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History

» Goal of accelerating MRI scans has a long history
gradient waveforms: echo-planar imaging [4], echo-volumar imaging [5], spiral imaging [6, 7], ...

partial Fourier [8, 9, 10]

parallel imaging [11, 12, 13]

sensitivity encoded imaging, initially with regular under-sampling [14, 15, 16],
soon after with irregular / non-Cartesian sampling [17, 18]

Data-driven choice of phase encodes: Yue Cao & David Levin, 1993 [19]
recent work optimizes sampling patterns: [20, 21, 22, 23, 24, 25, 26, 27, 28]

» Recent history (since 2006) driven by compressed sensing
Conf. papers 2004-2006 [29, 30, 31, 32]

Journal papers in 2007 [33, 34, 35, 36]
Review papers (1) in 2008 [37] [39]
FDA approval for CS in MRI 10 years later [39, 40, 41, 42] “HyperSense” “Compressed SENSE"

Every great idea has its precursors: Y. Bresler's group was solving miny || x|l s.t. ||Ax — b|| < e in 1998 [43]
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Recon TR

static vs dynamic imaging

single-coil vs multiple-coil data (parallel MRI)

“SENSE" methods model coil sensitivities in the image domain
“"GRAPPA" methods model the effect of coil sensitivity in k-space
“calibrationless” methods that use low-rank properties [45, 46, 47]
clinical anatomical imaging vs quantitative [48, 49, 50, 51]

smooth vs non-smooth cost functions
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» Jupyter notebooks with code in the language Julia [52] illustrate many of the
methods shown in this tutorial

» Notebooks use the Michigan Image Reconstruction Toolbox in Julia (MIRT jl)
http://github.com/JeffFessler/MIRT. j1

» For demo notebooks, see: https://github.com/JeffFessler/mirt-demo

> Installation-less test drives using https://mybinder.org/

P> Matlab version of MIRT: http://web.eecs.umich.edu/~fessler/code/index.html

Why Julia?
adopts best ideas of Matlab and Python (among others),
interactive yet built on a compiler (solves “2 language problem”), ...
open source, ...
package manager facilitates exact reproducible research.
My Julia tutorial: https://www.ima.umn.edu/2019-2020/SW10.14-18.19/28302
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How-to Recon

From http://github.com/JeffFessler/MIRT. jl

© Examples

You can test drive some jupyter notebooks in your browser without installing any local software by using the free service
at https://mybinder.org/

* Introduction:
* MRI compressed sensing demo:
If binder is too slow for you, you can view static html versions:

* http://web.eecs.umich.edu/~fessler/demo/00-isbi.html
« http://web.eecs.umich.edu/~fessler/demo/01-odwt.html

You can also view the notebook code directly:

* demo/
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Measurement model in MRI M

Recon i
Aor F
RF pulses transverse . recorded
. Bloch Egn . encoding .
gradient waveforms — . — magnetization —| . —  signal
A ; Nonlinear (coil, phase, ...)
tissue properties X . s
Linear

Simplified signal model:
s = Fx, Fj=exp(—2n0;-71})

s € CM signal samples recorded by an ideal MR receive coil

x € CN discretized version of the transverse magnetization

U; k-space sample location of the ith sample (units cycles/cm)
rj spatial coordinates of the center of the jth pixel (units cm)
F € CM*N Fourier encoding matrix
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Classical MR image reconstruction Recon

For Cartesian sampling s = Fx = £ft(x) and F1s = L F's = ifft(s)

Prevalent in clinical MRI

Reconstruction is “interesting” when considering
non-Cartesian sampling [56],
“accelerated” scanning with M < N samples [16, 35],
non-Fourier effects like magnetic field inhomogeneity [57],
multiple receive coils.
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Parallel MRI measurement model Recon M

MICHIGAN

Yy = S| +€y, s, = FCix I=1,...,L

y; € CM : noisy samples recorded by the /th of of L receive coils
C, : N x N diagonal matrix containing the /th coil sensitivity pattern.
Combining yields a standard forward model in MRI:

yi G
=y=(L®F)Cx+e, C=|: (1)
————
L A C
A € CMEXN - system matrix x € CN : latent image
y € CML : measured k-space data e: complex white Gaussian noise [58]

Extensions consider other physics effects like relaxation and field inhomogeneity [55].

Goal: recover image x from data y
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Recon TS

Brief review of classic methods (> 10 years old)
Ordinary least-squares
Smooth regularization
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Ordinary least-squares reconstruction Recon

When ML > N, linear model (1) is over-determined so use ordinary least-squares:

1
X = argmin = ||Ax — yH§ = (AA)*AYy
xcCN 2

= (ks c,'l-"l-'c,)*1 (ZhiCFy). (2)

For fully sampled Cartesian k-space data where F1 = ﬁF’, it simplifies to

-1
X = (Z,Lzl C,’C;) (Z,Lzl C,’F_1y> , optimal coil combination approach [13].
For regularly under-sampled Cartesian data, F'F has a simple block structure
= SENSE reconstruction [16].
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Smooth regularization Recon M

Regularization is essential for

under-sampled problems (ML < N)

poorly conditioned problems, e.g., non-Cartesian sampling
Simplest form is quadratically regularized LS (RLS):

. 1 1
% = argmin > | Ax — y||3 + B | Tx[3. 3)
xeCN

3 > 0 : regularization parameter
T: K x N matrix transform such as finite differences (spatial smoothness model).
» The conjugate gradient (CG) algorithm is well-suited [17, 57]

» The Hessian matrix A’A+ B T'T often is approximately Toeplitz [59]
— CG with circulant preconditioning [60]

» RLS is now passé, but CG often used as an inner step [01],
even in recent deep learning methods for MRI reconstruction [62]
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Edge-preserving regularization: cost function Recon

» Quadratic regularizer blurs edges when T is finite differences.

» Edge-preserving regularizer reduces such blur:

N 1 2
% = argmin L [ Ax — y|3 + Bu(Tx). 4)
xeCN
1. nonquadratic potential function, ' —Parabola (quadratic)
. = — Huber (convex)
typlca”y convex and Smooth : SN - - Broken parabola (non-convex) /]
Huber function [63], hyperbola [64, 65], é AN //
Fair potential ¢(z) = 62 (|z/8| — log(1 + |z/5])) :: N\ /
g ,,,,,,,,,,,,,,,,,,,
= =1
’ z= ID, —
» Roots in Bayesian methods for Markov random fields [66, 67]
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Edge-preserving regularization: algorithm Recon

J. Fessler

Algorithm options:

>
>
>

Nonlinear CG algorithm

3MG (majorize-minimize memory gradient) algorithm [65]

optimized gradient method (OGM) [68]

optimal worst-case first-order method for convex cost functions with Lipschitz continuous gradients [69]

OGM convergence rate bound 2x better than Nesterov's fast gradient method [70]

line-search OGM [71].
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Edge-preserving regularization: example Recon

true image |X0[: initial image CG: edge- preserving regularization
1

k- space sampling

0 256 256
1 1

1 Fair potential, § = 0.1

T: finite differences =t
= corner-rounded TV ) e
Demo notebook: 01-recon 3.
https://github.com/JeffFessler/mirt-demo g . . -...__
Final NRMSE: 1.55%
(Cost function is locally strongly convex.) | e ““‘u“““m:::::
0 ° » o “© © 17/123
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Sparsity regularizers: Basic
Sparsity models: synthesis form
Proximal methods: ISTA/FISTA/POGM
Sparsity models: analysis form
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Compressed sensing vs neural networks? Recon

Received: 1 January 2020 Revised: 28 April 2020 Accepled: 30 April 2020

DO 10.1002/mrm.28338

FULL PAPER Magnetic Resonance in Medicine

Advancing machine learning for MR image reconstruction with
an open competition: Overview of the 2019 fastMRI challenge

Florian Knoll' | Tullie Murrell> | Anuroop Sriram®> | Nafissa Yakubova® |
Jure Zbontar* | Michael Rabbat*> | Aaron Defazio’> | Matthew J. Muckley' |
Daniel K. Sodickson' | C.Lawrence Zitnick® | Michael P. Recht'

“the winners ... chose approaches that used a combination of a learned prior and a
data-fidelity term that encodes information about the MR physics of the acquisition, in
line with approaches that can be seen as neural network extensions of classic iterative
image reconstruction methods” [72]
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Sparsity models: Analysis and Synthesis Recz,s]ser

» Synthesis model:
Assume x = Bz
B: N x K matrix (“basis"), usually wide (over complete)
z € CK sparse coefficient vector
— use |z,

» Analysis model:
Assumes Tx is sparse
T: K x N transformation matrix, usually tall
= use || Tx||;
Most likely used in recent FDA-approved CS methods.

» Equivalent if B = T (but usually both are non-square)
» optimization trade-off: ||z||, is easier than || Tx||;, but K > N

All models are wrong, but some models are useful...
20/123
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Sparsity regularizers: Synthesis approach Recz,s]ser M

MICHIGAN

» Typical compressed sensing cost function for a synthesis model:

. A oA 1
% =Bz, z=argmin_ |ABz - yl|+ Bz, (5)
zeCK 2

» 1-norm is convex relaxation of the £y counting measure
encourages coefficients Z to be sparse.
» Also known as the LASSO problem [73, 74]

» Numerous optimization algorithms
proximal optimized gradient method (POGM) particularly effective
(Taylor et al., 2017) [75, 76]
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Sparsity regularizers: Basic
Sparsity models: synthesis form
Proximal methods: ISTA/FISTA/POGM
Sparsity models: analysis form
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Proximal methods Recon

» Classical approach: iterative soft thresholding algorithm (ISTA) [77]
aka proximal gradient method (PGM) and proximal forward-backward splitting [78],

Zi1 = soft(zk — D'B'A(ABz, — y), B/d), (6)

e soft thresholding : soft(z, ¢) = sign(z) max(|z| — ¢, 0)
o D = Diag{d} : diagonal matrix satisfying D = B'A’AB [79]
Slight generalization of usual ISTA where D = LI and L = ||B’A’AB|,.
» O(1/k) convergence bound of ISTA is undesirably slow

> fast iterative soft thresholding algorithm (FISTA) [80, 81], has O(1/k?) bound
aka fast proximal gradient method (FPGM)
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Proximal optimized gradient method (POGM) Recon

J. Fessler

Composite cost function:

v

x = argxmin f(x) + g(x)
smooth  prox friendly

Recent extension: proximal optimized gradient method (POGM)
worst-case convergence bound about 2x better than FISTA/FPGM [75, 76].

ISTA / FISTA / POGM nearly equally simple to implement
equivalent computation time per iteration, dominated by Vf and prox,

POGM converges faster than FISTA empirically [82, 83, 84, 85],
when combined with adaptive restart [36, 76].
Active research area [87, 88, 85]
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POGM Recon

Initialize wy = xp, 0p = 1. Then for k=1: N:

- %(Hwegﬁ), VR T = et
V(14 /802 1 +1), k=N L Ok

1
Wik = Xj—1 — ZVf(xk—l)

B O—1—1 Ok—1 O—1—1
Z, = wy + 0 (Wk Wk,l)wL 0 (Wk Xk—l) + L7 10,

o1
X = proxwg(zk) = arg min 5 ||x — zk||§ + vkg(x)
X

POGM method [75] for minimizing f(x) + g(x) where f is convex with L-Lipschitz
smooth gradient and g is convex. See [76] for adaptive restart version.
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Recon TR

k- space sampling true image POGM with ODWT

Demo: ‘

1256 ® ® CostISTA NRMSE ISTA

Ol-recon Coatpoon Nrarse oo
.
. 100x1d - &
B: ODWT A w
Final NRMSE: ¢ mowsf - g
& . g o0l
171% 2 5.00x10 =
2550x16
002
of, 4 $ $ ; } | | | | | |
0 10 20 30 20 50 0 10 20 30 0 50

26 /123

iteration k iteration k


https://github.com/JeffFessler/mirt-demo

J. Fessler M

Analysis regularizers Recon

» Typical optimization problem for analysis sparsity model:
. 1 2
k= argmin 5 [Ax —y[l; + B [T, (7)

T: sparsifying operator
wavelet transform
finite differences, aka total variation (TV) [33]
both [38]

» FDA-approved methods for compressed sensing MRI presumably related to (7).

» The analysis optimization problem (7) is harder than the synthesis form (5)
due to the matrix T within 1-norm.
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Proximal methods for analysis regularizer Recon

PGM for analysis regularizer problem (7):
1
X = X — ZA/(AXk —y) (gradient step)

L N -
X1 = arg min 5 Ix — %|l3 + B || x|l = prOX%IIT.”l(Xk) (8)

L = ||A|)3 : Lipschitz constant
» No simple solution for the proximity operator
» Inner iterative methods are required, typically involving dual formulations [39, 81]
» Perhaps main drawback of analysis regularization
» —> PGM / FPGM / POGM less attractive for (7)
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Approximate methods for analysis regularizer Recon M

MICHIGAN

Circumventing the challenge of the matrix T in the 1-norm:

» Corner rounding

Use smooth approximation: |z| ~ 1/|z|? + ¢

Akin to edge-preserving regularization
Proximal operators have no thresholding effect that induces sparsity

» Penalty approach
Replace (7) with the following alternative [90]:

. o1 o1
X = argxmln 5 |Ax — yHg + BRu(Xx), Ra(x)= min 5 | Tx — zH% + oz -

Fact: R.(x) = ¢(Tx, a) where ¢ is the Huber function = corner rounding
Requires choosing parameter a.

> lterative reweighted least-squares (FOCUSS) [36], akin to corner rounding
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Variable splitting: AL / ADMM | R

Replace || Tx||; in (7) with exactly equivalent constrained minimization problem
involving auxiliary variable(s):

. . .1
% =argmin_min | Ax —y|5+B |zl (9)
X z:z=Tx 2

split Bregman algorithm [91]

augmented Lagrangian (AL) methods [92, 61]
alternating direction multiplier method (ADMM) [93, 94]
Douglas-Rachford splitting method
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Augmented Lagrangian Recon

Corresponding augmented Lagrangian for constrained problem for (9):
Lix.ziv.p) = ~ | A 2 {(v, T Blimx—z)3
(27, 0) = 5 14x = yI3+ B l2lly +real{{y, Tx = 2)} +5 | Tx — 212
~ € CK : Lagrange multipliers

i >0 : AL penalty parameter (affects the convergence rate, not X)
Scaled dual variable: i = (1/u)y == scaled augmented Lagrangian:

1 2 K 2 2
Lix.zim, ) = 5 || Ax = y[3+ B llzll, + 5 (ITx — 2+ nll5 ~ [m]3)
AL approach alternates between

descent updates of primal variables x, z,
ascent update of scaled dual variable 7.
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Augmented Lagrangian updates

L zim, 1) = 5 | Ax — yIZ + B 1zl + 2 (1Tx— 2+ mlE ~ Im]3).
z update is simply soft thresholding:
zp 1 = soft( Txx + 1k, B/ ).
x update minimizes a quadratic function (use PCG):
X1 = (AA+pT' T) Ay + uT' (261 — 10)).

7] update is ascent:
M1 = Mk + (TXkp1 — Zkg1)-
Adaptive methods for tuning p [94, 95, 96].
Parallel ADMM updates are also possible [97, 98].
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AL/ADMM for parallel MRI | S M

MICHIGAN

Properties of A= F,C, F, 2 I, ® F :

F'F : circulant (for Cartesian sampling) or Toeplitz (for non-Cartesian sampling)
C,: diagonal coil sensitivity matrix

Alternative variable split with simpler updates [61]:

1 2
X = arg min min min min —||F u— + Bz 10
XgG(CN ucCNL: y=Cx z€CK:z=Tv veCN:v=x 2 H L y”2 B H Hl ’ ( )

z update : soft thresholding

x update : involves diagonal matrix C'C

v update : involves T'T that is circulant or Toeplitz = use FFT or DCT

u update : involves F| F; that is circulant or Toeplitz.
Primary drawback: more AL penalty parameters; (condition number criteria can help [61]).
Many variations, e.g., [98] [99].
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Primal-dual methods Recon M

A key idea behind duality-based methods:
_ N K .
| Ty = maxreal{(z, Tx)}, 22 {zeck: |zl <1}.
Thus the analysis regularized problem (7) is equivalent to constrained problem:
. 1 2
arg min max - |Ax — y||5 + Breal{(z, Tx)}. (11)

Primal-dual methods typically alternate between updating primal variable x and dual
variable z, using more convenient alternatives to (11).
Separate multiplication by A and by A’ without requiring inner CG iterations.
Convergence guarantees and O(1/k?) rates [
]
Require running a power iteration to find a Lipschitz constant.
Like AL methods, have algorithm parameters to tune for convergence rate.
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Sparsity regularizers: Advanced
Non-SENSE methods
Patch-based sparsity models
Convolutional regularizers
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Sparsity regularizers: Advanced
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Patch-based sparsity models
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GRAPPA / SPIRIT methods Recon

Instead of a single latent image x, define a latent image for each coil x; £ Cx.
Measurement model: y; = Fx; + €.

Reconstruct L images X = [x; ... x;] from measurements Y = [y; ... y,] € CM*L.
Account for some relationships between those L images.

Multiplication by the smooth sensitivity map C; in the image domain

= convolution with a small kernel in the frequency domain

= any point in k-space = a linear combination of its neighbors

— GRAPPA consistency condition [18] vec(X) ~ G vec(X)

G involves small k-space kernels learned from calibration k-space data

“SPIRIT" [108] optimization problems like:

< 1 1
X = argmin - ||FX — Y [ron + P15 I(G 1) vec(X)|l3 + B2R(X),
XecCNxL

R(X) : regularizer that encourages joint image sparsity [109].
Needs no sensitivity maps; use CG [108] or ADMM [110, 111].
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Calibrationless methods Recon M
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Subspace and joint sparsity approaches go further by circumventing finding the
calibration matrix G [112, 45, 46, 113]
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Sparsity regularizers: Advanced
Non-SENSE methods
Patch-based sparsity models
Convolutional regularizers
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Patch-based regularization Recon M

MICHIGAN

Using TV regularizer R(x) = || Tx||;
where T is finite-differences
= patches of size 2 x 1.

Larger patches provide more context
for distinguishing signal from noise.

cf. CNN approaches

Patch-based regularizers:
e synthesis models
e analysis methods
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Patch-wise dictionary sparsity model Recz,s]ser M

Assumption: if x is a plausible image, then each patch has
Py,x ~ Dz,,

for a sparse coefficient vector z,. (Synthesis approach.)
» P,x extracts the pth of P patches from x
» D is a (typically overcomplete) dictionary for patches

i
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Patch-based regularization: synthesis approach Recz,s]ser M

MICHIGAN

Patch synthesis model uses sparse linear combination of patch atoms: P,x ~ Dz,
P, € {0, 1}dXN . extracts pth of P d-pixel patches from image x

D c C?*J : dictionary of J patch atoms

z, € C” : sparse coefficient vector for pth patch.

Natural regularizer for patch synthesis sparsity model [114]:

. 1 1
% = argmin - [|Ax — y[3 + BR(x), R(x) = min 3" = |Ppx — Dz,|3 + |z,
X 2 {zp} p=1 2

Use alternating minimization algorithms for optimization:
x update is quadratic (PCG),
z, update is sparse coding (POGM).

Basic approach would require storing JN coefficient values {z,}.
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Patch-based regularization: analysis approach Recon M
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Patch analysis model assumes: TP,x tends to be sparse

P, € {0, 1}dXN . extracts pth of P d-pixel patches from image x
T ¢ CK*9 . patch sparsifying transform (e.g., DCT)

Natural regularizer for patch analysis sparsity model [115]:

. 1 |
% = argmin > Ax — y[3+ BR(x), R(x)=min > = [TPyx — 2,2+ a zpll .
X 2 {Zp}p:12

Use alternating minimization algorithms for optimization:
x update is quadratic (PCG),
Hessian w.r.t. x: A/A+ B3, P, T'TP,, simplifies when T is unitary
z, update is simply soft thresholding (easier than sparse coding!)
Efficient implementation uses accumulator: X, = 25:1 P, T’ soft(TPpx;, ),
avoids storing all KN coefficient values {z,}.
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Preview of unrolled loop NN methods E—

Patch analysis sparsity formulation reiterated:
A 1 2 1 )
% = argmin |Ax — yl}+ BR(x), R(x)=min > = [ TPox — 2,3 + a |5l .
X 2 {zp} p=1 2

Alternating minimization, aka two-block block coordinate descent (BCD):
x update : quadratic
z, update : soft thresholding of transform coefficients

Combining:

% = Y h_1 P, T soft(TPyx;, ) denoising, makes “prior”
1 1
Xep1 = argmin o |Ax — y|5 + B> |x — %3 physics / k-space data.
X

Cost function decreases monotonically here
May replace denoising step with NLM, BM3D, CNN, ...
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Sparsity regularizers: Advanced
Non-SENSE methods
Patch-based sparsity models
Convolutional regularizers
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Convolutional sparsity: synthesis model Recon M

MICHIGAN

Close relative of patch models is convolutional sparsity models [116, , ]
Convolutional synthesis model assumes x ~ Zle hy * z,

hy: filters (typically learned from training data) [119]

2y sparse coefficient images (requires NK storage, challenging in 3D or dynamic)

Corresponding regularizer :

“ o1 o1 2
% = argmin > | Ax — y|} + BR(x), R(x)=min> |lx = T bz + ozl -
x 2 {z} 2 2

Use alternating minimization:
x update : quadratic (PCG)
2, update : sparse coding (POGM)
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Convolutional sparsity: analysis model Recon
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Assumption: For a plausible image x, the filter outputs {hy * x} are sparse,
for some filters {hk}szl [117]

» For more plausible images, the outputs {hy * x} are more sparse.

>« denotes convolution

» Inherently shift invariant and no patches
Example (hand crafted filters): __ Outputs z1,..., 2
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Convolutional sparsity: analysis model Recon M
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Convolution analysis model assumes hy * x is sparse. Corresponding regularizer:

. 1 1
% =argmin = |Ax — y|l3+ BR(x), R(x)=min > = ||he* x — z|]3 + o ||zi]|; -
x 2 {zk}k:12

Use alternating minimization algorithm [116]:
x update : quadratic (GD or PCG),
z, update : soft thresholding.
Implement efficiently without storing NK sparse coefficients:

K
X = Z h,(:) « soft(hy * x¢—1) (denoising, accumulator)
k=1

1 1 - .
Xe+1 = arg min 5 |Ax — y|)5 + 55 |x — %¢||5  (physics)
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Summary of sparsity Recon M
Image models / cost functions:
» Image sparse synthesis (e.g., wavelet basis)

» Image transform/analysis sparsity
(e.g., finite differences for total variation, wavelets, ...)

» Patch dictionary sparsity
» Patch transform sparsity
» Convolutional sparsity
Algorithm components:
» gradient-based (CG)
» proximal operations (soft/d thresholding)
P alternating minimization
» duality (AL, ADMM, primal-dual, ...)
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Adaptive regularizers
Population adaptive regularization
Patient adaptive regularization
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Adaptive regularization Recon

» Key required component for sparsity models:
» D dictionary for patch-based synthesis model
» T transform for patch-based analysis model
» {hy} filters for convolutional models
» Options:
» Hand-crafted mathematical models, e.g., discrete cosine transform (DCT)

» Population adaptive approach:
learn model from “good quality” (e.g., fully sampled) representative training data

» Patient adaptive (“blind") approach:

adapt model for each patient by jointly optimizing image x,

sparse coefficients Z and model component (D or T or {h,}) [114, 115]
» Hybrids of population and patient adaptive approaches [120]

» For adaptive schemes, constraints on the learned components are essential.
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ML for image reconstruction Recon M
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June 2018 special issue of IEEE Trans. on Medical Imaging [121]:

EMB ?IESEE jg @ IEEE TRANSACTIONS ON MEDICAL IMAGING, VOL. 37, NO. 6, JUNE 2018 1289
-
O TR St Frocassing Socrely B

Image Reconstruction Is a New Frontier
of Machine Learning

Ge Wang“, Fellow, IEEE, Jong Chu Ye", Senior Member, IEEE, Klaus Mueller™, Senior Member, IEEE,
and Jeffrey A. Fessler™, Fellow, IEEE
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. . J. Fessler
Non-convex regularization Recon

Tu-" Properties of a convex regularizer a UNIVERSITAT

When learning the regularizer, convex functions allow most theory and avoid local minima!

In the interpretation R(u) = — log(p(u)), a convex regularizer makes no sense for images!

lower R(u) than one of

) Needs to have
the other images!

July 10 2020 Daniel Cremers, Michael Méller
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Adaptive regularization options Recon

» Data

» Population adaptive methods
» Patient adaptive methods (e.g., dynamic MRI?)

» Spatial structure

» Patch-based models
» Convolutional models

» Regularizer formulation

» Synthesis (dictionary) approach
> Analysis (sparsifying transforms) approach

Many options...
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Outline Recon

Adaptive regularizers

Population adaptive regularization
Example: learned transform

Patient adaptive regularization
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X-ray CT with learned sparsifying transforms e

» Data
» Population adaptive methods
» Patient adaptive methods
» Spatial structure
» Patch-based models
» Convolutional models
» Regularizer formulation

» Synthesis (dictionary) approach
> Analysis (sparsifying transform) approach
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. . J. Fessler
Patch-wise transform sparsity model Recon M
Assumption: if x is a plausible image, then each patch transform TP, x is sparse.
» P,.x extracts the mth of M patches from x
» T is a (often square) sparsifying transform matrix. What T7?
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Sparsifying transform learning (population adaptive) R M

MICHIGAN

Given training images xi,...,x; from a representative population, find transform T,
that best sparsifies their patches:

L M
T. = argmin min Z Z | TPmx — z,7m|]§ + allz,mll,

T unitary {Z/,m =1 m=1

P> Encourage aggregate sparsity, not patch-wise sparsity
(cf K-SVD [122])

» Non-convex due to unitary constraint and |-[|,

» Efficient alternating minimization algorithm [123]
z update : simple hard thresholding
T update : orthogonal Procrustes problem (SVD)
Subsequence convergence guarantees [123]
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Example of learned sparsifying transform Recon

3D X-ray training data Parts of learned sparsifier T,

(2D slices in x-y, x-z, y-z, from 3D image volume)
8 x 8 x 8 patches = T, is 83 x 83 = 512 x 512
top 8 x 8 slice of 256 of the 512 rows of T, T
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Regularizer based on learned sparsifying transform Recon M

Regularized inverse problem [124]:
% = argmin || Ax — y||3 + B R(x)
X

M
R(x) = min Y || T.Ppx — Zmll3 + @ ||Zm]l -

{zm} m=1

T, adapted to population training data

Alternating minimization optimizer:
» z,, update : simple hard thresholding

» x update : quadratic problem (many options)
Linearized augmented Lagrangian method (LALM) [125]
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Example: low-dose 3D X-ray CT simulation J. Fessler g 54

Recon TR

X. Zheng, S. Ravishankar,
Y. Long, JF:

IEEE T-MI, June 2018
[124].
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3D X-ray CT simulation Error maps Recon M
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100 100

FDK Error PWLS-EP Error PWLS-ULTRA Error

0 0

X-ray Intensity || FDK || I | ULTRA | ULTRA-{7;}
RMSE in HU 1x 10* 67.8 | 346 || 321 | 307 29.2
5% 103 89.0 || 41.1| 373 | 357 34.2

» Physics / statistics provides dramatic improvement

» Data adaptive regularization further reduces RMSE
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Union of Learned TRAnsforms (ULTRA) Recon

Given training images xi, ..., x; from a representative population, find a set of

VK
transforms {Tk}

1 that best sparsify image patches:

L M
Tl = argmin  min min || TkPmX) — 2i.m|l3 + || Z1.m||
{ } {T unitary} {Z/,m};mz::1 (ke{l,...,K} m mil2 milo

» Joint unsupervised clustering / sparsification
» Further nonconvexity due to clustering

» Efficient alternating minimization algorithm [126]
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Example: 3D X-ray CT learned set of transforms Recon M
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Example: 3D X-ray CT ULTRA for chest scan Recon

PWLS-EP PWLS-ULTRA

Zheng et al., IEEE T-MI, June 2018 [124] (Special issue on machine learning for image reconstruction)

Matlab code: http://web.eecs.umich.edu/~fessler/irt/reproduce/

https://github.com/xuehangzheng/PWLS-ULTRA-for-Low-Dose-3D-CT-Image-Reconstruction

65,123


http://web.eecs.umich.edu/~fessler/irt/reproduce/
https://github.com/xuehangzheng/PWLS-ULTRA-for-Low-Dose-3D-CT-Image-Reconstruction

Outline

Adaptive regularizers
Population adaptive regularization

Patient adaptive regularization
Example: learned dictionary

J. Fessler
Recon
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MR with adapted patch dictionary Recon

» Data
» Population adaptive methods
» Patient adaptive methods
» Spatial structure
» Patch-based models
» Convolutional models
» Regularizer formulation

» Synthesis (dictionary) approach
> Analysis (sparsifying transform) approach
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MR reconstruction using adaptive dictionary regularizer Recon

Dictionary-blind MR image reconstruction:

1
% = argmin || Ax — y|l3 + BR(x)
X

M
— min i . 2 2
R = i min 3, ([P = Dz} + 32 2l

where P,, extracts mth of M image patches.
In words: of the many images...
Alternating (nested) minimization:
» Fixing x and D, update each row of Z = [z; ... zp] sequentially via
hard-thresholding.

» Fixing x and Z, update D using SOUP-DIL [127].
> Fixing Z and D, updating x is a quadratic problem.
Efficient FFT solution for single-coil Cartesian MRI.
Use CG for non-Cartesian and/or parallel MRI.
» Non-convex due to D, Dz, 0-norm, but monotone decreasing and some convergence theory [127].
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2D CS MRI results | Recon

Fully Sampled Zero-Filled SOUP-DILLO-MRI

6 x 6 patches
Dec (6% x144
Dy: [DCT | random]

[127]

Sampling (2.5x) Initial D
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2D CS MRI results Il Recsz'er M
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38 (SNR vs fully sampled image.)
361 J— == - Using ||zml|, leads to higher
. SNR than ||z|f;.
834 I I Adaptive case is non-convex
T3 //' | anyway...
o I.’
530 —SOUP-DILLO MRI 7
a
28 --=-SOUP-DILLI MRI |
26 1
24 ‘ ‘ ‘ ‘
1 20 40 60 80 100

lteration Number

Matlab code: http://web.eecs.umich.edu/~fessler/irt/reproduce/

https://gitlab.eecs.umich.edu/fessler/soupdil_dinokat
70/123


http://web.eecs.umich.edu/~fessler/irt/reproduce/
https://gitlab.eecs.umich.edu/fessler/soupdil_dinokat

2D CS MRI results I

PSNR:

J. Fessler
Recon

Im. | Samp. | Acc. | Ofill S,E’/lalfle PANO | DLMRI SSIEE’ SD?LUL%
a Cart. 7x 27.9 28.6 31.1 31.1 30.8 31.1
b Cart. 25x | 27.7 316 413 40.2 385 42.3
c Cart. 2.5x | 24.9 29.9 34.8 36.7 36.6 37.3
c Cart. 4x | 25.9 28.8 32.3 32.1 32.2 32.3
d Cart. 2.5x | 29.5 32.1 36.9 38.1 36.7 38.4
e Cart. 25x | 28.1 31.7 40.0 38.0 37.9 41.5
f | 2Drand. | Bx | 263 27.4 30.4 30.5 30.3 30.6
g Cart. 2.5x | 32.8 39.1 416 417 422 43.2
[ Ref. [os] [ (2] [ [ia] [ [orl [ [er ]
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DLMRI PANO

SOUP-DILLO

:
[114] [128] [129] [127]

Summary: 2D static MR reconstruction from under-sampled data
with adaptive dictionary learning and convergent algorithm,
faster than K-SVD approach of DLMRI.
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Deep-learning approaches for image reconstruction
Looking forward
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Denoising based “regularization Recon M

MICHIGAN

Patch-based and convolutional sparsity models lead to a denoising step for the current
image estimate x; at iteration t

Many alternative denoising methods:
» nonlocal means (NLM) [130]
» block-matching 3D (BM3D) [131]
> ...

To adapt most such denoising methods for image reconstruction:
» plug-and-play ADMM [132, 133]
» Regularization by denoising (RED) [134, , 136]
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. J. Fessler
Outline M

Recon TS

Deep-learning approaches for image reconstruction
Unrolled loops
Challenges and limitations
Momentum-Net
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Machine-learning approaches to image reconstruction Recon

» Learn sparsifying transform or dictionary for patches from training data
interpretable (?) optimization formulations
local prior information only (patch size)
perhaps slower computation due to optimization iterations

» Train neural network (aka deep learning)
less interpretable
possibly more global prior information
slow training, but perhaps faster computation after trained
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Deep-learning approaches to image reconstruction Recon

MICHIGAN

Overview:
» image-domain learning [137, 138]

» k-space or data-domain learning
e.g., RAKI [139], [140]

» transform learning (direct from k-space to image)
e.g., AUTOMAP [141]

» hybrid-domain learning (unrolled loop, e.g., variational network)
alternate between denoising/dealiasing and reconstruction from k-space

e.g., [142, , , , , | ...
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. ; . J. Fessler
DL for IR: image-domain learning Recon

|l|
"”” Analytic

Figure courtesy of Jong Chul Ye, KAIST University.

+ simple and fast
— aliasing is spatially widespread, requires deep network
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Dangers of image-domain learning | Recon M

Investigating Robustness to Unseen Pathologies in Model-Free Deep Multicoil Reconstruction

Gopal Nataraj' and Ricardo Otazo'?
'Dept. of Medical Physics, Memorial Sloan Kettering Cancer Center
2Dept. of Radiology, Memorial Sloan Kettering Cancer Center

Introduction

Speed is often claimed as a key advantage of deep learning (DL) for
undersampled parallel MRI reconstruction [1]. However, the only DL
approach that to our knowledge has studied generalizability to pathologies
unseen in training [2] requires repeated application of the MR acquisition
model and its adjoint, just as in iterative methods. In contrast, model-free
DL reconstruction has the potential to be much faster. Prior model-free DL
wark [31 nrannses tn learn a mannina directly fram k-snace  hit with

[147] ISMRM 2020 Workshop on Data Sampling & Image Reconstruction
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Dangers of image-domain learning Il Recon

Reference SPARSE-SENSE

Figure 3: Reconstructions in a case of anaplastic astrocytoma, a rare
malignant brain tumor. SPARSE-SENSE and DL reconstructions are from
the same 4x-accelerated retrospectively undersampled acquisition. DL
achieves lower whole-volume MAE than SPARSE-SENSE, but fails to
properly reconstruct regions near the tumor.
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Image-domain learning variations Recon

» Use NN output as a “prior” for iterative reconstruction [137, ]:

kg = argmin | Ax — y|3 + B [ x — xun3 = (A'A+ BN (A'y + Bxn)

» For single-coil Cartesian case:
no iterations are needed (solve with FFTs)
limpg_0 X replaces missing k-space data with FFT of xyn
> Iterations needed for parallel MRI and/or non-Cartesian sampling (PCG)

» Learn residual (aliasing artifacts), then subtract [149, 150]
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DL for IR: k-space domain learning Recon

4

> — Analytic | mm
” Recon
4

Figure courtesy of Jong Chul Ye, KAIST University.

0O

+ simple and fast (“nonlinear GRAPPA")
+ ‘“database-free” : learn from auto-calibration data
— perhaps harder to represent local image features?
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DL for IR: transform learning Recon

......... Ih
hnnllm

Figure courtesy of Jong Chul Ye, KAIST University.

4+ in principle, purely data driven; potential to avoid model mismatch
— high memory requirement for fully connected layers
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Analytic

Figure courtesy of Jong Chul Ye, KAIST University.
+ physics-based use of k-space data & image-domain priors

+ interpretable connections to optimization approaches
— more computation to due to “iterations” (layers) and repeated FFT/NUFFT
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Unrolled / unfolded loops Recon

» learned ISTA (LISTA) [151]

aka proximal gradient method / forward-backward splitting [152]

half-quadratic [153]

reaction-diffusion (GD) [154, 155]

gradient descent / Landweber [156, 143]

ADMM [142, 157]

iterative hard thresholding (IHT) [158]

approximate message passing (AMP) [159]

accelerated gradient method [160)]

primal dual [161]

primal dual with line search [162]

alternating minimization [163]

block coordinate descent (BCD-Net) [164, 165, 166]

block proximal gradient with momentum (BPGM: Momentum-Net) [167, 3]
» And more [168, 62, . . . ]

Surveys: [173, 174]

VVYVVVVVYVYVYYVYYVYY
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Nonlinear encoder methods for ML-based IR Recon

ML-based nonlinear encoder, e.g., autoencoder or generative adversarial network
(GAN) [175, 176]: nonlinear generalizations of subspace models
learn G: maps low-dimensional latent parameter z into high-dimensional image x

» Synthesis form [177]:

%=G(2), z=argmin|AG(z) -y}

Caveat: x € Range(G), non-convex minimization
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. J. Fessler
Nonlinear encoder methods for ML-based IR Recon

ML-based nonlinear encoder, e.g., autoencoder or generative adversarial network
(GAN) [175, 176]: nonlinear generalizations of subspace models
learn G: maps low-dimensional latent parameter z into high-dimensional image x

» Synthesis form [177]:

%=G(2), z=argmin|AG(z) -y}

Caveat: x € Range(G), non-convex minimization

» Regularizer form:
% = argmin || Ax — y||5 + B Rencoder(X)
X
Rencoder(x) = mzin HX - G(Z)Hz

Caveat: expensive non-convex double minimization, but more robust to encoder
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J. Fessler
Recon

Nonlinear encoder illustration

] (13 layer CNN with =~ 300K learned parameters) at

From jupyter notebook for [

https://github.com/skolouri/swae/blob/master/MNIST_SlicedWassersteinAutoEncoder_Circle.ipynb

— G(Z) c R28><28

z e R?

NOMON0nnNNNOnOo000009Q

N DOOHODONDN0000QQ0Q
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MO an@anmnno00Q009Q

)60 1) 60 10 10 10 10

) 1) 1) ) 1 1D D

mmmmm

MMM NOOOOOO00OCAIVNNNFNNN
™y I 0 N oo
B R e R e T ke |
L e e e L e R R o fa |
LWhhhhlnlnntnwa e rTFdodddddadadadA
Lo er T TTdddndddiddd
LY NERGENANRNTTrTTreI33ddaddd
BHLLEGEEAANARTTTTTOIIIIIIY
Lhhby s NN T Tew9d99I99Y
PN P S N N NN T Trw09VIVIII
LLLLAAN SN E R E T T w2909 I I VY
D N N e L A CRCRCRURUEURU RN )
A e e SRR CRUEU RSN Y
A R e e e A R L RS R RURURN)

s

Caveat: Where is 47
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: : J. Fess|
Generative Adversarial Networks (GAN) example R

From Google's [179)]:

Much more realistic than linear interpolation (averaging)
“setting a new milestone in visual quality” [179]
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Generative Adversarial Networks (GAN) example e

From Google's [179)]:

Caveat: non-physical output
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Deep-learned prior (MODL) Recon

Model based image reconstruction using deep learned priors (MODL) [169, 62]
o 1 2 2
k = argmin 7 || Ax — y|j3 + [CNN(x);

» CNN(x) = x — denoise(x) predicts noise and aliasing patterns
(cf. ResNet principle [149])

» Demonstrated robustness to changes in acceleration factors
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Caveats to NN methods Recon

vVvYvYyVvyVvyy

vy

Training data size (but self supervision [180])

Local minimizers of training loss functions

Sensitivity to adversarial examples (for classification problems)
Enormous design space (architectures, parameters)

Training loss functions, evaluation metrics vs clinical tasks

Generalizability
noise level
coil sensitivity
k-space sampling
Stability [181]

Memory (especially 3D and dynamic)

MICHIGAN

90/123



. J. Fessler
Caveat: careful comparisons needed | Recon

Unrolled loop method with 20 layers trained with 1.3 - 10 MR image 8 x 8 patches

H
VA'y vA"y vA'y
System System System X
Model Model | © © © Model [
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Caveat: careful comparisons needed Il Recon M
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UF Image | Zero-filled | Sparse MRI | UTMRI | Proposed
3.3% 1 25.6 26.7 28.3 28.2
2 25.2 26.6 27.9 27.8
3 26.0 27.3 29.3 28.9
4 25.4 26.7 28.2 28.1
5 27.2 28.9 30.6 30.3
R . Avg. PSNR change - - 1.36 2.98 2.78
esults: 5x 1 2.7 25.9 276 275
2 242 255 27.2 27.0
3 24.9 26.3 285 28.0
4 244 25.7 276 274
5 26.2 27.9 29.8 29.5
Avg. PSNR change - - 1.38 3.26 3.0

‘ Approx recon time ‘ - ‘ - ‘ 100s ‘ 240s ‘ 50s ‘

Sparse MRI [35] total variation and wavelets
UTMRI [126] (union of learned sparsifying transforms): adaptive, not “deep”
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Deep-learning approaches for image reconstruction
Unrolled loops
Challenges and limitations
Momentum-Net
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Convolutional sparsity revisted Recon

Cost function for convolutional sparsity regularization:
argrmin'y [ Ax — vl + 6 (min S, 3 e = x = Gull+ el )
Alternating minimization updates:
Sparse code: C£i+1) = soft{hk * x(")7 a}

Image: xU+) = argmin F(x; y, z(i))
X

Flxiy,2) 2 1]|Ax — y[2, + p (zk"l;

mewx— V2 v a0 )

x — 20|
2

1| Ax — y|3 + B (quadratic but large = majorize)
20 = R(20)) = K flip(hy) * soft{hk * x(i)} (denoise = learn)
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Unrolled loop network with momentum and quadratic majorizer [3]:

’ “Mom?ntum” Measurement
T,0 + EGD (0 — (- D)
Extrapolation :

argmin ||x — D (D) TR (4D, 404D ”
XEX

G+
@ 1 =p)() + pRya+n () MBIR
Refining

» Diagonal majorizer for CT: M = Diag{ A’WA1} +31 = A WA + I

» Learn image mapper (“refiner”) R from training data (supervised).
cf CNN: filter — threshold — filter
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Momentum-Net benefits Ragan

P> Image mapper R is shallow
= less risk of over-fitting / hallucination

» Momentum accelerates convergence = fewer “layers” (outer iterations)

» First unrolled loop approach to have convergence theory
(under suitable assumptions on R)

» Image update uses original measurements y and imaging physics A

[3] I Yong Chun, Zhengyu Huang, Hongki Lim, J A Fessler
Momentum-Net: Fast and convergent iterative neural network for inverse problems

http://arxiv.org/abs/1907.11818
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Momentum-Net preliminary results Recon M
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lllustration of benefits of momentum:

50

—o— BCD-Net, 10 inner iter.

—e— BCD-Net, 3 inner iter.

—»— Momentum-Net, no extraplation
—»— Momentum-Net

0 100 200 300
Reconstruction time (sec)
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Momentum-Net preliminary image results Recon M
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(b) Filtered back- P (d) Learned convolutional (e) Momentum-Net
projection (FBP) (c) EP regularization o0 "1o4] "[37] (4000 iter.) (Nigr = 100)

(a) Ground truth

AR ~ RMSE (HU) RMSE (HU) . RMSE (HU)

= <~ RMSE (HU)
EEES - —385 [~ pete

Sparse-view CT with 123/984 views, Iy = 10°, 800-1200 mod. HU display.

=345
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Dynamlc Image reconstruction Recon

» All presented sparsity models are applicable
» and many more: low rank, tensors...
» Challenge for supervised ML methods: all dynamic scans are under-sampled

» DL methods are appearing, e.g., [144]
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Medical imaging overview Recon M

Overview of medical imaging:

raw data images Analyze

Acquire _,V__> Reconstruct x Process R Dlagno_se
Data Images ; Images Quantify
Interpret

Intervene

| S —
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Machine learning in medical imaging: a holy grail? Recon M
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A more speculative opportunity for machine learning:

raw data ML-based
_>

" o — interpretation
y magic
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Machine learning in medical imaging: a holy grail? Recon

A more speculative opportunity for machine learning:

raw data ML-based . .
— " T — Interpretation
y magic
» CT sinogram to vessel diameter [182, 183]

» k-space to 777

Caveat: seeing is believing...
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. . . . . . . J. Fessler
Machine learning in medical imaging: scan design Recon

One more opportunity for ML in medical imaging:

raw data images énalyze
) s iagnose
Acquire y Reconstruct X gno
— ——— | Quantify
Data Images
Interpret
Intervene
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. . . . . . . J. Fessler
Machine learning in medical imaging: scan design Recon

One more opportunity for ML in medical imaging:

raw data images énalyze
) o iagnose
Acquire y Reconstruct x 8ho
— ——— | Quantify
Data Images
Interpret
Intervene

k-space sampling design using ML methods:

“Learning-based compressive MRI" [25, 184]

(Volkan Cevher group, June 2018 IEEE T-MlI)

Caveat: single coil only so far; hard to generalize to parallel MRI?

103 /123



J. Fessler

Acknowledgements Recon

Thanks to numerous graduate students, postdocs, collaborators.

Especially for the results shown in this talk:

Prof. Sai Ravishankar, Prof. Il Yong Chun, Prof. Donghwan Kim, Prof. Yong Long,
Xuehang Zheng,
Prof. Raj Nadakuditi, Prof. Doug Noll

104 /123



J. Fessler
Resources Recon

Talk: http://web.eecs.umich.edu/~fessler/papers/files/talk/20/siam.pdf
Code: https://github.com/JeffFessler/MIRT. jl
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