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Abstract

All methods for tomographic image reconstruction require a backprojection step. There have recently been several
papers reportingmpirical comparisons of various backprojection methods. This paper derivasadyticalexpres-

sion for “rotation-based” backprojectors, and shows analytically that pixel-driven backprojection is exactly equivalent
to rotation-based backprojection when using the same interpolator. This equivalence holds for a very broad class of
interpolation methods.

|. BACKPROJECTION

Methods for the backprojection step in tomographic image reconstruction differ in their accuracy and computational
complexity, and there have recently been several papers reporting empirical comparisons of various approaches [1-5].
This paper shows analytically that two-dimensional pixel-driven backprojection is exactly equivalent to “rotation-
based” ray-driven backprojection under remarkably general conditions.

If complete 2D parallel projectiong(r) of a 2D objectf (z, y) are available:

ga(r):/ f(rcos —lsinf,rsind + I cosh)dl,

for 8 € [0, 7] andr € R, then the classical analytical filtered-backprojection method for tomographic reconstruction
is given by

f(x,y>=/ go(wcosf+ ysind) db, z,y € R, )
0

wheregy(+) is a ramp-filtered version afy(-) [6]. In practice only a finite collection of sampled projectians =
o, (1) is available, wherd,, = w(k — 1)/ng for k = 1,...,np, andr; = A.(I — 7,.) forl € Z, whereA, is the
radial sample spacing and is a sample offset (typically O 03). We must reconstruct an estimate fifz, y) from
{qk1} using one of several possible methods for discretizing (1).

A. Pixel-driven backprojection
Thepixel-drivenbackprojection method can be expressed as follows:

flz,y) = nle ; do, (x cos O, + ysinby),
wheregy, () is an interpolated projection:

N o r—r

G, (1) = zl:%ll\< A ) )

andA(+) is aninterpolating function Combining the above expressions gives the following explicit analytical form
for pixel-driven backprojection:

neo

A oo xcosly +ysin by — 1y
fle.y) = qukm( - ) )

k=1 1

In practice, one evaluates (2) over some finite grid ahdy samples for image display.
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In what follows, we allow for any interpolating function that satisfies the following two conditions for any integer
. 1, i=0
A@{Qiﬂ, 3)
ZA(T—i):l, V7 e R. 4)

The first condition simply ensures thattruly interpolates the sample points. The second condition guarantees that
interpolating constant samples gives a constant function, which is a very reasonable restriction. The triangular function
(linear interpolation) is particularly popular in tomographic reconstruction, but our result holds in general under the
above two conditions.

B. Rotator-based backprojection

An alternative method for backprojection is the ray-driven method based on image rotation. This approach is
convenient for parallelization and for implementation on video chips with built-in fast image rotators. In the rotation-
based method, one backprojects each projection as if it wete=aD, rotates the resulting image byd, and then
computes the sum over all angs

The first step is to backproject thi¢h projection as if it were & = 0. This backprojection must be implemented
onto a discrete grid; let; andy; denote the equally-spaced (center) coordinates of pixels on that grid. In what follows
it will turn out that a particular choice far; is desirable, but for now we allow for a general choice. kgj. denote
the grid (over; andj) of backprojected values from thigh projection angle. This step may require interpolation in
general, and can be expressed as follows:

~ r; — T
bij»k = 4o, (:1,‘1) = Z leA< A l) ) %)
. r

where we assum&(-) is the same interpolation function used for pixel-driven backprojection.
Rotating the images requires interpolation. Separable interpolation is the natural choice, for which the interpolated
imageb(Z, §) can be expressed:

. T—x; Yy — Vi
(a) = 3 Vb (T3 ) a (152,
i g ® v

wherez, § denote coordinates in the rotated coordinate system/gnandA, are the sample spacings of the grid.
Rotating thekth interpolated image by, and summing up the rotated images yields the final image estimate:

ng
f(a:,y) = nl.g Zbk(:z:cos O + ysin Oy, —x sin Oy, + y cos by,).
k=1

Combining the above expressions and rearranging gives the following explicit analytical forms for rotation-based
backprojection:

A T xcosby + ysinfy — x; —xsinfy + ycos by — y;
f(x7y):n_ezzzbij7k1\< A >A< A .
k=1 i j z Y

_lizzz A<l’i—7'l)A<$C080k+ysin9k_$i>A<—$SiH0k+yCOSOk—yj>
ne 1 —~ 4 gkl A A Ay

%

T T; — 1] xcosly + ysinby — x; —xsin by + ycos Oy — y;
:n—aZqu ZA A A AL ZA A,
k=1 1 i

J

The summation in the right-most brackets is simply unity by condition (4). Thus:

T; — 1] xcos by + ysin b, — x;
e I

neo

Flay) = -3 am
k=1 1
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If we chooser; = A,.(i —7,.), thenA, = A, and(”“A—*r”) =1 —1, so by (3) the summation within the bracket above

simplifies to
A T xcosly +ysinfy — ry
f(fcay)_n—‘gZZleA< A >7
k=1 1 T

which is identical to (2).
The choicer; = A.(i — 7,.) is certainly the most natural since in this case the backprojection step (5) reduces to
simply taking the vector of samples corresponding toitteprojection and replicating it to form a matrix.

II. DISCUSSION

We have shown analytically that rotation-based ray-driven backprojection is equivalent to pixel-driven backprojec-
tion. Thus,for filtered backprojectiorone may implement whichever approach is more suitable for the computing
architecture. In principle, for iterative image reconstruction with a system madtrithe backprojection operator
should be the exact adjoirt” of the system matrix. Therefore, the analytical results in this paper should not be taken
as advocating cavalier mixing and matching of projection and backprojection methods for iterative image reconstruc-
tion, because the effects of mismatch between the two (on convergence, bias, accuracy, etc.) is poorly understood.
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IIl. NOTES

This paper was rejected from T-MI for being “too obvious.” In the words of one reviewer: “Most people can
intuitively understand that pixel-driven backprojectors (PDB) and rotation-based backproj@®&)sdre equivalent,
or approximately equivalent, if not exactly so. The content of the paper is simply the proof of the intuition.”

Prior to working out the details, it was not obvious to me that the two would ever be equivalent, since PDB uses
1-D interpolation but RBB uses 2-D interpolation. In fact the only reason | investigated this was that | implemented
both methods for the purpose of comparing them as part of a project | was preparing for my medical imaging class,
and found them to give identical results, to my surprise. Maybe my intuition is not as refined as the reviewer’s...



