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Abstact— lterati ve image reconstruction algorithms play an increas-
ingly important rolein modem tomographic systemsgspeciallyin emission
tomography. With the fast increaseof the sizesof the tomographic data,
reduction of the computation demandsof the reconstruction algorithms is
of greatimportance. Fourier-basedforward and back-projection methods
have the potential to considerablyreducethe computation time in iterative
reconstruction. Additional substantial speed-upof thoseapproachescanbe
obtained utilizing powerful and cheap off-the-shelf FFT processinghard-
ware. The Fourier reconstructionapproachesare basedon the relationship
betweenthe Fourier transform of the image and Fourier transformation
of the parallel-ray projections. The critical two stepsare the estimations
of the samplesof the projection transform, on the central sectionthrough
the origin of Fourier space,from the samplesof the transform of the im-
age,and vice versafor back-projection. Interpolation errors are a limita-
tion of Fourier-basedreconstruction methods. We have applied min-max
optimized Kaiser-Besselnterpolation within the non-uniform FastFourier
transform (NUFFT) framework and devisedwaysof incorporation of reso-
lution modelsinto the Fourier-basediterative approaches.Numerical and
computer simulation resultsshow that the min-max NUFFT approachpro-
vides substantially lower approximation errors in tomographic forward
and back-projection than corventional interpolation methods. Our stud-
ieshave further confirmed that Fourier-basedprojectors usingthe NUFFT
approach provide accurate approximations to their space-basecounter
parts but with about ten times faster computation, and that they are are
viable candidatesfor fast iterative imagereconstruction.

Keywords— lterative tomographic reconstruction, fast forward and
back-projectors, non-uniform FFT, gridding, min-max interpolation.

|. INTRODUCTION

TERATIVE imagereconstructioralgorithmsusingstatistical

modelsof acquireddataplay anincreasinglyimportantrole
in moderntomographicsystemsespeciallyin emissiontomog-
raphycharacterizedy datawith low counts,andconsequently
low signal-to-noiseatio[1-3]. Thecomputationabottleneckof
iterativereconstructioralgorithmss thecomputatiorof forward
and back-projectionoperations. With the fastincreaseof the
sizesof thetomographiadata,reductionof the computationde-
mandsof forwardandback-projectorss of greatimportanceas
demonstratetdy the recentincreaseof interestin fastcomputa-
tional proceduregor calculationof theseoperationgfor exam-
ple,[4-9]). For afamily of shift-invarianterror norms,another
approach10] uses-ouriermethodgo combinetheforwardand
backprojectiorstepsinto a single operationthat canbe imple-
mentedefficiently with an FFT. Our focusis on PET scansfor
which Poissonlikelihoodsor data-weightedeast-squaresri-
teria are needed put thesedo not belongto the shift-invariant
family consideredn [10]. Therefore,in the work reportedin
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this paper we apply Fourier methodsto accelerateéhe forward
andbackprojectiorstepsseparatelyor iterativetomographiae-
construction.In additionto their computationakfficiency, the
Fourierbasedapproachebave potentialfor additionalsubstan-
tial speed-uy utilizing powerful andcheapoff-the-shelfFFT
processindnardware.

It hasbeenknown for a long time that direct Fourier meth-
ods (DFM), that build up the Fourier transformof the object
usingthe Fouriertransformsof the projections have the poten-
tial for accurateand high speedreconstructionf11-16]. The
Fourierslice theoremwaslater proposedasa tool for perform-
ing the reprojectionoperation(e.g.,[17,18]). The crucial step
influencingthe reconstructiomuality and speeds the interpo-
lation betweenpolar and Cartesiarrastersin frequeng space.
Gridding interpolation[19, 20], with properinterpolating[21]
anddataweightingfunctions,asinvestigatedn the MRI litera-
ture [22-24], broughtimprovementin the direct Fourierrecon-
struction.Recently the Fourierbasedeprojectionhasbeenap-
plied for (non-iteratve) fully 3D PET reconstructior{25] and
for calculationof attenuatiorcorrectionfactorsin PET[26]. In
theseworks, KaiserBessel(KB) windows were usedfor inter
polation, which are known to be reasonablyaccurate but the
accurag wasnot evaluatedexplicitly. The conceptof the non-
uniform FastFourier transform(NUFFT) [27] usedin this pa-
peris relatedto griddingmethoddor interpolationin frequeng
spaceTheKB interpolationkernelsusedin thiswork have been
optimizedusinga min-maxapproach28], thusproviding sub-
stantialimprovementof theinterpolationaccurag.

In the previous works on gridding, the focus was on us-
ing the interpolationto find a non-iteratve approximatesolu-
tion to aninverseproblem. In contrast,we use Fourierbased
forward-projectiorasatool for calculatingheforwardproblem,
andallow iterative reconstructiormethodsto solve theinverse
problem. Iterative algorithmsneedalsothe ability to compute
matrix-vectormultiplication by the transposef the matrix cor-
respondingo forward projection,eventhoughthe matrix itself
might not be storedexplicitly. It is straightforward to reverse
(not invert) the stepsexecutedduring the forward-projection
computationto develop an algorithmto performmultiplication
by thetransposegorrespondingo theadjointof theforwardop-
erator whichis aform of back-projectionTheinverseproblem
approachusedin this paperis alsoan alternatie to griddingin
MR imagereconstructiorj29].

Sectionll containsdescriptionsof basic principles of the
Fourierbasedforward and back-projectorgll-A) and of their
efficientimplementatiorusingNUFFT approacHhlI-B), anout-
line of the iterative reconstructionapproachesising Fourier
basedforward and back-projectorglI-C), discussiorof incor-
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Fig. 1. Basicstepsf theNUFFT forward-projectiorillustratedonthe2D case:1) point-wisemultiplicationof theimagewith the Scalefunction- pre-compensation
for interpolationimperfections?2) FastFourier Transformon uniform (rectangularyasterdrom imageinto spectrundomain;3) point-wisespectrunmultipli-
cationby Basisfunctionfilter - modelingeffectsof the imagerepresentationsingbasisfunctions(lI-D) andof the shift-invariantdetectorresolutionkernels
(II-E.1, for otherpossibilitiesof resolutionmodelingseetext); 4) Interpolationinto non-uniform(polar) dataspectrunrasterlocations- usingthe fixed size
interpolationkernel;5) Inverse FastFourier Transformson setof polarlinesto obtaina setof projectiong(sinogram).

porationof basisfunctions(ll-D) andresolutionmodels(lI-E),
and finally discussionof optimized NUFFT interpolationpa-
rameterdll-F). Resultsof the numericalerror analysisof the
NUFFT interpolatorsbasedon the min-max methodologyare
presentedn Sectionlll. Effectsof interpolationparametersn
accurag of the NUFFT-basedforward andback-projectorsas
standalonemodulesandwithin iterative reconstructionarefur-
therevaluatedusingsimulateddatain SectionlV, includingper
formancecomparison®f theoptimizedversionsof the Fourier
basedforward and back-projectordo their space-basedoun-
terparts. SectionV containsperformancecomparisonof the
Fourierbasedndspace-basegrojectorawithin iterative recon-
structionusingphysicalphantomtransmissiordataacquiredon
acommercialPET scannerFinally, discussiorandconclusions
arein Sectionsvl andVII.

Il. PRINCIPLES AND IMPLEMENTATION
A. Fourier-BasedProjectors

Fourierbasedforward and back-projectorsare basedon the
centralsectiontheorem(alsocalled projectiontheorem)asout-
linedin thefollowing. We represenstraightlinesin R* (n=2,3)
by adirectiond € S™~! (unit sphere)anda pointr € 6+ as
{r+t0:t e R} wheret = {r € R* : r -0 = 0}. Let
z(u), u € R™ denotethen - dimensionaimagewhoseprojec-
tions (theray transform)

po(r) = / o(r + t0)dt

R1

@)

wewishto compute Let X (U) betheimagespectrumpbtained
by then - dimensionaFouriertransform

X(U) = / z(u)e~ 2w Uy, 2
R’n
Thenthe centralsectiontheorem[12] is givenby
Py(R) = X(R), R € 6, ®3)

where Py(R) is the (n-1) - dimensionalFourier transformof
po(r).

Usingthe centralsectiontheorem the projectionat direction
# andasa function of r, canbe obtainedfrom the imagespec-
trum X4(R) = X(R), R € 6+ by

po(r) = / Xo(R)e> T dR, (@)
oJ_

Alternatively, using the sameapparatusn reverse,the back-
projectioncanbe obtainedby depositingthe Fourier transform
of the projectioninto the properlocationsof the central sec-
tion of the n-dimensionalspectraldomain,followed by the n-

dimensionalnverseFourier transform. Note that this backpro-
jection operatoris the adjoint of the forward-projectionopera-
tor employedin theiterative reconstructiormpproachesandnot
the inverseRadonoperatorusedin the Direct Fourier or Fil-

teredBackprojectiorreconstructionsTheinverseRadonopera-
tor takesinto accountadditionallythe local densityof theinput
dataspectrum(“ramp filtering” for the caseof the polar spec-
trumraster).

B. Non-UniformFastFourier Transform

Practicaimplementatiorof Fourierprojectords basednthe
discretizedsersionof theprojectiontheorem.Thecrucialstepis
obtainingsample®f projectionspectrunvaluesPy (R)|r=sA
whereS € Z™~! (Z denotesinteger numbers) distributed on
the central sectionplanesd+ with grid spacingAg (forming
the polar rasterin 2D case)from the valuesof the samplesof
imagespectrumX (U)|u=gay . @ € Z™, distributedon theuni-
form Cartesiarrasterwith spacingAy (forming therectangular
rasterin 2D case) Directevaluationof imagespectrunvaluesat
thecentralsectionocationsusing(exact)DiscreteFouriertrans-
form (DSFT)wouldrequireO(N*) operationgor the2D image
of size N x N. Using Non-Uniform Fast Fourier Transform
(relatedto gridding) allows utilization of Fast FT algorithms
thussubstantiallyspeeding-uphis processFor the2D casethe
NUFFT projectorsrequireonly O(N?2 log N) operationscom-
paredto O(N?) neededdy the spatialforward-projectioralgo-
rithms. Basicstepsof the NUFFT are:

a) imageof size N is first pre-compensatecaled for imper
fectionsof the subsequernfrequengy domaininterpolation[19]
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Fig. 2. Flowchartof iterative reconstructiorusing Fourierbasedforward andback-projection.Discrepancy andUpdate operatorsare definedby a particular
iterative technique For the 2D casethe Fouriertransformationgre1D (I)FT of projectionsonthe datasideand2D (I)FT ontheimageside. Interpolation
operationsare performedbetweendata(polar) andimage(rectangularspectrumgrids. Scale, alsoknown asthe “correctionfunction” in the gridding, is a
scalingoperationwherethe scalingfactorsaredesignedo compensatéor imperfectiongdeparturdrom theideal sincinterpolation)in theinterpolationstep.
Basicfunction filter is a spectraloperationallowing efficient modelingof the imagerepresentatiomsingbasisfunctions(ll-D) andof the shift-invariant
detectoresolutionkernels(ll-E.1, for otherpossibilitiesof resolutionmodelingseetext).

(steplin Fig. 1);

b) calculationof the K/N-times oversampledin eachdirec-
tion) FFT (step2 in Fig. 1) - imageis zeropaddedeforethe
FFT (for the efficient implementatiornof the oversampled-FT
seg[13,28]);

c¢) interpolationonto the desiredfrequeng locationswithin the
centralsectionof thespectrunusingsmalllocal neighborhoods
in thefrequeny domain- thisis acrucialoperationdetermining
theNUFFT accurag (step4 in Fig. 1).

Theresultof thesehreestepss theNUFFT, andforwardprojec-
tionsarethenobtainedby performinginverseFFTson the cen-
tral sectionsamplegpolarlinesin 2D casestep5in Fig. 1). The
discreteback-projectiorrepresentgshe sameset of operations
executedn thereverseorder Fourierbasedorwardandback-
projectorsfor thestatisticareconstructiotechniqueshouldad-
ditionally take into accounthe shapeof basisfunctionsusedfor
imagerepresentatiomand resolutionpropertiese.g.,LOR pro-
files) asdescribedn Sectiondl-D, II-E (step3in Fig. 1).

C. Fourier-Basedterative Reconstruction

Forward and back-projectionoperationsrepresenthe com-
putational bottleneckswithin ary iterative reconstructionap-
proach. The generalflowchart of iterative reconstructionin
which the operationof forward andback-projectionweresub-
stituted by their fast Fourierbasedcounterpartss depictedin
Fig. 2. Specificiterative algorithmswill be distinguishedone
from anothetby uniquediscrepancyandupdateoperatorsNote
that the Fourier-basediterative techniquesdo not require spe-
cial treatmentof any missing portions of the data, similarly
to spatial-basedterative approachesut unlike the transform
reconstructiorapproache¢3D RP [30], 3D-FRP[25]) which
do require estimationof missing portions of the data before
being employed. In the Fourierbasediterative approaches,
the discrepang operatorwill provide completecorrectiondata

vectors(to be Fourier transformed),including elementshav-
ing valuezeroindicating “no-backprojection’in the regionsin
which datawere not measured.Theseare valid valuesfor the
(additive) back-projectionoperatorand resultin “no-change”
back-projectionfor the correspondingimage) regions, which
is equivalentto “not doingback-projection’for thoseregionsin
atypicalimplementatiorof the space-baseitierative methods.

Within thefastFourierbasedapproachesostof the compu-
tationtime is spentby the calculationf the Fouriertransforms
on dataandimagegrids. For bothforward andback-projection
operationsof Fourierbasediterative techniquesthe (inverse)
Fourier transformatiorof the image(spectrum)hasto be done
only onceper k-th imageupdate(i.e., periteration,or datasub-
set)makingit desirablgo uselargesubsesizeg(i.e.,alow num-
berof subsetsjor block-typealgorithms.Ontheotherhand the
large subsesizestypically requiremorepasseshroughthedata
(iterations).It is easyto shav thatfor linearalgorithmsthe dis-
crepanyg operaton(basedon datadifference)andupdateopera-
tor (basedon additive operation)canbe movedinto the Fourier
domain, thus eliminating the needto do FFT calculationson
imageanddatarastersat eachimageupdateand consequently
eliminating the needto uselarge subsetsizes. However, typ-
ical statisticalreconstructiorapproachegor emissiondataare
not linear Fortunately the speed-upbroughtby the Fourier
basedapproachemalesit possibleto useincreasedumberof
iterations,comparedo the space-basedpproachesyhile still
providing clinically practicaltimesevenfor thebig subsesizes.
Additional substantiaspeed-umf the Fourierbasedpproaches
canbeobtainedby usingrelatively cheapoff-the-shelfFFT pro-
cessotboards.

D. Emulationof Image RepesentatiortJsingBasisFunctions

In the corventionalspace-domaiiterative algorithms there-
constructedmageis usuallyrepresentetly a setof coeficients
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of basisfunctions(e.g.,pixels,or blobs[31]), ratherthanby the
setof imagesamplesThevaluesof the continuousmagez (u),
u € R, arethenobtainedfrom coeficientsd,, whereq repre-
sentsthe discretesetof locationsu = ¢A,,, of basisfunction
a(u) by

z(u) = Z dg a(u — gAy,).

qeEZ™

(®)

If the basisfunctionsare spatiallyinvariant (the typical case),
theNUFFT projectionghroughtheimagecomposedrom those
basisfunctionscanbe emulatedby including a properspectral
filter into the NUFFT path(Basisfunctionfilter in Fig. 2). The
filtering is donesimply as multiplication by the basisfunction
spectrumA(U). Among the most popularspatial basisfunc-
tions are squarepixels or rotationally symmetricKaiserBessel
basisfunctions(blobs)[31] in the 2D caseandcubic voxelsor
spherically-symmetriblobsin the 3D case.

E. ResolutiorModeling

A discretizedversionof the Fouriersectiontheoremprovides
discretesamplesof the (continuous)projectionfunction pg(r)
which might be an over-simplified descriptionof the measured
datain mary tomographicapplications Iterative reconstruction
approacheprovide corvenientways to include more realistic
dataacquisitionmodelsinto their systemmatrix, suchasblur-
ring effectsin both sinogramspace(e.qg., finite detectorreso-
lution and crystal penetrationyand image space(e.g., positron
range).A veryusefulpropertyof this systenmatrixis thatit can
befactoredo provide sequencef separat®perationsnodeling
individual physicalanddataacquisitioneffects[32]. In thefol-
lowing, we describepossibilitiesof incorporation(in a similar
way) of morerealisticresolutionmodelsinto the Fourierbased
forwardandback-projectors.

E.1 Shift-invariantdetectoresolutionmodel

Assumingthat the detectorresponsecan be modeledby a
shift-invariant blur with impulse responseh(r), with corre-
spondingfrequeng responseH (R), the measureddatab can
beapproximatedy

~

bo(sAy) = (hxpe)(sAr) = | H(R)Po(R)e®™ 2 dR, (6)
aJ_
whereA,. is detectorsamplingunit, s € Z"~!. The detector
blur canthusbe modeledby simple multiplication of spectrum
of the data,or image,by H(R). Typical examplesof h(r) are
rect functionmodelingsimpleintegrationoveranuniformstrip,
Gaussiarresolutionkernel of definedwidth, or an experimen-
tally obtainedresolutionkernel.

E.2 Shift-variantdetectoresolutionmodel

The detectorresolutionfunction hg s(r) = he(s,r) depends
onthedetectorsurfacelocation,i.e. it typically depend®nboth
0 ands. Themeasurediatacanbe approximatedy

bo(sA,) = Z ho(s'Ar,sAr) - po(s'Ay),

slezn—1

()

usingseparateesolutiorkernelfunctionfor eachprojectionline
location (6, s). This operationhasto be performedin the pro-
jectiondomain,sinceit doesnot have anefficientcounterpartn
the spectrumdomain. Fortunately the resolutionfunction can
usually be approximatedoy small localizedkernelsleadingto
only aminor increaseof the computatiordemands.

E.3 Image-spacshift-variantresolutionmodel

This modeltakesinto accounthoseresolutioneffectswhich
causevariation of the resolutionpropertiesthroughoutthe im-
agespacehut areindependenbn angleandlocationof the pro-
jection lines, suchaspositronrangein PET. It is possiblethat
this modelmight be ableto include alsoother spatially variant
resolutionpropertiegsimilar to decotvolution procedures)but
this topic is openfor future investigations. Although Fourier
basedprojectorscan not directly take into accountthe space
variantresolutionpropertiestheir effect canbe modeledin the
imagedomain(ratherthanduringthe projectiongeneratiorpro-
cess).In thiscaseheforward-projectiorcalculationis preceded
by blurring of imagewith the spatially-\ariantresolutionkernel

9q(u) = g(q, u):
#(qAy) = Z g(qlAm qAy) - w(qIAu)a

q EZn

(8)

where A, is imagesamplingunit andq € Z™. For the back-
projection theblurring operationwith thetransposef theblur-

ring matrix g) is performedon the correctionimage(cgk) in

Fig. 2) after the back-projectionoperationand beforethe up-
dateoperation.Again, for thesmalllocalizedresolutionkernels
this operationrepresentonly a minor increaseof the overall
computatiordemands.

F. Min-Max InterpolationOptimization

Thesinglemostimportantoperationwithin the Fourierbased
approacheifluencingtheir quality in a crucialway is the in-
terpolationbetweerthe spectrunrastersin [28], amethodwas
developedfor designingand optimizationof the finite support
interpolatorsand of the correspondingscalingfunctionsin the
min-maxsense.The developedmin-maxanalysisprovidesthe
interpolatorthat minimizes the worst-caseinterpolationerror
over all signalsof unit norm. Unfortunately no analyticalfor-
mulawasfound for specifyingthe optimal choicefor the scal-
ing function. Consequentlythe spaceof scalingfunctionsis
searchechumerically The true min-maxinterpolatorwasfur-
ther comparedo corventionalinterpolationkernelswhosepa-
rametersvereoptimizedin themin-maxsense Oneof themost
suitable candidatesamongthem, providing good compromise
betweenaccurag and simplicity, wasfound to be the Kaiser
Besselnterpolationkernel.

TheKaiserBesselwindow functionhastheform [31]

ImL@ [ 1- (2R/J)2] K Im [a\/l - (2R/J)2]

9)
for0 < R < J/2 andvaluezerofor R > J/2, whereR is
thedistancdrom theKB kernelcenter I,,, denoteshemodified
Besselfunction [33] of orderm, J is the size of the KB win-
dow anda is aparametecontrollingthe KB window shapeand

km,J,oc (R) =



IEEETRANSACTIONSON MEDICAL IMAGING - REVISED9-4-2003

KB profiles - J=6, m=0, K/IN=2

—alpha_-, alpha/J=2.00
——alpha_o, alpha/J=2.34
—+alpha_+, alpha/J=2.50
—=—alpha_s, alpha/J=3.08

0.75 A

0.5 1

KB Value

0.25 1

25 3
Radius

Fig. 3. Profilesof four KaiserBesselnterpolationkernelsof sizeJ = 6 using
optimum(alpha.o) andsuboptimunparameterfor m = 0 and K /N = 2.
alpha- andalpha+ representwo suboptimumKB kernels(a: parameter
locatedon both sidesfrom the optimum- starsymbolsin Fig. 5) providing
comparablemaximumerrors,which areabout6.5-timeshigherthanin the
optimumcase.For comparisonwe shav alsoalpha._s representindypical
KB window having desirablepropertiedor the spatialimagerepresentation
[34], but poor performanceastheinterpolationkernel. It is interestingthat
althoughall of themhave similar shapethey provide quite dramaticdiffer-
encein theNUFFT performance.

frequeng characteristic§31, 34] (seeexamplesof KB window
functionsandof theirspectran Figs.3and4). Theinterpolation
kernelcanbe given asa radially symmetrickB window func-
tion, or asaseparabléin spectruntomponent®;, R,, ...) win-
dow function, both of which canbe optimizedusingthe same
min-maxapproach.However, althoughthe radially symmetric
kernelshave very attractve propertiesf usedasbasisfunctions
for theimagerepresentatiowithin thetomographiaeconstruc-
tion [31,34], the separabléernelsare preferable andeasierto
implement, for the interpolationpurposeswithin NUFFT ap-
proaches.The separabléKB interpolationkernelsusedin our
studiesaregivenby

km,J,a(Rla RZ) = km,J,a(Rl) : km,.],a(RZ)- (10)
We usea scalingfunction correspondingo the Fourier trans-
form of the KB window. This scalingfunction givesthe lowest
worst-caseerror [28], provided the parameterghat determine
the shapeof the KaiserBesselfunction were chosenappropri-
ately. In the min-maxoptimization the parameteréa, m) of the
KaiserBessefunctionarevariedby brute-forcesearchandthe
valuesthatminimizetheworst-casesrrorarefoundnumerically
for eachinterpolationkernelsize J. Basedontheresultsin [28]
andon the numericaland experimentalresultspresentedn the
following we believe that theseinterpolatorsare quite closeto
optimalfor the NUFFT problem.

I1l. NUMERICAL ERROR ANALYSIS RESULTS

In [28] it wasshown thatfor the 1D NUFFT, a KB window
with m = 0 anda/J ~ 2.34 approximatelyminimizes Ey,ax,
the worst-casanterpolationerror over all 1D signalsof length
N with unit norm. It wasfurthershown thatthetheoreticakrror
boundof the separabl@D interpolationkernelsis only slightly
higherthantheworst-caserrorobtainedor the 1D kernels(see

KB Power spectra -
0 0.25 0.5

J=6, m=0, K/N=2
0.75 1

=N

A

-20 1

240

-60 -

-80 -

dB

-100 -

-=-alpha_s, alpha/J=3.08
—+alpha_+, alpha/J=2.50
—e-alpha_o, alpha/J=2.34
—alpha_-, alpha/J=2.00

-120 A

Y

-140 |

-160
Frequency

Fig. 4. Pawer spectraof KaiserBesselinterpolationkernelsusing optimum
(alpha.o) andsuboptimunparametersor J = 6, m = 0 andK/N = 2,
whoseprofilesareshavn in Fig. 3.

formulafor the2D errorin [28]). However, thereis noguarantee
thata window thatis optimizedfor 1D worst-caseerrorwill be
optimalfor 2D projectionandbackprojectiorwith realisticob-
jects.In SectionlV, we investigateheeffectof theorderm and
shapegarameter: ontheaccurag of the2D NUFFT stepwithin
2D forward andbackprojectioroperationdor an anthropomor
phic object. In this sectionwe first refinethe optimizationof «
andm for the 1D NUFFT for comparisorio the 2D case.

We have calculatedhe maximumerror By, for therangeof
oversamplingactors(X /N = 1,1.5, 2, 3), interpolationkernel
sizes(J = 4,5,6,7), ordersof KB window (m € [—2,2]) and
KB shapgwidth) parametefa, wherea/J € [1, 3]). Theinter-
polationerroris rapidly decreasingvith theamountof oversam-
pling. We shaw results(Figs.5, 6, 7) only for thecaseK /N = 2
(a reasonableompromisebetweenthe speedand quality) and
for the 1D interpolationwindow. The behaior for otherover
samplingcasesds similar, asshowvn in [35]. Theoptimumorder
of the KB interpolatoris closeto zerofor all K/N, contraryto
our previous experienceswith the KB window usedas spatial
imagebasisfunction [34]. At m = 0, the optimal valuesof
a/ J ratio areapproximatelyconstanbverarangeof KB kernel
sizeshuttheoptimala/ J is differentfor differentoversampling
factors(aboutl.5for K /N=1, about2.05for K /N=1.5,about
2.34for K/N=2 andabout2.6for K/N=3).

Figs.3 and4 show profilesandpower spectrarespectiely, of
optimal andsuboptimalinterpolationkernels. Note thatthe in-
terpolationoperationis performedin the Fourierdomainof the
image.Consequenththeimageandits periodicrepeatgcaused
by thediscretizatiorof theimageandFourierdomainsjaremul-
tiplied by the interpolationkernel spectrum. That meansthat
the kernel spectrumvalue at the frequeng 1.0 (samplingfre-
gueng) multiplies the first periodicrepeatof the centerof the
image, and the spectrumvalue at the frequeny 1-f_Nq (peri-
odic repeatof the negative Nyquistfrequeng -f_Ng) multiplies
theimagevalueat the periodicrepeatof its left boundary The
areabetweerf_Ngand1-f_Nqwill notbeoccupiedby eitherim-
ageor its periodic repeat,andits size dependson the size of
the oversamplingfactor K/N. The ideal interpolationkernel
would suppressill of theimageperiodicrepeatsthusleadingto
requirementhatit has(effectively) zerovaluebeyondits spec-
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Fig. 5. Maximum error Emax Of KaiserBesselinterpolatorasa function of
theshapegparameter, for severalinterpolationkernelsizes.J, Bessebrder
m = 0 andusing100% zero-paddingf the spatialdomain(K /N = 2)
(NUFFT interpolatothasbeenfoundto performbestfor theKB ordersclose
tom = 0 - seeFig. 6). Notethatthe optimumratio ./ J is about2.34 for
varyingkernelsizes.
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Fig. 6. Maximum error Emax Of KaiserBesselinterpolatorasa function of
theorderm, for severalsizes.J, 100%zero-paddind K /N = 2) andusing
optimumratio «/J for eachparticularvalue of m. The optimum order
parametemn is slightly abore 0 for all kernelsizes; aopt in the legend
represenglobaloptimumof the o parametefor the givenkernelsize.
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Fig. 7. Valuesof the optimumratio (copt /J) asa function of the KB order
m, for 100%zero-paddind K /N = 2). The valuesof optimumratio for
individual kernel sizesclusteraroundsimilar value for orderm = 0 and
diverge for other orders. Similar behaior have beenobsered for other
valuesof K/N, but with differentvalueof theoptimumratioatm = 0.

trum frequeng 1-f Ng. In practice the optimumKB interpola-
tion kernelis a compromisebetweenthe requirementghat the
main lobe of its spectrumdecayso negligible valuesat, or be-
fore, theimageperiodicrepeatl-f_Nq (limiting o from thetop)
andthatits sidelobesareeffectively zerobeyondthatpoint (re-
quiring large ). Any deviation from this compromisdeadsto
adramaticincreaseof theinterpolationerrors(seestarsymbols
in Fig. 5), in spiteof very similar kernelshapegFig. 3).

IV. COMPUTER SIMULATION RESULTS
A. Forward-Projector

In additionto the numericalevaluationof the NUFFT-based
forward projectorfor the worst caseerror, we have evaluated
the accurag of the NUFFT-basedforward projectorusing the
digital Zubalphantom.We croppecdthe original 128 x 128 im-
ageto thesize100 x 100 sothatthe phantomtorsofully occu-
piesthewholeimageregionin its wider dimension(seebottom
left imagein Fig. 11), to avoid ary extra zero-paddingpther
thanthat given by K/N. We have simulateda parallel-beam
tomographicsystemwith a sinogramsizeof 100radial binsby
192 anglesover180°, includingarectanguladetectoresponse
h(r) = rect(r) with width equalto thepixel size partiallyrepre-
sentingthefinite detectowidth in aPET system(ratherthanus-
ing overly idealizedline integrals). We have computedorward
projectionsfor this systemin four ways: using Fourierbased
projectorwith exact(to within doubleprecisionin Matlab)eval-
uationof the2D FT (DSFT),usingFourierbasedrojectorwith
the2D NUFFT approximation(to the DSFT)utilizing min-max
optimizedKaiserBesseinterpolationusingFourierbasedoro-
jector with bilinear interpolation,and using space-baseg@ro-
jector Examplesof sinogramsobtainedby Fourierbasedand
space-basegrojectors,and correspondingabsolutedifference
imagesareshavn in Fig. 8.

Basedon the differencebetweenthe exact FT and NUFFT
methodwe have evaluatedMaximum Error, RootMeanSquare
Error andMeanError. In the following graphs,we shav only
maximumerrordefinedasthe maximumabsolutaifferencebe-
tweenexactFT andNUFFT methodin percenof themaximum
value of the exact FT method. Other errorshave beenfound
to exhibit similar behavior, asshavn in [35]. The errorshave
beenevaluatedfor the samesetof the NUFFT parameterssin
the numericalanalysis.The error curvesasa function of the «
(Fig. 9) shaw very similar beharior to the numericalcase with
nearlyexactlythesameoptima. Theoptimaoverm (Fig. 10) are
lessconsistentomparedo the theoreticalcase(Fig. 6) but the
locationsof thesmallesimaximumerror E ..« arestill clustered
aroundm = 0. The calculatedsinogramdor the optimumval-
uesarevisually indistinguishablgfrom the exact FT approach)
with errorswithin 0.06%when K/N = 2 evenfor the small-
estkernelsize(J = 4). By comparisoncorventionalbi-linear
interpolationfor the Cartesiarto polar corversiongivesabout
two ordersof magnitudehighermaximumerrorthanthis small
kernel. Table!l shavs maximumforward-projectionerrorsfor
optimumshapeparametergor differentlevels of oversampling
K /N anddifferentkernelsizes.J.
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|Bilinear-DSFT| INUFFT-DSFT]| |SBP-NUFFT]|
l nges 0114 . sz
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rms=1.6% max=6.1%  rms=0.020% max=0.061%  rms=0.18% max=1.7%

Fig. 8. Exampleof sinograms(illustrated using 144 angular samples)of
Zubal phantomobtainedby Fourierbasedforward-projectorusingbilinear
interpolation(K/N = 2) (top left), Fourierbasedforward-projectorus-
ing NUFFT with optimizedKB kernel(K/N = 2, m = 0, J = 4, and
a/J = 2.4) (top middle) anda space-basefbrward-projector(SBP) (top
right). lllustrative timesarefor MatlabimplementationsBottomrow shavs
correspondingabsolutedifferencesinograms(including measure®f root-
mean-squareifferenceand maximumabsolutedifference)with respecto
the exact Fourier projector (DSFT) (bottom left and middle), and Fourier
NUFFT projector(bottomright).

TABLE |
MAXIMUM FORWARD-PROJECTION ERRORS FOR DIFFERENT
OVERSAMPLING AND KERNEL SIZES, USINGm = 0 AND OPTIMUM a.

Oversampling J=4 J=5 J=6 J=7

K/N=1 5.21% 2.27% 2.94% 1.17%
K/N=1.5 0.11% 0.021%  0.0039%  0.00033%
K/N=2 0.061% 0.0037% 0.00078% 0.000042%
K/N=3 0.033% 0.0011% 0.00019% 0.000007%

B. Bad-Projector

We comparedthe adjoint operator (back-projector)of the
NUFFT-basedforward projector using the KaiserBesselin-
terpolatorto the adjoint of the exact Fourierbasedreprojec-
tor whenappliedto ramp-filteredideal sinogramsof the Zubal
phantomof limited size (Fig. 11, bottom left). Examples
of imagesobtainedby Fourierbasedand space-basetback-
projectorsand correspondingabsolutedifferenceimagesare
shavn in Fig. 11. Similar to the caseof the forward-projector
we have evaluatedNUFFT-basedback-projectorerrors for a
rangeof parameters.The maximumerrors (shovn in graphs
in Figs. 12, 13) have beencalculatedwithin the phantomtorso
region asthe percenterror of the maximumvaluein the DSFT
images.Again, the errorcurvesareconsistentvith the previous
casesandthe NUFFT approachagreeswith the exactapproach
within 0.015%,evenfor the smallestkernelsize (J = 4) and
K/N = 2. Tablell shavs maximumback-projectiorerrorsfor

couuul]l O
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~oah
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L L L L L L L
16 18 2 22 24 26 28

a/J (Kaiser-Bessel shape)
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Fig. 9. Maximum interpolationerror (% of projectionmaximum)of forward-
projectionof modifiedZubal phantomusingNUFFT with KaiserBesseln-
terpolatorof several sizesJ asa function of the parameterx. Samesetof
parametersisedasfor theFig. 5
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Fig. 10. Maximuminterpolationerror (% of projectionmaximum)of forward-
projectionof modified Zubal phantomusing NUFFT with KaiserBessel
interpolatorof several sizesJ asa function of the KB orderm. For each
individual m anoptimuma wasused.ap¢ in thelegendrepresenglobal
optimumof thea: parametefor the givenkernelsize.

optimumshapeparametergor differentlevels of oversampling
K /N andfor differentkernelsizesJ.

C. Forward andBadk-Projectorwithin Iterative Reconstruction

Sinceiterative algorithmsrequirerepeatedorwardandback-
projections,it is concevable that even small errorsin the re-
projector could accumulate. To study practical performance
of the NUFFT forward and back-projectowithin the iterative
reconstructionprocess,the following experimentshave been
performed. We have simulatednoisy PET sinogrammeasure-
ments (including attenuation,randomsand scatter)from the
128 x 128 Zubal phantom.We have simulateda parallel-beam
tomographicsystemwith a sinogramsize of 160 radial bins by
192 anglesover 180°. We have run 17 iterationsof the conju-
gategradientalgorithm for a data-weightedeast-squaresost
function [36] with a standardquadraticfirst-order roughness
penalty The presentedesultswere obtainedusing a model
of rectangulardetectorresponsewith a pixel basisfunction,
consistentwith the precedingsubsections. For the Fourier
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Exact DSFT Fourier NUFFT 5 Space Based B-Proj 5
234 sec 0.37 sec 4.83 sec
0 0 0
SO8 0.06
Zubal phantom ’ |SBBP-NUFFT]| ’

rms=0.009% max=0.015% rms=0.22% max=1.2%

HS
0
Fig. 11. Exampleof imagesobtainedby back-projectionof filtered sino-
gramg(192projections)f Zubalphantom(bottomleft) usingexactFourier
basedack-projecto(DSFT)(top left), Fourierbasedack-projectousing
NUFFT with optimizedKB kernel (K/N = 2, m 0, J = 4, and
a/J = 2.35) (top middle) anda space-baseback-projecto(SBBP)(top
right). lllustrative timesarefor Matlabimplementationsinconsisteng be-
tweentheback-projectiotimesshavn hereandthecorrespondindorward-
projectiontimesshavn in Fig. 8 is causedy thememoryacces®rderingin
the MatlabimplementationBack-projectiorandforward-projectiorwould
take aboutthe sametime with special-purposémplementations.Bottom
(middle and right) row shavs correspondingabsolutedifferenceimages
(includingmeasuresf root-mean-squardifferenceandmaximumabsolute
difference)with respecto theexactFourierback-projecto(DSFT)(bottom
middle),andFourier NUFFT projector(bottomright).

TABLE Il
MAXIMUM BACK-PROJECTION ERRORS FOR DIFFERENT OVERSAMPLING
AND KERNEL SIZES, USING ™ = 0 AND OPTIMUM a.

Oversampling J=4 J=5 J=6 J=7

K/N=1 9.10% 1.32% 1.75% 0.71%
K/N=1.5 0.099%  0.020% 0.0042% 0.00068%
K/N=2 0.015%  0.0015%  0.00034%  0.000019%
K/N=3 0.0075% 0.00044% 0.000063% 0.000002%

basedapproachesye have repeatedeconstructiorstudieswith
a datamodelinvolving spatially-invariantbell-shapedietector
responsef equivalentwidth to the imagegrid sizeandmodel-
ing imagerepresentatioby smooth(blob) basisfunctions. Ex-
amplesof reconstructedmagesusingFourierbasedandspace-
basedforward andback-projectorand corresponding@bsolute
differenceimagesareshowvn in Fig. 14. The reconstructedm-
agesusingDSFT, NUFFT andspace-baseprojectorswith pixel
basisfunctions(top row) arevisually indistinguishableRecon-
structionswith an image model involving smoothbasisfunc-
tions (illustratedat the bottomleft) provide decreasedoiselev-
els,asexpected.

The errors of NUFFT-basedforward and back-projectors
within the iterative reconstructionas comparedto the recon-
structionusingexactFT projectordDSFT),have beenevaluated

Back-Projection Error for K/N=2 and m=0

~oah

(SIS

5 L L

L L L L L
16 18 2 22 24

a/J (Kaiser-Bessel shape)

1 12 14

Fig. 12. Maximum interpolationerror (% of phantommaximum)of discrete
back-projectionusing NUFFT with KaiserBesselinterpolatorof several
sizesJ asafunctionof the parameterr. Samesetof parametersisedas
for theFigs.5, 9.
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T4 a_=23)
=5 a =2.35)
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Fig. 13. Maximum interpolationerror (% of phantommaximum)of discrete
back-projectionusing NUFFT with KaiserBesselinterpolatorof several
sizesJ asa function of the KB orderm. For eachindividual m an opti-
mum a was used. aqpt in the legendrepresenglobal optimumof the o
parametefor thegivenkernelsize.

for thesamesetof parameterasin thepreviouscasesThemax-
imum errorhasbeencalculatedvithin the phantontorsoregion
andexpresse@sthepercenerrorrelative to themaximumvalue
in thephantom.Theerrorcurves(Figs.15, 16) shov againsim-
ilar behavior, with the optimumslightly shiftedtowardshigher
parameterx values. This is probably causedby the fact that
the phantomdoesnot coverthewholeimageregion (essentially
constitutingadditional zero-padding). The maximumerror is
belov 0.06%for thesmalleskernelsize(J = 4) andK /N = 2.
Tablelll shovsthemaximumreconstructiorerrorsfor optimum
shapeparametersor differentlevelsof oversamplingk’/N and
for differentkernelsizesJ. Fourierbasedeconstructionsvith
animagemodelinvolving smoothbasisfunctionsshaved simi-
lar comparisonsvith slightly decreasedrrors,asshavnin [35].

V. ITERATIVE RECONSTRUCTION USING REAL DATA

The performanceof the Fourierbasedforward and back-
projectorswithin iterative reconstructiorhasbeenfurthertested
(and comparedto the space-basegrojectors)using real PET
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AN Fig. 15. Maximum interpolationerror (% of phantommaximum) of 17
Blob image basis rms=0.011% max=0.057%, rms=0.36% max=1.7% iterations of QPWLS reconstructionusing NUFFT forward and back-
0 0 0 projectorswith KaiserBesselinterpolatorof several sizesJ asa function
of the parameterx. Samesetof interpolationparametersisedasfor the
Fig.14. Exampleof QPWLS-CGreconstruction§l? iterations)of thoraxphan- Figs.5,9,12.

tomusingexactDSFT (top left), FourierbasedNUFFT with optimizedkB
kernel(K/N = 2, m = 0, J = 4, anda/J = 2.55) (top middle)
and space-base@GBR) (top right) forward and back-projectors.lllustra-
tive times are for Matlab implementations.Bottom left is illustration of
NUFFT iteratve reconstructiorincluding modelingof a blob basisfunc-
tion andbell-shapedietectoresolutionkernel. Bottom (middle andright)
row shaws correspondingbsolutedifferenceimages(including measures
of root-mean-squardifferenceandmaximumabsolutedifference)with re-
spectto the exact Fourier projectors(DSFT) (bottommiddle), and Fourier
NUFFT projectors(bottomright).

TABLE 1l
MAXIMUM RECONSTRUCTION ERRORS FOR DIFFERENT OVERSAMPLING
AND KERNEL SIZES, USINGm = 0 AND OPTIMUM a.

Oversampling J=4 J=5 J=6 J=7

K/N=1 0.59%  0.23% 0.056% 0.031%
K/N=1.5 0.098% 0.0081% 0.0011%  0.00055%
K/N=2 0.057% 0.0032% 0.00023% 0.000034%
K/N=3 0.039% 0.0020% 0.00010% 0.000010%

data. For this study we have usedtransmissiordataof a phys-
ical torsophantomacquiredon the clinical scannelECAT-921.
The datacontained160 radial bins by 192 anglesover 180°,
with projectionray size3.38mmandreconstructedmagepixel
size4.22mm.The attenuationmagehasbeenreconstructedis-
ing 200iterationsof thetransmissiorpenalized-likelihoodalgo-
rithm T-PL-OSPS[37] (with numberof subsetsqualto one)
initialized by the filtered-backprojectionmage (shovn at top
left in Fig. 17). Althoughthe numberof iterationsusedin prac-
ticewouldbemuchlower, we have runthealgorithmsfor 200it-
erationgo testif thereis any accumulatiorof errorsor ary insta-
bility in the Fourierbasedapproachasthe iterationsprogress.
The Fourierbasedapproactshaved stablebehavior consistent
with the space-basedpproach.The obserned measure®f the
differencebetweerthe two approachesid not changeby more
than 1% (of their respectre maximumvaluesat iteration 200,
reportedn Fig. 17) duringthelast110-120iterations.
Examplesof reconstructedmagesusing Fourierbasedand
space-basetbrward and back-projectorsand a corresponding

Reconstr Error for 17 iterations, K/N=2 and aop‘ for each m
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Fig. 16. Maximum interpolationerror (% of phantommaximum)of 17 itera-
tionsof QPWLSreconstructiorusingNUFFT forwardandback-projectors
with KaiserBesselinterpolatorof several sizesJ asa function of the KB
orderm. For eachindividual m anoptimuma wasused.aop¢ in thelegend
represenglobaloptimumof thea. parametefor the givenkernelsize.

absolutedifferenceimage are shovn in Fig. 17. Horizontal
profilesthroughthe centerpart of the reconstructedmagesare
shawvn in Fig. 18. The reconstructedmagesusingNUFFT and
space-basegrojectorswith pixel basisfunctions(Fig. 17 top
middle andright, Fig. 18 solid line profiles)arevisually indis-
tinguishable. Reconstructionsvith an image modelinvolving

smoothbasisfunctions(illustratedin Fig. 17 at the bottomleft)

provide decreasedoiselevels while preservingthe edges(see
dashedine profile in Fig. 18).

V1. DISCUSSION

The resultsreportedwithin this paperwere obtainedfor the
2D case.Theillustrative computatiortimesreportedin thefig-
uresare for Matlab implementations. The Fourierbasedfor-
ward andback-projectorsverefoundto be morethan10-times
fastercomparedo their space-basedounterpartgseeFigs. 8
and 11). Similar speed-uds expectedfor optimized special-
purposeimplementationsof both approaches. The Fourier
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FBP Fourier NUFFT Space Based Rec
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200 iter of T-PL-OSPS

200 iter of T-PL-OSPS

206 sec 1659 sec

Fourier NUFFT INUFFT-SBR|

@

200 iter of T-PL-OSPS

Blob image basis rms=0.15% max=1.29%

Fig. 17. FBP (servingasinitial image)(top left) and T-PL-OSPSreconstruc-
tions (200 iterations)from transmissiordata(from ECAT-921 scanner)pf
physicalthoraxphantomusing FourierbasedNUFFT with (theoretically)
optimizedKB kernel(K/N = 2, m = 0, J = 4, anda/J = 2.34) (top
middle) and space-base@SBR) (top right) forward and back-projectors.
lllustrative times are for Matlab implementations.Bottom left is illustra-
tion of NUFFT iterative reconstructiorincluding modelingof a blob basis
function andbell-shapedietectoresolutionkernel. Bottomright is abso-
lute differenceimage (including measure®f root-mean-squardifference
andmaximumabsolutedifference)betweernreconstructionsising Fourier
basedNUFFT andspace-baseprojectors.

basedapproachescan be straightforvardly extendedto the
3D caseas was done for the 3D version of Direct Fourier
Method (3D-FRP [25]), which involved both back-projection
andforward-projection(reprojection)operations Extrapolating
from experiencewith the3D-FRP[25], thefully 3D iterative ap-
proachesising Fourierbasedorojectorswill have the potential
to speed-upghereconstructiortime about5-10timesfor images
of size1283, andthis speed-upvill beincreasingvith theimage
size. An additional substantiakpeed-upf Fourierbasedap-
proachess feasibleusingrelatively cheapoff-the-shelfFFT pro-
cessoroards. The speed-upf the reconstructiorapproaches
is very important,assupportediy the obsenations[6] thatthe
datavolumesin modernPET systemanight be increasingat a
fasterratethantheincreaseof computempower asdescribedy
Moore’s law.

It is worth mentioningthatthetwo Fourierbasedeconstruc-
tion approachementionedabove (3D-FRPanditerative), both
use back-projectionand forward/reprojectionoperationsand
thus both benefitconsiderablyfrom the Fourierbasedforward
and back-projectorsput the two approachesre quite distinc-
tivein nature.3D-FRPis basednthediscretizednverseRadon
formuladerivedfor theidealcontinuousnodelandtheimageis
obtainedn onepassthroughthe datawhich areweightedin the
frequeng domainfor the samplingdensityof thedataspectrum
andfor nonuniformitiesintroducedby theinterpolation.On the
other hand, the Fourierbasediterative approacheswhich are
the focus of this paper are derived basedon a discreteimage
anddataacquisitionmodelwhile takinginto accoundatastatis-
tics. Here,theimageis graduallybuilt-up and/orrefined(based
on particulardiscrepang andupdateoperationsthroughanit-

10

Horizontal profiles (65-th row)

—— Space-Based Reconstruction
Fourier NUFFT (pixel basis)
- - - Fourier NUFFT (blob basis)

20 40 60 80

Fig. 18. Horizontal profiles through the iterative reconstructionshowvn in
Fig. 17. Space-basednd Fourierbasedreconstructionsising pixel basis
functions(solid lines) are closely overlapping. Fourierbasedreconstruc-
tion modelingblob basisfunction (dashedine) provideslower noiselevels
(while preservingedges)jn agreementvith our previous experiencewith
(space-basedferative reconstructionsisingblob basisfunctions[34].

eratve processandtheimageupdatestepis basednthesimple
back-projection(without datafiltering) which is an adjointop-
erationto the forwardprojection.

Direct application of the NUFFT approachis limited to
uniformly-spacedparallel projectiondata. However, it canbe
easily extendedto fan beam,conebeam,or ary otherkind of
datawhich canberesortednto setsof parallellineswith non-
equidistanspacing.In this case by usingthe duality principle,
the non-uniformrasteris definedby the distribution of the par
allel projectionlinesfor eachdirectiond andthe NUFFT output
is the uniform spectralrasterof the projectiondataon . This
operation(or its adjoint)replacesheoperatiorof (I)FFT of pro-
jectionswithin the NUFFT back(forward)-projectorglescribed
in Sectionll-B. Onthe otherhand,it shouldbe mentionedhat
the Fourierbasedapproachearenot applicableto the unsorted
(e.g.,list-mode)data.

A noteworthy propertyof theFourierbasedpproachess that
they canbe straightforvardly appliedto the caseof dataand/or
imagedefinedon the efficient spatialgrids (hexagonin 2D case
andbody-centeredubicgrid in 3D cas€[38]) thanksto the ex-
istenceof efficient FFT algorithmsfor thosegrids.

Finally, it is importantto emphasizehatwe have beenutiliz-
ing KaiserBesselwindow functionsin two quite distinctways
within theframework of the Fourierbasedterative approaches.
First,the KB window hasbeenutilized asthelocalizedinterpo-
lation kernelin the spectrum-domaiinterpolation- the crucial
NUFFT operation.Secondjt hasbeenusedin the optionalop-
erationof modelingof the spatial-domainmagebasisfunction.
Theseareindependenbperation$aving quitedifferentrequire-
mentson the KB window shapeasillustratedin Sectionlll.

VII. CONCLUSIONS

Ourresultsshav very goodagreementf thetheoreticalmin-
max error analysisof the NUFFT forward and back-projectors
with their practical performance. Consequentlythe min-max
approachoffers a valid and practical framework for the opti-
mizationof the NUFFT interpolationparameters.
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Our resultsfurther shawv thatthe NUFFT-basedforward and
back-projectoravith the min-maxoptimizedKaiserBesselin-
terpolationare fastandvery accurate. In particular their ap-
proximationerrorshave beenfoundto beextremelylow ascom-
paredto the exactdiscreteFouriertransformapproachandthey
have manifesteda very good matchto the space-baseprojec-
tors,evenfor smalloversamplingandinterpolationkernelsizes.
For example,it hasbeenobsenedthatfor theoptimizedKaiser
Besselinterpolatorsit might be sufficient to usejust 50% FFT
oversamplingandtheinterpolationkernelsof diameteispanning
just4 to 5 grid points.

In summaryit hasbeendemonstratethatthe Fourierbased
forwardandback-projectorsitilizing the NUFFT approactpro-
vide fastandextremelyaccuratdoolsfor iteratve tomographic
reconstruction.The Fourierbasedprojectorsare especiallyat-
tractive for the fully 3D iterative reconstructiorapproache
PET characterizedby very large datavolumes. An additional
adwantageof the Fourierbasedapproachess the possibility of
utilizing the powerful and cheapoff-the-shelfFFT processing
hardware.
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