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Abstract We introduce new optimized first-order methods for smooth uncon-
strained convex minimization. Drori and Teboulle [5] recently described a numer-
ical method for computing the N-iteration optimal step coefficients in a class of
first-order algorithms that includes gradient methods, heavy-ball methods [15], and
Nesterov’s fast gradient methods [10,12]. However, the numerical method in [5] is
computationally expensive for large N, and the corresponding numerically opti-
mized first-order algorithm in [5] requires impractical memory and computation
for large-scale optimization problems. In this paper, we propose optimized first-
order algorithms that achieve a convergence bound that is two times smaller than
for Nesterov’s fast gradient methods; our bound is found analytically and refines
the numerical bound in [5]. Furthermore, the proposed optimized first-order meth-
ods have efficient forms that are remarkably similar to Nesterov’s fast gradient
methods.

Keywords First-order algorithms - Convergence bound - Smooth convex
minimization - Fast gradient methods

1 Introduction

First-order algorithms are used widely to solve large-scale optimization problems
in various fields such as signal and image processing, machine learning, communi-
cations and many other areas. The computational cost per iteration of first-order
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algorithms is mildly dependent on the dimension of the problem, yielding com-
putational efficiency. Particularly, Nesterov’s fast gradient methods [10,12] have
been celebrated in various applications for their fast convergence rates and efficient
implementation. This paper proposes first-order algorithms (OGM1 and OGM2 in
Section 7) that achieve a worst-case convergence bound that is twice as small as
Nesterov’s fast gradient methods for smooth unconstrained convex minimization
yet have remarkably similar efficient implementations.

We consider finding a minimizer over R? of a cost function f belonging to
a set Fr(R?) of smooth convex functions with L-Lipschitz continuous gradient.
The class of first-order (FO) algorithms of interest generates a sequence of points
{z; eR? : i=0,---, N} using the following scheme:

Algorithm Class FO
Input: f € Fr(RY), zo € R
For¢=0,--- ,N -1

1 i
Tit1 =T~ 7 kz_ohwmf'(wk)- (1.1)

The update step at the ith iterate x; uses a linear combination of previous and
current gradients {f'(zo),--- , f'(x;)}. The coefficients {h; s }o<k<i<n determine
the step size and are selected prior to iterating (non-adaptive). Designing these
coeflicients appropriately is the key to establishing fast convergence. The algo-
rithm class FO includes gradient methods, heavy-ball methods [15], Nesterov’s
fast gradient methods [10,12], and our proposed optimized first-order methods.

Evaluating the convergence bound of such first-order algorithms is essential.
Recently, Drori and Teboulle (hereafter “DT”) [5] considered the Performance
Estimation Problem (PEP) approach to bounding the decrease of a cost function
f. For given coefficients h = {h; 1 }o<k<i<n, & given number of iterations N > 1
and a given upper bound R > 0 on the distance between an initial point gy and an
optimal point z, € X.(f) £ argmingcga f(x), the worst-case performance bound
of a first-order method over all smooth convex functions f € Fr(R?) is the solution
of the following constrained optimization problem:* [5]:

Bp(h,N,d,L,R) £ max max xN) — fxy P
p( ) feh(Rd)mo,_“yzNeRd’f( N) = f(z) P)
z.€X.(f)

1¢ .
S.t. .’131'_;'_1 =T; — z Z hi—i—l,kf/(mk); 1= O7 e ,N — 1,
k=0
|lzo — z.|| < R.
As reviewed in Section 4, DT [5] used relaxations to simplify the intractable prob-
lem (P) to a solvable form.

1 The problem Bp(h, N,d, L, R) was shown to be independent of d in [17]; thus this paper’s
results are independent of d.



Nesterov’s fast gradient methods [10,12] achieve the optimal rate of decrease
0] (ﬁ) for minimizing a smooth convex function f [11]. Seeking first-order algo-
rithms that converge faster (in terms of the constant factor) than Nesterov’s fast
gradient methods, DT [5] proposed using a (relaxed) PEP approach to optimize
the choice of h in class FO by minimizing a (relaxed) worst-case bound at the
Nth iteration with respect to h. In [5], the optimized h factors were computed
numerically, and were found to yield faster convergence than Nesterov’s methods.
However, numerical optimization of h in [5] becomes expensive for large N. In ad-
dition, the general class FO requires O(N?2d) arithmetic operations for N iterations
and O(Nd) memory for storing all gradients {f’(x;) € R¢ : i =0,--- ,N — 1},
which is impractical for large-scale problems.

This paper proposes optimized first-order algorithms that have a worst-case
convergence bound that is twice as small as that of Nesterov’s fast gradient meth-
ods, inspired by [5]. We develop remarkably efficient formulations of the optimized
first-order algorithms that resemble those of Nesterov’s fast gradient methods,
requiring O(Nd) arithmetic operations and O(d) memory.

Section 2 reviews the smooth convex minimization problem and introduces the
approach to optimizing h used here and in [5]. Section 3 illustrates Nesterov’s
fast gradient methods that are in class FO. Section 4 reviews DT’s (relaxed)
PEP approach and Section 5 uses it to derive a new convergence bound for the
secondary variables in Nesterov’s fast gradient methods. Section 6 reviews DT’s
analysis on numerically optimizing h using (relaxed) PEP for first-order methods,
and derives an analytical form of the optimized coefficients h and a corresponding
new analytical bound. Section 7 investigates efficient formulations of the proposed
first-order methods (OGM1 and OGM2). Section 8 shows that the corresponding
analytical upper bound is tight and Section 9 concludes.

2 Problem and approach
2.1 Smooth convex minimization problem

We consider first-order algorithms for solving the following minimization problem

min f(x), (M)

xR
where the following two conditions are assumed:

— f : R? = R is a convex function of the type Ci’l (R9), i.e., continuously
differentiable with Lipschitz continuous gradient:

1 (@) = f'()ll < Lllz —yl|, Va,yeRY,
where L > 0 is the Lipschitz constant.
— The optimal set X, (f) = argmin cpa f(x) is nonempty, i.e., the prob-
lem (M) is solvable.
We focus on measuring the “inaccuracy” f(xn) — f(x.) after N iterations to
quantify the worst-case performance of any given first-order algorithm.



2.2 Optimizing the step coefficients h of first-order algorithms

In search of the best-performing first-order methods, DT [5] proposed to optimize
h = {h; r }o<k<i<n in Algorithm FO by minimizing a worst-case bound of f(xn)—
f (@) for a given number of iterations N > 1 and initial distance R > 0, by adding
arg miny, to problem (P) as follows:

hp £ argmin Bp(h,N,d, L, R). (HP)
heRN(N+1)/2

Note that hp is independent? of L, R, and d. (See footnote 1.) Solving prob-
lem (HP) would give the step coefficients of the optimal first-order algorithm
achieving the best worst-case convergence bound. DT [5] relaxed® problem (HP) to
a tractable form, as reviewed in Sections 4 and 6.1. After these simplifications, the
resulting solution was computed by a semidefinite program (SDP) that remains
computationally expensive for large N [5]. In addition, the corresponding numeri-
cally optimized first-order algorithm was impractical for large-scale problems, re-
quiring a linear combination of previous and current gradients {f'(x¢), -, f'(z;)}
at the (i + 1)-th iteration.*

To make DT’s work [5] practical, we directly derive the “analytical” solution for
h in a relaxed version of the problem (HP), circumventing the numerical approach
in [5]. Interestingly, the analytical solution of the relaxed version of (HP) satisfies
a convenient recursion, so we provide practical optimized algorithms similar to
Nesterov’s efficient fast gradient methods.

3 Nesterov’s fast gradient methods

This section reviews Nesterov’s well-known fast gradient methods [10,12]. We fur-
ther show the equivalence® of two of Nesterov’s fast gradient methods in smooth
unconstrained convex minimization. The analysis techniques used here will be im-
portant in Section 7.

3.1 Nesterov’s fast gradient method 1 (FGM1)

Nesterov’s first fast gradient method is called FGM1 [10]:

2 Substituting x' = %m and f(z') = ﬁf(Rm’) € Fi(R?) in problem (P), we
get Bp(h,N,L,R) = LR2Bp(h,N,1,1). This leads to hp = argminy, Bp(h,N,L,R) =
arg miny, Bp(h, N,1,1).

3 Using the term ‘best’ or ‘optimal’ here for [5] may be too strong, since [5] relaxed (HP) to
a solvable form. We also use these relaxations, so we use the term “optimized” for our proposed
algorithms.

4 If coefficients h in Algorithm FO have a special recursive form, it is possible to find an
equivalent efficient form, as discussed in Sections 3 and 7.

5 The equivalence of two of Nesterov’s fast gradient methods for smooth unconstrained convex
minimization was previously mentioned without details in [18].



Algorithm FGM1
Input: f € Ci’l(Rd) convex, &g € R, yo = xo, to = 1.
Fori=0,---,N 1
1
Yit1 = T — Zf/(wi)

1+ /14482 (3.1)
— .

t; — 1
Tip1 = Yir1 + —— (Yir1 — Yi)-
tiy1

liy1=

Note that ¢; in (3.1) satisfies the following relationships used frequently in later
derivations:
i .
v+ 2 .
tig —tip1—t; =0, :z;)tk’ and ;> =, i=01-.  (32)

Algorithm FGM1 is in Algorithm Class FO [5, Proposition 2] with:

ti—17
i1 hz,ka

k
hivig =18 “=L(hii1—1), k
k

0,--,i—2,
i—1, (3.3)
i,

tit1

1 4 t;—1

tit1’

fori =0,---, N—1. Note that Algorithm FO with (3.3) is impractical as written for
large-scale optimization problems, whereas the mathematically equivalent version
FGM1 is far more useful practically due to its efficient form.

While the sequence {xg, - ,xny_1,yn} of FGM1 can be also written in class
FO [5, Proposition 2], only the primary sequence {yo,- - ,yn} is known to achieve
the rate O (%) for decreasing f [2,10]. DT conjectured that the secondary se-
quence {xg,- - ,xy} of FGM1 also achieves the same O (%) rate based on the
numerical results using the PEP approach [5, Conjecture 2]; our Section 5 verifies
the conjecture by providing an analytical bound using the PEP approach.

3.2 Nesterov’s fast gradient method 2 (FGM2)

In [12], Nesterov proposed another fast gradient method that has a different® form
than FGM1 and that used a choice of ¢; factors different from (3.1). Here, we
use (3.1) because it leads to faster convergence than the factors used in [12]. The
algorithm in [12] then becomes FGM2 shown below.

6 The fast gradient method in [12] was originally developed to generalize FGM1 to the con-
strained case. Here, this second form is introduced for use in later proofs.



Algorithm FGM2
Input: f € Ci’l(Rd) convex, xg € R?, to = 1.
Fori=0,---,N 1

1
Yir1 = T — Zf/(wi)
zZii1=x —li:t f(zr)
i+1 0 Lk—ok k

1+ /1+4¢2
2

tiy1 =

1 1
Tit1 = (1 - ) Yitr1 + —2iq1
tiy1 tiv1

Similar to FGM1, the following proposition shows that FGM2 is in class FO with

1 i h : e “ e ; J—
hig1p = { b+ <tk = Dkt h]’k) , k=011,
, 14 b=l e

tit1

(3.4)

for i =0,--- ,N —1 with ¢; in (3.1).

Proposition 1 The sequence {xg,- - ,xN} generated by Algorithm FO with (3.4)
is identical to the corresponding sequence generated by Algorithm FGM2.

Proof We use induction, and for clarity, we use the notation xg,--- , &’y for Al-
gorithm FO. Clearly x{, = xo. To prove equivalence for i = 1:
1- 1 to—1
x) ==x) — ZhLof’(wg) =@ -7 <1 + % ) f(zo)
1 1 1 1 1
— 1 —_— [— _—— / = 1 _— —_ = .
(1-2+7) (20 7r@0) = (17 ) m+ paa ==
Assuming x, = x; for i =0,--- ,n, we then have
1 n—1
Ty =T, — Zhn+1,nf/(wln) =7 2 ekt (})
k=0
n—1 n
1 ( t, — 1> , 1 1 - ,
=T, — 1+ fi(@n) — — e — hjk | f'(zk)
1 1
=|1- n T ! n
( tn-ﬁ-l) (113 Lf (93 )>
e b S S s S uste
tn+1 " 7 L
k=0 j=k-+1 k=0



n j7—1 n
1 1 .
=|1- n n _ h / _ t /
( nH)y 1+ e +7 > "yt (@) 7 > tif' (k)
j=1 k=0 k=0
1 1 1 —
=(1-—)u, — **E te f! =Z,.q.
( thrl) Unt1 bnt1 <m0 L k=0 o (mk)> ot

The fifth equality uses the telescoping sum x, = xg + Z?Zl(mj —xj_1) and (1.1)
in Algorithm FO. O

We show next the equivalence of Nesterov’s two algorithms FGM1 and FGM2
for smooth unconstrained convex minimization using (3.3) and (3.4).

Proposition 2 The sequence {xq, - ,xn} generated by Algorithm FGM2 is iden-
tical to the corresponding sequence generated by Algorithm FGMI.

Proof We prove the statement by showing the equivalence of (3.3) and (3.4). We
use the notation B;k for the coefficients (3.4) of Algorithm FGM2 to distinguish
from those of Algorithm FGMI1.

It is obvious that 7L§+Li = hit1,4, 1=0,--- , N —1, and we can easily prove for
i=0,---,N—1 that

7 1 7 1 ti_1 — 1
Ry =7—(tic1—hi;_q)=— (tici — [ 1+ i
’ tit1 ' tit1 t;

ti— Dty —1) t—1 - )
= i —1) (hiic1 — 1) = hit1i-1-

titit1 tit1
We next use induction by assuming B§+1,k = Bi+1,k fori=0,--- . n—1, k=
0,---,i. We then have
1 n 1 n—1
P =7 by — Z Wik | = r ly — Z Wik = hok
n+1 J=k+1 n+1 J=kt1
tn, —1- tn, —1- .
:thmk: n Pk = Mgk
tn+l thrl

for k=0,--- ,n—2. Note that this proof is independent of the choice of t;. a

3.3 A convergence bound for Nesterov’s fast gradient methods

Algorithms FGM1 and FGM2 generate the same sequences {x;} and {y;}, and
the primary sequence {y;} is known to satisfy the bound” [2,10,12]:

Lzo — .l _ 2LlJwo — @]

22, = (nr1p

f(yn) — flzs) < V., € X.(f) (3.5)

7 The second inequality of (3.5) is widely known since it provides simpler interpretation of a
convergence bound, compared to the first inequality of (3.5).



for n > 1, which was the previously best known analytical bound of first-order
methods for smooth unconstrained convex minimization; DT’s PEP approach pro-
vides a tighter numerical bound for the sequences {x;} and {y;} compared to the
analytical bound (3.5) [5, Table 1]. Using the PEP approach, Section 5 provides a
new analytical bound for the secondary sequence {x;} of FGM1 and FGM2.

Nesterov described a convex function f € C’}J’l(Rd) for which any first-order
algorithm generating the sequence {x;} in the class of Algorithm FO satisfies [11,
Theorem 2.1.7]:

3L||lxo — .| |?
T < f@) = @), Ve, € X0 (36)
forn=1,---, L%J, indicating that Nesterov’s two FGM1 and FMG2 achieve
the optimal rate O (gz). (Note that the bound (3.6) is valid if the large-scale
condition “d > 2N + 17 is satisfied.) However, (3.6) also illustrates the potential
room for improving first-order algorithms by a constant factor.

To narrow this gap, DT [5] used a relaxation of problem (HP) to find the
“optimal” choice of {h;} for Algorithm FO that minimizes a relaxed bound on
f(xn) — f(xs) at the Nth iteration, which was found numerically to provide a
twice smaller bound than (3.5), yet remained computationally impractical.

We next review the PEP approach for solving a relaxed version of (P).

4 DT’s convergence bound for first-order algorithms using PEP

This section summarizes the relaxation scheme for the PEP approach that trans-
forms problem (P) into a tractable form [5]. The relaxed PEP bounds are used in
later sections.

Problem (P) is challenging to solve due to the (infinite-dimensional) functional
constraint on f, so DT [5] cleverly relax the constraint by using a well-known
property for the class of convex C'"* functions in [11, Theorem 2.1.5] and further
relax as follows:

Bpi(h,N,d,L,R) 2 max LR*y (P1)
GeRWN+Dd,
56RN+1
st. T{GTA;_1,(h)G} <61 —0;, i=1,---,N,

Tr{GTDZ-(h)G + Vu;rG} < —6;, i=0,---,N,

for any given unit vector v € R? by defining §; = m(ﬂmz) — f(=z4))

and g; = mf’(%) for i = 0,---,N,*, and denoting the unit vectors®

8 The vector ey, is the ith standard basis vector in R, having 1 for the ith entry and zero
for all other elements.



Ui = ey, € RVTL the (N +1) x 1 vector & = [do, - -, on]T, the (N +1) xd
matrix G' = [go, -+, gn] ', and the (N + 1) x (N + 1) symmetric matrices:

{Ail,i(h) 2 Lluiy —wi)(wicr —wi) T+ 3 20 hip(wi] + uu]),

et (4.1)
D;(h) £ %uiuz—’r + % Zj:l Z?c:%) hj,k‘(uzuk +upu,).

DT [5] finally use a duality approach on (P1). Replacing maxg,s LR*Sy by
ming,s —0n for convenience, the Lagrangian of the corresponding constrained min-
imization problem (P1) becomes the following separable function in (9, G):

LG, 8, N\, T;h)=L1(6,\,7T)+ L2 G, A\, T3 h),
where

L1(8 N 7) 2 =0n + 300, \il0i — 0ima) + 20 b,
Lo(G AT h) 2SN NTH{GT A1 (R)G} + SN 7 Tr{GT D;(h)G + vu] G},

with dual variables X = (A1,--- ,Ay)T € RY and 7 = (79, ,7n)" € RY "1 The
corresponding dual function is defined as
H(A7;h)= min £1(0,\,7)+ min Lo(G, A T;h). (4.2)
SERN+1 GeRWV+1)d

Here ming £1(d, A, 7) = 0 for any (X, 7) € A, where

_ N N1 . To=A1, AN +7v =1
A—{(A,T)€R+XR+ L AP SCE)

and —oo otherwise. In [5], the dual function (4.2) for any given unit vector v € R?
was found to be

H(\ 7;h) = wéI]}l{i]ElJrl {'wTS(h, A T)w + TTw}

1 1
= maX{—Q’y cw!' S(ho\T)w+ 7w > —37 Yw € RN+1}

YER
1 S(h,\,T1) L7
— - . —
T?ui({ 27 ¢ ( irT %v =0 (4.4)

for any given (X, 7) € A, where DT [5] define the following (N + 1) x (N + 1)
matrix using the definition of A;_; ;(k) and D;(h) in (4.1):

N
S(h, X\, T) Z)\Al Ll )+ZTZ-D h
i=1 i

1 1 &
52 —1— ) (Ui _ui)T"FiZTiuiuj
=1 =0
1 N i—1 [
+ 5 Z Aihi g + T Z hjk (uluz + ukuiT). (4.5)
1=1 k=0 j=k+1



In short, using the dual approach on the problem (P1) yields the following bound:

1 1
Bp(h,N,L,R) = min {2LR27 : (S(h A7) g 1 ) =0, (A\T1)€ A},
, 27

2‘1’

(D)

recalling that we previously replaced maxg x LR?0x by ming x —dn for conve-
nience. Problem (D) can be solved using any numerical SDP method [3,6] for
given h and N, noting that R is just a multiplicative scalar in (D). Interestingly,
this bound Bp(h, N, L, R) is independent of dimension d.

Overall, DT [5] introduced a series of relaxations to the problem (P), eventually
reaching the solvable problem (D) that provides a valid upper bound as

f(.’I}N)*f(.’E*) SBP(haNadaLvR) SBD(haN7L7R)

where x  is generated by Algorithm FO with given b and N, and ||z — z.|| < R.
This bound is for a given h and later we optimize the bound over h.

Solving problem (D) with a SDP method for any given coefficients h and N
provides a numerical convergence bound for f(xy)— f(x.) [5]. However, numerical
bounds only partially explain the behavior of algorithms in class FO. An analytical
bound of gradient methods with a constant step 0 < h < 1, for example, was found
using a specific PEP approach [5], but no other analytical bound was discussed
in [5]. The next section exploits the PEP approach to reveal a new analytical bound
for the secondary sequence {f(x;)} generated by FGM1 or FGM2 as an example,
confirming the conjecture by DT that the secondary sequence {x;} achieves the
same rate O (§z) as the primary sequence {y;} [5, Conjecture 2].

5 A new analytical bound for Nesterov’s fast gradient methods

This section provides an analytical bound for the secondary sequence {z;} in
FGM1 and FGM2.

For the h factors in (3.3) or (3.4) of Nesterov’s fast gradient methods, the
following choice of dual variables (inspired by Section 6.2) is a feasible point of
problem (D):

e,

17t27 ’L:1, '7N7 (51)
N

_ ti

Ti = 5 Zioa '7N7 (52)
tN

_ 1
N

with ¢; in (3.1), as shown in the following lemma.

10



Lemma 1 The choice (X, 7,%) in (5.1), (5.2) and (5.3) is a feasible point of the
problem (D) for the h designs given in (3.3) or (3.4) that are used in Nesterov’s
FGM1 and FGM2.
Proof 1t is obvious that (A, 7) € A using t? = Y, _otr in (3.2). We next rewrite
S(h,\,T) using (3.4), (5.1) and (5.2) to show that the choice (A, T,%) satisfies
the positive semidefinite condition in (D) for given h.

For any h and (A, T) € A, the (i, k)-th entry of the symmetric matriz S(h, A, T)
n (4.5) can be written as

%(()\,- +7)hig+ T Zj‘;}f-s-lhj,k)v
i:27... ,N, k:o,"' ,Z‘*Q,

Sik(Po A7) =9 3 (N +7)hige — i), i=1,---,N, k=i—1,
/\i+15 22077N_17k:7/a
1 i=N, k=i.

(5.4)

Inserting h (3.4), X (5.1) and 7 (5.2) into (5.4) and using \; + 7, = ;TQ for
N
i=1,---,N, we get

1t 1 17 7
E(KE (tk—Z; k1l >+t2 Sk h )
i=2, - ,N,k:O,---J—Q,
I Y = 2 - 3 . .
Sin(h, X, 7) = %(% (1+%)— tN) i=1,--- N, k=i—1,
2
e i=0,---,N—1, k=i,
N
1 i=N, k=i,
B i=1,--- N, k=0,--,i—1,
2N
=, i=0, ,N-1 k=i
N
sk, =N, k=i,
1
= o (tt" +diag{(",0)}),
where t = (tg,-- ,ty)" and £ = (t3,--- ,t3,_)". The second equality uses t? —

ti —t2_, =0 in (3.2), and diag{t} denotes a matriz where diagonal elements are
filled with elements of a vector t and zero for other elements.
Finally, using ¥ in (5.3), we have
S(FL,S\,?) 1z 2t2 (tt—r +d|ag{ t7,0 }) #t
1 i = 14T ¥
2 2 2t3,

_ Q%V{G) <f>T+diag{(iT,o,0)}} > 0.

11
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Using Lemma 1, we provide an analytical convergence bound for the sec-
ondary sequence {x;} of FGM1 and FMG2.

Theorem 1 Let f : R? — R be conver and C’i’l and let xg,x1, -~ € R? be
generated by FGM1 or FGM2. Then forn > 1,

Lljo — @.[]* _ 2L|lzo — z.|?

flxn) — fl®s) < 212 > (n+2)2

Yz, € X.(f). (5.5)

Proof Using ¥ (5.3) and t3 > % from (3.2), we have

_ 1 2L R?
f(xx) — f(x,) < Bp(h,N,L,R) < 5LR% < OETIER Ve, € X.(f) (5.6)

for given h in (3.3) or (3.4), based on Lemma 1. Since the coefficients h in (3.3)
or (3.4) are recursive and do not depend on a given N, we can extend (5.6) for
all iterations (n > 1). Finally, we let R = ||xg — x| O

Theorem 1 illustrates using the PEP approach to find an analytical bound for
an algorithm in class FO. We used a SDP solver [3,6] to verify numerically that
the choice (X, 7,%) in (5.1), (5.2) and (5.3) is not an optimal solution of (D) for
given h in (3.3) or (3.4). Nevertheless, this feasible point (X, F,%) provides a valid
upper bound for the sequence {x;} of FGM1 and FGM2 as shown in Theorem 1
that is similar to (3.5) and verifies DT’s conjecture [5, Conjecture 2].

The next section reviews DT’s work [5] on numerically optimizing step coef-
ficients h in the class of first-order methods over the relaxed convergence bound
Bp(h,N, L, R). Then, we find an analytical form of the optimized step coefficients
and explicitly show that Algorithm FO with such coefficients achieves a conver-
gence bound that is twice as small as (3.5) and (5.5).

6 Towards optimized first-order algorithms
6.1 DT’s numerically optimized first-order algorithms

This section summarizes the numerically optimized first-order algorithms described
in [5].

Having relaxed (P) in Section 4 to (D), DT proposed to optimize h by relax-
ing (HP) as follows:

h% argmin Bp(h,N,L,R), (HD)
hERN(N+1)/2

where h is independent of both L and R, since Bp(h,N,L,R) = LR*Bp(h,N,1,1).
Problem (HD) is a bilinear optimization problem in terms of h and the dual

12



variables in (D), unlike the linear SDP problem (D). To simplify, DT [5] introduced
a variable 7 = {r; ; bo<k<i<n:

Tige = Aihik + 7 Z hjk (6.1)
j=k+1
to convert (HD) into the following linear SDP problem:

72 argmin  Bp(r,N,L,R), (RD)

rERN(N+1)/2

where
¥ 1 S 1
Bor LR 2 iy {Go s (ST AT m0 e ).
AcrY, (2 5T 57
TE]RN+1,
vER

N
o 1
S(r,A\, 1) éi Z)\i(ui_l — ;) (wi—1 — Z:nuZ

1

N
SN rik(wy +upu]). (6.2)
0

-
|

_|_

|~
-
bl
Il

=

An optimal solution (7, X,#,%) of (RD) for a given N can be computed by any
numerical SDP method [3,6]. DT showed that the resulting values (X, #,4) with
the following h:

~ A i—1 7
Pie =T 351 Mk 2 R

hi,k — 5\7’,+‘7'7‘, 9 )\1 + Ti 7& 0
0, otherwise,

(6.3)

fori = 1,---,N, k = 0,---,i — 1 become an optimal solution of (HD) [5,
Theorem 3],° where both (HD) and (RD) achieve the same optimal value, i.e.,
Bo(h,N,L,R) = Bp(#,N, L, R).

The numerical results for problem (HD) in [5] provided a convergence bound
that is about two-times smaller than that of Nesterov’s fast gradient methods for a
couple of choices of N in [5, Tables 1 and 2]. However, numerical calculations cannot
verify the acceleration for all N, and SDP computation for solving (RD) becomes
expensive for large N. In the next section, we analytically solve problem (HD),
which is our first main contribution.

9 Equation (5.2) in [5, Theorem 3] that is derived from (6.1) has typos that we fixed in (6.3).
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6.2 Proposed analytically optimized first-order algorithms

This section provides an analytical optimal solution of (HD) by reformulating (RD).

We first find an equivalent form of the dual function H(X, 7;h) in (4.2) that
differs from (4.4) by using the following equality:

1
Sn.n(h, A, T) = 3 for any (A, 1) € 4, (6.4)

i.e., the (N, N)-th entry of S(h,A,7) in (4.5) and (5.4) is & for any (A, 7) € A.

Hereafter we use the notation
( ) 7 ) ( ) ’
WN TN

(6.5)

»n
=
>

>
A/~
Q
=
>
-3
Q
=
>
3
S~—
g
(>

where Q(h, A, 7) is a N x N symmetric matrix, g(h, A, 7), @ and ¥ are N x 1 vec-
tors, and wy and 7y are scalars. We omit the arguments (h, A, 7) in Q(h, A\, 7) and
q(h, A, ) for notational simplicity in the next derivation. For any given (X, 7) € 4,
we rewrite H (X, 7;h) in (4.2) and (4.4) as follows:

1
H(X\,7;h) = min {wTQw + 7w+ 2w quy + 5“’12V + TN’LUN}

wERN+1

21\3

1
= min {u*zT(Q —2qq )W + (¥ — 2q7n) "W — 57

weRN
1 ST _ T\ai . Tap— 172 > 1
Cmax{— Ly . @ (Q—2qq )W+ (7 —2q7n) D =57y = —37,
~€ER 2 Vw € R

_ 1 ( Q-2qq" 3(F-2q7n)
—Tgé({_ﬂ ’ (é(i——qu)T 2%( —73) )to}’ (6.6)

where the second equality comes from minimizing the function with respect to wy.

Using (6.6) instead of (4.4) for the function H(X,T;h) and again using the
variable 7 in (6.1) leads to the following optimization problem that is equivalent
o (RD):

7= argmin Bpi(r,N,L,R), (RD1)

reRN(N+1)/2
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where

o 1 95 li=  ox
Boa(r LR 2 iy {rmty s (370 E M0 ) o, (e,
) 2

AcEY, 3(F —2g7x (v—7%)
TewRER ’
N1
Q(’I’,)\,T) —5 Z Ai(ai—l — uz)(uz_l — ﬁz’)T + 5)\]\/111\/_1'11]\/_1
1=1
PNl P N1t
+5 T, + 3 rip(@si) + api; ), (6.7)
i=0 i=1 k=0
L N2
Gg(r,\,7) =3 TN,kﬂk,+§(7“N,N—1 — AN)UN_1 (6.8)
k=0

for @t; = ey, € RY. We omit the arguments (7, A, 7) in Q(r, A\, 7) and §(r, X\, T)
for notational simplicity. Unlike (RD), we observe that the new equivalent form (RD1)
has a point at the boundary of the positive semidefinite condition, and we will show
that the point is indeed an optimal solution of both (RD) and (RD1).

Lemma 2 A feasible point of both (RD) and (RD1) is (72,5\,7‘,’7), where

4§§9k’ i=2,-- N—-1,k=0,---,i—2,
N
2
A 49::9%171+2t§9fi{1, 'L:]_v,Nfl,k':’Lfl,
Fok =4 o I ‘ (6.9)
20 i=N, k=0, i-2,
2
vy N1 =N k=i-1,
N
<202,
Ni=gt. @=Ll N, (6.10)
N
zgi7 v = a"'>N_1a )
P A 6.11
1- 2= L =N, (
. 1
d= o (6.12)
N
for
1, i =0,
2
0, = %, i=1,--- N1, (6.13)
2
% i=N.
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Proof The following set of conditions are sufficient for the feasible conditions
of (RD1):
(r, A7) =24(r, A, T)d(r, A7) T,

d(r A T)TN,
2.

Q
T (6.14)
y=
(A,

2
%
T) €
The Appendiz shows that the point (f',j\,f',’y) in (6.9), (6.10), (6.11) and (6.12) is

the unique solution of (6.14) and also satisfies the feasible conditions of (RD). O
Note that the parameter 6; (6.13) used in Lemma 2 differs from ¢; (3.1) only at

the last iteration N. In other words, {6o,--- ,f0n—_1} is equivalent to {¢g, - ,tny—1}
in (3.1) satistying (3.2), whereas the last parameter 6y satisfies
0% —On — 203 _, = 0. (6.15)

The next lemma shows that the feasible point derived in Lemma 2 is an optimal
solution of both (RD) and (RD1).

Lemma 3 The choice of (#,X,7,%) in (6.9), (6.10), (6.11) and (6.12) is an op-
timal solution of both (RD) and (RD1).

Proof A proof based on the Karush-Kuhn-Tucker (KKT) conditions is given in a
previous version of this manuscript [7]. We removed this long proof (by reviewer
request) since it is not necessary for the proof of Theorem 2, the main result of
this paper, and to make room for the Discussion section. ]

The optimized step coefficients h of interest are then derived using (6.3) with
the analytical optimal solution (7, 7, %) of (RD). It is interesting to note that the
corresponding coefficients A in (6.16) below have a recursive form that is similar

0 (3.4) of FGM2, as discussed further in Section 7.

Lemma 4 The choice of (b, A\, #,%) in (6.10), (6.11), (6.12) and

h; = 9z+1 ( O — Z] =k+1 hJ k) k= ai—1
i+1,k 20 -1
1+2 g et k

fori=0,---,N —1 with 6; in (6.13) is an optimal solution of (HD).

Proof Inserting # (6.9), A (6.10) and # (6.11) into (6.3), and noting that \;+7; > 0
fori=1,--- N, we get

A A il
> Tik — T Zj:k+1 hijk

7

hi,k: R N ) izla"'vak:Ov"'7i717
Ai + T

OX (48,0 _ 20, \~i-1 o f i=1..-- N—1. k=0.---.i—2
29? 92 92 j=k+1 "%,k | > v =1, ) ) — Y b )
02, [ 46, 91 291 20,0;_14+602—0; . .

G (e ) e i N1 k=i

Y 20, 1 N-1 3 ! . ,
T; On j:k;-i'-lh],k? Z:N,k:O,"',Z—z,

2634 200N —14+0% — 0N

20N _ _ . .
Nl"’ 02 = 02 5 Z:N,k:Z—l,
N N

On
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which is equivalent to (6.16). From [5, Theorem 3], the corresponding (ﬁ,j\,f‘fy)
becomes an optimal solution of (HD). O

The following theorem shows that Algorithm FO with the optimized h (6.16)
achieves a new convergence bound.

Theorem 2 Let f : R? — R be conver and C’i’l and let xg,--- ,zy € R? be
generated by Algorithm FO with h (6.16) for a given N > 1. Then

Ll|lzo — x| Ll|zo — x|
xzy) — f(xy) < < , Ve, € X (f). (6.17
flan) - @) < AT < STl (). (.17
Proof Using 4 (6.12) and 6% _, = 1%,_; > % from (3.2) and (6.13), we get
N 1 4 4
T= 92 T 7 = 2
Vo118 ,) (1+ VTR 1)
2 2

= (N+1)2+V2(N+1)+1 = (N+1)(N+1+v2)

Then, we have

2
flan) - f(.) < Bo(h, N, L R) = S LR < = V. € X.(7),

T (N+1)(N+1+v2)
based on Lemma 4. Finally, we let R = ||z — 4| O

Theorem 2 shows that algorithm FO with the optimized h (6.16) decreases the
function f with a bound that is twice as small as that of Nesterov’s fast gradient
methods in (3.5) and (5.5), confirming DT’s numerical results in [5, Tables 1 and

2]. The proposed algorithm requires at most N = [\/g l|zo — 93*||—‘ iterations to
achieve the desired accuracy f(xn) — f(@«) < ¢, while Nesterov’s fast gradient

methods require at most N = L /2L ||xo — :1:*||—‘ , a factor of about v/2-times more

iterations.
The next section describes efficient implementations of the corresponding Al-
gorithm FO with h (6.16).

7 Efficient formulations of proposed optimized first-order algorithms

Even though the analytical expression for A in (6.16) that solves (HD) does not
require an expensive SDP method, using A in Algorithm FO would still be compu-
tationally undesirable. Noticing the similarity between (3.4) of FGM2 and (6.16),
we can expect that Algorithm FO with (6.16) may have an equivalent efficient form
as FGM2, as described next. In addition, we find an equivalent form of (6.16) that
is similar to (3.3) of FGM1, so that we can find a formulation that is similar to
FGM1 by analogy with how Proposition 2 shows the equivalence between (3.3)
and (3.4).
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Proposition 3 The optimized h in (6.16) satisfies the following recursive rela-
tionship

IS k=0, ,i—2,
R i+l
hivik = %;11 (hij—1—1), k=1i-1, (7.1)
1+ 2021 k=i,
i+1

fori=0,--- N —1 with 0; in (6.13).

Proof We follow the induction proof of Proposition 2 showing the equivalence be-
tween (3.3) and (3.4). We use the notation h, , for the coefficient (6.16) to dis-
tinguish from (7.1). ’

It is obvious that iz;JrM = iALH_M, 1=20,---,N —1, and we clearly have

7 1 7 1 201‘_1 —1

20,1 —1)(0; — 1 0; —1 /- A
(26i-1 — 1)(6: — 1) (hii1 = 1) = hisrio.
i+1

0:0;: 41 ~ 0

fori=0,--- N —1.
We next use induction by assuming h;+1,k =Nhip1p fori=0,--- ,n—-1, k=
0,---,i. We then have

1 n 1 n—1
S ST B S SR
n+1 j=ht1 n+1 G=kt1

0, —1- On —1- -
= = T = Bt

0n+1 ke 0n+1
for k=1,--- n—2. Note that this proof is independent of the choice of 0;. a

Next, we revisit the derivation in Section 3 to transform Algorithm FO with (6.16)
or (7.1) into efficient formulations akin to Nesterov’s fast gradient methods, leading
to practical algorithms.

7.1 Proposed optimized gradient method 1 (OGM1)

We first propose the following optimized gradient method, called OGM1, us-
ing (7.1) in Algorithm FO. OGM1 is computationally similar to FGM1 yet the
sequence {x;} generated by OGM1 achieves the fast convergence bound in Theo-
rem 2.
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Algorithm OGM1
Input: f € Ci’l(Rd) convex, xg € R, yo = xo, 0 = 1.
Fori=0,---,N —1
1
Yit1 = T — Zf/(wi)

1+4/14462

.
bi1 =1 1, s e
LIS N -1
0;, —1 0;
Tit1 = Yit1 + é'+1 (Yir1 —¥i) + ﬁ(yiﬂ — ;)
1 K3

Apparently, the proposed OGM1 accelerates FGM1 by using just one additional
momentum term efﬁ(yiﬂ — x;), and thus OGM1 is computationally efficient.
Also, unlike DT’s approach that requires choosing IV for using a SDP solver before
iterating, the proposed OGM1 does not need to know N in advance because the
coefficients A (or 6;) for intermediate iterations (i = 0,--- , N — 1) do not depend
on N.

Proposition 4 The sequence {xq,- - ,xn} generated by Algorithm FO with (7.1)
is identical to the corresponding sequence generated by Algorithm OGM1.

Proof We use induction, and for clarity, we use the notation xg,--- , &’y for Al-
gorithm FO. It is obvious that x{ = g, and since Oy = 1 we get

1. 1 200 — 1 fo
Ty =T — zhl,of/(%‘é) =To— 7 (1 + = ) (o) = y1 + E(yl —To) = 1.
Assuming x, = x; fori=20,---,n, we then have
1. 1. 12
m%ﬂ :w;z - Zthrl,nfl(w;z) - Zhnﬂ,an'(w%,l) I Z hn+1,kf/(w§<)
k=0

1 20, — 1\ ,,
_mn—L(l—i— o )f(:cn)




0, —1
0n+1

n
(yn+1 - mn) = Tn+1

(Ynt1 —Yn) + 7
n+1

=Yn+1 +

7.2 Proposed optimized gradient method 2 (OGM2)

We propose another efficient formulation of Algorithm FO with (6.16) that is
similar to the formulation of FGM2.

Algorithm OGM?2
Input: f € C’};’l(Rd) convex, xy € R, 6, = 1.
Fort=0,--- ,N -1

1
Yit1 = T; — Zf’(ﬂcz‘)

1 i
Zi+1 = Lo — z Z 29kf’(:ck)

k=0
14+/14462 .
0 fl, (3 S N -2
i+1 = 2
144/14-867 .
——*, i =N-1

2

1 1
Tip1 = (1 - 91+1> Yir1 + Ezi-&-l

The sequence {x;} generated by OGM2 achieves the fast convergence bound in
Theorem 2. Algorithm OGM2 doubles the weight on all previous gradients for {z; }
compared to FGM2, providing some intuition for its two-fold acceleration. OGM2
requires comparable computation per iteration as FGM2.

Proposition 5 The sequence {xq, - ,xN} generated by Algorithm FO with (6.16)
is identical to the corresponding sequence generated by Algorithm OGM2.

Proof We use induction, and for clarity, we use the notation xg,--- , &’y for Al-
gorithm FO. It is obvious that x{ = g, and since Oy = 1 we get

Ly 1 290 -1 90
mll - m6 B Zhl’Ofl(wé) - ro- f (1 + 0, ) f/(ffo) =Y+ efl(yl - :co) =x.
Assuming x; = x; for i =0,---,n, we then have
1 n—1
:Bfn—i-l ZCE;L - Ehn-l-l,nf’(m/n) — z Z h7z+1,kf (wk)
k=0
n—1 n
1 20, — 1 1 1 R
—&Ln — 1 n ’ n) — — 20 _ h !
o (145 e L2 (7 2 P [ @)



1 1, 1 1 & ,
= (1 - 9n+1> <f'3n - Zf (mn)) + Orit (930 -7 ;)Qka (mk)>

1 1
=(1- n n — Ln
( 9n+1> Ynt1 + 9n+1z +1 = Tn+1

The third equality uses the telescoping sum ¢, = xg+ Z?Zl(mj —xj_1) and (1.1)
in Algorithm FO. a

8 Discussion

After submitting this work [7], Taylor et al. [17] further studied the PEP approach
to compute the exact worst-case bound of first-order methods, unlike DT [5] and
this paper that use the relazed PEP. Taylor et al. [17] studied the tightness of
relaxations on PEP introduced in [5] and avoided some strict relaxations.

Inspired by [17, Conjecture 5], we developed the following theorem that shows
that the smallest upper bound in (6.17) for OGM1 and OGM2 is tight, despite the
various relaxations of PEP used in [5] and herein. (Similar tightness results are
shown for the gradient methods with a constant step size 0 < h < 1 in [5].) The
following theorem specifies a worst-case convex function ¢(x) in C}'' (R?) for which
the optimized gradient methods achieve their smallest upper bound in (6.17).

Theorem 3 For the following convex functions in C’i’l(Rd) for alld>1:

LR LR? ; R

LT _ > v

QS(:I:) _ 9}2\] H"BH 29;1\]5 Zf HmH = 9;2\77 (81)
L|z|?, otherwise

both OGM1 and OGM2 exactly achieve the smallest upper bound in (6.17), i.e.,

_ Lfjwo — .|

o) —ol@.) = T g

Proof We show in the Appendiz that the following property of the coefficients
h (7.1) of OGM1 and OGM2 holds:

j=1 k=0 e 163 -1), i=N .

Then, starting from xo = Ry, where v is a unit vector, and using (8.2), the
iterates of OGM1 and OGM2 are as follows

i — 62 -1 .
1 it I—ET)RV, 1=0,---,N -1,
T, =x0— — E E hjkd (x)) = 02 1 .
L 1— %%)Ru, i=N,
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where the corresponding sequence {xo, - , &N} stays in the affine region of the
function ¢(x) with the same gradient value:

LR
¢/($i):@’/a Z:07aN

Therefore, after N iterations of OGM1 and OGM2, we have

dlxn) — d(xy) = Pp(xN) = g:;\],

exactly matching the smallest upper bound in (6.17). O

This result implies that the exact PEP bound Bp(il,, N,d, L, R) of OGM1 and
OGM?2 is equivalent to their relaxed bound BD(E,N ,L, R) that is independent
of d. Note that Taylor et al. [17] showed that the exact PEP Bp(h,N,d, L, R) is
independent of d. Whereas the OGM bound (6.17) is tight, the FGM bounds (3.5)
and (5.5) are not tight [5,17], somewhat weakening the utility of the fact that the
OGM bound (6.17) is twice smaller than the FGM bounds. However, Figure 5
in [17] shows that the FGM bounds (3.5) and (5.5) become close to tight asymp-
totically as N increases, so the factor of 2 can have practical value when using
many iterations. We leave more complete comparisons as future work.

9 Conclusion

We proposed new optimized first-order algorithms that achieve a worst-case con-
vergence bound that is twice as small as that of Nesterov’s methods for smooth
unconstrained convex minimization, inspired by [5]. The proposed first-order meth-
ods are comparably efficient for implementation as Nesterov’s methods. Thus it is
natural to use the proposed OGM1 and OGM2 to replace Nesterov’s methods in
smooth unconstrained convex minimization. Numerical results in large-scale imag-
ing applications show practical convergence acceleration consistent with those pre-
dicted by the bounds given here [8,9]. Those applications use regularizers that
have shapes somewhat similar to the worst-case function (8.1).

The efficient formulations of both Nesterov’s methods and the new optimized
first-order methods still seem somewhat magical. Recently, [1], [14] and [16] stud-
ied Nesterov’s FGM formulations, and extending such studies to the new OGM
methods should further illuminate the fundamental causes for their efficient formu-
lations and acceleration. Also, new optimized first-order methods lack analytical
convergence bounds for the intermediate iterations, whereas numerical bounds are
studied in [17]; deriving those analytical bounds is interesting future work.

Drori recently extended the PEP approach to projected gradient methods for
constrained smooth convex minimization [4]. Extending this approach to general
first-order algorithms including our proposed OGM1 and OGM2 is important fu-
ture work. In addition, just as Nesterov’s fast gradient methods have been extended
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for nonsmooth composite convex minimization [2,13], extending the proposed opti-
mized first-order algorithms for minimizing nonsmooth composite convex functions
would be a natural direction to pursue.

While DT’s PEP approach involves a series of relaxations to make the problem
solvable, OGM1 and OGM2 with the step coefficients h that are optimized over the
relazed PEP upper bound (HD) achieve an ezact bound in Theorem 3. However, it
remains an open problem to either prove that the smallest upper bound in (6.17)
of OGM1 and OGM2 is optimal. We leave either proving the above statement
for (HP) or to further optimize the first-order methods as future work.

10 Appendix
10.1 Proof of Lemma 2

We prove that the choice (7, X, #,7) in (6.9), (6.10), (6.11) and (6.12) satisfies the
feasible conditions (6.14) of (RD1).

Using the definition of Q(r, X, T) in (6.7), and considering the first two condi-
tions of (6.14), we get

y 1
Ait1 = Qii (P, A7) =23 (7, A\ T) = =77
275
1 o
_ ) 202 A, i=0
2(1—1)\N)2(Ai+1_Ai)27 7’:17 7N_17

where the last equality comes from (A, 7) € A, and this reduces to the following
recursion:

{/\1 =2(1 =), (10.1)

Ni—Xic1)?=MA\ =0 i=2--- N.

We use induction to prove that the solution of (10.1) is

2 .
< =1
)\i: 012\,7 1 )
02 N, i=2,---,N,

which is equivalent to A (6.10). It is obvious that Ay = 6pA1, and for i = 2 in (10.1),
we get

3\ 4V -4 3445 2
Ay = 5 =5 =6
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Then, assuming \; = 62 |\ fori =1,--- ,n and n < N — 1, and using the second
equality in (10.1) for i = n + 1, we get

M2+ O+ D P =8 LWt L

2 2

1+ /14462,
2

/\n—i-l = 1

=6+ A= 6020,

where the last equality uses (3.2). Then we use the first equality in (10.1) to find
the value of \; as
A =2(1—63%_\)?

1
Or N2 —2 (e%“ + 4) AM+1=0

B 912\771"‘%_ \/(912\/—1+i)2_9§1\1—1 1

AL = =
04 02
- Bt b+ B+

8 2

- <1+,/1+89§V_1)2 R

with Oy in (6.13).

Until now, we derived A (6.10) using some conditions of (6.14). Consequently,
using the last two conditions in (6.14) with (3.2) and (6.15), we can easily derive
the following:

3 2
)\1:@7 =Y,
3\ 3 207 207, 20;
T, = Ai+1_)\z 02— "2 :02; 2_17 'aN_17
_ N—1 __ _1
1—)\N—1 012\7 = o Z—N,
— 2 1
’Y_TN_HQa
N

which are equivalent to 7 (6.11) and 4 (6.12).
Next, we derive 7 for given A (6.10) and ¥ (6.11). Inserting 7 (6.11) to the first
two conditions of (6.14), we get

dl(f'75‘7’f-): :,?:—1 = 91"
{u 55 ! 26,0, (10.2)



for i,k =0,--- ,N — 1, and considering (6.5) and (10.2), we get

)
N

-~ 97' ) — [N — =
S A sy ={ oy 700 N LES,
fe, i=N, k=0, ,N-1

3 i=N, k=N

Qzéek iuk:07"'7N_1a

(10.3)

) )

Finally, using the two equivalent forms (6.2) and (10.3) of S(7, X, #), we get

3k = 2, i=2 N-1 k=0 ,i-2
(s e — Ad) = 2a0s 1 N-1,k=i-1
o ~ =(r; — ,:#7 1 = N — 1, :Z—7
S T .
§ri,k:ﬁ7 i=N,k=0,--,i-2,
sFi—N) =g i=N k=i-1,
(10.4)

and this can be easily converted to the choice #; j in (6.9).
For these given (7, A, ), we can easily notice that

2007 50 2 /0N [(d\"
) -(3% 5) -2 (D(E) =0 wo
0%, 20%, 2 2

for 6 = (00,-~~ LON_1, (%N) , showing that the choice is feasible in both (RD)
and (RD1). O
10.2 Proof of (8.2)

We prove that (8.2) holds for the coefficients A (7.1) of OGM1 and OGM2.
We first show the following property using induction:

7N_17

M |

.]Zla
(9N+1) j=N.

Clearly, iLlo =1+ 3 L = ¢, using (3.2). Assuming Ei;(l) ﬂj)k = §; for j =

1,---,nand n < N — 1, we get
20, -1 6,—1. 0, — 122,
R =1+ + hpmo1 — 1)+ han
Z +1k bt 9n+1( n-1—1) = kZ:O &

n—1
9” 9 —1 9n+1 + 9
=14+ + hn = —
Ont1 Oni1 Z " Ont1



where the last equality uses (3.2) and (6.15).

Then, (8.2) can be easily derived using (3.2) and (6.15) as

%

- ) ‘
j by = ng:llgj i=1,---,N—1,

}:E , 3 = ‘

j=1k=0 Zj:l 9]'-1-%(91\(—1—1)7 i=N,

92»271, t=1,--- N —1,
%(012\/_1)’ =N
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