zo — + Jw
Fi
!/ . /
7 = It —I—](juL
a+jp
R +j@2nf)L
Zg = .
@+ 30

(0.404 x 1073 Q/m + j2m(5 x 10> Hz)(2 x 10~° H/m)
3.37 x 107" m~—! 4+ 41.05 x 10~4m!

Zy =



Exercise 2-4 Two-Wire Air Line
e

Solution:

0.404 x 1073 4 j0.062832

0T 337 x 1077+ 51.05 x 104
0 — \/(0.404 x 10-3)2 4 (0.062832)2¢’ tan~1(.062832/0.404x10~3)
\/(3.37 > 10—7)2 + (1.05 x 10—4)26]'tan—1(1.05><10—4/3.37><10—7)
70 = V1.63216 x 10~7 + 0.0039478¢7 tan™ " (155.44)
V1.13569 x 10—13 + 1.1025 x 10—8ed tan™*(311.57)
Z v/0.003948¢789-631°

T /1.10251136 x 10 BeJ89-816°



Exercise 2-4 Two-Wire Air Line

o
Solution:
Zy = 0.06283315 07(89.631°—89.816°)
0.000105

| Zo = 598.4¢ 7013967 |
Zy = 598.4 cos(—0.1846°) + j598.4 sin(—0.1846°)
| Zo = 598.4 — j1.928 Q) |




2-5 Lossless Microstrip Line
B

Conducting
strip (x4, oc)

Designed to be compatible with
usual Printed-Circuit Board
(PCB) technology:

Narrow metal strip on top

Conducting ground plane (g, o.)

(a) Longitudinal view

Large ground plane on bottom

Dielectric between

(b) Cross-sectional view with E and B field lines



2-5 Lossless Microstrip Line

o
Modeled Transmission-Line Conducting
strip (uc, o¢)

Parameters:

60 6+ (2xr —6)e? 4
A In g e 14+ =1,
JEeff s 52

Conducting ground plane (x, ac)>

0.05
x = 0.56 [8‘ - 0'9]
e+ 3
v = 140021 (s4 +3.7 x 10-4s2) Largely the result of fitting
| st 4043 lots of data using functional

4+0.05In(1 + 1.7 x 1074s3). forms based on intuition.



2-5 Lossless Microstrip Line
N

Modeled Transmission-Line chif;d(‘:fﬁf;g)
Parameters:

R =0 (because 0. = 00),

G =0 (because o = 0),

C I A/ 8eff
Zoc >
Conducting ground plane (4., o)
L' =Zzic’



2-5 Lossless Microstrip Line

Zy (Q)
U s—wih
w = strip width -

100 NN\ © 1= substrate thickness
— & =6 | : |

50 F N v, N i s 81':25 ....... .........
0 L L ! L )
2 4 6 8 10

A

Figure 2-11 Plots of Zj as a function of s for various types of
dielectric materials.

Conducting
Strip (utc, oc)

Conducting ground plane (g, ac)>




2-5 Lossless Microstrip Line
)

Use a curve-fit of the previous plots in order to solve
for s, given other params.

(a) For Zy < (44 —2¢,) Q,
Fi= ;l_v = — {(q—l)—ln(2q—1)

- 0.52
4 & [ln(q—l)+0.29— ] }

2E&; &

with




2-5 Lossless Microstrip Line
)

Use a curve-fit of the previous plots in order to solve
for s, given other params.

(b) for Zy > (44— 2¢,) Q,

with

=1/ —— ] { 0.23
£ 2 60+(£r+1>< T 8r>




Example 2-2 Microstrip Line Design
L

Given: Have a substrate: h=0.5mm thick, 8r=9
Find: strip width, w, to get ZO =50 Q

Solution: 44- 28r= 44 - 2(9) = 32, so use:

w
h e -2’

S =

with

o =72 (0.23
4 2 60+(£r+1>< 3 8,.)




Example 2-2 Microstrip Line Design

Solution:

&+1 2 1 0.12
2 ——
2 60+( +1><0 3+8r>

/9+1 50 90—-1 0.12
- > 60+(9 1) (023+ 5 >—2.06,

w 8el 200
§i= > = T = A1 = 1.056.




Example 2-2 Microstrip Line Design
—

Solution:

w = sh = 1.056 x 0.5 mm ={0.53 mm|

Microwave CAD design codes use this for
an initial design.



2-5 Lossless Microstrip Line

mod2-3 - Google Chrome

x | @ Schedule x | [Z] EECS230. x | [ZJ EECS230  x | [ Scientific x | @ mod2-3 x | +
Qa < % »0@

M Inbox (3,9 X | University X | & eecs230_

& - C @& em8e.eecs.umich.edu/jsmodules/ch2/mod2_3.html

Module 2.3 Lossless Mlcrostnp Line

Effective Relative Permittivity

‘h

-
-— W
Oc=

0

Frequency [Hz] 2.0E10
f= 1.0 [GHz]

Structure Data
0.6 [mm]

Strip width w = [mm]
0.635 [mm] w/h = 0944882

[ ] = -
Substrate thickness h = _[mm] 50564898 [ Q]
6.591438

: 1.168507 [ 108 my/s ]
Frequency f=|1E9  |[Hz] 0.116851 [m]
o -

nn -:?I ]

169.218917 [ pF/m]

432660438 [ nH/mM ]
[Q/m]
[S/m]

L T

Ui [Np/m]

= 53.76231 [rad/m ]




2-5 Lossless Microstrip Line

Photo of a
microstrip
circuit




Homework
I

Homework 4 is due tomorrow at midnight.

submit to gradescope via the canvas site.



Next Time

1
Section 2-6:

Simplify by assuming lossless line.

Investigate various parameters that characterize the
solution.



