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ABSTRACT

Fast and accurate quantification of spin-spin relaxation parameter 75
is of importance for clinical MRI applications. Classical spin echo
(SE) sequences yield straightforward 7% estimates, but require unde-
sirably long scans. By contrast, steady-state sequences such as the
Dual-Echo Steady-State (DESS) sequence are considerably faster,
but produce signals that depend on more complex functions of both
desired and nuisance parameters. Conventional method-of-moments
estimators exhibit systematic error because of the approximations
used to bypass nuisance parameter estimation. To improve 75 map-
ping accuracy, we propose a novel, model-based approach to this
nonlinear estimation problem. We use a fast scan to estimate nui-
sance parameters Mg and 77, and then use the exact DESS signal
model for regularized 75 estimation from DESS data, with minimal
approximations. MR brain simulation results show that the proposed
approach substantially improves 75 estimation accuracy and preci-
sion, compared to conventional method-of-moments estimators.

Index Terms— magnetic resonance imaging, 7% relaxometry,
regularization, signal modeling, MAP estimation

1. INTRODUCTION

Rapid, accurate quantification of relaxation parameters has
been of interest in the MRI community for many years. In
particular, spin-spin relaxation parameter 75 shows promise
as a potential biomarker for subtle changes in pathology [1],
and may be useful for monitoring the progression of poorly-
understood neurological and/or autoimmune disorders, such
as Parkinson’s disease, epilepsy, or multiple sclerosis.
Classical single-echo spin echo sequences yield simple
methods for accurately estimating 7%, but require multiple
scans at variable echo times, leading to undesirably lengthy
acquisitions. Multi-echo SE sequences [2] can eliminate the
multiple-scan requirement, but are prone to systematic error
in T5 estimation, due to stimulated-echo contributions that
can arise due to transmit field B; inhomogeneities [3].
Steady state free precession (SSFP) pulse sequences [4, 5]
are, by contrast, considerably faster than spin-echo sequences
due to a short repetition time T’r. SSFP techniques are partic-
ularly well-suited for relaxometry because the observed sig-
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nals are highly sensitive to 77 and 75, variation. However,
short T times also cause these signals to be complex func-
tions of both desired and nuisance parameters, thereby com-
plicating quantification. Furthermore, some such methods [6]
still require scan repetition at multiple nutation angles, though
individual scans are now considerably shorter.

The Dual-Echo Steady-State (DESS) sequence [7] was
recently proposed as a promising SSFP imaging technique
for T, estimation [8]. Since it contains two readouts per
excitation, the DESS sequence can be used to reduce scan
repetition requirements by collecting twice as much data per
scan. As with other SSFP methods, the resulting signals are
complex functions of 77, T5, and other parameters [9, 10].
To reduce unwanted dependencies, conventional approaches
[3, 8] observe that in the large nutation-angle limit, the ratio
between the second (SSFP-Echo, S™) and first (SSFP-FID,
S) signals is independent of T}, yielding a simple method-
of-moments 75 estimator. Unfortunately, the low SNR at
this limit requires usage of lower nutation angles in practice,
thereby introducing bias into the 75 estimate.

In this work, we mitigate this bias by approaching the 75
estimation problem through a model-based framework. This
method also avoids noise amplification issues inherent to sig-
nal division. We first jointly estimate 7% -compensated pro-
ton density M5 and spin-lattice relaxation parameter 77 maps
through regularized reconstruction of DESPOT1 data from as
few as two nutation angles [11, 12]. We then iteratively re-
construct 75 maps using these nuisance parameter estimates
and an initialization with the conventional DESS estimate,
encouraging piecewise-smoothness through edge-preserving
regularization. The resultant 75 maps maintain significant im-
provements in both mapping accuracy and precision, over a
wide range of nutation angles and repetition times.

2. PROBLEM FORMULATION

2.1. Signal Model
Assuming the DESS crusher [8] dominates any through-voxel

field inhomogeneity gradients, one can show from the Bloch
equations [13] that steady-state signals immediately prior
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(S7) and following (S™) the kth excitation can be written as:

_ o o 1 - E3(Tg) |

S (kTR) = _ZMO tan 5 ll — W ; (1)
; _ al, 1 [ 1-E3(Tr)

S (kTR) = ZMO tan 2 [1 1 1_ E%(TR)/U% ) (2)

where « denotes nutation angle, E,,, (t) := exp{—t/T,,}, and
all T} dependency is summarized in the auxiliary variable
1—E1(Tr)cosc
vy = .
! Ei(Tr) — cosa

3

In steady-state imaging, echo time 75 is often on the or-
der of T, requiring additional modeling of signal dynamics
before and after RF excitation. We account for 75 relaxation
and also model each voxel’s macroscopic broadening distri-
bution to be Cauchy(A®, R}), where A denotes the median
off-resonance frequency and R, is the broadening bandwidth.
If we reasonably assume Adw ~ 0 for short readouts, and we
adopt the usual convention that the signals are symmetrically
centered at echo-time T'r before and after the kth excitation,

S~ (kTr — Tg) ~ S~ (kTr)E; ' (Tg)e R2Te ;
ST(kTg + Tg) ~ ST (kTRr)Ey(Tg)e T2 . (4)

In this work, we seek to accurately estimate 75 maps from
DESS data modeled as (4), but observe that nuisance param-
eters My, T1, and R/, complicate this goal. While other user-
specified parameters (Ir, T, o) are known, these nuisance
parameters are unknown, and thus must also be estimated.

2.2. Conventional Method-of-Moments 75 Estimation

Conventional methods [6, 8] note that for either the large nu-
tation angle limit o — 7 or the long spin-lattice relaxation
limit 77 — oo, the ratio between these signals approaches a
simple model, independent of all other unknowns:

‘S_(kTR —Te)| E3(Tr —Tg), o)

S+(kTR + TE)

from which 75 can be easily estimated. This method-of-
moments estimator is prone to several sources of error. First,
the signal division will amplify noise. Next, because large nu-
tation angles induce low-SNR signals, they are replaced with
lower angles in practice. At typical nutation angle choices, the
signal ratio deviates from (5) through substantial 7} depen-
dence, inducing systematic error in the 75 estimate. Even if
DESS data is collected at multiple angles, corresponding total
least-squares (TLS) estimates [14] will still suffer from this
systematic, T -dependent bias. Accordingly, we exclusively
consider a TLS-enhanced version of the method-of-moments
estimator, henceforth referred to as the TLS estimator.
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2.3. A Penalized-Likelihood Estimator

We propose to mitigate 71 -related bias by first estimating un-
known nuisance parameters from a fast, separate scan, before
performing 715 estimation. We observe that 7} and

M := MyFE>(Tg) exp{—RyTr} (6)

can, for example, be initially estimated from fast Spoiled
Gradient-Recalled Echo (SPGR) scans, repeated over as few
as two flip angles [6]. We select T’z and T'r to be the same for
all SPGR and DESS scans. We estimate M and 7 nuisance
parameter maps from the SPGR signal model [11],

M sina(l — E1(TR))
1—E1(Tgr) cosa

Sspar = 7
and take these estimates as fixed during the subsequent 75
estimation. We hereafter focus on estimating 75 from (4).

We estimate x € RY, with J indexing a total of N voxels
and jth element z; := exp{—Tr/T>;}. We define noisy
measurement vectors y; = [y, ..., 5]  and y; =
[y, s+ -,y )T, where [ indexes a total of L nutation angles;
elij ~ CN(0,0?) is complex, white Gaussian noise; and

yi; = S (kT £ T Tayo i) + e - ®)

X = [E2min, E2max] C (0,1] is a solution space corre-
sponding to a range [T% min, Tgmax] over which we seek ac-
curate estimation. An ML estimator for x is then given by:

x = arg min ¥y, (x) , where 9)

XEX
L

w0 = 3 Iy = £ GO+ iy - £ Gl

=1

Observe that the vector functions fli (x) are voxel-wise inde-
pendent mappings from R — R¥ that naturally extend the
corresponding scalar functions fli(a:) : R — R, defined as:

_ R o _2Te [ 1— a2

(10)

« 1
fi () = iMg tan?l [1 oy 1—:{2/@%,] .
In addition to the data, we assume prior knowledge that
T> maps tend to be piecewise-smooth; that is, adjacent voxels
are likely to contain similar tissue types, and are thus likely to
have similar 75 values. We thus extend the ML cost function
to include an edge-preserving roughness penalty:

\IIMAP(X) = \I/ML(X) + BR(X) s (12)

where R(x) = Zle ¢1([Cx]1); C is a 2D or 3D spatial
finite differencing matrix; ¢ is a convex, edge-preserving
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potential function; k indexes a total K differencing opera-
tions; and [ is a regularization parameter that controls the
level to which roughness in x is penalized. We then ob-
tain a penalized-likelihood estimate of x by solving the (non-
convex) constrained optimization problem:

% = arg min Upap(X) . (13)
xeX

3. MINIMIZATION TECHNIQUES

Since solution set X is closed and convex, a preconditioned
gradient projection method (PGPM) of the form

x(") = P lx™ - DIV Iap (x™)} (14

will monotonically decrease Uprap to a local minimum, as
long as preconditioner D is selected such that Vx € X,

V2 Uyap(x™) = VU (xM) + BVZR(x™) < D
15)

Here we have denoted P+ {-} as a projection operator onto

X. Observe that because functions fli (x) are voxel-wise in-

dependent, the Hessian of the ML cost, V2 Wy, (x) =

1 _ _
QZ[V% IR+ Py 2| a6)

is N x N diagonal. This allows us to first consider bounding
the corresponding single-voxel data-fit curvatures wli (x). We
then construct D via a trivial diagonal matrix extension.

We have shown that curvatures zpli(a:) are convex over
r € X,Va€0,5]and T € [0, 00). We can therefore bound
the curvatures by evaluating at the endpoints of the solution
set. In practice, since lim,_,; L/Jli () can be unbounded, we
select Th max < 00 (and thus Ey nax < 1) to ensure that the
endpoint curvatures are finite. With these restrictions, each of
the data fidelity terms’ curvatures can thereby be bounded as

dFf = max {wli(x)} . (17)

x€{E2 min,E2 max }

After computing such bounds dij at each voxel j
1,..., N, the corresponding diagonal preconditioner

L
D = diag; {d; + d;;} + Bmaxeig {V’R}Iy (18)
=1

ensures that PGPM will monotonically decrease Wyiap to a
local minimum. The rate of this convergence can be increased
at the expense of a tighter solution set A’

We observe in Fig. 1 that even with a restrictive choice of
X, selection of dljE via (17) yields a loose bound on the curva-
ture. Quadratic majorizers thus have high curvatures, leading
to slow convergence rates of majorize-minimize algorithms
[15]. To accelerate convergence, we consider addition of Nes-
terov’s momentum [16] to the PGPM algorithm. The original
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Fig. 1. Comparisons of a single-voxel data-fit term (black) with
quadratic majorizers (colored), whose curvatures are given by (17).
High majorizer curvatures cause for slow PGPM convergence with-
out acceleration. Figures created with o = 7, Tr = 20ms, Tp =

5ms, 71 = 1000ms, and X’ corresponding to 75 = [5, 200]ms.

algorithm is extended in a straightforward manner to our case
of a diagonal preconditioner [17], yielding a simple iteration:

byl = <1+ \/HW)/Q

X(n+1) == PX{Z(R) — D_IV\IJMAP(Z("))}
2t = o) I T Lo ey o)
tn+1
where z(9) = x(© and to = 1. This momentum extension to

PGPM considerably accelerates convergence, with a marginal
increase in storage requirement and computation.

4. EXPERIMENTATION

4.1. Simulated Methods

We combine true My, 11, T5, and T3 maps from the 95th slice
of the BrainWeb digital phantom [18] to compute uncorrupted
DESS data at 217 x 181 resolution, using Eq. (4). We corrupt
the true data with complex, white Gaussian noise, to yield
40dB SNR raw data. We strive to recover accurate 7> maps
from this raw data, with no prior knowledge of My, 17, or T5 .

To estimate the nuisance parameters, we simulate 60dB
SPGR data using (7), at “ideal” [6] nutation angles a@ =
5, 30°. From this data, we initially estimate M and 77 maps
through regularized reconstruction [11]. These estimates are
taken to be fixed parameters during subsequent 75 estimation.

We compute a TLS T5 estimate [8] from noisy DESS data
generated at a = 45°. We initialize the proposed method (19)
with a median-filtered TLS estimate and iterate until conver-
gence criterion ||x(™) — x(»=D|| < 1076||x(™)|] is satisfied.
We choose ¢, to be a hyperbolic potential function. We se-
lect 3 = 27 heuristically, though automatic selection methods
[19] can be applied in practice. On a 3.5GHz desktop with
32GB RAM, with solution set X’ corresponding to a 75 range
of [5,1000]ms, reconstructions take roughly 50s and 35s per
slice for SPGR and DESS reconstructions, respectively.
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(e) RMSE = (16.9, 12.3)ms
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Fig. 2. T, maps (a, b, ¢) and corresponding absolute-difference images (e, f, g), with respect to the ground truth (d). Total least squares
(a) and median-filtered (b) images reconstructed from 40dB SNR DESS data at RMSE-minimizing flip angle combination a = 45, 65, 85°.
Proposed image (c) reconstructed from 40dB SNR DESS data at o« = 45°, following joint estimation of M} and 71 maps from 60dB SNR
SPGR data at o = 5, 30°. Tissue-specific errors are spatially averaged over (GM, WM) voxels of interest, and are reported in RMSE.

Tissue TLS Median-Filt. Proposed Truth
GM 75.1+15.0 73.5+9.6 82.3+42 83.0+0.0
WM  60.5+£38.0 60.6 +3.7 71.0+25 70.0+0.0

Table 1. T: estimates and standard deviations, spatially averaged
over GM and WM regions of interest. Scan protocols match those in
Fig. 2. All values reported in (ms). The proposed method exhibits
increases in both accuracy and precision over TLS estimates.

4.2. Results and Discussion

Fig. 2 compares the proposed approach against conventional
estimates, both before and after median filtering. To ensure
a fair comparison in terms of scan time, the conventional es-
timates are computed from DESS data collected at three nu-
tation angles. These angles, o = 45,65, 85°, are selected to
minimize root mean-squared error (RMSE) in the grey-matter
(GM) and white-matter (WM) regions of interest.

As evidenced by absolute difference images with respect
to the true 75 map, the TLS estimate is prone to noise ampli-
fication due to signal division. Median-filtering reduces noise
to some extent, but resulting 7> maps remain prone to sys-
tematic error due to the aforementioned model-mismatch.

Table 1 quantitatively highlights that the proposed method
achieves increases in both accuracy and precision over TLS
estimates (with or without naive filtering), particularly in
GM and WM regions of interest. Accuracy improvements
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are due to reduced 7} induced bias. Precision improvements
are due to (1) omission of noise-amplifying signal division,
and (2) usage of edge-preserving regularization to encourage
piecewise-smooth 75 estimates. Accuracy and precision in-
creases combine to significantly reduce RMSE values, given
in Fig. 2. Such improvements are sustained over a wide range
of scan parameters and noise thresholds (results not shown).

5. CONCLUSIONS AND FUTURE WORK

We have presented a novel, model-based approach for 75 re-
laxometry from DESS sequences. Compared to conventional
methods, we observe that the proposed method improves esti-
mation accuracy, primarily due to a reduction of 77 -induced
bias through preliminary M, T} joint estimation from SPGR
data. We also observe improvements in estimation precision
through omission of noise-amplifying signal division and uti-
lization of edge-preserving regularization.

Residual errors in the proposed 75 estimates are likely
dominated by the propagation of M, T estimation error. To
bypass this error propagation, it is of future interest to recast
the Mg, T, T estimation problem as a single joint optimiza-
tion. Such problem reformulation may permit acquisition of
fewer scans, yet retain (and possibly improve) the accuracy
and precision gains presented in this work.
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