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Dynamlc Imaging OVerview LLR MR

» Video: sampling in real space
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Dynamlc Imaging OVerview LLR MR

» MRI: sampling in k-space (k-t sampling)

Dynamic MRI: Fantasy Sampling
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Dynamlc Imaging OVerview LLR MR

» MRI: sampling in k-space (k-t sampling)

Dynamic MRI: Realistic Sampling
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Dynamic imaging overview LLR MR

» MRI: sampling in k-space (k-t sampling)

Dynamic MRI: CS-Style, center emphasis
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Dynamic imaging overview LLR MR

» MRI: sampling in k-space (k-t sampling)

Dynamic MRI: CS-Style, center emphasis
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Dynamic imaging model LLR MR M

MICHIGAN

» Measurement model:
Yt:AtXt+€t> t:].,,T

y: € CMt . k-space data for tth frame
x; € CN : latent image for tth frame (vec of 2D or 3D array)
A; € CMXN - forward model for tth frame

yi €1
» Stack data: y £ ,e2 | lecM MESI M,
T €T
» Latent space-time matrix X £ [xl XT} e CNxT

» Linear forward model:
y=AX)+e, A:CV*T M

» Goal: estimate X from y given A
» Under-determined M < N T, so regularization is essential
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Global low-rank methods
Global nuclear norm
L+S results
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Global LR smooth results
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Dynamic MRI recon using global low-rank models LLR MR

» If X is assumed to be (globally) low-rank:
. 1
X = argmin 3 lAX) ~ yI + BIXI.

IX|l« : nuclear norm
>
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» If X is assumed to be (globally) low-rank:
. 1
X = argmin 3 lAX) ~ yI + BIXI.

IX|l« : nuclear norm
» If X is assumed to be (globally) low-rank + temporally sparse:

A

A . 4 1
X=L+5  (LS)=argming[lA(L+S) - YII3 + BallLl + B2l STl

for some temporal sparsifying transform T
X122 = [[vec(X)l;
>
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Dynamic MRI recon using global low-rank models LLR MR

» If X is assumed to be (globally) low-rank:
. 1
X = argmin 3 lAX) ~ yI + BIXI.

IX|l« : nuclear norm
» If X is assumed to be (globally) low-rank + temporally sparse:

A

. s X 4 1
X=L+S  (LS)= arg min 5 IA(L + S) = yl5 + BallLll + B2l ST |11

for some temporal sparsifying transform T
1Xl1,2 = llvec(X)l;
» Both easily solved by proximal optimized gradient method (POGM)
(A. Taylor et al.,, SIAM JO, 2017) [1] with adaptive restart (D. Kim & JF, JOTA 2018) [2]
C. Lin & JF, IEEE T-Cl 2019 [3]
>
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Dynamic MRI recon using global low-rank models LLR MR

» If X is assumed to be (globally) low-rank:
. 1
X = argmin 3 lAX) ~ yI + BIXI.

IX|l« : nuclear norm
» If X is assumed to be (globally) low-rank + temporally sparse:

A

. s X 4 1
X=L+S  (LS)= arg min 5 IA(L + S) = yl5 + BallLll + B2l ST |11

for some temporal sparsifying transform T
Xl = [[vec(X)ll;
» Both easily solved by proximal optimized gradient method (POGM)
(A. Taylor et al.,, SIAM JO, 2017) [1] with adaptive restart (D. Kim & JF, JOTA 2018) [2]
C. Lin & JF, IEEE T-Cl 2019 [3]
» Both “data driven” because temporal basis from data learned
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PGM / ISTA LLR MR

» Composite cost function:

X =argminW(X), W(X)=Ff(X)+ g(X),

X
1 *
F(X) =5 IIAX) ~yl2, g(X)=BIXIl.,  Lvr=[lA Al
smooth prox friendly Lipschitz constant

» Proximal gradient method (PGM) / lterative soft thresholding algorithm (ISTA):

Xii1 = SVST (xk - LIWVf(xk), Lﬁw) VF(Xe) = A* (A(X) - y)

» Singular value soft thresholding (SVST):
X=U Diag{ak} V/ — SVST(X,’}/) = proxﬂ"m*(X) =U Diag{[ak — ’}/]+} V,

» FISTA and POGM are similar, with momentum terms
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Proximal OGM (POGM) LLR MR

OGM extension for composite problems by Taylor et al. [1]:
1306 A. B. TAYLOR, J. M. HENDRICKX, F. GLINEUR

Proximal optimized gradient method (POGM)
Input: F(V e Fo.r(E), F@ ¢ Fo,00(E), zo €E, yo = xo, o = 1.

Fork=1:N

1 -
Y = Tk—1 — ZB IVF(I)(IIefl)

B Op1—1 1 Op1—1
2k = Yk + i (e — yr—1) + o (ye — T—1) + T i0n (k-1 — Tp—1)
Th = Prox., p@) (k)
o : “ o 120k_1+0k—1 . .
In this algorithm, we use the sequence v, = DR P and the inertial coeffi-

clents proposed in [23]:

1+,/467 _ +1 . -
—V ksl <K N-1,

i=N.

_ 3
O 14+./807_ 1
2 9

Simply trying to generalize OGM using the standard proximal step on the primary
sequence {y;} (as for FPGM1) does not lead to a converging algorithm. We obtained
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Global low-rank + sparse results LLR MR

MICHIGAN

Cardiac Perfusion Dataset
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C. Lin & JF, IEEE T-CI 2019 [3]
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Global low-rank results LLR MR
Cardiac Perfusion Dataset Cardiac Perfusion Dataset
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POGM works well in practice, corroborating “worst-case” bounds
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To smooth or not smooth? LLRMR P4

» Nuclear norm regularizer is a non-smooth
function of X:

X[l = 3, ou(X) -
Singular value of 1 x 1 matrix [s] is o1([s]) = |s|
P Requires “complicated” methods like accelerated °5 -1 0 1 2
first-order proximal gradient methods, ADMM, ... B
>
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To smooth or not smooth? LLRMR P4

» Nuclear norm regularizer is a non-smooth
function of X:

X1 =Y, oul(X) -

Singular value of 1 x 1 matrix [s] is o1([s]) = |s|

o
-
N

P Requires “complicated” methods like accelerated °5 -1
first-order proximal gradient methods, ADMM, ...

» || X]|. is a relaxation of rank{ X}

w
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To smooth or not smooth? LLR MR

» Smooth regularizer:

e==Hyperbola

R(X) = 3, b(ow(X) =

» where 1) satisfies Huber's conditions [4]: =

° p(=s) = ¥(s)

o 1) differentiable °5 -1 0 1 2

o wy(s) £ 4)(s) /s is bounded ’

= 1 is Lipschitz
> > hyperbola: 9(s) = v/s2 + 52
>
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To smooth or not smooth? LLR MR

» Smooth regularizer:

e==Hyperbola
R(X) =", b(ox(X)) .
OF

> where 1) satisfies Huber's conditions [4]: =

° p(=s) = ¥(s)

o 1) differentiable °5 -1 0 1 2

° wy(s) £ 4j(s) /s is bounded

= 1) is Lipschitz

» Enables gradient-based optimization » hyperbola: (s) = /s + 62

algorithms like nonlinear conjugate gradient >

(CG) and quasi-Newton
» Faster rate? [5]

12/39



J. Fessler
To smooth or not smooth? LLR MR

» Smooth regularizer:

RX) =Y, ((X))

e==Hyperbola
e==Cauchy
—abs

=
> where 1) satisfies Huber's conditions [4]: =
° ¢P(=s) = 9(s)
o 1) differentiable °5 -1 0 1 2

o wy(s) £ 1(s) /s is bounded

= 1) is Lipschitz

» Enables gradient-based optimization » hyperbola: (s) = /s + 62
algorithms like nonlinear conjugate gradient
(CG) and quasi-Newton

» Faster rate? [5]

» Graduated non-convexity?
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Regularizer properties LLR MR

Smooth regularizer:
RX) =Y, ¥(o(X))
» Convexity: 1) convex => R convex [6]
» Gradient: (A. Lewis, J. Convex. Analysis, 1995) [7, 8]:
X = UDiag{o} V'
— VR(X) = U Diag{v) (o)} V/
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Regularizer properties LLR MR

Smooth regularizer:

RX) =Y, v(ox(X))

» Convexity: 1) convex => R convex [6]
» Gradient: (A. Lewis, J. Convex. Analysis, 1995) [7, 8]

X = UDiag{o} V'
— VR(X) = U Diag{v) (o)} V/

> Smoothness Theorem: Lipschitz constant

Lyr = wy(0) = 9(0).

Proof builds on Qi & Yang, SIAM J. MAA 2003 [9]
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Gradient-based methods for smooth regularizer LLR MR

> Smooth cost function:
X = argminW(X), W(X) 2 1 AX) -yl + BROX),  R(X) =32, w(ou(X)
» Gradient (A. Lewis, J. Convex. Analysis, 1995) [7]:
X = UDiag{oy} V/ = TW(X) = A" (A(X) = y) + B Y, $(0(X)) e v/

VR(X)
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Gradient-based methods for smooth regularizer LLR MR

» Smooth cost function:

X= arg min v(X), w(Xx)= % IA(X) = yllz + BR(X), R(X) =", (ox(X))

» Gradient (A. Lewis, J. Convex. Analysis, 1995) [7]:
X = UDiag{ox} V = VVY(X)=A"(AX)—y)+B Zk Y(ok (X)) ug vy

VR(X)

» Line search function:
h(e) 2 W(X +adA),  h(a) = AA) (AX+aA)—y)+B (VR(X + aA), A)p
» Theorem: h is smooth; h has Lipschitz constant

Ly = [A(A) 13 + Bwy(0) | AR
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Smooth regularizer results

LLR MR
Cardiac Perfusion Dataset (Global LR) Cardiac Perfusion Dataset (Global LR)
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Global low-rank images LLR MR M

MICHIGAN

Fully Sampled Ref. POGM - NRMSE: 14.6 % LBFGS - NRMSE: 14.4 %

Initial Image POGM - NRMSE: 14.6 % LBFGS - NRMSE: 14.4 %
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Local low-rank methods
Low-rank local patches
Overlapping patches
Smooth regularizer
LLR results
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LLR MR

MICHIGAN
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Dynamic MRI recon using local low-rank models LLR MR

> If space-time patches of X are assumed to be (Iocally) low-rank:

. 1
X = arg min o | A(X) — yll3 + B Z 1P (X)«
Pp: picks the pth space-time patch from X
P Low-rank modeling may be more reasonable locally
>

"
-

space
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Dynamic MRI recon using local low-rank models LLR MR

> If space-time patches of X are assumed to be (Iocally) low-rank:

5 1
X = argmin 5 IA(X) =yl + B Z 1P (X

p=1
Pp: picks the pth space-time patch from X
P Low-rank modeling may be more reasonable locally

>
Numerous applications, e.g.: _
e matrix approximation [10]
e dynamic MRI [11, 12]
e multi-contrast and quantitative MRI [13-15]
/

e MR denoising [16]

e MR motion correction [17]

o fMRI denoising [18-20]

o fMRI dynamic image reconstruction [21]

space

18/39
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To overlap or not? LLR MR

. 1
X=argxmm§||«4( ) - yH2+BZ|||7’ )«

p=1

» Non-overlapping patches
prox-friendly: separate SVST for each space-time patch

Suitable for proximal gradient methods like POGM only in this case
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To overlap or not? LLR MR

. 1 P ,
K = argmin 3 [ A(X) = yI13+ BY Y IPp(Shifts (X))
s p:l

» Non-overlapping patches
prox-friendly: separate SVST for each space-time patch
Suitable for proximal gradient methods like POGM only in this case

» Overlapping patches (stride < patch size)
shift invariant (if stride = 1) = no block artifacts

no (known) simple proximal operator
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MICHIGAN

. 1 P ,
K = argmin 3 [ A(X) = yI13+ BY Y IPp(Shifts (X))
s p:l

» Non-overlapping patches
prox-friendly: separate SVST for each space-time patch

Suitable for proximal gradient methods like POGM only in this case

» Overlapping patches (stride < patch size)
shift invariant (if stride = 1) = no block artifacts

no (known) simple proximal operator
Optimization algorithm options:
» subgradient descent
cycle spinning approximation (akin to stochastic proximal gradient method)

proximal averaging [22, 23]: prox of sum ~ sum of prox ?
ADMM with numerous auxiliary variables

vvyy

19/39
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Locally low-rank results: non-overlapping patches LLR MR
Cardiac Perfusion - LLR Results Cardiac Perfusion - LLR Results
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Locally low-rank results: non-overlapping patches LLR MR

Fully Sampled Ref. POGM (A = 0.001) POGM (A = 0.01)

o =

Initial Image POGM - NRMSE: 15.4 % POGM - NRMSE: 32.4 %
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POGM with ad hoc LLR modifications LLR MR

Cycle Spinning vs Proximal Averaging Cycle Spinning vs Proximal Averaging
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1400 ——POGM (cyclespin) ——POGM (cyclespin)
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POGM for LLR (overlapping patches) with proximal average g mr

Fully Sampled Ref. POGM - NRMSE 13.7 %

Initial Image POGM - NRMSE 13.7 %
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Local low-rank with smooth regularizer

LLR MR
X = argxmin V(X), WV(X) é = HA H2+f3 Z Rp( Ro(X) = Z@Z’(Uk(Pp(X)))
K

Now we can easily apply gradient-based methods like CG & quasi-Newton:
» Gradient (corollary to previous theorem):

P
VW(X) = A*(A(X)—y)+B > U, Diag{¢)(0,)} V5, Pp(X) = U, Diag{ar,} V}
p=1

» Lipschitz constant (for line-search step):

Lyy = || A*All2 + BP wy(0)
L= Lyw|A|2
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J. Fessler M

Tuning smoothness parameter LLR MR ¢

Hyperbola potential function: 1(0) = Vo2 + §2 = |o| for |o| > 0
LBFGS (A=0.001)

60 H
—b6=1e-3

sol —&=1e-2
—~ —b&=1le-1
S —5=1
40t
[7p]
=
o 30
=2

20

0 1‘0 2‘0 3‘0 46 5‘0

Iterations
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Smooth LLR results LLR MR
Cardiac Perfusion (LLR Results) Cardiac Perfusion (LLR Results)
60 |
__ 1500+ ——OGM (b6=1e-1) ——OQOGM (6=1e-1)
£ ——|BFGS (6=1e-1) 50 ——|BFGS (6=1e-1)
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[F I 20+
| RRAeAdh b p At A b dh bt hk | | ‘ ‘ ‘
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Iterations Iterations

» POGM with proximal averaging descends, but to what?
» Room to optimize LBFGS
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LLR images

Fully Sampled Ref.

Initial Image

POGM - NRMSE: 13.9 %

POGM - NRMSE: 13.9 %

J. Fessler

LLR MR

LBFGS - NRMSE: 14.1 %

LBFGS - NRMSE: 14.1 %
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MICHIGAN
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Summary / future directions LLR MR

» Smooth approximation to nuclear norm
leads to similar dynamic image reconstruction results

Lipschitz gradient enables efficient convex optimization with convergence

POGM with cycle-spinning or proximal averaging works unexpectedly well
but what convergence theory?
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Summary / future directions LLR MR

» Smooth approximation to nuclear norm
leads to similar dynamic image reconstruction results

Lipschitz gradient enables efficient convex optimization with convergence

POGM with cycle-spinning or proximal averaging works unexpectedly well
but what convergence theory?
> Future
» Non-convexity
Non-convex v
Regularize tail singular values [24]: R(X) = >_,_; ., ¥(0x(X))
» Reduce computation time
Quadratic majorizer for better line search?

Exploit parallelism in code

Inter-twine Newton-like methods with proximal methods? [25]
Iteration-dependent regularization parameter? [13]

Compare POGM with OptISTA [26]

29/39
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Resources LLR MR

Talk and code available online at
http://web.eecs.umich.edu/~fessler
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