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1. Ques t i on  A:  d o e s  t h e r e  e x i s t  an  a l g o r i t h m  which ,  wi th  r e s p e c t  to  a g iven  t h e o r y  T , w i l l  d e t e c t  
w h e t h e r  o r  no t  i t  i s  d e c i d a b l e  ? 

L e t  us  r e s t r i c t  and  r e f i n e  q u e s t i o n  A.  Le t  /~ be  the  o r d i n a r y  l a n g u a g e  of f i r s t - d e g r e e  p r e d i c a t e  
l o g i c .  F o r  e a c h  f o r m u l a  ct of  /~ l e t  /o¢ be  a s u b l a n g u a g e  of  ]. in  wh ich  the  p r e d i c a t e  s y m b o l s  a r e  
p r e d i c a t e  s y m b o l s  of  ¢c . F u r t h e r ,  l e t  T~ be a t h e o r y  in / ~  wi th  the  un ique  a x i o m  c~.  We pu t  ~ = 
t¢<.' T~ d e c i d a b l e } ,  ~ - . -{¢ t :  T~ u n d e c i d a b l e } .  

Ques t ion  B I :  i s  ~ r e c u r s i v e l y  coun tab le  9 

Ques t ion  B2: i s  ~ r e c u r s i v e l y  c o u n t a b l e ?  

With  the  he lp  of  the  b r i l l i a n t  s tudy  by Hanf  [1] we s h a l l  g ive  be low n e g a t i v e  a n s w e r s  to q u e s t i o n s  B1 
and B2. 

The u n c o u n t a b i l i t y  of  S c a n  be  shown d i r e c t l y  wi thout  d i f f i c u l t y .  It i s  j u s t  a s  e a s y  to  e s t a b l i s h  the  
u n c o u n t a b i l i t y  of  the  s e t  t ~ : r¢¢ not  c o m p l e t e  }. The au thor  does  not  know w h e t h e r  the  s e t  {~ : T~ 
c o m p l e t e }  i s  c o u n t a b l e .  

2. Le t  7" be a t h e o r y  in  the  l a n g u a g e  /~ wi th  a r e c u r s i v e  s e t  of  a x i o m s ,  and  l e t  M r be a T u r i n g  
m a c h i n e ,  which ,  f o r  an a r b i t r a r y  f o r m u l a  ~ of  / , c h e c k s  w h e t h e r  ~ i s  an a x i o m  of r o r  not .  In  [1] 
Hanf  c o n s t r u c t s  a T u r i n g  m a c h i n e  M which  h a s  tq r a s  a d e t a c h a b l e  a t t a c h m e n t ,  and a f i n i t e l y  a x i o -  
m a t i z a b l e  t h e o r y  F ( r )  which  d e s c r i b e s  the  w o r k  of  the  m a c h i n e  M wi th  the  a t tachment .  /~4 r . H e r e  T 
and F(T} have  much  in c o m m o n ,  and,  in p a r t i c u l a r ,  I=(T) i s  d e c i d a b l e  i f  and  on ly  i f  T i s  d e c i d a b l e .  L e t  

I / 
the  m a c h i n e  M r do on ly  ha l f  the  w o r k  of M r . I f  o¢ i s  an  a x i o m  of  the t h e o r y  7", the  m a c h i n e  M r 
wi l l  s top  a f t e r  a f in i te  n u m b e r  o f  s t e p s  when i t  has  the  f o r m u l a  o¢ on i t s  t a p e  at  the  i n i t i a l  m o m e n t .  But 
i f  ~ i s  not  an a x i o m  of  r , M r  wi l l  w o r k  f o r e v e r .  I t  i s  p o s s i b l e  to  m o d i f y  the  Hanf  m a c h i n e  M s o m e -  
wha t  so  tha t  i t  c an  u s e  t ~ r  / a s  i t s  d e t a c h a b l e  a t t a c h m e n t .  F o r  th is  p u r p o s e  we i n t r o d u c e  the  fo l lowing  

• / 
func t ion  ] r  ( n , ~ )  : I f  M r , hav ing  f o r m u l a  o¢ on i t s  t ape  a t  the  i n i t i a l  m o m e n t ,  s t o p s  a f t e r  not  m o r e  
than r~ s t e p s ,  then  ] r  C re,co) -- g , o t h e r w i s e  J:r  (n ,=)  --- O. Le t  /- be a n a t u r a l  [2] and  r e c u r s i v e  n u m e r a -  
t ion  of  a l l  the  f o r m u l a s  of /~ . L e t  ~o be a u n i v e r s a l l y  s i g n i f i c a n t  f o r m u l a  of  /~ , and  l e t  ~ be a n a t u r a l  
and  r e c u r i s v e  n u m e r a t i o n  of  a l l  f o r m a l  p r o o f s  of  the  f o r m u l a  ~ o  • F i n a l l y ,  l e t  E be a n a t u r a l  and r e -  
c u r s i v e  n u m e r a t i o n  of  a l l  the  p a i r s  ( t t , ~  . We r e p l a c e  the  b l o c k - d i a g r a m  of  the  m a c h i n e  M in  [1] by the  
b l o c k - d i a g r a m  r e p r e s e n t e d  in  F i g .  1. H e r e  T ~ has  the  s a m e  m e a n i n g  as  in [1]. As  a r e s u l t  we o b t a i n  a new 
Harrf m a c h i n e  ~4 / . Le t  ~-~( r} be  a f i n i t e l y  a x i o m a t i z a b l e  t h e o r y  d e s c r i b i n g  the w o r k  of  /~4 / wi th  the  

l 

a t t a c h m e n t  ~ r  in  a m a n n e r  a n a l o g o u s  to  the  way  in which  the  t h e o r y  ~-(?') d e s c r i b e s  the  w o r k  of the  
m a c h i n e  M wi th  the  a t t a c h m e n t  M r . I t i s  not  d i f f i cu l t  to  s e e  t ha t ,  a s  b e f o r e ,  t : / (~ )  i s  d e c i d a b l e  i f  and  
on ly  i f  7" i s  d e c i d a b l e .  

3. Le t  ~r~ be  the  r~ - t h  r e c u r s i v e l y  coun tab le  s e t  of  n a t u r a l  n u m b e r s  in  the  P o s t  n u m e r a t i o n  [2]. 
L e t u s  deno t e  b y  r~_ the  t h e o r y  in  the  l a n g u a g e  L , t h e  s e t  o f w h o s e  a x i o m s  i s  { / " ( ~ : ~ ¢ r t t } .  L e t u s  

put  × = {rt - 7-,t d e c i d a b l e } .  We s h a l l  a s s u m e  tha t  t he  s e t  ~ of  Sec t ion  1 i s  c o u n t a b l e .  By Sec t ion  2 the  
s e t  ~, h e r e  i s  a l s o  c o u n t a b l e .  By p.  166 of  [2] the  f a m i l y  t ¢r,~ ; r tG x } h e r e  i s  the  f a m i l y  of  a l l  s u p e r s e t s  
of  s o m e  coun tab l e  s y s t e m o f  f in i t e  s e t s ,  so  t ha t  e a c h  s o l v a b l e  2",t i s  an  e x t e n s i o n  of s o m e  s o l v a b l e  and  

T r a n s l a t e d  f r o m  A l g e b r a  i Log ika ,  Vol .  8, No. 6, pp .  640-642 ,  N o v e m b e r - D e c e m b e r ,  1969. O r i g i n a l  
a r t i c l e  s u b m i t t e d  J u l y  11, 1969. 
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1 .... We put m= 0 I 

.1 
We calculate I 

(n.~) = E C ~ )  ............. 

I We .,oulate rr , I: 

We write out all [ _ 
messages of ~m) ] - 

Adding I, we obtain I 
a new m 

Yes 

Fig. 1 

Yes = Nye~~ 

No = ~ No 

Stop ] 

finitely axiomatizable r,,, . But this latter theory is inconsistent(consider the richness of the language 
Thus each decidable T~, is inconsistent. We have obtained a contradiction; thus, the set -~ is not r e -  
cursively countable. The uncountability of ~ can be established in an analogous manner. 
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