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ABSTRACT

TRUE SPATIO-TEMPORAL DETECTION AND ESTIMATION FOR
FUNCTIONAL MAGNETIC RESONANCE IMAGING

by

Joonki Noh

Co-Chairs: Victor Solo and Jeffrey A. Fessler

The development of fast imaging in magnetic resonance imaging (MRI) makes
it possible for researchers in various fields to investigate functional activities of the
human brain with a unique combination of high spatial and temporal resolution. A
significant task in functional MRI data analysis is to develop a detection statistic
for activation, showing subject’s localized brain responses to pre-specified stimuli.
With rare exceptions in FMRI, these detection statistics have been derived from
a measurement model under two main assumptions: spatial independence and
space-time separability of background noise.

One of the main goals of this thesis is to remove these assumptions which have
been widely used in existing approaches. This thesis makes three main contributions:
(1) a development of a detection statistic based on a spatiotemporally correlated noise
model without space-time separability, (2) signal and noise modeling to implement

the proposed detection statistic, (3) a development of a detection statistic that is



robust to signal-to-noise ratio (SNR), Rician activation detection.

For the first time in FMRI, we develop a properly formulated spatiotemporal
detection statistic for activation, based on a spatiotemporally correlated noise model
without space-time separability. The implementation of the developed detection
statistic requires joint signal and noise modeling in three or four dimensions, which
is non-trivial statistical model estimation. We complete the implementation with the
parametric cepstrum, allowing dramatic reduction of computations in model fitting.
These two are totally new contributions to FMRI data analysis. As byproducts, a
novel test procedure for space-time separability is proposed and its asymptotic power
is analyzed. The developed detection statistic and conventional statistics involving
spatial smoothing by Gaussian kernel are compared through a model comparison
technique and asymptotic relative efficiency.

Most methods in FMRI data analysis are based on magnitude voxel time courses
and their approximation by a Gaussian distribution. Since the magnitude images, in
fact, obey Rician distribution and the Gaussian approximation is valid under a high
SNR assumption, Gaussian modeling may perform poorly when SNR is low. In this
thesis, we develop a detection statistic from a Rician distributed model, allowing a

robust activation detection regardless of SNR.



CHAPTER 1

Introduction to FMRI Data Analysis

1.1 Overview

In the human body, the brain is probably the most complicated and the least un-
derstood organ in spite of the developments in science. Due to recent technological
advances made in the last decade of the 20th century, we have dramatically broad-
ened and deepened our understandings of the human brain. Especially, the advent of
brain imaging techniques allows researchers to study a healthy and living human sub-
ject while the subject’s brain is functioning and performing cognitive tasks without
the need for surgery. Among proposed brain imaging techniques, positron emission
tomography (PET) and functional magnetic resonance imaging (FMRI) have been
found useful and widely used for the investigation of the brain. To investigate func-
tions of the brain using PET, a radioactive tracer, e.g., ["O]H0 is injected into
subject’s blood vessel and the changes of regional cerebral blood flow (rCBF) in the
brain induced by given cognitive tasks are directly measured. Although PET is non-
invasive, it involves exposure to ionizing radiation and has poor spatial resolution.

A dominant contrast mechanism used in FMRI is the blood oxygenation level
dependent (BOLD) contrast, which is known as the result of complex interactions

between localized changes in cerebral blood flow, cerebral blood volume, metabolism,



and blood oxygenation level caused by neuronal activities. The difference of mag-
netic susceptibilities of hemoglobins in different oxygenation states causes regional
distortion of an MR decaying parameter 77, leading to the changes in the intensity
of an MR image. The localized signal changes observed through this BOLD contrast
occurs in the range of several seconds and the rapid acquisition of images allows
visualization of interesting brain dynamics. Another contrast mechanism used in
FMRI is the perfusion contrast by arterial spin labeling (ASL), using magnetically
labeled arterial blood water to measure rCBF. The BOLD-based FMRI measures
the changes of T indirectly reflecting the changes in rCBF, whereas the ASL-based
FMRI measures the changes of T} reflecting the changes in rCBF. For readable in-
troductory materials to brain mapping with FMRI, the reader is referred to [10] and
[12].

A typical blocked experiment in FMRI consists of two conditions, a functional
condition inducing neuronal activities on certain regions in the human brain and
a rest condition. In a simple experiment, when a visual stimulus is presented to a
subject in an MRI scanner, the functional condition involves visual fixation on a flick-
ering checkerboard image and the rest condition involves fixation on a non-flickering
image, e.g., an image with a cross sign at the center. Typically, these two condi-
tions are repeated during the experiment. This repetition, namely a pre-specified
temporal stimulus, is usually described as a periodic pulse, a sequence of an ”on-
off” pattern, in which ”"on” indicates the functional condition and ”off” represents
the rest condition. As an alternative to the simple blocked design, an event-related
FMRI experiment in which multiple simple stimuli are given to a subject during an
experiment has been developed [14, 43].

While the subject in the MRI scanner is responding to the given stimuli, a se-



quence of images reflecting functional activities of the subject’s brain is taken in
rapid succession, usually every second. The sequence of images obtained by the ex-
periment has four dimensions (4D), which consist of three spatial dimensions (3D)
and one temporal dimension (1D). The basic element of these 3D images is called
a voxel and a two-dimensional (2D) cross section of a 3D image is called a slice. A
2D slice is typically shown on z-y plane and different slices are denoted by different
z coordinates. After the image reconstruction is done by inverse Fourier transform
or its equivalent iterative methods, several operations in the pre-processing step are
performed before FMRI data analysis. For example, since each slice in a 3D image is
acquired at a different time, slice timing correction is necessary, usually done by tem-
poral interpolation. The image registration to match the collected images containing
subject’s functional activities to a high resolution structural image of the subject,
typically a T} weighted image, and the correction for motion artifacts are required
as well before performing data analysis. The image normalization to transform the
collected functional images into the standard Talairach space is also necessary in the
case of multi-subject experiments.

It is known that the signal changes on MR images observed through the BOLD
contrast between the functional state and the rest state is typically very small, from
2-5% at 1.5T, a moderate magnetic field strength, to approximately 15% at 4T, a
strong magnetic field strength [12]. Therefore to obtain statistically valid results from
FMRI observations such as an activation map to show localized responses of subject’s
brain to presented tasks, sophisticated and carefully designed statistical procedures
are required. In FMRI data analysis, many statistical methods have been proposed
until now, which can be categorized into two types, a model-driven approach and a

data-driven approach. In the model-driven method, a model is assumed and FMRI



measurements are fitted to that model. Using statistical hypothesis testing based on
the fitted model, conclusions can be drawn. Since techniques in time series analysis
have been applied to voxel time courses, the model-driven method is also known as a
univoxel approach. In the data-driven method, no underlying model is assumed and
some meaningful spatial or temporal components in the measurements are searched.
These found components are expected to associate with some physiological processes
of interest in the brain. The data-driven approach is useful when an appropriate
model generating data is not available. However, computational demand is usually
high and interpretations are not easily made from obtained results by the data-driven
method. Among several data-driven methods, principal component analysis (PCA)
and independent component analysis (ICA) serve as important roles in FMRI data
analysis.

With rare exceptions, most of proposed methods, including model-driven and
data-driven approaches, have been derived from a spatial independence assumption
with implicit space and time separability. In this thesis, our attention focuses on
the model-driven approach for a single subject. We now introduce important and

challenging tasks in FMRI data analysis with the contributions of this thesis.

1.2 Challenging Tasks

1.2.1 Spatio-Temporal Detection Statistics

One of the most significant tasks in FMRI data analysis is probably creating an
activation map to show localized brain responses to pre-specified temporal stimuli.
This task is typically called ”the activation study”. Activation map is just a spatial
plot of a detection statistic built up from a statistical hypothesis testing that can

be conceptually described as follows. Suppose that we have voxels in a region of



interest (ROI) and are interested in whether a particular voxel in the ROI is activated
while the subject is performing given tasks. Then, we need to test if the collected
data provide enough evidences to support the null hypothesis Hj or the alternative

hypothesis Hy, where

Hyj : the particular voxel is not activated, (1.1)

H; : the particular voxel is activated,

by given temporal stimuli. Now, we have an important question: how do we construct
detection statistics for activation 7
To make a decision about the activation hypotheses, a thresholding rule is usually
applied to obtained detection statistics. If we have an observation y, at a voxel
location v, called voxel time course, then the decision rule is
1, if T, > ()

P(y,) = : (1.2)
0 , otherwise

where T, is a detection statistic based on the hypotheses in (1.1) and y(«) is a
threshold for a given significance level «, i.e., Type I error. By computing detec-
tion statistics over all voxels in a ROI and thresholding them with v(«), we cre-
ate a thresholded activation map, also known as a binary activation map. In the
thresholded activation map, 1 is assigned to activated voxels and 0 is assigned to
non-activated ones. Fig. 1.1 shows examples of two thresholded activation maps
from different BOLD response modelings, parametric approach and FIR approach,
rendered onto different anatomical views of the human brain. On Fig 1.1, red spots
indicates that those voxels are activated, thus 1s are assigned to them. Notice that
two methods show slightly different thresholded activation maps, indicating sophis-

ticated statistical modeling is required in the activation study.



(a) Parametric approach (b) FIR approach

Figure 1.1: Examples of thresholded activation maps using two different BOLD response
modelings : (a) parametric approach with a canonical hemodynamic response
function and (b) FIR approach. Activation maps are generated from statistical
parametric mapping (SPM) by simple regression models. For details of the
BOLD response modeling, refer to section 1.3.2.

In Chapter 2, we review a standard approach to build up a detection statistic
which only focuses on temporal aspects of voxel time courses under the implicit
assumption of space-time separability. As a matter of fact, with rare exceptions, most
previously proposed approaches have two main assumptions: spatial independence
and space-time separability. Then, we introduce a new method to construct
a detection statistic, jointly considering spatial and temporal correlations without
space-time separability in Chapter 3. The removal of two assumptions which have
been dominantly used is one of the main contributions of this thesis. Under the
space and time separability, it will be shown that the new detection statistic has a

simplified form and allows more intuitive interpretations, naturally leading to the



conclusion that a spatial whitening operation is needed instead of spatial smoothing

by a Gaussian kernel (SSK).

1.2.2 Spatio-Temporal Signal and Noise Modeling

Since measurements available for FMRI data analysis are spatiotemporal, a se-
quence of images, to build up a proper activation statistic, spatiotemporal signal
and noise modeling is required. However, in multi dimensions, e.g., three dimensions
or four dimensions in FMRI, since the fundamental theorem of algebra does not
hold as in one-dimensional temporal case, noise modeling is a even more challenging
problem than signal modeling. Thus, now we have an important question: how do
we perform signal and noise modeling, in other words, how do we implement the
constructed detection statistic for activation 7

To model spatial and temporal correlations, one possible approach is parametric
spectral estimation, thus we need to estimate spatiotemporal power spectral density
(PSD), i.e., spatiotemporal autocorrelation function (ACF). For this purpose, one
natural approach would be using a spatiotemporal autoregressive (AR) based model
which requires very complicated computations due to the non-linearity of asymptotic
likelihood function. In multi dimensions, there does not exist an efficient algorithm
like Levinson-Durbin algorithm in time series.

A simplest way to avoid this demanding task is assuming spatial independence as
in conventional noise modeling approaches. However, the assumption of spatial in-
dependence is not supported by knowledge in neuroscience and physiology. Instead
of AR-based model or ARMA model, in this thesis, the parametric cepstrum will
be used to model spatial and temporal correlation, which allows several advantages,

e.g., linear model fitting and linear description of space-time separability, over the



conventional AR-based modeling. Details will be given in Chapter 4.

1.2.3 Family-Wise Error Rate Control

Since there are typically a large amount of voxels in a ROI, e.g., more than 4000
in a 64 X 64 image, controlling overall error rate is a multiple comparison problem
(MCP). A widely used controlling measure is family-wise error (FWE) rate. The
definition and an equivalent expression of FWE rate are given by, under Hy (no

activation),

FWE £ Pr (AQJI{TD > y(a)} ' Ho) = Pr (mngv > y(a) Ho), (1.3)

where T, is a detection statistic at a voxel v(=0,..., M —1), M denotes the number
of voxels in a ROI, and 7(«) is a threshold determined by a given significance level
a, typically set to 0.05 in FMRI. Note that spatial correlation in an observed dataset
induces spatial correlation of the detection statistic T,. Since there is no closed form
solution for the maximum distribution of T, in the presence of spatial correlation,
the statistical dependence between T, s at different spatial locations introduces the
main obstacle in MCP. Now, we have an important question: how do we compute a
threshold ~y(«) for a given significance level o 7

To control FWE in the presence of spatial correlation, a number of approaches
have been proposed in FMRI so far. The most traditional method is Bonferroni
correction which usually gives too conservative results. This conservativeness caused
by Bonferroni correction becomes more severe when the spatial correlation of T,
becomes stronger. An alternative method suggested by [65] is random field theory
(RFT), approximating the maximum distribution of 7T, for a high value of ().
However, RFT requires assumptions on measured data, e.g., spatial smoothness of

the observed data, which is against evidences in neuroscience. Details about RF'T



and spatial smoothing by a Gaussian kernel (SSK) to satisfy the requirements of
RFT will be discussed in Chapter 2. As an alternative measure to FWE, false dis-
covery rate (FDR) has been used with permutation test (PT) [38].

One advantage of the detection statistic proposed in this thesis is the simplifica-
tion of the step for FWE rate control. Since the proposed detection statistic involves
spatiotemporal whitening operation, detection statistics at different locations are
asymptotically independent, thus not requiring complicated methods such as RFT.

For details, refer to Chapter 3.

1.2.4 Space-Time Separability

Since space-time separability assumption allows a considerable amount of sim-
plifications in analyzing and modeling of FMRI measurements, it has been assumed
and applied to most of developed techniques for data analysis without the proper
justifications. This assumption can be found in other literatures. For example in
electromagnetism, to solve Maxwell’s equations, the space-time separability has been
usually assumed and given physically satisfactory solutions.

Conceptually, space-time separability implies that pure spatial operations and
temporal operations can be separately applied to FMRI measurements to detect
activations properly. For example, in SPM that is a widely used software package
for FMRI data analysis, spatial smoothing by Gaussian kernel (SSK), a pure spa-
tial operation, is first applied to the collected dataset. Then, general linear model
(GLM), leading to purely temporal filtering, is sequentially performed to build up
an activation map through t-test or F-test. For given data, however, the validity of
the separability assumption is unknown without a proper test for it. To the best of

author’s knowledge, any testing for the space-time separability has so far not been



treated properly in FMRI.
In the temporal frequency and spatial wave-number domain, space-time sepa-

rability is defined in the following multiplicative form:

Fy. = FrGy, (1.4)

where F}; denotes a spatiotemporal PSD, [}, is a pure temporal PSD, and G| is a
pure spatial PSD. A non-linearity of the space-time separability causes difficulty to
develop a testing procedure for it. Now, we have an important question: how do we
develop a test procedure for testing the space-time separability 7

We tackle this problem with the parametric cepstrum, since the space and time
separability can be linearly described in the cepstral domain. One of the main
contributions of this thesis is the development of space-time separability test and
the analysis of the asymptotic power of the proposed separability test procedure for
the first time in FMRI. In simulation and application to real data, it is shown that our
separability test works properly. In addition, it turns out that the derived asymptotic
power function involves cepstral coefficients only in the non-separable region, that
are parameters of interest, and is independent of nuisance parameters such as drift
and activation amplitudes. We discuss the details of the proposed separability test

in Chapter 5.

1.2.5 Comparison of Competing Approaches

Another important task in FMRI data analysis is how to construct appropriate
methods to compare different approaches to build up activation maps. Although
many statistical methods for activation detection have been suggested in FMRI, the
construction of an appropriate comparison criterion to rank different approaches have

not attracted much attention. One example of ad hoc and naive ideas is to compare
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two approaches by looking at two generated activation maps, and then to claim that
a method to have more smooth activation shapes (before thresholding) or to show
more activation spots (after thresholding) is better. However, both claims can be
significantly misleading. In this thesis, we suggest two methods for the comparison
of different approaches to make activation statistics. The first is based on a model
comparison technique, Akaike information criterion. The second is a method to
compare the efficiencies of competing detection statistics for a given significance

level and a detection power.

Model Comparison

We construct a properly formulated model comparison criterion using Akaike
information criterion (AIC), which consists of a term measuring model fit and a term
measuring model complexity. The AIC measures average discrepancy, an estimate
of expected Kullback-Leibler (KL) distance, between fitted model and underlying
unknown truth [57, 32]. Therefore, if AIC value from one model are substantially
lower than that from another model, then one is on average much closer to the
underlying truth than the other. Model selection can be dealt with as a special
case of model comparison. To show localized discrepancy between fitted models and
underlying noise-free truth, AIC maps, which are newly introduced in this thesis, are

defined and compared. Details will be given in Chapter 4.

Performance Comparison of Detection Statistics
A well known method to compare two competing detection statistics is receiver
operating characteristic (ROC) curve. In ROC curves, we can compare powers of

detection statistics for a given false alarm rate. The comparison of an existing de-

tection statistic involving spatial smoothing by Gaussian kernel and the proposed
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detection statistic is performed with ROC curves in Chapter 3.

Another possibility is to measure asymptotic relative efficiency of competing de-
tection statistics. The philosophy behind asymptotic relative efficiency (ARE) is to
measure relative sample sizes of two detection statistics to achieve a given power for
a fixed false alarm rate. In FMRI data analysis, a more efficient test procedure in the
sense of ARE reduces experiment time to achieve the same detection power than a
less efficient test procedure, thus allowing several advantages, e.g., subject’s reduced
exposure time to strong magnetic fields. We derive ARE of an existing detection
statistic involving spatial smoothing and the proposed detection statistic involving
spatial whitening in Chapter 6. This asymptotic comparison is also new in FMRI

data analysis.

1.2.6 Rician Modeling and Activation Detection

Most statistical methods for FMRI data analysis are based on magnitude voxel
time courses and their approximation by a Gaussian distribution. As a matter of
fact, since the magnitude images are originally produced from complex valued data,
they obey a Rician distribution. A Rician probability density function (PDF) can be
approximated as a Gaussian PDF under the assumption of high signal to noise ratio
(SNR). Therefore, statistical methods based on the approximated Gaussian modeling
may perform poorly when the SNR is low. It is known that high SNR assumption
typically works well for FMRI data analysis with the BOLD response until now.

However, because of two reasons, we need Rician modeling which is SNR robust
and Rician activation detection. Firstly, it is known that there is a fundamental
tradeoff between SNR and spatial resolution. There have been many researches in

FMRI whose main goal is to improve spatial resolution for obtaining more exact
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information about the brain, decreasing SNRs of voxels in a ROI. Secondly, even in
images with a moderate spatial resolution, it is known that there may exist some
regions in the brain which have significant signal dropouts, inducing that SNRs on
those regions decrease. In addition, it is known that SNRs are not sufficiently high to
apply a Gaussian approximation to a Rician distribution in approaches using non-
BOLD contrast mechanisms, e.g., ASL-based FMRI. However, since Rician PDF
involves the zeroth order modified Bessel function, parameter estimation by directly
maximizing Rician log-likelihood function has been known to be non-trivial.

One of the main contributions of this thesis is developing a method to estimate
parameters from a Rician distributed model through expectation-maximization (EM)
algorithm, working properly regardless of underlying SNRs. Based on this SNR
robust modeling, we can make any statistical inference, e.g., hypothesis testing for
activation detection. Details of estimating parameters of interest and constructing
a detection statistic from Rician distributed model are provided in Chapter 7. In
addition, we analyze the asymptotic power of the proposed detection statistic for

activation derived from a Rician distributed model there as well in Chapter 7.
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1.3 Signal and Noise Model Formulation

We consider a real-valued measurement model which has the following additive

form at a time point £ and a voxel location v:
Yiw = diw + Sty + Wi, (1.5)

where d;, denotes drift slowly varying along time, s;, means a signal component
which we are interested in, the BOLD response, and w, , denotes a zero mean random
field, assumed to be a spatially and temporally correlated stationary Gaussian noise.
The BOLD response s;, models the brain response to the given temporal stimuli
during the experiment. For integer-valued ¢ and v, we assume that v, is observed
from a rectangular region of interest, {0,...,7—1} x{0,..., M — 1}, where T is the
number of time points and M is the number of voxels in a ROI. Detailed models of

these three terms will be given in the following sections.

1.3.1 Drift Model

We first model the slowly varying drift. The simplest model using a temporal

polynomial consists of two pieces,
dtﬂ) = My + bvt, (16)

where m,, is baseline and b,t is linear drift, which are needed to model uncorrected
motion artifacts and magnetic field inhomogeneity in a MR scanner. This can be
easily extended to more complicated models. For example, a temporal polynomial
with a high order or temporal sinusoids with low temporal frequencies can be con-
sidered. We have found that the linear drift is reasonably adequate [39]. In practice,

it is known that the baseline dominates the temporal linear drift.
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1.3.2 BOLD Response Model

Since the BOLD response is our main concern, an exact and simple model for
it is necessary to model the observed signal as accurately as possible and to reduce
computations. However, it’s usually difficult to achieve these two goals simultane-
ously. A simple model tends to give biased estimates, and complex models are likely
to give estimates with large variance and heavy computational load. Thus, a rea-
sonable tradeoff is necessary. Our main focus will be on linear models for the BOLD
response, i.e., the BOLD contrast is assumed linearly related to given stimuli. It
is shown that the linear modeling is accurate to the first order [5]. We now review

several linear models for the BOLD response.

The Parametric Approach

In the past, several approaches were proposed for modeling the BOLD response,
stp. The simplest one is so called the parametric approach in which the BOLD
response is simply represented as s;, = (h*c),f, with a canonical hemodynamic
response function (HRF), h; and a scalar activation amplitude, f, [11]. ¢; denotes a
temporal stimulus and A, is fully specified and based loosely on experimental studies,

namely;

hy = k t¥%exp(—t/0.546), (1.7)

where k is a scaling factor to satisfy >.h? = 1. This parsimonious parametric
approach does not have enough flexibility. If h; is not well matched to a particular
dataset, the parametric approach shows poor performance, giving biased estimates
of f, and misleading activation detection. In fact, it is known that the canonical

HRF is usually biased whereas nonparametric basis methods have much lower bias.
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FIR Basis

For more flexible BOLD response modeling, subspace modeling has been used.
In subspace modeling, the BOLD response is assumed to live in a space spanned by
a set of basis functions. FIR approach is an example which has been used in FMRI
26, 9]. In the FIR approach, s;, is modeled as the output of a FIR filter of a given
order excited by an given input stimulus. The mathematical expression of the FIR
approach is given by
p—1
Sty = Z Ct—ifiw, (1.8)
i=0
where f;, denotes the i-th coefficient of a FIR filter and p is the order of the FIR
filter at each voxel. In other words, the BOLD response is represented as a weighted
linear combination of shifted temporal stimuli. Although the FIR approach provides
flexibility and reduces biases, a high order FIR filter is typically necessary, decreasing
the accuracy of parameter estimation [9]. In addition, as the number of voxels in a
ROTI increases, computational demands for parameter estimation and model selection

to determine p sharply increases.
Laguerre Basis

An alternative method belonging to subspace modeling was recently developed
for the BOLD response modeling. Laguerre polynomials were suggested to provide
a set of basis functions to make an accurate and compact modeling of the BOLD

response [56.

The Laguerre modeling is expressed as follows.

q
St = Z gi,tfi,fua (19)
=1

where &, ; is the i-th temporal basis function obtained from the i-th Laguerre function,

fi» denotes the i-th weight associated with ;; at a particular voxel v, and ¢ is
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the model order. The method based on Laguerre polynomials usually needs 2-3
coefficients while the FIR approach requires 15-20 coefficients. Thus, using Laguerre
basis, we can have an accurate and compact model for the BOLD response. The

Laguerre functions are generated by the following inverse Z transformation:

-1 -1 i—1
A I 1.10
it [1 —az7! \1—-az! ’ (1.10)

where a denotes a time constant to control decaying of Laguerre functions. Then, the

temporal basis function &;; can be obtained by the convolution of A, with temporal
stimulus, that is & = h{, * ¢;. Two crucial features of the basis functions obtained
from Laguerre polynomials are that it ensures temporal causality and allows linear
fitting [48]. For detailed discussions about the system identification with Laguerre

polynomials, the reader is referred to [61].

A Generalized Expression

A generalized representation of s;, covering the above mentioned three methods,

the parametric approach, FIR approach, and Laguerre modeling, is given by

L L
Sto = (Z hi,tfi,v) * Ct = Zfz’,tfz‘,v, (1'11)
i=1 i=1

where L is the number of basis functions, h;; means the i-th temporal basis function,
and f;, represents the associated activation amplitude. Plugging (1.6) and (1.11)

into (1.5) yields a compact and parameterized measurement model,

L
Yo = My + bvt + Z gi,tfi,v + Wt,v,
=1

= X8, + & fy + wi, (1.12)

where Xt é [17 t]T7 /61) é [mvu bv]TJ gt é [gl,ta v 7£L,t]T7 and fv é [fl,va o 7fL,U]T- The

first term contains nuisance signal components such as temporally varying drift and
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models temporal non-stationary behaviors of FMRI measurements from the human
brain. The second term represents the signal component, e.g., the BOLD response we
are mainly interested in. These two terms are assumed deterministic but unknown.
The last term denotes a spatiotemporal colored random noise that we discuss in the

following section. In this thesis, we use this generalized model formulation.

1.3.3 Noise Model

Based on empirical evidences from the rest condition of the brain, the noise has
been assumed to be generated from two independent sources. The first one is back-
ground noise from an MR scanner and the second one is physiological noise from low
frequency hemodynamic fluctuations in the brain, which are not fully understood in
neuroscience until now. This physiological noise is possibly related to background
processes in the brain, as well as cardiac and respiratory fluctuations. In most cases,
the cardiac and respiratory influences account for a small portion of the observed
variabilities, because these are usually filtered out by preprocessing, e.g., high-pass
filtering. The MR scanner noise can be modeled as a white noise and the physio-
logical noise can be modeled as a spatiotemporally colored noise. There could be
other sources of spatiotemporal correlation. For example, the image reconstruction
performed in discrete k-space and techniques used to correct motion artifacts can

induce spatial correlation.

Conventional Noise Model under Spatial Independence
By assuming spatial independence of noise in FMRI measurements, a substantial
amount of simplification is made. Now, we can separately model and analyze each

voxel time course using techniques developed in the time series literature. Under

spatial independence, noise models based on autoregressive (AR) processes are widely
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used in FMRI [39, 8, 33]. For example, [39] exploits an AR(1) process plus white
noise, equivalent to an ARMA(1,1) process, which is described as follows. For a
given voxel position v,

Wy = Uty + €t (].].3)

Uty = PolUt—10 + 5157117 (114)

where ¢, ~ N(0,02), 0, ~ N (0,03 ), and €, and 4y, are statistically independent.
©, is a coefficient for an AR(1) process. Note that this noise modeling is also under
the assumption of space-time separability as other conventional noise modelings. By
Wold’s decomposition theorem, it can be shown that an ARMA(1,1) process has an

equivalent expression as an AR(p) process of high order p > 1 [31].

Noise Model with Spatial and Temporal Correlations

Conventional approaches to describe noise in FMRI involve AR-based models as
mentioned above, whereas a different class of models are used in this thesis to effi-
ciently deal with spatial and temporal correlations without space-time separability.
Our noise modeling approach is unusual and based on a truncated cepstrum expan-
sion, but it allows several advantages over the conventional AR-based methods [55].
For example, the parametric cepstrum allows dramatic reduction of computations in
modeling fitting. The parametric cepstrum is defined by truncating a Fourier series
expansion of the logarithm of PSD as follows.

For temporal frequency k(= 0,...,7—1) and spatial wave-number /(= 0,..., M —1),
n p
log Fy.; = Z Z O e/t & T g, (1.15)
t=—nv=—p
where Fy; is PSD, wy, £ %, and \, £ %l 0, is called cepstrum, also known as

cepstral coefficient at a time ¢ and a spatial location v. In the last equality, # denotes
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a vector containing lexicographically ordered cepstral coefficients and zy; is a vector
consisting of the associated cosine terms. Details of noise modeling by the parametric
cepstrum are given in Chapter 4, in which the model order will be determined by

model selection criterion.
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CHAPTER 2

Background : Standard Approach and Previous Works on
Spatio-Temporal Modeling

In this chapter, we review conventional data analysis methods widely used in
FMRI and some previous works on spatiotemporal modeling. The conventional data
analysis methods involve spatial smoothing by a Gaussian kernel (SSK) and dy-
namic linear model (DLM), also known as general linear model (GLM). Section 2.1
describes a underlying model, methods to estimate parameters of interest, and how
to construct a detection statistic for activation in standard approaches. In section
2.2, a standard method to control FWE rate with random field theory (RFT) is
briefly reviewed. Section 2.3 has some previous works on spatiotemporal modeling.

Chapter conclusions will be drawn in section 2.4.

2.1 Classical Statistics for Activation Detection : SSK-DLM

Widely used conventional approaches involving SSK and DLM have a common
underlying model different from our model formulation in (4.2). The underlying

model is given by, for a time point ¢ and a voxel location v,

Ytw = XtTﬁv + ftTqu + Nt w, (2~1)
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where f¢ is a Gaussian amplitude activation and 7,, is a temporally correlated but
spatial independent stationary Gaussian field [67]. Other terms are the same as those
in (4.2). Two main differences from our model formulation should be emphasized
here. Firstly, our model formulation does not impose any assumption for activation
amplitude f,, whereas the conventional model assumes that activation amplitude
has a Gaussian shape, f¢, artificially forcing smooth activations. Secondly, our
model in (4.2) consider spatial correlation without space-time separability, whereas
the conventional model ignores spatial correlation caused by physiological noise with
the implicitly assumed space-time separability. These two key assumptions on the
activation amplitude and on spatial independence play important roles to derive a

detection statistic in conventional approaches as we now discuss details.

2.1.1 Spatial Smoothing by Gaussian Kernel (SSK)

The SSK is one of the main techniques used to create a detection statistic in
conventional data analysis methods. The SSK simply means application of a Gaus-
sian amplitude kernel to observed FMRI images, which is sometimes though of as a
pre-processing step before DLM performed to build up a detection statistic for acti-
vation. As a matter of fact, it will be shown below that SSK is needed to increase
detectibility of assumed Gaussian amplitude activations f&. In D-dimensional space,

an isotropic Gaussian amplitude kernel is defined as follows.

Definition 2.1 (D-dimensional isotropic Gaussian amplitude kernel).

onl) 2 (oo e (L)), 2.9
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where ||x|| is the 2-norm of a D-dimensional vector x and o determines the width of

the kernel. =
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The width of a Gaussian amplitude kernel is usually expressed in terms of full width
half maximum (FWHM) defined as a distance between two points whose values of a
kernel are the half of the value at the origin. We have a simple relation between o and
FWHM, that is, FWHM = 0+/8log 2 in one direction. For an anisotropic Gaussian
kernel, a FWHM in each direction can be similarly defined by an associated width. A
3D Gaussian amplitude kernel is used for volumetric data and 2D kernel is for cross-
sectional slices. The Gaussian kernel has an attractive property, that the convolution

of two Gaussian kernels gives another Gaussian kernel, namely,

Por (%) * 0oy(X) = & /7a(x).
Activation Amplitude Model

Using a Gaussian kernel, a very simple activation amplitude model was suggested
[67]. Based on this activation amplitude model, ignoring nuisance signal components,
e.g., baseline and linear drift, a measurement at a fixed time point was defined as

follows. For a spatial location x,

observation anatomical variability reconstruction
AR G 2\D/2 g N £(x) g \
y(x) =[n7-2r05) oo (x)x Pg,(x) T A [ Gop(x) , (2.3)
point spre;,d function S~~~

white noise

where h¢ is an activation amplitude and n is the number of subjects who participate
in a FMRI experiment. ¢, ,(x) describes anatomical variabilities of different subjects.
Since we are only interested in data analysis with a single subject, o4 =0 and n =1
are set. The important characteristics of the conventional observation model in (2.3)

are summarized as follows.

e The Gaussian amplitude activation, h¢ - (2#0%)]3/ 2%5 (x) represents a spatial
point spread function for a simple spark-like stimulus to subject’s brain. Spatial

sampling of this point spread function defines f& in (2.1).
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e The noise £(x) is assumed to be a stationary white Gaussian field. Effects
of image reconstruction and additional pre-processing procedures, e.g., motion

artifact correction and image registration, are described by ¢,,(x).

e Spatial correlation is induced by the convolution with ¢,,(x). Therefore, in

fact, the observation is not under spatially independence any more.

e The model implicitly supposes that an activation amplitude, hG-(Qﬂag)D/ 2¢JS (x)
has spatial continuity and derivatives with any order, which impose very strong

assumptions on f& in (2.1).
Activation Detectibility

For a single subject experiment, it is straightforward to compute signal component

of the observed signal y(x), resulting in

he . (271'0?9)]3/2

?yatiag )

The noise component gives us an autocorrelation function which is proportional to

Po (X) * Popy (X) = D55, (X).

According to [67], the SNR at the origin, the center of an activated voxel, is then
proportional to the ratio of the values of signal component and square root of noise

variance evaluated at the origin, thus

0202 D/2
SNR o Y- 2E-) (2.4)
og+0og

where, SNR is maximized when the reconstruction width matches to the width of the
assumed Gaussian amplitude activation, namely when or = 0g. Therefore, assuming
og is larger than og, for the best detectibility of the Gaussian amplitude activation,

we need to additionally smooth the observed images with a Gaussian amplitude
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kernel to match widths. SSK is based on this argument, basically the same idea as
matched filter theorem (MFT) [44]. The same conclusion can be drawn using a spatial
likelihood ratio test (LRT) under the assumption that noise is spatially independent
and Gaussian distributed as in (2.3). In [53] which is one of the main papers for this
activation amplitude model, using a spatial LRT, authors showed that a detection
statistic requires the same spatial kernel as an assumed point spread function. In
practice, another purpose of SSK is to obtain sufficient smoothness to apply RFT.
In standard approaches involving SSK, to approximate a maximum distribution of
detection statistics, RFT is often used in FWE rate control. Detailed reviews of

FWE rate control using RFT will be given in section 2.2.

Discussions on SSK

Since a Gaussian amplitude activation is assumed in (2.1), a SSK is needed to
increase activation detectibility. However, there are no experimental evidences for
Gaussian amplitude activations. In other words, the selection of the Gaussian shape
activation is ad hoc. In an extreme case, if we assume a sinc shape activation, MF'T
leads us to a spatial smoothing by a sinc amplitude kernel. In facts, evidences from
the neuroscience literature are against the Gaussian amplitude activation assump-
tion, especially, spatial continuity of activation amplitudes. For example, [25] showed
that a SSK can artificially shift functional localizations and recommended to avoid
a SSK for clinical purposes. We introduce a proper spatial kernel based on spatial
correlation of observed images without any assumption on the activation amplitude
in Chapter 3. Note that SSK dealt with spatial aspects of measurements in FMRI
and DLM deals with temporal characteristics of observations. We now discuss details

of DLM.
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2.1.2 Dynamic Linear Model (DLM)

After applying a SSK to observed FMRI measurements, to build up a detection
statistic for activation at a voxel location we are interested in, a widely used method
is based on linear regression and somewhat inaccurately termed, general linear model
(GLM) in which spatial independence of voxels is assumed. In this thesis, we prefer
the more descriptive terminology, dynamic linear model (DLM). In the framework of
DLM, each voxel time course is modeled and fitted separately, thus called a univariate
approach. The DLM leads to many standard tests such as t-test and F'-test.

The DLM for an observed voxel time series is built up as follows. For a voxel

location v,

Yo = Gb, + w,, (2.5)

where v =0,...,M — 1, a T X p matrix G is called design matrix and w, isa T x 1
noise vector which obeys N (0,%,,). A p x 1 vector b, contains parameters to be
estimated, e.g., baseline and activation amplitudes. The design matrix G contains
known information such as temporal basis functions for the BOLD response model-
ing. We take a simple example with a canonical HRF of the parametric approach
in (1.7). From (4.2), for simplicity, we assume that baseline and linear drift are

pre-filtered out. Then we have

Ytw = Stw + Wty = gtfv + Wt v, (26)

leading to a DLM form in (2.5),

o Wo,v
51 W1,v
Yy = fv+ . :gfv"i_wvv (27>
§r—1 Wr—1v
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where € £ [&, ..., &r-1]" and the number of parameters p is 1.

Detection Statistics for Activation

From (2.5), we can construct t-test or F-test. Firstly, we review how t-test is built
up. With the covariance matrix ¥, , the generalized least square (GLS) estimate of
b, is given by

b, = (GT271G) T GTxyly,, (2.8)
and it is well known that

o~

by ~ N(by, (GTS;'G) 7. (2.9)

Then, t-statistic at a voxel v is given by

T
b, , (2.10)

-1

\/CT(GTi\);UlG) c

C
A
T, =

where a p x 1 column vector c is called contrast used to choose interesting parameters
to be tested. Since the covariance matrix Y,  is not known in practice, the statistic
7T, requires to estimate b, and ¥, simultaneously. An iterative algorithm to do that
is proposed in [57] for a temporal AR(1) process, which is not the same way used in
SPM.

For a temporal AR(1) noise, SPM assumes covariance matrix has a form of ¥,,, =

O'QU -V, which means the variance part of X,,, depends on the voxel position v and

w
the correlation part of ¥, is common over all voxels. Since all voxel time series data
can be used to estimate the matrix V, it can be estimated more accurately than
crfUU. Firstly, in SPM, the matrix V is estimated by restricted maximum likelihood
(ReML) method [42]. And then, its estimate is used to estimate other parameters.

These two steps are repeated to obtain the accurate estimates. It can be shown

that 7, obeys a t-distribution with 7" — p degrees of freedom, t7_, under the null
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hypothesis Hy, that is, no activation.
To build up 7,, [66] used ordinary least square (OLS) estimate of b, instead of

GLS estimate. The OLS estimate of b, is given by

b, = (GTG)'GTy, 2 Gy, (2.11)
and it is well known that
Var(b,) = G %,,G 7. (2.12)
Then, 7, is given by
s b,

~ 1, (2.13)

v

/T (G2, G e
where an effective degrees of freedom v is determined by Satterthwaite approxima-

tion [66].

To construct a F-test, we consider the following hypotheses. The two competing

models are given by, for a voxel location v,

Hy : y, = G,b) + w,, (2.14)

H : vy, = Gfbfj + w,,

where a T' x ¢ matrix G, represents the design matrix of reduced model and a T x p
matrix G means the design matrix of full model. By setting all activation to zeros,
the design matrix of reduced model contains terms only related to nuisance signal
components such as baseline and temporal linear drift, thus ¢ < p. From (2.14),

F-statistic, F, is defined as

(RSS"— RSST)/p—q _ Ho/dfn

Fo= RSSI/T —p T & Jdf

(2.15)
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where RSS" is the residual sum of squares (RSS) of the reduced model and RSS’
is the RSS of the full model. H, means the hypothesis sum of squares with degrees
of freedom dfy, &, represents error sum of squares with degrees of freedom df,. It is
known that, when the null hypothesis H is true, F, obeys a F-distribution with df,

and df, degrees of freedom.

Discussions on DLM

Although spatial correlation is induced by performing SSK, this induced spatial
correlation is not properly considered to develop detection statistics in DLM. In other
words, t-statistic or F-statistic is obtained as if all voxels in a ROI are statistically
independent. Therefore, the detection statistic, 7, or F,, has spatial correlation,
which will be reconsidered to control FWE rate in an ad hoc way in the next section.

Here, we need to make two more important comments on SSK-DLM. Firstly, no
spatial correlation caused by physiological noise is considered in SSK-DLM. Secondly,
SSK that is a purely spatial operation, and DLM that is a purely temporal opera-
tion are performed separately and sequentially under the assumption of space-time
separability.

2.2 Family-Wise Error Rate Control by Random Field The-
ory (RFT)

Based on a detection statistic obtained in previous sections, 7, or F,, to create
a binary activation map, we should consider all detection statistics in a ROI and
threshold them with an appropriate cutoff point. Following the simplest method to

control FWE rate, Bonferroni correction, we need to find a threshold v(«) satisfying
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the last equality in

FWE £ <U{T>7 }‘H0)<2Pr<7>7 ‘Hg)—a (2.16)

under the null hypothesis, i.e., no activation in a ROI. The inequality is called Bon-
ferroni inequality. By selecting («) satisfying Pr(7, > v(«)) = a/M for all voxels,
we can control the FWE less than . The corrected significance level ag = a/M
is called the Bonferroni correction. The main problem of this Bonferroni correction
is that it provides too conservative results even for the case of independently and
identically distributed samples. This problem becomes more severe, when 7,s are
not statistically independent or there are a large amount of voxels in a ROI. Since
a detection statistic developed by SSK-DLM has spatial correlation, truly activated
voxels can be ruled out by conservative Bonferroni correction.

To control FWE rate more accurately than Bonferroni correction, many alterna-
tives have been suggested until now. Most alternatives depend on the maximum of
detection statistics in a ROI due to the following identity:

(LMJ{T > y(a ’ H0> = Pr (maXT > v(a ’ H0> = a. (2.17)

v=1

If we know a distribution of max, 7, under the null hypothesis Hy, y(a) can be
determined and the FWE is controlled. Based on this idea, a widely used method
in FMRI is from random field theory (RFT) to approximate the max, 7, for a high
v(a). REFT is implemented in SPM and gives less conservative results than Bonferroni
correction if a spatial plot of 7, is smooth. When the threshold v(«) is high and
a spatial plot of 7, is sufficiently smooth, according to RFT, we have the following
approximation:

D
FWE = Pr (maxZ, >y ' HO) ~ E[EC] = Z ReselsqECy(7), (2.18)

d=0
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where Resels; is the number of RESolution ELements, ECy is Euler characteristic
density in d dimensions, and D is the number of dimensions in a ROI [65]. The
Euler characteristic density is a function of d and v for a particular type of fields,
e.g., Z-field, t-field and y2-field. When a threshold « is high, the Euler characteristic
can be thought as the counts of the number of activated clusters in which the values
of detection statistics are larger than the threshold v. For a ROI of large size, in the
rightmost equation of (2.18), it is known that the D-th order term is dominant and

the associated Reselsp is given by

V

. 2.19
FWHM,” (2.19)

Reselsp =

where V' is the volume of the ROI and FWHM., is the effective full width half max-
imum of a Gaussian amplitude kernel used in SSK. In three-dimensional space, an
Euler characteristic density for a t-distributed field with v degrees of freedom is given

by

4log 2)3/2 (V— 1 ) ( 72 —3(=1)
EC! S ( S o1 1+ - . 2.20
3(7) ) — V (2.20)

Thus, for a given significance level a, with an estimate for an effective FWHM, a

threshold 7 can be determined by solving (2.20). For a small ROI, since other terms

become important in the rightmost equation of (2.18), a correction is required.

Discussions on RFT

Since RFT is under the assumption that observed images are lattice representa-
tions of a underlying continuous random field, it requires sufficient smoothness to
control FWE rate properly. For example, in a Gaussian distributed random field,
a FWHM should be two or three times of a voxel size in each direction to obtain
less conservative results than Bonferroni correction. In the case of ¢-distributed field

with low degrees of freedom, a FWHM which is more than 10 times of a voxel size in
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a direction is required [21]. If images are not sufficiently smooth, the estimate would
be biased and corrections are necessary. In addition, the approximation by RFT to
max, 7, is valid only for a high . For more details of RFT, the reader is referred to
[21] focusing on applications of RFT to FWE controls in FMRI and to [2] containing
more mathematical materials about RFT, especially Gaussian RFT.

Recall that RFT is introduced to control FWE rate in FMRI data analysis when
spatial correlation of detection statistics for activation exists. Conversely speaking, if
we have spatial independence for finite samples or infinite samples (asymptotically),
then the RFT is not necessary any more. In fact, the proposed detection statistic
in Chapter 3 has asymptotic spatial independence under the null hypothesis H,

allowing an easy method to control FWE rate unlike the standard approaches.

Permutation Test

Another method to control FWE rate used in FMRI is permutation test (PT),
which does not require strong assumptions about a underlying distribution of the
observed data unlike RFT [29]. Since PT is under the assumption that a voxel
time course at a voxel v can be shuffled over time, the voxel time course should be
temporally whitened before the application of PT. Since PT obtains an approximate
distribution of max, 7, using simulations, it usually requires a tremendous amount
of computations to compute a threshold for FWE rate control. PT is usually used
with false discovery rate (FDR) instead of FWE. Some comparative studies between
RFT and PT are provided in [38], in which PT shows better performance than RFT

does when the assumptions of RFT are in doubt.

33



2.3 Previous Works on Spatio-Temporal Modeling

In this section, we discuss some previous works considering spatiotemporal de-
pendence between voxels in FMRI data analysis. There have been made a much
smaller amount of works to take care of spatiotemporal dependence than approaches
to consider only temporal dependence as in the standard approaches. In addition to
approaches discussed in section 2.3.1 (LRST modeling) and 2.3.2 (NN-ARx model-
ing), there are some recent works with discrete wavelet transforms [60, 34]. In [18],
Markov random filed (MRF) is applied to the spatiotemporal modeling of FMRI
measurements, in which an overall MRF prior is applied in space and time. How-
ever, since it is known that FMRI data have different spatial propeties from temporal
ones, it does not seem to be attractive. Here, we need to emphasize that all these
earlier works including the LRST and NN-ARx models do not provide an appropriate
detection statistic for activation with the full consideration of spatial and temporal
correlation, which is the main difference from our proposed detection statistic in

Chapter 3.

2.3.1 Locally Regularized Spatio-Temporal (LRST) Model

In [57, 39|, an approach to consider the spatial dependence of FMRI measure-
ments is provided, which is called locally regularized spatio-temporal (LRST) mod-
eling. The main idea of LRST modeling is to use an empirically known property
of physiological noise, spatial continuity of noise. Note that this spatial continuity
is completely different from the spatial continuity of activation amplitudes assumed
in the underlying model for SSK-DLM. To recognize the spatial continuity of noise,
[57] and [39] apply local spatial regularization to parameters for noise modeling. For

temporal modeling, an AR(1) process in white noise is used. Therefore, the LRST
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model is a semiparametric model in the sense that the temporal specification is para-
metric, whereas the spatial specification is nonparametric.

For the local spatial regularization of the likelihood function of a voxel time
course, a pre-determined spatial kernel whose form can be pyramid or cone, is ap-
plied. For example, a separable two-dimensional kernel which is supported on a finite

neighborhood is given by

Kh e gD\ g( 2 Cm 2.21
4 (Mlh Myh ) Mo Moh?’ (2.21)

where ¢j; is a correction term to make the sum of kernel weights unity and ¢ £

(¢1, g2) means pixel coordinates in the two-dimensional space. h is a smoothness
parameter controlling the width of kernel. In [57, 39], Epanechnikov weighting kernel

of quadratic polynomial form, namely, K (u) £ 0.75(1 — u?), is used. For three-

+
dimensional space, this kernel formula can be easily extended.

To clearly explain the procedure used for LRST modeling, we first start the
discussion without local spatial regularization. Assuming a Gaussian distributed

noise, the following voxel-wise form of the negative log-likelihood function is made

in the temporal frequency domain [7]: at a voxel location v,

where the superscript 0 means no regularization, «, is a column vector containing
noise parameters, 3, is a column vector containing signal parameters, and 67 =
[T BT]. Fy is a discrete PSD with temporal frequency index k and T is the number

of time points. Here, the Periodogram I, ,(/,) is defined as

é ‘gk,v - ﬁk,'[}(ﬁv)|2

Ik,v(ﬁv) T 5 (223)

where gy, , is the temporally DFT transformed y; , and iy ,(53,) is the temporally DF'T

transformed signal component, ,um(é my + byt + S¢). Then, a weighted average of
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J2(0,) in (2.22) is obtained using the spatial kernel, yielding the following locally

and spatially regularized log-likelihood function:

local regulamzatzon

Z KM, (2.24)

Minimizing J,(6,) with respect to parameters allows an estimate of 6, at a voxel v.
The minimization can be done by cyclic descent, yielding an algorithm that iterates
between estimating signal parameters and noise parameters. This allows the noise
and signal parameter subsets regularized separately. In [57, 39|, the local spatial
regularization is imposed on the AR(1) parameters only, using the spatial continuity
to improve the estimation.

In LRST modeling, the information of local log-likelihood functions from neigh-
boring voxels is used to estimate parameters of a given voxel v. Then, this parameter
estimation repeats for the whole ROI one voxel by one voxel at a time. In [57], an
activation map is quantified in terms of the square root of the weighted 2-norm of

the estimated activation signal,

(2.25)

where 5, is the DF'T transformed s;, and Fj, denotes temporal PSD at a voxel v.

For more details, the reader is referred to [57] and [39].
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2.3.2 Near Neighborhood AutoRegressive Model with Exogenous Vari-
able (NN-ARx)

Another approach to take account of the spatial dependence of FMRI measure-
ments is suggested in [41], called near neighborhood autoregressive model with exoge-
nous variable (NN-ARx). In the NN-ARx model, the neuronal process in the brain
is assumed to comprise two components, deterministic evoked transient activity by
pre-specified stimuli and spontaneous activity at the level of synapses. Originally
motivated from a model presented in [23], the NN-ARx model is defined as, for a

time point ¢ and a voxel location ¢,

drift from neighborhood

p intrinsic activity

~ = —— - A~
Yt = dt,v + Z gbk,vyt—kﬂ) + vat—A,v + Z ek,vct—k’—d + Etw )
k=1 k=0

AR(p) evoked transient activity

(2.26)
where d;, denotes drift and the second term provides an AR(p) process for the
modeling of the hemodynamic response of the brain. The third term describes the

contributions from neighboring voxels, which is determined by

éth,'u é {yth,v’fU/ S Qv}; (227)

where €, is a pre-determined near neighborhood set of the v-th voxel, and a vector
X, describing the contributions of &_a, to the voxel of interest. The fourth term
represents the evoked activity by stimuli and the last term denotes the intrinsic and
spontaneous activity in the brain. A is a mean delay of the contributions from
neighboring voxels and d is a delay of a stimulus process ¢;. In (2.26), thus, the
AR(p) process is externally perturbed by the contributions of neighboring voxels
and evoked transient activities by a given temporal stimulus.

If a temporal polynomial is used to model the drift, that is, d;, = Zi:o Vi wth,

the parameters, =, £ {®k vy Ok0s Vhws 0, Xy} must be estimated voxel by voxel from
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the data. The model selection consists of determining both model orders and delays
which are global parameters, A = (p,r,d, A,d). In [41], the detection statistic! at

the voxel v is defined as
01} £ Z‘gk,va (228)
k=0

meaning the spatial distribution of the brain synaptic sensitivity to pre-specified

stimuli.

2.4 Conclusions

To construct detection statistics from FMRI measurements, the current standard
method, SSK-DLM is built up on a underlying model which has two assumptions,
that activation amplitudes are assumed to have Gaussian shapes and that noise is
assumed to have spatial independence with space-time separability. These assump-
tions allow a substantial amount of simplifications in creating a detection statistic
and implementing it, but are against evidences in physiology and neuroscience. In
addition, although spatial correlation is induced by SSK, a detection statistic is first
constructed under the assumption of spatial independence. Then, to control FWE
rate, the induced spatial correlation is reconsidered in RFT, which imposes addi-
tional ad hoc assumptions on FMRI measurements.

The following chapter introduces a method to construct a properly formulated
detection statistic for activation considering intrinsic spatial and temporal corre-
lation from physiological sources without space-time separability and any specific
assumption on activation amplitudes. It will be shown that, since our newly pro-
posed method involves spatiotemporal whitening, FWE rate control can be easily

performed and a complicated method such as RFT is not necessary.

! Authors call a spatial plot of detection statistics theta map
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CHAPTER 3

True Spatio-Temporal Detection and Estimation I :
Detection Statistics

A significant task in FMRI data analysis is creating an activation map to show
localized brain responses to pre-specified temporal stimuli. An activation map is
just a spatial plot of a detection statistic. These detection statistics have usually
been derived from a spatial-wise independence assumption with implicit space-time
separability. We develop, for the first time in FMRI, a properly formulated spa-
tiotemporal detection statistic based on a spatially and temporally correlated noise
model without space-time separability. We develop these new methods in this chap-
ter and the following chapter. In this chapter, we develop the detection statistic and
illustrate it in a simulation. In the subsequent chapter, we develop the joint signal
and noise modeling necessary for full implementation, and the proposed methods are

applied to a real human.

3.1 Introduction

3.1.1 Overview

Until recently, although many methods for data analysis in FMRI have been pro-
posed, with rare exceptions, a voxel-wise model-driven approach of one-dimensional

(1D) time series without a proper use of spatial correlation has been dominant in
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FMRI [8, 33, 66, 22]. In other words, most attention has focused on the temporal
characteristics of voxel time series. Under the assumptions of spatial indepen-
dence and space-time separability, a widely used method is based on linear
regression and somewhat inaccurately termed the general linear model (GLM) [66].
We prefer the more descriptive terminology, dynamic linear model (DLM). In the
framework of DLM, each voxel time series is modeled and fitted separately. Af-
ter interesting model parameters are estimated and test statistics, e.g., F-statistic,
are computed over all voxels in a region of interest (ROI), it is determined which
voxels are activated by a thresholding whose level is decided in a number of ways.
The most traditional method is Bonferroni correction but an alternative method
is random field theory (RFT) [65] or permutation test (PT) [38]. Note that the
two main assumptions: spatial independence and space-time separability, have been
dominantly assumed in data-driven methods as well.

In addition to temporal correlation, there have been some works attempting to
use spatial dependence in the modeling. Locally regularized spatio-temporal (LRST)
model was proposed for a temporal AR(1) process in white noise, equivalently a tem-
poral ARMA(1,1) process, in [57, 39]. The suggested model is semi-parametric in
the sense that the temporal specification is parametric while the spatial one is non-
parametric. The information of local likelihood functions from neighboring voxels is
used to estimate signal parameters and noise parameters of an ARMA(1,1) process
at a given voxel. Near-neighborhood autoregressive with exogenous (NN-ARx) vari-
able model was proposed in [41]. The model defined at a particular voxel has a term
reflecting local dynamic contributions of neighboring voxels with an average delay.
For each voxel, a set of near-neighborhoods is determined and the contributions of

neighboring voxels in that set are estimated. Some details of these two methods were
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given in Chapter 2. Space-time simultaneous autoregressive (STSAR) model with a
Bayesian prior was used in [64]. The proposed STSAR model combines a temporal
AR(p) with p > 1 and a spatial AR(1) noise structure, which is heavily constrained.
Some works with a spatial wavelet transform can be found in [60] and [34], and a
method with a spatiotemporal Markov random field (MRF) was suggested in [18].
However, these earlier methods did not provide an appropriate detection statistic for
activation with the full consideration of spatial and temporal correlation, but only

focused on spatiotemporal modeling.

3.1.2 The Main Tasks and Organization

There are two main tasks to be carried out. Firstly, we derive a detection statistic
in a setting allowing both spatial and temporal correlations without the assumption
of space-time separability. As a byproduct, we are able to develop a test procedure
for space-time separability whose details will be discussed in Chapter 5. Secondly,
we develop a joint signal and noise modeling framework to allow complete imple-
mentation of the proposed detection statistic for activation. This is a considerable
task in itself and is accomplished in Chapter 4 via the parametric cepstrum.

Throughout the remainder of this chapter, the organization is as follows. In sec-
tion 3.2, we first review the widely used detection statistic derived from DLM and
involving spatial smoothing by Gaussian kernel (SSK). Then we develop a new detec-
tion statistic derived from a spatially and temporally correlated noise model without
space-time separability. In addition, a method of family-wise error (FWE) rate con-
trol is given. Under space-time separability, in section 3.3, a compact version of the
developed detection statistic is shown, which allows more direct interpretations. We

perform simulations to compare the new detection statistic with the widely used F-
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statistic in section 3.4. Conclusions are drawn in section 7.7. Details of mathematical

derivations are given in Appendix 3.6—3.8.

3.1.3 Acronyms and Notations

We collect here acronyms and notations which are frequently used in the rest
of this chapter. CGD means complex-valued Gaussian distribution; CLT is central
limit theorem; DF'T means discrete Fourier transform; DLM is dynamic linear model;
LRT means likelihood ratio test; MLE is maximum likelihood estimate; PSD means
power spectral density; RFT is random field theory; ROI means region of interest;
SSK is spatial smoothing by Gaussian kernel; ST-LRT means spatio-temporal LRT;
STWK is spatio-temporal whitening kernel; SWK means spatial whitening kernel.

In the spatiotemporal frequency domain, integer k is used to denote the index of
temporal frequency and integer [ is assigned to the index of spatial wave-number.
Thus, £ =0,..., T —1land [ =0,...,M — 1. gy, denotes the spatiotemporal DF'T

of 3. The definition of the DFT is given by, for (wy, \;) £ (2, 221),

T—1M-1
Teo 2 )Y gy eI, (3.1)
t=0 v=0
Discrete spatiotemporal PSD is defined as Fj £ F (wk, Ay) from continuous PSD.
Under the assumption of space-time separability, namely Fj; = Fj,G), F} represents
a purely temporal PSD and G; means a purely spatial PSD.

For activation detection, the null hypothesis Hy means no activations in a ROI
and H; denotes the alternative hypothesis. Under H; for j = 0,1, ﬁ]kl denotes the
estimate of F};, allowing a STWK g;,,. F, represents the widely used F-statistic
derived from SSK-DLM. N ( -, - ) means a real-valued Gaussian distribution, while

N.( -, - ) denotes a complex-valued Gaussian distribution. The operator * denotes

a spatiotemporal linear convolution. * is used for a temporal convolution and x; is for
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a spatial convolution. The circled asterisk, ®® represents a spatiotemporal circular

convolution. Superseripts (<), (-)*, (-)7, and (- )" denote a temporally filtered

signal, a complex conjugate, a transpose, and a Hermitian transpose, respectively.
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3.2 Detection of Activations

3.2.1 Classical Detection Statistic : SSK-DLM

For the modeling of activation amplitude f,, a Gaussian point spread function
(PSF) was proposed in [65]. Based on this Gaussian PSF and under a spatial white
noise assumption, [53] showed that likelihood ratio test leaded to a matched filter
involving spatial smoothing by Gaussian kernel (SSK), which is used in several soft-
ware packages for FMRI data analysis, e.g., statistical parametric mapping (SPM).
However, the modeling with Gaussian PSF which implicitly supposes spatial conti-
nuity of activations is not supported empirically. For instance, empirical evidence
that SSK could artificially shift real activations was reported by [25]. Also the as-
sumption of spatially white noise is not practically satisfactory.

After applying SSK to a collected dataset, at a given voxel v, the approach to
time series decomposition is built up on the work of several researchers. DLM allow-
ing the ¢t or F-statistic was suggested by [66]. For example, the F-statistic is defined
as

F &

(3.2)

where H, is the hypothesis sum of squares or signal sum of squares and &, is error
sum of squares; dfy, and df. denote associated degrees of freedoms. Remark that this
SSK-DLM was developed under an implicit assumption of space-time separability.
The assumption of Gaussian PSF and DLM allow the use of RFT to control
FWE rate [65]. Although the theory behind RFT is very complicated, it provides
an approximate threshold, allowing a thresholded activation map. However, RF'T
provides more conservative results than does Bonferroni correction or permutation

test for t-distributed fields with low smoothness and low degrees of freedom [38].



More details of SSK-DLM is provided in Chapter 2.

Given these drawbacks of SSK-DLM, in this chapter, we introduce an empirically
more satisfactory activation detection considering temporal and spatial correlations
of physiological noise without any specific assumption on spatial continuity of acti-
vation f, and without space-time separability. It turns out that the new approach
allows a simple analytical method to determine a threshold for a given significance

level «, not requiring a complicated method as RFT.

3.2.2 New Detection Statistic : ST-LRT

The consideration of the spatiotemporal structure of the noise in the temporal
frequency and spatial wave-number domains allows a substantial amount of simpli-
fication in building up an activation statistic. We proceed in 3 steps; first a general
development; then an observation that the statistic can be decomposed into signal

and noise parts; then a spatial decomposition.

General Development

Taking spatial and temporal DFTs of the FMRI measurement model in (4.2)
gives an equivalent expression in the temporal frequency domain and the spatial
wave-number domain,

ny = X1 B+ & fi + oy, (3.3)
where, e.g., ék is the temporally DFT transformed &; and fl represents the spatially

DFT transformed f,. For large T and M, under a spatiotemporal stationarity as-

sumption and some other regularity conditions involving joint cumulants, wy; obeys
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a CLT [7, Chap. 4], asymptotically leading to
— Wy~ N.(0, Fyy) (3.4)

,,,,, 4 are jointly CGD and independent for any (A, B) which belongs to
1=0,...,.B

the following region:

{(1<A<(T-1)/2, 0<B<M—1;

A=0,1<B<(M-1)/2}, (3.5)

where T" and M are assumed odd for simplicity. In practice, to make T" and M odd,
we drop observations at the beginning of scans and on the edges of images. Note
that the asymptotic distribution given by the CLT at the origin obeys a real-valued
Gaussian distribution, that is, wyo ~ N (0, TM - Fop).

To develop an activation map, we consider the following hypotheses which are

about a whole ROI:

Hy : f,=0 for all v, (3.6)

Hy : f, #0 for some w.

In the temporal frequency and spatial wave-number domains, we have equivalent

hypotheses,

Hy : fi=0 for all 1, (3.7)

H : fi#0 for some 1,

where Hy means no activations in the ROI and H; denotes the alternative. From

the equivalent hypotheses in (3.7), with asymptotically independent CGD in (3.4),
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we can immediately construct a LRT statistic A; its logarithm is given by

T-1M-1
—2logA £ log F1 0 — log Fo (3.8)
k=0 =0
T—1M-1 ~ 2 - 2
i \61,k,z\ _ |€0,k,l|
k=0 =0 M- Fl,k,l TM - Fo,k,z’

where €, ;s denote residuals; €14 = Jpy — X,?EU - é,f?l and € p; = Yt — XI?EO,I
under H, and H;, respectively. Under H; for j =0, 1, ﬁ}kl is the MLE of F}; and
B, is the MLE of ; f; is the MLE of f; defined only under H,. Note that the LRT
in (3.8) involves the real-valued Gaussian distribution at the origin. The MLEs of

parameters are given by

Bu = 510,1 —Sxei fis (3.9)
T-1 &y or\ ' /T-1 - &
- X*. XT X*
ﬁo,l = Z —k_—k yﬁ’l k , (3.10)
k=0 0,k k=0 10k1
—1 Zx Lo o g
/:z _ Z Lkl L yl,l/c\,lfl,k,l . (3.11)
k=0 B k—0 Fl,k,z
where ,
5oa (WXL (ki
Bros = = = : (3.12)
k=0 Fl,k,l k=0 Fl,k,l
T-1 ¢ “Lora 5,
X;- Xt X €l
Sxe S Z k_—k Z Ll S , (3.13)
k=0 B gy k=0 1,k,l
Juks = s — chTBw,z, ks 26— S§§71Xk~ (3.14)

Clearly, 91 1, is just g, adjusted for drift under the alternative hypothesis, Hy. Sx¢;
reflects the interaction between X and ék under H;. For detailed derivations of the

MLEs, the reader is referred to Appendix 3.6.
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Decomposition of LRT into Signal and Noise Pieces

Plugging (3.9) and (3.11) into (3.8) and canceling some common terms, allows a
decomposition of LRT (= 2log A) into two pieces; a noise piece (LRT™) and a signal

piece (LRT?),

LRT £ LRT" + LRT®, (3.15)
where
<, [F Gord” il
LRIV 2303 tog (Tt} o tioai® i
=0 =0 Firy TMFo, TMFE,
(3.16)
_ 1. = 1= ~ 1 ypy =
[LRTS & 1 .M e 1y17k,l£fk,l Tz:l&m-ffm Tzzl?/l,k,zfl,k:,l
T =0 \i—o Firy = Pk o Pk 7
(3.17)
and
Tt = Tk — X7 Bou- (3.18)

Note that, if F}; is known, the noise piece LRT™ which reflects the difference between
estimates of Fy ;s under Hy and H; becomes zero, resulting in LRT = LRTS. This
follows because then Fyr; = Fi gy, Blo,l = Bo,h and Yo r1 = Y1k The signal piece

LRT? is computed only under H; and can be reformulated as follows.

M-1
1 N 1~
LRT® = A > SieiSeiie - (3.19)
1=0
where
T—1 ~ ¢ T-1¢ CH
~ 1 ANISEA 1 SEARESEY
A sy A sy
Syel = 7 ° —_— y S&‘,l = — —_—. (320)
I ;—o Fyg r ; i
By the spectral decomposition of S¢;, we obtain
M—1
1 1 H,/, 1
LRTS = — 3" (Seédue) (Sedduca ) (3.21)

where, for a unitary matrix U; and a diagonal matrix D,
1 1
Sec: = U'D,U;,  S%, = U/DzU,.
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To provide a compact representation and to presage subsequent modeling, we

introduce the zero-lag cepstral coefficient under Hy,

S

-1M-1

N 1 ~
log Fi k.1, (3.22)

Biop= — -
1,0,0 TM

i

0 I=
where 50,0,0 is similarly defined from F\O,k,l under Hy. In the sequel, we make much

use of the STWK, g; ; which requires temporal causality and is defined as follows.

DFT . . 1
Jiiw = JLkl |Gial” = =—. (3.23)
1kl

With ﬁ07k7l, we similarly define go, under H.

Spatial Decomposition of LRT

Using (3.21)-(3.23), we obtain an equivalent expression of LRT in the time and
space domains through Parseval’s relation. To be more specific, by defining s, =

_1
S¢eSye,, one arrives at the following representations:

T-1M-1
N _ 0 0 2 2
LRTY = TM (Boo0 — D10 + (20— 20)
t=0 v=0

M-1
S
LRT® = "sll sy,
v=0
where €;,, is spatiotemporally whitened y;, under H; for j = 0, 1, namely
Ejtw £ (gj,t,v ® ®yj,t,v)7 (324)

and s, , denotes the inverse DF'T of §,;. Recall that ®® denotes a spatiotemporal
circular convolution.
This enables us to decompose the statistic spatially as LRT £ >, LRT,. We call

LRT, spatio-temporal LRT (ST-LRT) whose form is defined as
LRT, = LRTY~ + LRT?, (3.25)
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where two pieces are defined as

T-1
LRTY 2T (By00 — Gr00) + 3 (300 = 300) (3.26)
t=0
LRT) £slls, ., (3.27)
and
DFT . - -1,
Sy,v —> Sy,la SyJ = Sﬁf,zlsy'f,l'

If the PSD, F},; is known, then Fj;,’s are identical for all j and LRT! vanishes,
resulting in LRT, = LRT?, where j = 0, 1. For a voxel v, the spatially decomposed
LRT, represents a local contribution of that voxel to LRT testing hypotheses for a
whole ROl in (3.6). Thus, by spatial decomposition, LRT, is reasonably defined and

has a nice intuitive interpretation.

In (3.25), the newly developed ST-LRT shows what kind of spatiotemporal op-
erations are needed to build up a proper statistic for activation detection based on
spatial and temporal correlations. Firstly, spatiotemporal whitening of y;., under
H; is necessary, producing €, = (gj0 ® ®y;+,) for j = 0,1. Notice that the
STWK, g;+. is temporally causal and spatially non-causal. Secondly, according to
the definition of S,¢; and S¢¢;, one needs the application of the STWK, gy, to the
purely temporal signal &. Thus, the filtered & is dependent on the index of spatial
wave-number [. Since g;:, can be decomposed into a purely temporal filter and
a purely spatial kernel under space-time separability, these interpretations becomes
more direct and are discussed in section 3.3. Especially, a required purely spatial
kernel K, shows the characteristics of spatial operation needed for a proper detection

statistic more clearly. It will turn out that spatial whitening is necessary instead of

SSK which has been widely used in FMRI.
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3.2.3 Family-Wise Error Rate Control

By computing ST-LRTSs over all voxels within a ROI and thresholding them with
a pre-determined cutoff point, we create a thresholded (binary) activation map. In a
thresholded map, 1 is assigned to activated voxels and 0 is set to non-activated ones.
To determine a threshold, we need to know the null distribution of ST-LRT. Under

Hy, if (3, and F},; are known, we find the following asymptotic properties:

(P1) 040 = (gotw ® ®Yos,) is a spatial and temporal white noise with A/(0, 1)

distribution.

(P2) ST-LRTs at different locations are independent, i.e., LRT, e LRT, for all
u # v.

(P3) ST-LRT, LRT, ~ X2, i.e., a chi-square distribution with L degrees of freedom.

Detailed proofs of (P1)-(P3) are provided in Appendix 3.7. Since there are usually
lots of voxels in a ROI, controlling overall error rate is a multiple comparison problem
(MCP). A widely used measure to deal with the MCP is FWE (Type I error) rate

whose definition and an equivalent expression are given by, under Hy,

M-1
FWE £ Pr (U {LRT, >~} ‘ HO) =Pr (maxLRTv > ‘ Ho) , (3.28)
v=0

where v is a threshold to be determined by a pre-specified significance level «, typ-
ically set to 0.05 in FMRI. False discovery rate (FDR) can be an alternative choice
to FWE [38]. Since, under Hy by (P2) and (P3), LRT, is spatially independent and
follows x2, a threshold « is determined analytically. For a given level a, a threshold
v(a) is given by

Ye) =V (V1-a), (3.29)

where Wy (t) denotes the cumulative density function of x%.
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3.3 Space-Time Separability

In this section, we show how the activation statistic, ST-LRT simplifies when
space-time separability holds. In Chapter 5, a test procedure for testing the space-

time separability will be developed and its asymptotic power will be analyzed.

3.3.1 ST-LRT under Space-Time Separability

General Development

Under the assumption of space-time separability which is defined as, in the tem-

poral frequency and spatial wave-number domains,
Fy, = F.G, (3.30)

the ST-LRT in (3.25) has a simplified form. Specifically, plugging (3.30) into (3.16)

and (3.17) and following a similar procedure to that which produced (3.25) yields a

new ST-LRT,
LRT, £ LRT,' + LRT}, (3.31)
where
T-1
LRTjVéT(‘gooo—@loo)—i—Z €0m 61M , (3.32)
t=0
T-1 T-1 -1 /7
LRTS =S (Z&tv f1t ) ( Eft flt) ) (Z&,t,vfft)a
t=0 t=0 t=0

and now under H; for j = 0,1,

€j,t,v é Kj,v ®s (Qj,t ® yj,t,v)- (333)

Here, @;,070 is similarly defined under separability as in (3.22) and, since éLkJ does
not depend on the index of wave-number [ any more, we drop the index [, thus

E1x 2 €141. The temporally whitened &, is defined as §ft(é Q11 ® &), where gj; is
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a causal temporal whitening filter, while K, is a non-causal SWK, which are given

by

1
, K;, 2% , (3.34)

o~

o G

DFT . ~ 2
qjt <~ G5k, |Qj,k’ =

>‘H

under H;. For details of the derivation, the reader is referred to Appendix 3.8.

In this simplified setting, more direct interpretations of LRT? is available. Firstly,
the temporal whitening of &; ; and the observed data y; ., are performed. Secondly,
the application of a SWK to the temporally filtered data is necessary. Thirdly, cross
correlation of the spatiotemporally whitened y; ¢, and the temporally whitened &; ;

is required. Finally, a weighted norm of the computed cross correlation is formed.

New Spatial Kernel

Notice that the idea of a temporal whitening filter has been suggested by several
researchers [8, 33]. However, the idea of SWK is introduced here for the first time in
FMRI. This is totally different from the ad hoc approach of SSK. As a matter of fact,
it can be easily checked that the SWK, K, is not a smoothing kernel and is rather
more like a spatial differentiator. Therefore, it is shown that ST-LRT requires an
opposite operation, spatial differentiation, to SSK in the standard approach which

is essentially spatial integration.
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3.4 Simulation Studies

Simulations are carried out to compare the two competing detection statistics,
the newly proposed ST-LRT, LRT, and F,. F, is the widely used F-statistic for
activation detection from SSK-DLM. To simplify the discussion, without baseline
and linear drift terms, simulated FMRI signals are constructed from (4.2), namely
Yin = & fo + wip. We have four different cases determined by two types of f,
(activation amplitude) and two types of spatial correlation of w; , (background noise).

The common setups applicable to all four cases are described as follows.

(S1) At a given time ¢, a two-dimensional (2D) slice is considered, thus giving v £

(Ul,UQ).

(S2) The number of time points is assigned to 7' = 99 and the number of voxels in a
ROl is set to M = 63 x 63. The size of voxels is assumed 3.125 x 3.125 (mm?)
for a slice. These setup are basically matched to those of the real dataset used

in Chapter 4.
(S3) The parametric approach of the BOLD response is used.
(S4) The noise obeys space-time separability, allowing Fj; = Fi.G|.

(S5) Spatially correlated and temporally white stationary Gaussian noise with known

spectra is assumed.

To specify f,, two types of activation amplitude are assumed, one of which is called
random-position-fixed-shape (RPFS) activation whose position is random and shape
is voxel-wise. The other is called random-position-random-shape (RPRS) activation
whose position and shape are both random. Activated voxels have a fixed amplitude

specified by BOLD-to-noise ratio (BNR) which is defined as BNR £ f, /o, where o2
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denotes the variance of w;,. Locations of RPFS activation are randomly selected
from a 2D uniform distribution. RPRS activation is generated from a 2D standard
Gaussian colored noise thresholded by an arbitrarily selected cut-off point. Examples
of RPFS activation and RPRS activation are given on Fig.3.1.

To specify the spatial structure of wy,, both spatially white noise with o = 1
and spatially colored noise with a known autocorrelation function, namely ~, =
exp(—v?/2.254), are used. Since temporal whitening is also used in some previous
approaches, for simplicity, temporally white noise is assumed in all four cases.

To perform SSK for F,, the full-width-half-maximum (FWHM) of Gaussian kernel
is set as 2.5 times of voxel size along each axis as recommended in SPM. Based on
the simulation setups, for a given significant level «, a threshold for LRT, and a

threshold for F, are determined by (3.29) and RFT [65], respectively.

A Simulated Activation A Simulated Activation

10 20 30 40 50 60 10 20 30 40 50 60
Vl Vl
(a) RPFS activation (b) RPRS activation

Figure 3.1: Examples of two types of activation amplitude: random-position-fixed-shape
(RPFS) activation and random-position-random-shape (RPRS) activation.
White dots and black dots indicate activated voxels and non-activated vox-
els, respectively.

The well-known receiver operating characteristic (ROC) curves are used as per-

formance measure. In each ROC curve, for a pre-specified FWE (Type I error), we
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count the number of correct detections in an activation map generated by each de-
tection statistic by comparing it with a true activation map. For one value on a ROC
curve, 1.5 x 10* randomly chosen true activation spots are used. Then, we repeat this
procedure for several values of FWE to obtain a ROC curve. In Fig.3.2 and Fig.3.3,
LRT, shows better performances than F, with SSK for all cases and LRT, is much
better for spatially colored noise. In each graph, results from F, without SSK are
also shown for reference. As shown in Fig.3.2, F, without SSK shows competing
performances with LRT, in the case of spatially white noise. As a matter of fact,
it can be shown that they are equivalent when the noise is temporally and spatially
independent. Remark that, since sufficient smoothness is not guaranteed without
SSK, we lose justifications for RFT to control FWE rate in unsmoothed F,.

A method for joint signal and noise modeling using the parametric cepstrum is
discussed in Chapter 4. An application of ST-LRT to a real human dataset involv-
ing the estimation of Fj; and a comparison of ST-LRT and F-statistic with Akaike

information criterion (AIC) are performed there.

3.5 Conclusions

In this chapter, we built up a new detection statistic for activation with full
consideration of spatial and temporal correlations of background noise without space-
time separability. The developed ST-LRT required spatiotemporal whitening for non-
separable elliptic field to create a properly formulated activation map. Under space-
time separability, it was shown that spatial whitening kernel was necessary instead
of Gaussian amplitude kernel for spatial smoothing. In simulations, according to
comparisons through ROC curves, better performances of ST-LRT than the standard

F-statistic were shown for several scenarios.
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Figure 3.2: ROC curves of LRT, and F, with and without SSK under the assumptions
of random-position-fixed-shape (RPFS) and random-position-random-shape
(RPRS) activations in spatially white noise (WN). BNR= —10.45 dB (i.e.
BNR= 0.3) is set.
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Figure 3.3: ROC curves of LRT, and F, with and without SSK under the assump-
tions of random-position-fixed-shape (RPFS) and random-position-random-
shape (RPRS) activations in spatially colored noise (CN). BNR= —20 dB (i.e.
BNR= 0.1) is set.
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3.6 Appendix I : Derivations of MLEs

Taking the derivatives of —2log A(BOJ,BLl,fl;gjk,l) in (3.8) with respect to Bo,l,
Bu, and fl and setting them zeros allow the desired estimates. Firstly, for Bo,l, one

obtains an Euler equation,

T-1

N
Z i (yk,l - X]?ﬁ[),l) Xp=0 (3.35)
= Tokl

and then (3.10) after rearranging terms.

Secondly, for BLh one similarly obtains an Euler equation,

(dne = XD — &) Xu=o0. (3.36)

By defining Blo,l and Sx¢; whose definitions are given in (3.12) and (3.13), it is

straightforward to show that (3.36) leads to

51,5 = Bm,l — Sxei- ﬁ, (3.37)

where Sx¢; reflects the interaction between X, and &, under the alternative hypoth-
esis H;.
Finally, for f;, plugging (3.37) into —2log A and following the same procedure as

above allow an Euler equation,

(gk,l - XkTBm,l - gk;fl) gl,k,l =0 (3.38)

by defining ¢; j; and él,k:,l in (3.14). Then rearranging terms gives the estimate of fl

in (3.11). -
3.7 Appendix II : Properties of Null Distribution of LRT,

We provide mathematical proofs of three properties of L RT, under Hy, (P1)—(P3)

in this section. Remark that Hy means there is no activations in a ROI and we assume
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that Bz and F}; are known, resulting in LRT, = LRTE and y;¢,s are all identical

regardless of j.

Proof of (P1)

Under Hy, Yo+, has only the noise part which is stationary Gaussian field with
zero mean. Thus, it is obvious that g4, £ (Gotv ® ®Yo+p) is Gaussian and zero
mean. Since go ., is a spatiotemporal whitening filter, the output is spatiotemporal

white noise. For computing the variance, one notices that

var(Goriors)  |Goxilvar(Gors)  var(Gor)
kifokt) _ |90k k) OOk - (3.30)

var(gotw ® ®Yory) = TM TM T TM-F,,

where the last equality holds due to CLT. Therefore, it is shown that (go .+, ®®Yyo+,,) ~
N(0,1) asymptotically. n

Proof of (P2)

It is an equivalent to show s, ,, and s, , are independent for all u # v. We consider

cov(Sy.u, Sy,») Which is

1

cov(Sy.u, Syw) = e

> " cou(8y,,8y0,)e! 3 0, (3.40)

l1,l2
_1
Using §,; = SeesSyer and (3.20), it can be shown that

_1 H
2

COU(éy,ll ) éy,lz) = Sgg,ll Cov(éy&llﬂ §y£712>sf_f7?lg (3'41>
~ ~ 1 ~ ~ ~k ~k ~ - =
COU(Snyﬂ Syé,lz) = ﬁ Z <917k17l1€17/€1,l1> Cov(el,khll’81,k2,l2)(glJﬁQ,lzgl,kz,lz) . (342)
k1,k2
By CLT, one arrives at
COU(§T7k1,l17é>{,k2712> =TM - 5’61*7@,11*12' (343>
Plugging (7.53), (7.63) and (3.43) into (7.52) gives
COU(Sy,w Sy,v) = 6u7v : IL><L7 (344)
where 1,7, is an identity matrix whose size is L X L. =
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Proof of (P3)

According to the definition in (3.20), §,¢; is CGD with zero mean under Hy. By

the intermediate result in Proof of (P2), it can be easily checked that
COU(gy,hv éy,lz) = 5l1712 M - Ipxp. (345)

Therefore, §,; ~ N.(0, M -Ip,.1) and §, 9 ~ N(0, M - I1,1), which are equivalent to

Syw ~ N(0,I15z). Then, one arrives at LRT, = s}!,s,, ~ x7. =

3.8 Appendix III : Derivation of ST-LRT under Separability

Since the noise piece, LRTY has the same form as that from the non-separable
case, we mainly concentrate on the signal piece, LRT?. Under separability, since two
al’ls in (3.13) are canceled out, Sx¢, is independent of the index of spatial wave-
number /. By dropping the index [, this gives 51,1@ Y S§£)~( x- Then, by canceling

out @171 in the center term, (3.17) has the following form :

M-1 [T-1 ~ g T-1 7 o B N 2
1 .
LRTS — ‘ Z yl,k,l£1,k (Z fl,k ka) y1,k,l€1,k 7 (3.46)

T =~ -~ A ~ =
=0 \ k=0 I} /G i Tk k=0 I 14/ Gy

where notice that the center term which is defined as Sggl is also independent of [.

With an abuse of notations, we redefine s,¢; and S¢ as

| -— gik,lgl,k Nt -— gl,k : gfk
Syel = T - Sgg = T e —— (347)
k=0 Fl,k\/ Gl,l k=0 Fl,k
Then, by Parseval’s relation, it can easily be found that
M-1
LRT® = st Se'syen, (3.48)
v=0

leading to LRTS £ SZ&US&ISZ/&U by a spatial decomposition. Again, by Parseval’s
relation, one can obtain expressions for s ¢, and S¢ in the time domain, allowing

the desired expression for LRT® under the separability. [
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CHAPTER 4

True Spatio-Temporal Detection and Estimation II : Signal
and Noise Modeling

In Chapter 3, for the first time in FMRI, we developed a detection statistic, fully
considering spatial and temporal correlations without space-time separability. In
this chapter, we develop joint signal and noise model fitting necessary to implement
the proposed detection statistic, spatio-temporal likelihood ratio test (ST-LRT). Our
noise modeling approach is unusual, being based on a truncated cepstrum expansion,
but it allows dramatic reduction of computations in model fitting and a very simple
method to obtain a desired spatiotemporal whitening operator. In addition, a method
of model comparison is developed to compare ST-LRT and an existing approach, F-
statistic derived from SSK-DLM. The developed techniques are applied to a human

dataset.

4.1 Introduction

The implementation of ST-LRT requires joint signal and noise modeling. Noise
modeling in multi dimensions, for example, three dimensions (3D) or four dimensions
(4D) in FMRI, requires a non-trivial statistical model estimation and involves addi-
tional issues such as edge effects [13], compared to that of time series in one dimension

(1D). Therefore, the noise modeling itself is a considerable task in FMRI. We start
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our discussion from the literature review of noise modeling in multi dimensions.

4.1.1 Literature Review

For a Gaussian distributed field under the assumption of stationarity, a widely
used method for noise modeling is AR-based parametric spectral estimation. In 1D,
for example, the AR model and its extensions have a lot of applications in the time
series literature [52]. In two-dimensional (2D) space, a spatial AR model of semi-
causality [62] and one of non-causality with some boundary conditions [51] were sug-
gested. [30] is a readable reference for three types of 2D spatial AR-based approaches,
which are causal, semi-causal, and non-causal. In 2D spatial and 3D /4D spatiotem-
poral spectral estimation, however, the fundamental theorem of algebra (FTA) does
not hold as in 1D temporal case. Therefore, since polynomials do not generally fac-
tor, the asymptotic likelihood equations for fitting a spatial AR or ARMA model can
not be solved linearly as in the 1D. As a matter of fact, the existence of a 2D spatial
solution is not guaranteed as shown in [19]. Assuming a known 2D spatial spectrum,
an approach to solve the factorization problem through homomorphic transform was
suggested in [20]. However, the 2D spatial spectrum should be estimated before ap-
plying the suggested method.

The parametric cepstrum was proposed to solve the 2D spatial spectral estima-
tion problem by [55]. It was shown that modeling by 2D spatial parametric cepstrum
had several advantages over spatial AR-based modeling of random fields, particularly
providing very fast and mostly linear computations for model fitting by fast Fourier

transforms.
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4.1.2 The Main Tasks and Organization

Two main issues to implement ST-LRT are addressed in this chapter. The first
issue is a statistically non-trivial joint signal and noise modeling in space and time.
For noise model fitting in 3D, namely, 2D space and 1D time, the spatiotemporal
parametric cepstrum which allows quick and easy model fitting is proposed. The
originally proposed 2D spatial parametric cepstrum by [55] is extended to 3D spa-
tiotemporal one in FMRI. Secondly, a new method of model comparison based on the
proposed cepstral noise modeling is discussed. We construct an Akaike information
criterion (AIC) and show how it can be decomposed spatially to provide an AIC
map. The AIC map can be used to compare models, specifically we compare the
ST-LRT approach with a standard approach based on SSK-DLM.

The rest of this chapter is organized as follows. Section 4.2 briefly describes two
detection statistics, F-statistic from SSK-DLM and the newly developed ST-LRT.
In section 4.3, a method to implement ST-LRT with the parametric cepstrum is
introduced. To be more specific, a method of noise model fitting and an iterative
algorithm combining the estimation of signal parameters and noise parameters are
given. Section 4.4 discusses an approach to compare ST-LRT model with SSK-DLM
using a spatially decomposed AIC. The application of the developed techniques to a
real FMRI dataset is discussed in section 4.5. Finally, some conclusions are drawn

in section 7.7.

4.1.3 Acronyms and Notations

For convenience, we partly repeat acronyms and notations from Chapter 3 and
add some new ones which are frequently used in this chapter. AIC means Akaike’s

information criterion; BOLD is blood oxygenation level dependent; DFT means dis-
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crete Fourier transform; DLM is dynamic linear model; FFT means fast Fourier
transform; LRT is likelihood ratio test; LSE means least square estimate; MLE is
maximum likelihood estimate; OLS means ordinary least square; PSD is power spec-
tral density; ROI means region of interest; SSK is spatial smoothing by Gaussian ker-
nel; ST-LRT means spatio-temporal likelihood ratio test; STWK is saptio-temporal

whitening kernel; SWK means spatial whitening kernel.

For integer-valued ¢ and v = (vy,...,vq), we consider a signal y;, observed on
a rectangle {0,..., 7 — 1} x {0,...,M; — 1} x ... x{0,..., My — 1} of sample size
TM = TM, ... M, where d represents spatial dimensions. (3, contains nuisance
signal components containing baseline and temporally varying drift, and f, represents
an activation amplitude at voxel v. In the spatiotemporal frequency domain, an
integer k is used to denote the index of temporal frequency and an integer-valued
vector [ = (ly,...,l) is assigned to the index of spatial wave-number. g ; denotes

the DFT of y;, whose definition is given by, for wy £ ZE and A\, = (A, ..., \,) £

(27rll M)
M, """ Mg /)?
T—1 M~
a2 303y ), )
=0 v=0
where ZM ta folz_ol e Zﬂ;jdzgl for a short notation. Notice that the periodicity

of Y1, €.8., Yki, = Yk+ri+M, for any integer k and [. Discrete spatiotemporal PSD
is defined as Fj £ F(wg, \;) from a continuous PSD, F(w, ). Under space-time
separability, namely Fy; = FG, F} is a purely temporal PSD and G} is a purely
spatial PSD.

For activation detection, the null hypothesis Hy means there is no activations, and
the alternative hypothesis H; represents activations may exist in a ROI. Under H;

for j =0,1, ﬁ]kl denotes the estimate of Fj;, allowing a STWK g, ,. 0, represents
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a cepstral coefficient at (¢,v), 6 denotes a vector containing lexicographically ordered
05, and 79}7@1, is the estimate of 6;, under H; for j = 0,1. F, represents the widely
used F-statistic derived from SSK-DLM. The operator ** denotes a spatiotemporal
linear convolution; * is used for a temporal convolution; *4 is for a spatial convo-
lution. The spatiotemporal circular convolution is denoted by circled asterisk, ®®.
Superscripts (- )%, (- )T and ( - )H denote a complex conjugate, a transpose, and

Hermitian transpose, respectively.
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4.2 Detection Statistics for Activation - Revisited

We consider a real-valued model of FMRI measurements which has the following

linear and additive form:
Yo = XtTﬁU + gffv + Wy v, (42)

where X; 2 [1,1]", B, 2 [mw, b, & 2 (61 E0a)" s and fu 2 [fros-- s fro)”
are defined. m, denotes baseline, b, is the coefficient of temporal linear drift, and
s, means the BOLD response. wy, is spatiotemporally stationary Gaussian noise
with zero mean whose PSD is denoted as Fj; in the temporal frequency and spatial
wave-number domains. L denotes the number of basis functions used to model the
BOLD response. The detailed discussions of the signal model formulation and two

detection statistics are presented in Chapter 2 and 3, respectively.

4.2.1 Classical Detection Statistic : SSK-DLM

The SSK-DLM used in statistical parametric mapping (SPM) has a different
model from (4.2),

Yo = XtTﬁv + ftTfUG + Nt v, (43)

where f¢ denotes a Gaussian amplitude activation and 7, is a zero mean stationary
Gaussian field which obeys space-time separability. 7, is assumed spatially inde-
pendent but temporally correlated. In SPM, after SSK and temporal filtering, e.g.,
temporal whitening or coloring, are applied to FMRI measurements, a voxel-wise the
t or F-statistic is built up from OLS [66]. For example, the F-statistic at v is defined

as

A Hv/dfh
&, /df]

7, (4.4)
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where H, is the hypothesis sum of squares or signal sum of squares and &, is error
sum of squares; df;, and df. denote associated degrees of freedoms. Then, random
field theory (RFT) is used to control an overall error rate in a ROI, e.g., family-wise

error (FWE). Therefore, the standard approach, SSK-DLM is based on two main

assumptions: spatial independence and space-time separability.

4.2.2 New Detection Statistic : ST-LRT

We developed a detection statistic for activation based on (4.2), not requiring two
main assumptions made in SSK-DLM. We called it spatio-temporal likelihood ratio
test (ST-LRT) which, when spatially decomposed, consists of two pieces; a signal
piece and a noise piece,

LRT, & LRTN + LRT?, (4.5)

where two pieces are defined as

T-1

LRTjV £ T ((9070’0 — 9170,0) -+ (8(2)77571} — 5%71571}) , (46)
t=0

LRT) £ slls,.. (4.7)

For example, under Hy, 517070 denotes the estimate of cepstral coefficient evaluated

at the origin, (¢,v) = (0,0) and
Ertw = (G100 ® ®Y140), (4.8)
where y; ., denotes ., adjusted for baseline and drift, and g, is a temporally

causal and spatially non-causal STWK defined by DFT as follows.

1
Gitw 2 91kl lG1al” = =—, (4.9)
1k
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where F} j; is the estimator of Fj .

_1
The LRT? is specified via s, PELEN Sy = SeeSye s

T—1 ~x T-1 F cH
< 2l Yy 7k,l§1kl g, ol SENRESHY
vel = 7 A A
T =0 Fl,k,l T k=0 1.k,
where
~ A~ NT/: c \
ULkl = Yrg — Xp ﬁlo,za fl,kl fk SX& 1 Xk
T

~ 1 X* XT ~ o g X
A k,l
s (L) (L),
r—0 L1,k —o L1k
1

—1
T-1 oy T T-1 oy T
o ki o F1iki

lI>

Sxe,

(4.10)

(4.11)

(4.12)

(4.13)

50,070, 0,60, and Yo i can be similarly defined under Hy. For details of the derivation

of ST-LRT, see Chapter 3. In this chapter, since H; is more complicated than H,

we discuss signal and noise modeling mainly with H;.
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4.3 Joint Signal and Noise Modeling

The parametric cepstrum is proposed to solve the spatio-temporal spectral es-
timation problem in FMRI. The parametric cepstrum approach allows a dramatic
reduction of computation in the fitting process with FFTs and a very simple relation
between the required STWK and estimated spatiotemporal cepstral coefficients. In
addition, we can describe the space and time separability condition easily (linearly)
through the cepstrum, allowing the development of a test procedure for it in Chapter
5. We extend the purely 2D spatial setup in [55] to a 3D spatiotemporal situation
requiring temporal causality which is typical in FMRI and suggest a way to obtain
3D STWK, g, from the estimated cepstral coefficients. Since only noise modeling in
2D space is described in [55], we have also extended the approach to include estima-
tion of signal parameters such as (3, (nuisance signal components) and f, (activation
amplitudes) in an iterative way. The suggested framework can be easily extended to
higher dimensions, e.g., 4D, that is 1D for time and 3D for space.

4.3.1 Parametric Cepstrum

Non-Separable Field

In 3D (1D is for time and 2D are for space), the parametric cepstrum is obtained
by truncating the cepstral coefficient array, 6,,,,, which is just the array of Fourier
coefficients in a Fourier series expansion for the logarithm of spectrum; for —7n <
W, A1, A <,

n p q
Fw, M, do) £log F(w, A, do) = Y0 D0 Y by e d@Himtlen) (414

t=—nuvi=—prve=—q
where F(w, A1, A\2) is a continuous spatiotemporal PSD, n represents the tempo-

ral order, and (p,q) means the spatial orders of the cepstrum model. Note that
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the cepstrum has a symmetry, that is Opu, = O s)(v)(—vs) for V(t,vi,v2) be-
cause PSD is real-valued. For the non-separable elliptic field, there are Ry =

(2p+ 1)(2¢ + 1)n + 2pg + p + q + 1 cepstral coefficients to be estimated.

Space-Time Separable Field

An advantage of the cepstrum is that hypotheses such as space-time separabil-
ity are easily described. The space-time separable field is defined by the following
condition in 3D:

F(w, )\1, )\2) == F(W)G()\l, AQ), (415)

where F'(w) is a continuous temporal PSD and G (A, \2) is a continuous PSD asso-

ciated with space. Equivalently, taking logarithms gives
F(w, M\, A2) = F(w) + G(A1, M) (4.16)

In the cepstral domain, therefore, the space-time separability condition in (4.15)

entails the following linear condition: for V(¢,vy,vs) # (0,0,0),
975’1)11}2 - 07500507)11}2 + 601}17)2 515007 (417)

that is, in the 3D cepstral domain, cepstral coefficients only on the central v;vs-plane
located at ¢t = 0 and along the t-axis located at (vy, v9) = (0,0) have non-zero values.
Under the space and time separability, the cepstral model in (4.14) is reduced to

w, A1, Ag) = Z Z Z Oy €I TR — (4.18)

t=—nuvi=—puva=—q

n p q
+ 2 Z O100 cos(wt) + 2 Z Oov,0 cOS(Ajv1) + 2 Z B00v, COS(Avs)

t=1 v1=1 v2=1
+ 2 Z Z eova cos(A1v1 + Agvg) + 2 Z Z 0%1”2 cos(A1v1 — Agvs),
v1=1v2=1 vi=1wv2=1
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where sine terms in the complex exponentials of (4.14) are canceled out due to the
symmetry of the cepstrum. There are R, £ 2pq + p + g +n + 1 cepstral coefficients
to be estimated for the separable field. In noise model fitting, therefore, space-time
separability allows a substantial amount of reductions in the number of parameters.

4.3.2 Space-Time Filters in the Cepstral Domain
Non-Separable Field

According to the definition in (4.14), the parametric cepstrum allows two com-
putationally nice properties. One is that the convolution of two functions in the
space and time domains is equivalent to the addition of their cepstral coefficients in
the cepstral domain. The other is that causality in the temporal cepstral domain
entails causality in the time domain. Thus, after estimating spatiotemporal cepstral
coefficients and determining model orders (n,p, q), it can be easily shown that the

following relation is equivalent to (4.9) based on these two properties,

~ +
Gt & <_9j,t,v> 5 (419)

~

+
where CT denotes cepstral transform and (6;,,) represents the temporally causal
part of @-m in the cepstral domain under H; for 7 = 0,1. The causality of gj’t,v is

required due to the temporally causal characteristic of STWK, g, ..
Space-Time Separable Field

Under space-time separability, one easily finds that the following two relations
are equivalent to (4.9):

cr  1x cT ~ +
Kj, — —§9j,o,va qjt < <—9j,t,0> :

(4.20)

where K, denotes a SWK and g;; denotes a temporally causal whitening filter under

H;. The causality of aj,t,O is required due to that of g;;. Therefore, regardless of the
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space and time separability, we easily obtain a STWK by FFTs from the estimated

cepstral coefficients.

4.3.3 Noise Model Fitting

For a 3D stationary random field wy,,,, with zero mean, the periodogram is

defined as

[t (i, Ay )|
Ik1112 £ [(ka/\lu /\ZQ) = T. Mll, ]\422 ’

(4.21)

where W(wk, Aiy, Ai,) is the DET of wyy,,,. M; and My represent the number of
voxels along vj-axis and wvp-axis, respectively. According to [6], under certain reg-
ularity conditions involving joint cumulants, we have an asymptotic distribution as
min (7, My, M) — oo, which is given by

2
Tyiy1, X2

Zklz , 4.92
Fr, 2 (422)

for

V(k’,ll,lg) S Qh, Qp £ U?:lﬂh (423)

where €25, denotes the half of the whole index region, 2; which is a 3D rectangle.
Periodograms at different ordinates are asymptotically independent and x3 denotes
a chi-square distribution with two degrees of freedom. The sets of indices §2; and €;,

where ¢ = 1,2, 3 have the following ranges;

Qp = {Ik| < k™, || <17 [l < 15}, (4.24)
O ={1<k<k™ —I"<l <l —Ir <l <l (4.25)
Q={k=01<0 <I" "<l <} (4.26)
Q3 ={k=0,1; =0,1<1, <} (4.27)

where the union of {25 and €23 represents the half of the central [;l>-plane located

at k = 0, excluding the origin. Here, k™ = [(T — 1)/2], I"* £ [(M; — 1)/2], and
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I3 & [(My — 1)/2]. To simplify the discussion, T, M; and M> are assumed odd and
taken odd in the sequel. When the proposed techniques in this thesis are applied to a
real human dataset in section 4.5, to make them odd, observations at the beginning
of scans and on the boundaries of images are dropped. Notice that periodicity of

Tyy1, and Figyp,, that is Ty, = gy (oed) and Fry, = For)y00) 0+ M)

for any integer k, 1, and [5.

Linear Estimator for Cepstral Coefficients

The framework of classical linear regression with the logarithm of I;;,;, as response
variable is used for the linear estimation of cepstral coeflicients, 6;,,,,. In details,

taking the logarithm of (4.22) yields, defining pseudo-residual Yy,
Vi, £ 108 Ty, — (1) = 10g Fryi, + €k, (4.28)

where 9(1) = —0.5772 is called Euler-Mascheroni constant.! €,;,s are asymptoti-
cally independent and obey an extreme value distribution (EVD) with zero mean and
Y'(1) = 1.6449 variance. By replacing the logarithm of PSD in (4.28) with the para-
metric cepstrum model in (4.14), a classical linear regression equation is obtained,
whose form is as follows.
For V(k,ly,13) € Qp,

Yi, = x;flllz@ + €kiylys (4.29)
where xy;,;, is a vector representing lexicographically ordered cosine terms and 6

means a vector containing associated 6y,,,, terms in (4.14). Note that sine terms

are canceled due to the symmetry of cepstrum. For separable fields, we obtain the

Let U ~ x3/2, then E(logU) = v(1) and Var(logU) = ¢'(1).
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same regression equation with xy;,;, and 6 of much smaller sizes than those for non-
separable fields.

Due to the non-Gaussianity of €g,;,, least square estimate (LSE) is not statis-
tically efficient in this case. However, it is very attractive since it is unbiased and

linear. We have a LSE whose form? is given by

Orse = (XTX) 7' X7y, (4.30)
where
XX 2 Coundh XV 2 Youadiw (30
Q, n

Moreover, since X7 X is almost diagonal®, a modification of (4.30) to reduce compu-
tations is possible. Following [55], a biased estimator, é\b can be obtained by taking
just one FFT of the pseudo-residual, Yy;,;, and it turns out that a simple adjustment

scheme exists to get the exact LSE from gb. To be specific, §LSE is obtained by
~ ~ N 0
Orse = 0, + adjustment, 0, = XTY/ TM, (4.32)

where I is an identity matrix. The adjustment term is computed by simple regional
summations of 97, in the cepstral domain. To overcome the inefficiency of ) LsE, in the
following section, we consider an iterative method for MLEs of cepstral coefficients,
which is based on the asymptotic log-likelihood equation and scoring algorithm.

There, 5L5E initialize the algorithm.

Asymptotic ML Estimator for Cepstral Coefficients

The performance of the LSE can be improved by one-step estimation (OSE).

According to [59, pp. 71-75], if a preliminary estimator 0 is a VT M-consistent,

For separable fields, X7 X is a R, x R, matrix, which typically gives a huge matrix size. For
non-separable fields, the size is much larger and R, X Rgy-
31t is because that the design matrix X consists of only cosine terms.
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then the scoring algorithm yields an estimator 9 as efficient as MLE in the sense of

asymptotics by the following one-step computation:
0=0+T'0) v.L(0), (4.33)

where Z means the Fisher information matrix (FIM) and V.Z is the gradient of .%,

Whittle’s asymptotic log-likelihood equation [62]. For A = (Ay,..., \g), £ is given

¢ - //logF(w,)\)—l—é((z”))\\)).

In 2D space, [55] shows that Z is an identity matrix with a negative sign and £

by

is convex with respect to #, which are still true and can be easily shown in our 3D
spatiotemporal case. Thus, (4.33) boils down to a very simple form involving no

matrix inversion,

6 =06—h), (4.34)

where

hd) = {htm(é)}  Drore 2 cOS(WE - Av1 + Aavs), (4.35)

h /// )\1, )\2 ¢ dw d/\1 d)\g
torea )\1’)\2|9 2 on 2w 21
Ikhlz . wt’I)lUQ (k7 ll) l2)
P Fkl1l2(9) TM1M2 ’

~

(4.36)

Uioyo (K, 11, 12) £ cos (Wit + A v1 + Ayv2) . (4.37)

Note that h,., can be obtained by taking the real part of the inverse FFT of
I,/ Fray, for a given 0 in (4.36). Therefore, the asymptotic MLE is computed very
quickly from 0, sk by a small number of FFTs, resulting in a procedure for estimating

Fy,1, that is performed linearly.
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4.3.4 Noise plus Signal Modeling : Implementing ST-LRT

Our discussions were focused on the modeling of the noise w;, in the previous
sections. To implement ST-LRT in practice, we need to estimate signal parameters
and noise parameters simultaneously under each hypothesis. Since the estimation
of 3, and f (signal parameters) and the estimation of Fy;, equivalently 6, (noise
parameters) are related to each other as shown in Chapter 3, an iterative algorithm
to combine these two estimation procedures is necessary. This iterative algorithm
allows us a practically efficient detection statistic.

From the DFT of the FMRI measurement model in (4.2),
et = X B+ G fi + g, (4.38)

defining 9, = [Jo, - - - ,ﬂT_Ll]T and W, = [Woy, .. . ,i}T_Ll]T allows a regression equa-
tion, §; = Zdy + Wy, where &7 £ [31) fI] and matrix Z is defined as

- Xo X1 -+ Xpro
zr o | 70 S (4.39)

50 51 e ST—I

Thus, the LSE of a; is given by &LSEJ = (ZHZ)AZH;QZ. We now describe a cyclic
ascent algorithm for maximizing the likelihood and so calculating the ST-LRT. Max-
imization must be done under Hy and H;. We just describe the more complicated
H, case. The cyclic ascent algorithm consists of two steps : a noise (parameter)
step and a signal (parameter) step. We initialize with 3LSE’Z. Then, the algorithm

is described as follows.

e Noise-Step: given q;, get 6.
Given 31, compute the residuals, € 1; = Uk, —Zal and use the method of section

4.3.3 to estimate 0 from €y .

7



e Signal-Step: given 0, get &;.
Given @\, calculate F\l,k,l and so compute the quantities 31,1 and f; from (3.9)

and (3.11)—(3.14).

e Iterate the Noise-Step and Signal-Step until the algorithm converges. Then, we

can compute the ST-LRT from section 4.2.2.
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4.4 Joint Model Selection and Model Comparison

It is very important to emphasize here something which seems to be poorly under-
stood in the FMRI literature. Namely, that competing models can not be compared
by looking at activation maps; rather a properly constructed model comparison cri-
terion is required that is typically a sum of a term measuring model fit and a term
measuring model complexity. Note that the model fit term measures discrepancy
between fitted model and data, whereas the overall model comparison criterion mea-
sures discrepancy between fitted model and underlying noise free unknown truth
(57, 32]

The comparison of statistical models with a finite number of parameters includes
model order selection as a special case. Using Akaike information criterion (AIC),
we can not only compare models with different structures such as ST-LRT model
and SSK-DLM but also models with the same structure to determine a proper order
for a model. First, we consider a model selection for ST-LRT. Then, the model
comparison of ST-LRT model and SSK-DLM will be discussed.

4.4.1 AIC Map for ST-LRT Model
General Development of AIC

To select a proper model for ST-LRT, we need to choose L, the number of basis
functions for the modeling of the BOLD response in (4.2) and (n,p,q), the orders
of parametric cepstrum for the modeling of PSD in (4.14). Thus, we perform a 4D

search for (L,n,p,q). The AIC is defined as
AIC & =2 maz (U5, f,0:9)) +2- (R+ L), (4.40)

where [(3, f,0;§) denotes a log-likelihood function for a given dataset § and R is the

number of cepstral coefficients [32]. To be specific, R = R,y for non-separable fields
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and R = R, for separable fields. Thus, under H;, we need to minimize

T—1M-1 ~ 2
AIC =Y "> logFiuy + _Newd” +2-(R+1L), (4.41)
k=0 1=0 TM - Fyp,

where residuals are defined as € =S Upl — XkTBU — é,{}} and all estimates are
MLEs. Instead of AIC, an alternative method can be used, e.g., Bayesian information
criterion (BIC) or minimum description length (MDL), which typically gives a smaller
model than does AIC. Under Hy, a different set of noise model orders, (n,p, q) can

be similarly determined by AIC.
Spatial Decomposition of AIC
As in the procedure to obtain ST-LRT in Chapter 3, we provide a spatial decom-

position of AIC. To be specific, with Parseval’s relation, the spatial decomposition

of (4.41) gives an AIC map for the ST-LRT model which is defined as

T—-1
~ 2(R+ L
AICLRrw = T 60100+ ; (G100 ® ®er ) + % (4.42)

where ey, is the inverse DFT of é,;; and AIC = )  AICypr,. For a voxel v,
therefore, the AIC map shows a contribution of that voxel to AIC for a whole ROI,
indicating how close a fitted model is to the underlying but unknown truth. If values
in an AIC map from one model are substantially lower than those from another
model, then one is on average much closer to the truth than the other. Thus, by

measuring relative distances to underlying noise free truth in the sense of average,

ST-LRT model and SSK-DLM can be compared.

4.4.2 AIC Map for SSK-DLM

After SSK and temporal filtering, e.g., temporal whitening or coloring, are per-

formed in (4.3), one arrives at
gt,v = XtTBU + g;ﬁTﬁ) + ﬁt,va (443)
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where, e.g., Ui = % (K %,y:,), K¢ denotes a Gaussian kernel, and ¢, is a temporal
filter. Then, for each voxel time course, the F-statistic is built up from (4.43) using
OLS. Thus, one finds parameters which give the minimum value of the following

objective function:

M-1T-1
J = ZZ ytv_ v fv) )
v=0 t=0
1 M-1T-1 o 2y
Ga = XL B — &R 10 IRET, (4.44)
=0 k=0

where the last equality is from Parseval’s relation with zero padding. ¢ is the
temporal DFT of ¢, and K is the spatial DFT of K¢. If we compare (4.44) with
(4.41), the simplest interpretation of gzNSk and K & is that they are whitening operators
(for a similar interpretation on temporal filtering, refer to [57]). Therefore, |Q~5k|2 and
|I~(ZG\2 take the place of 1/27\17,671 in (4.41). If ¢; is a temporal whitening filter, this

allows an AIC map for SSK-DLM,

T-1 R T-1 Q(TL + L)
AICDLM,U = Z lOng - QTQE? + Z é?,v + pT, (445)
k=0 t=0

where GOG is the value of cepstral coefficient of KUG at the origin and e, £ Yt —
XT3, — &L f,. n, is the number of parameters for noise modeling. For AR(1) fitting

(o ~2 __ S
m, where 5% = 'UG?”(T]t’v) and

of 7j,u(2 K& %,n,,), we have n, = 2 and F}, =
@ is an AR(1) coefficient. Now, we can compare the AIC map from ST-LRT model

n (4.42) and one from SSK-DLM in (4.45) for a real FMRI dataset.

4.5 Application to a Human Dataset

We apply the newly developed techniques in the previous chapter and this chapter
to a real dataset from the AFNI homepage (http://afni.nimh.nih.gov/afni/). The
dataset is collected while a human subject is performing right-hand sequential finger-

thumb opposition in the presence of a given motor stimulus signal. The on-off pattern
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An example image of motor slice A tapered spatial mask
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(a)An example image of motor slice (b)A tapered spatial mask

Figure 4.1: Real FMRI measurements from the AFNI homepage : (a) A 2D spatial plot of
the collected dataset related to motor stimulus picked at an arbitrarily selected
time point, (b) A brain-shaped mask with the tapered boundary by 2D spatial
Tukey-Hanning window.

of the stimulus is shown on the bottom of Fig. 4.3 (black solid line). The experiment
is performed under a 3T MRI scanner and TR is set to 2 seconds. At a given time
t, for simplicity, a 2D axial slice is analyzed instead of a 3D volume. T is assigned
to 100 and each axial slice consists of 64 x 64 voxels. Each voxel has dimensions of
3.125 x 3.125 x 5 (mm?). From the original 21 slices, a slice expected to contain
motor reactions to the given motor stimulus is selected for analysis. Data taken at
the beginning of the experiment are dropped, thus 7" is 99 and a spatial mask is
applied to remove signals outside the subject’s brain, thus M is reduced but odd.
An example image of the motor slice picked at an arbitrarily selected time point is
shown on Fig.4.1(a).

To reduce a bias from edge effects which are not negligible in 3D spatiotemporal
spectral estimation [13, 27], we perform a spatiotemporal tapering using a 3D Tukey-

Hanning window. Using a 2D Tukey-Hanning window, a tapered spatial mask is
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Figure 4.2: Laguerre functions up to order 3 for time constant a = 0.42.
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Figure 4.3: Fitted time courses at the voxel where L RT,, is maximized with different BOLD

response modelings. Red solid line represents the observed FMRI time course.
Blue solid line means the fitted time course with Laguerre modeling and cyan
dashed line is from the parametric approach. Black solid line is the associated
temporal stimulus where TR= 2 seconds.
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shown in Fig.4.1(b). In addition to bias reduction in multi-dimensional spectral
estimation, tapering generally provides two more advantages, one of which is to allow
a better estimation of peaky spectrum. The other is to alleviate any non-stationary
effect which can exist on the boundary of subject’s brain [27].

For modeling of the BOLD response, a set of Laguerre functions is used [56].
Following our discussions about model selection, model orders are determined by
AIC. Under Hy, the selected orders are (L,n,p,q) = (3,10,7,8), which means that
three Laguerre functions whose orders are up to 3 are used to construct a subspace
representing the BOLD responses. These three Laguerre functions with time constant
a = 0.42 are shown on Fig.4.2. It turns out that BIC gives a smaller model than
does AIC, but the model selected by BIC shows the similar results to those by AIC.
The time constant a = 0.42 for the set of Laguerre functions is selected by the
investigation of goodness of fit at the voxel where L RT,, has the maximum value. On
Fig.4.3, at that voxel, fitted time courses using Laguerre modeling and the parametric
modeling of the BOLD response are given. According to Fig.4.3, Laguerre modeling
provides the better descriptions of undershoot and overshoot at the beginning and
end of one period of the given stimulus. It is empirically known that typical BOLD

responses have such undershoots and overshoots.

4.5.1 Activation Detection

Before thresholding, an activation map associated with the motor responses gen-
erated from ST-LRT is given on Fig.4.4(a). It shows that the subject’s right-hand
movements make strong activation spots and weak spots around those strong spots
in the primary motor cortex of the left hemisphere. The supplementary motor cor-

tex in the center region of the brain has weak activations as well. There are some

84
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(a) Activation map by ST-LRT (b) Activation map by SSK-DLM

Figure 4.4: Unthresholded activation maps : (a) ST-LRT and (b) F-statistic, F, derived
from SSK-DLM.

Activation Map of ST-LRT Activation Map of F-statistic
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(a) Thresholded activation map by ST-LRT (b) Thresholded activation map by SSK-DLM

Figure 4.5: Thresholded activation map : (a) ST-LRT and (b) F-statistic, F, derived from
SSK-DLM. Red spots indicate activated voxels.
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unexpected bright spots in the right hemisphere of the subject’s brain. By threshold-
ing ST-LRTs on Fig.4.4(a) with a threshold determined from (3.29) for significance
level @ = 0.05, we obtain a thresholded activation map from ST-LRT shown on
Fig.4.5(a). Before thresholding, an activation map from SSK-DLM, a spatial plot of
F-statistics is shown on Fig.4.4(b). To create this unthresholded activation map, a
Gaussian kernel whose full-width-half-maximum (FWHM) is set as 2.5 times of voxel
size along each axis, as recommended in SPM, is used for SSK. A temporal AR(1)
model with ¢ and o2 is fitted to spatially smoothed voxel time courses inside the
subject’s brain. To describe the BOLD response, since the Laguerre modeling was
recently proposed by [56] and is not being used in softwares for FMRI data analysis
like SPM, the parametric approach is applied to the data. Then, for each time series,
temporal whitening is performed and the F-statistic, F, is computed by (4.4). By
thresholding these F-statistics on Fig.4.4(b), we obtain a thresholded activation map
from SSK-DLM shown on Fig.4.5(b).

By comparing Fig.4.4(a) and Fig.4.4(b), we recognize that the activation map
of ST-LRT shows shaper and more well-defined activated regions than the spatial
plot of F, derived from SSK-DLM in the whole brain. Besides that, in the primary
motor cortex of the left hemisphere, the activation map by SSK-DLM on Fig.4.4(b)
shows blurred activation regions and suggests wider activation spots than that by
ST-LRT on Fig.4.4(a), indicating that SSK could artificially shift true activations as

empirically reported in [25].
4.5.2 Model Comparison

AIC maps from ST-LRT model and SSK-DLM are compared on Fig.4.6(a) and

Fig.4.6(b). For a proper comparison, the same scaling for values of the AIC maps
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(a) AIC map of ST-LRT model

AIC Map of SSK-DLM

1200
1000
1800

1600

1400

200

10 20 30 40 50 60

Vi

(b) AIC map of SSK-DLM

Figure 4.6: AIC maps : (a) ST-LRT model and (b) SSK-DLM.
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are used for Fig.4.6(a) and Fig.4.6(b). According to two AIC maps, AIC values from
ST-LRT model are substantially lower than those from SSK-DLM, thus indicating
that ST-LRT model is on average much closer to the underlying unknown truth than
SSK-DLM. By comparing two AIC maps, we made a comparison of two competing

models, ST-LRT model and SSK-DLM based on a properly formulated criterion.

4.6 Conclusions

We have implemented the ST-LRT fully considering the spatiotemporal corre-
lation of background noise developed in Chapter 3. With joint signal and noise
modeling based on the parametric cepstrum, the implementation of ST-LRT was
performed linearly and quickly. A new technique of model comparison based on
a spatially decomposed AIC was introduced for the comparison of ST-LRT model
and the existing SSK-DLM. The application of ST-LRT to a human dataset pro-
vided sharper and more well-defined activated regions than did F-statistic derived
from SSK-DLM. The comparison of AIC maps indicated that ST-LRT model was on

average much closer to the underlying noise free truth than SSK-DLM.
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CHAPTER 5

A Procedure for Testing Space-Time Separability

One of the main tasks of FMRI data analysis is to determine which regions of
the human brain are activated by presented temporal stimuli, equivalently, to build
up an activation map from measurements in the experiment. In most studies in
FMRI, space-time separability has been implicitly assumed and accepted without
a proper justification. This is probably because the assumption of space and time
separability allows a substantial amount of simplifications in modeling and analysis
for the activation study. For the first time in FMRI, in this chapter, we propose a
test procedure for testing the separability of space and time in FMRI time series by
fully considering spatial and temporal correlations. In addition to that, we analyze
the asymptotic power of the proposed testing procedure for space-time separability.
The developed test statistic is tested by means of simulation and applied to a human

dataset.

5.1 Introduction

Demands for FMRI are dramatically increasing due to its applicability to several
fields and abilities in the investigation of the human brain. Creating an activation

map to show localized activations in the human brain induced by pre-specified stim-
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uli is one of the main purposes of data analysis in FMRI. Since the assumption of
space-time separability allows researchers lots of simplifications for the activation
study, from the very beginning of FMRI, it has been assumed and applied to most
of developed techniques for data analysis without an appropriate justification. In
fact, it has been assumed in other scientific studies, for example, to simplify proce-
dures for solving Maxwell’s equations in electromagnetism or Schrodinger’s equation
in quantum mechanics, the space-time separability has been assumed and yielded
solutions satisfactorily explaining physical phenomena.

Conceptually, space-time separability in FMRI data analysis implies pure spa-
tial operations and pure temporal operations can be separately and sequentially
performed to achieve proper activation detection, where determining the order of
spatial and temporal operations is a totally different problem. For example, in soft-
wares such as statistical parametric mapping (SPM), widely used dynamic linear
model (DLM) is only based on temporal aspects of voxel time courses and spatial
smoothing by a Gaussian kernel (SSK) is purely built up on spatial assumptions
of activation amplitudes and noise. For detailed reviews on SSK-DLM, refer to
Chapter 2. For a given dataset, however, the validity of the space-time separability
assumption is not known without an appropriate test procedure for it. Therefore,
determining if a given dataset is space-time separable is an important issue not only
for computational reduction but also for accurate modeling. To the best of author’s
knowledge, any testing procedure for space and time separability in FMRI has so far
not been treated. As a matter of fact, a method proposed in this chapter is not only
the first such testing procedure in FMRI but also a novel approach applicable to
spatiotemporal modelings in other literatures. For some studies in other literatures,

the reader is referred to [24, 36] which have non-parametric approaches, whereas our
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proposed test is made in the framework of the parametric cepstrum.

In Chapter 3, we developed a new statistic for activation detection by fully consid-
ering spatial and temporal correlations without space-time separability and showed
the proposed detection statistic, spatio-temporal likelihood ratio test (ST-LRT) sim-
plified under space-time separability as we expected. In Chapter 4, to implement
ST-LRT, noise modeling for a general non-separable elliptic random field was re-
quired and the parametric cepstrum was proposed as an attractive solution to it.
Thus, as a byproduct of discussions in two previous chapters, we are able to develop

a method for testing space-time separability in this chapter.

5.2 Development of Test Procedure

Before we start our discussion to develop a test procedure for space-time sep-
arability, we need to emphasize here an important point to make the discussion
straightforward. According to signal and noise modeling used in Chapter 3 and 4,
we had two types of parameters, one for signal components and the other for noise
components. The signal components contained nuisance parameters for drift and
parameters of interest for activation amplitudes. The noise components had cep-
stral coefficients for the modeling of power spectral density (PSD). Since a test for
space-time separability is purely made on noise parameters, cepstral coefficients, pa-
rameters associated with signal components are treated as nuisance parameters in
this chapter. Therefore, assuming that activations may exist in a region of interest
(ROI), the space and time separability test is built up and performed. Partitioning
the whole parameter space into two parts, one for nuisance parameters and the other
for parameters of interest, is particularly important when we analyze the asymptotic

power of the proposed test for space-time separability in section 5.4.
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5.2.1 Signal Model Formulation

We consider the following FMRI measurement model obtained at a time point ¢
and a voxel location v:

Yoo = X By + & fo + wia, (5.1)

wheret =0,...,T—1andv =0,..., M —1. Equivalently, in the temporal frequency

and spatial wave-number domains, discrete Fourier transform (DFT) yields
ks = X{ B+ & fi+ @k, (5.2)

where k =0,..., T —1land [ =0,...,M — 1. 3, contains parameters for nuisance
signal components such as drift and f,, denotes parameters for activation amplitudes.
The noise wy, is assumed spatiotemporally correlated and a stationary random field
with zero mean. The PSD of w,, is denoted as Fj;. For details of this model
formulation, refer to Chapter 1.

The space-time separability is now defined in the temporal frequency and

spatial wave-number domains as follows. For V(k, 1),
Fk,l = FkGl, (53)

where F}, is purely temporal PSD and G is purely spatial PSD. In other words, space
and time separability, which can be equivalently defined in space and time domains
using spatiotemporal auto-covariance function, means the spatiotemporal PSD can

be decomposed into its purely temporal piece and purely spatial piece.

5.2.2 Test Statistic

Therefore, to test the condition in (5.3), we consider the following hypotheses:

HSO . sz,l :FkGl fO?“ all (k’,l), (54)

Hg @ Fyy # F1G for some (k,l),
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where Hgy says that w;, is a separable random field and Hg; says that wy, is a
non-separable one. For the activation study in Chapter 3 and 4, the null hypothesis
denoted as Hy means there is no activation in a ROI and the alternative hypothesis
denoted as H; means there are activations in the ROI as shown in (3.6). We dif-
ferentiate two important testing problems in this thesis with a subscript S, meaning
"separability”. Note that the space-time separability test is built up under Hy U Hy,
thus activations in a ROI may exist, indicating f, contains nuisance parameters.
By the same method used to obtain the likelihood ratio test (LRT) for the ac-

tivation study in (3.8), we develop another LRT statistic, Lg(2 2log Ag) defined

by
T—1M—-1
—2logAg = Z Z log ﬁkJ — log E.G, (5.5)
k=0 (=0
n Tz:”g:l ek _ €50k
b0 =0 IM-Fy; TM: BG,

where residuals are defined as égjx; = Grs — XEESj,l - 5,’{?53‘71 and all estimates are
MLEs. The mathematical expressions of ESj,l and }NSN are given by (3.9) and (3.11)
under Hg; for j = 0,1. Under space-time separability, ﬁk@l is the estimate of F}.
The examples of null and alternative distributions of Lg in (5.5) are shown on
Fig.5.1, in which the red curve in the left indicates a distribution of Lg under Hgg, a
central chi-square distribution and the blue curve in the right indicates a distribution
of Ls under Hgy, a non-central chi-square distribution. In fact, the curves on Fig.5.1
are based on the discussions in section 5.3 (null distribution) and 5.4 (alternative
distribution). Since the cepstrum allows a linear description for the condition of
separability in (5.3), an idea of thresholding Lg in (5.5), i.e., the null distribution is

discussed in the following section in the framework of the parametric cepstrum.
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3 Test Statistics under HSO and HSl
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Figure 5.1: The examples of null (red curve in the left) and alternative (blue curve in the
right) distributions of the test statistic Lg for space-time separability. From
the discussion in section 5.3 and 5.4, the red curve indicates a central chi-square
distribution and the blue curve indicates a non-central chi-square distribution.
The separation of two curves is made by non-centrality parameter.

5.3 Reformulation in the Cepstrum Domain

To make a valid test procedure for space-time separability, we should be able to
control false positive rate (FPR), the probability of type I error, within a pre-specified
level. It is also known as false alarm rate in radar processing. To control FPR, the
distribution of Lg under Hgy, called null distribution, is required, which enables us to
compute a threshold for a given significance label a. Due to the nonlinearity of (5.4),
at the first glance, it seems difficult to obtain an asymptotic null distribution of Lg.
The parametric cepstrum provides a useful framework to determine the asymptotic

distribution of Lg under Hg. In this section, the hypotheses in (5.4) are reformulated
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and a method to control FPR is discussed. To make the discussion complete, we

briefly review noise modeling by the parametric cepstrum now.

5.3.1 Parametric Cepstrum

We consider a Fourier series expansion of the logarithm of PSD. Truncating the
array of Fourier coefficients yields modeling by the parametric cepstrum [55]. For
the index of temporal frequency k and the index of spatial wave-number [, a cepstral

coefficient 6, , is defined by

nop
F., = logFy, = Z Z Qt,ve*j(“’“t“l”), (5.6)

t=—nv=—p
where w), = # and \, = %l n and p denote a temporal order and a spatial

order of the model, respectively. Notice that the cepstrum has a symmetry, namely
010 = 0(—t,—) for V(t,v) due to real-valued PSD. For non-separable fields, thus there
are Ru;(= 2np +n + p + 1) cepstral coefficients to be estimated.

For the current spatiotemporal setup of FMRI, noise modeling by the parametric
cepstrum has several advantages over conventional AR-based methods. A linear
description of the space and time separability in (5.3) is an example to show that
modeling by the parametric cepstrum is very useful. For (¢,v) # (0,0), space-time

separability can be expressed in the cepstrum domain as
Ot = 01,0000 + 00,010, (5.7)

where 0,y denotes a cepstral coefficient along the temporal axis located at v = 0 and
6o, is a cepstral coefficient on the spatial plane located at ¢t = 0. d;, is a Kronecker
delta function, which has 1 only when (¢,v) = (0,0) and 0 otherwise. Therefore, for
separable fields, there are R (= n+p+1) cepstral coefficients to be estimated. As an

example of (5.7), Fig.5.2 shows cepstral coefficients of a two-dimensional (2D) random
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Cepstrums of a Separable Field in 2D
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Figure 5.2: Cepstral coefficients of a 2D random field under space-time separability. The
horizontal axis is associated with space and the vertical axis is associated with
time. Notice that cepstral coefficients in the off-axis region have zero values.

field under space-time separability, in which we can clearly see that cepstrums only

on two axes have non-zero values.

5.3.2 Controlling False Positive (False Alarm) Rate

Therefore, we have an equivalent hypothesis testing to (5.4) in the cepstral do-

main, for (¢,v) € O,

Hgy : 6,,=0 for all (t,v), (5.8)

Hgy @ 0, #0 for some (t,v),
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where we call ©,,; the non-separable region defined by

= {|t| <n, |?}| < p} =0, U @nsy Ons = 6(337 (59)

O,
0, = {t=0,|v| <plu{lt| <n,v=0},

where the whole set of indices O, is partitioned into two parts, the non-separable
region 0O, and separable region O,. From an asymptotic null distribution of LRT,
which can be thought of as a special case of [58] when the non-centrality parameter is
zero, the reformulation of the hypotheses in (5.8) allows a framework for thresholding

Lgs. It can be easily checked that a threshold for a significance level « is given by
V() = Vg (1—a), (5.10)

where Wg (t) denotes the cumulative density function (CDF) of a chi-square distri-
bution whose degrees of freedom is R,s(2 Rq — Rs = 2np).

Details of signal and noise model fitting by the parametric cepstrum, and model
order selection were discussed for three-dimensional (3D) FMRI measurements in
Chapter 4. They can be easily extended to four-dimensional (4D) cases. Therefore,
we do not provide the discussions on those topics here. To review those topics, the
reader is referred to section 4.3 (signal and noise modeling) and section 4.4 (model

selection and comparison).

5.4 Asymptotic Power Analysis

In this section, the asymptotic power of the proposed test for space-time sepa-
rability is analyzed, requiring an asymptotic distribution of LRT under alternative
hypothesis. Since the proposed test statistic involves non-identically distributed sam-
ples in the presence of nuisance parameters, e.g., cepstral coefficients in the separable

region O, or activation amplitudes, an asymptotic expansion of Lg under Hg; is a
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non-trivial task. While this kind of problem has long been discussed in the statistics
literature, the conventional work deals only with independently and identically dis-
tributed samples and is not applicable to our situation, e.g., [28]. In a very recent
work in time series, an asymptotic expansion of a class of test statistics including
LRT is derived for a local alternative when serial correlation and nuisance parameters
exist [58]. Here, the results in [58] are applied to derive the asymptotic distribution
of Lg for non-separable random fields, i.e., under Hg;. As a matter of fact, [58] has
some regularity conditions involving the differentiability of log-likelihood function
and validity of asymptotic expansions of cumulants, which can be straightforwardly

checked in our current setups for Lg but it is tedious.

5.4.1 Asymptotic Expansion of LRT under Local Alternatives

Suppose that 1 denotes a vector containing lexicographically ordered parameters
of interest and p is a vector containing ordered nuisance parameters. 7, denotes 7
which is specified by a given null hypothesis. The standard approach to asymptotic
power analysis is to consider asymptotic behavior for a sequence of local alternatives,
defined as n = 1y + ¢/ V/n/, where n' is the number of samples and ¢ describes the
deviation of n from 7y as a function of n'.

According to [58, Theorem 1], a test statistic 7" belonging to a class which includes
LRT has the following asymptotic expansion for a sequence of local alternatives: for

—00 < t < 00,

Pr (T <t) = ®ga(t) + % qz;chpmq,A(t) +0 (\/1”_) : (5.11)

where @4 A (t) denotes the CDF of a non-central chi-square distribution with d degrees
of freedom and A non-centrality parameter. m,s can be computed from asymptotic

expansions of the moments of the first and second order derivatives of a given log-
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likelihood function. Remarkably, the degrees of freedom d is the same as the length
of the vector containing parameters of interest n and the non-centrality parameter
A is given by

A= €T (IH — 1-121_2_211_21> g, (512)

n="10

where, following the partition of the parameter space into two pieces, n (parameter
of interest) and p (nuisance parameter), the Fisher information matrix (FIM) is

partitioned into

Ill 1—12 )
I(n,p) = g 4 . (5.13)

I (p,m)  Taa(p)

Here, Z11(n) is associated with the parameter of interest and Zs(p) involves only
nuisance parameter. If Zj5(no, p) in (5.12) is a zero matrix, then the non-centrality
parameter simplifies into

A = 5T111(770)€, (5.14)

where note that the non-centrality parameter A is independent of nuisance parameter
1, so that asymptotic power does not depend on nuisance parameter, which is the

case in the proposed test procedure for space-time separability we now discuss.

5.4.2 Asymptotic Power Function of the Space-Time Separability Test

From (5.6), the model by the parametric cepstrum allows the following expression

for the logarithm of PSD:
log Fi,; = x%ﬂ”s + z,zlﬁs, (5.15)

where 0™ denotes a column vector containing lexicographically ordered cepstral co-
efficients in the non-separable region O, and zj; is a vector containing associated
cosine terms. Note that sine terms in (5.6) are canceled due to the symmetry of

cepstrums. 6° and z;,; are similarly defined for cepstral coefficients in the separable
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region Og. Therefore, 8™ defines a vector n for parameters of interest and 6° is con-
tained in p with other nuisance parameters.
Then, from the asymptotic complex-Gaussian distribution in (3.4), (5.15) yields

a fully parameterized negative log-likelihood function whose form is given by

T—1M-1
28, 1,6°,0™) = >N af 0" + 2f,0° (5.16)
k=0 1=0
exp(—xf,0m — 2[,0°) | _ e a2
+ T U — XL 0 =& N
where 7 2 [By,...,Bu-1] and fT 2 [fo,..., fu—1]. Now we have £ 6" and

pT 2 65T 37, fT]. To simplify the discussion, we first derive the non-centrality
parameter A for a simplified case without signal components, /3 (baseline and linear
drift) and f (activation amplitude). Then, we reconsider the signal components
in the general development. In fact, it turns out that results from the simplified
case are useful in the general development. Using a threshold v(«) determined to
control FPR, the asymptotic power function can be computed from the non-central

chi-square distribution, ®4 A (t) given in (5.11).

Case I : development without signal components

To compute the non-centrality parameter A in (5.12), the FIM is required. As-
suming that there are no drift and activation amplitudes, i.e., (=0 and f =0, it
is easily checked that second order derivatives of 2¢(0%,0"*) with respect to 0! (the

i-th element of §"*) and 63 (the j-th element of °) are given by

T-1M-1

8226 _ |?/kl’ T gns T 93 517
o0ms9ens Z Z emp — 00" = 200°) - TrpiTrsm, (5.17)
v m k=0 1=0
020 — |3]kl‘2 T T
s = ——exp(—x,0"° — 2,0°) + 2k 2k (5.18)
00500, fa = TM
822€ T—1M-1 gkl 2 5 .
000 ’T]W‘ exp(—xp, 0" — 2110°) - TigiZhin, (5.19)
v n k=0 1=0

100



where x;,;; denotes the i-th entry of x;; and 2, ; is the j-th entry of z;,;. By CLT,

we have E[|fx,’] = TM - Fy,; for ¥(k,1). By the cepstrum modeling, one arrives at

5290 T—1M-1

E [ ns ns:| = Z Z Lk liLlklm = 2TM - 5i—m7 (520)
00700 prr ot
529¢ } T-1M-1

s | = ThliZkn = 0, (5.21)
[8@ 003 par it
[ 5290 } T-1M-1

saps | 2k, %k,1n
(99 00 par s
ifj=n=1
) (5.22)

2TM - 6;_, otherwise

where §; denotes a Kronecker delta function. Since xj; and z;; involve only har-
monic cosine functions, the last identities in (5.20)-(5.22) can be verified under the
assumption that 0 <n < T and 0 < p < M, which is usually the case in cepstrum
modeling. For the completeness of this chapter, we provide the proofs of (5.20),

(5.21), and (5.22) in Appendix 5.8. From (5.20)-(5.22), we have the following FIM:

Ig,.xR,. O 0

(0", 0%) = 0 0 , (5.23)

1
2

0 0 ILr,—1)x(R.-1)

where the identity matrix whose size R,s X R,s in the upper block is associated
with cepstral coefficients in ©,,, defining Z1,(6™*). The entry in the center and the
identity matrix in the lower block are associated with cepstral coefficients in Oy,
giving Zy2(6*). From (5.12), due to 8™ = 0 under Hgp, we have the non-centrality
parameter of

A = TM-(0™) Ig, . cn,.(0™), (5.24)

indicating that the non-centrality parameter involves parameters in ©"° in a quadratic

way.
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Case 11 : general development with signal components

We reconsider signal components. For convenience, B and f are decomposed
into their real part and imaginary part, namely § £ 5B + j37 and f £ fE + jfl.
Re-parameterization of the asymptotic negative log-likelihood function is made, so
that we have 20(3%, 57, &, 1,05, 0™*). Differentiating this function 2¢( - ) twice with

respect to each part of f, and 67, and then taking the expectation of it yield the

7 )

following equations:

2 2
B[22 | B[220 | (5.25)
offon of} o0y

where flR is the i-th element of f® and flf is the i-th entry of f7. Similarly, we obtain

the following results for 5 and S

2 2
B[220 |y B[22 | g (5.26)
opfon o oo

Proofs of (5.25) and (5.26) are given in Appendix 5.9. For the general development

with signal components, combining (5.23), (5.25), and (5.26) yields the following

FIM:

IR, xR, 0 0
Z(0™,6°,3,f) £ 0 0y 70,5, 0) | (5.27)

0 Z(B,f.6°)  Z(5.f)

where Ir «g,. defines Z7;(0™) and the remaining partition in the lower block spec-
ifies IQQ(GS,B, f) Note that the other partitions are all zero matrices, yielding

T19(0™, 67, 3, f) = 0. From (5.12), then, the non-centrality parameter is given by

Rns

A = TM- Z (1), (5.28)

which is, in fact, the same as (5.24), indicating that the non-centrality parameter A

is independent of signal components of /3, (baseline and temporal linear drift) and
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f» (activation amplitude). It can be shown that A leads to

2N = (%)2// (log F(w, \) — log Fg(w, \))*dwd\. (5.29)

Thus, 2A is an Euclidean metric between the logarithms of a non-separable PSD,
F(w, \) and a separable PSD, Fg(w, A) [35]. Since 6y corresponds to the amplitude
of PSD and other 6,,’s are associated with the shape of PSD, the independence of
A and 6y can be recognized from (5.29) as well.

Therefore, for large T" and M, we have the asymptotic distribution of L£g under

Hg, as follows:
Ls~XF . A (5.30)

where XQRW A denotes a non-central chi-square distribution with R,,; degrees of free-
dom and A non-centrality parameter. R, is the number of cepstral coefficients in
the non-separable region 0, and A is provided in (5.28). We can compute the
power, probability that the proposed separability test detects non-separability when
Hg, is true. By combining (5.10) and (5.30), for a significance level a, the power

function is given by,
Peep (0™°) £ Pr(Ls>v(a) | Hs1) = 1= ®p, a (V5 (1-0a)). (5.31)

Assuming only one non-zero cepstral coefficient in ©,,,, an example plot of Py, (6™)
is shown in Fig.5.3 for « = 0.05, R,,; = 2540, T'= 99, and M = 1435, the same setup

for the AFNI dataset used in Chapter 4 and section 5.6.

5.4.3 Discussions

From the derived asymptotic power function of the proposed test procedure for
space and time separability, some important remarks can be made for given cep-

strum model orders, (n,p). Firstly, the asymptotic power of the test procedure is
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Figure 5.3: An example of the theoretical asymptotic power function P, (6™°) for o =
0.05, R,s = 2540, T = 99, and M = 1435, the same setup for the AFNI
dataset except non-centrality parameter used in Chapter 4 and section 5.6.
Only one non-zero cepstral coefficient in ©,, is assumed for this example plot.

not dependent on nuisance parameters, baseline, temporal linear drift, activation am-
plitudes, and cepstral coefficients in the separable region. Recall that the proposed
test is derived from hypotheses involving cepstral coefficients in the non-separable
region. Secondly, the asymptotic power function is independent of the locations of
cepstral coefficients in the cepstral domains. It is affected by values of cepstrums in
the non-separable region. Finally, cepstral coefficients in the non-separable region

contribute to the non-centrality parameter A in a quadratic way.
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5.5 A Simulation Study

We perform a simulation to test the proposed test statistic for space-time sepa-
rability, L£g. A truly space-time separable 3D random field with arbitrarily chosen
spatial and temporal PSDs is generated by convolving a 3D Gaussian white noise
with a temporal filter and a spatial kernel, sequentially. Using (5.1), a dataset con-
sists of signal and noise is synthesized. To simplify the simulation, the simplest
parametric modeling of the BOLD response in (1.7) is used, thus the number of ba-
sis functions for the BOLD response is one, i.e., L = 1. The number of time points,
T is set to 99 and the number of voxels in a ROI, M is assigned to 63 x 63, which
are the same setup as those of a human dataset used in the following section. Then,
PSDs are estimated under Hgg and Hg; through the parametric cepstrum method
with a spatiotemporal tapering to reduce edge effects and estimates of other nuisance
parameters (Bl and fl) are also computed. Then, the test statistic Lg is calculated.
The obtained Lg is 155 and a determined threshold, v(0.05) for a significance level
ag = 0.05 is 173. These two quantities yield that p-value is 0.25(>> 0.05). Therefore,
there is no evidence against space-time separability and we fail to reject the null
hypothesis Hgg. This indicates that, for the synthesize dataset in this simulation,

Lg works properly as desired.

5.6 Application to a Human Dataset

We apply the developed test procedure for space-time separability to the AFNI
dataset used for the activation study in Chapter 4. For the completeness of this
chapter, some information of the conducted experiment are provided here. The
dataset is collected while a human subject is performing right-hand sequential finger-

thumb opposition in the presence of a given stimulus signal. At a given time ¢, a
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2D axial slice is analyzed instead of a 3D volume. The time point 7' is assigned to
99 and each axial slice consists of M (= 63 x 63) voxels. Each voxel has dimensions
of 3.125 x 3.125 x 5 (mm?). From the original 21 slices, a slice expected to contain
motor reactions to the motor stimulus is selected for analysis. To reduce a bias
from edge effects, we perform a spatiotemporal tapering using a 3D Tukey-Hanning
window. For the modeling of the BOLD response, a set of Laguerre functions with
a time constant a = 0.42 is used. Since we have a 3D dataset, one dimension
(1D) for time and 2D for space, we need to redefine the coordinate for space as
v = (v1,v2) and the model order for spatial cepstrum as p = (p,q). These yield
Rui = 2p+1)(2g+1)n+2pg+p+q+1and Ry = 2pg+p+q+n+1. Model orders
are determined by AIC, producing (L, n,p,q) = (3,10,7,8). For more details about

the observed data, the reader is referred to section 4.5.

5.6.1 Testing Space-Time Separability

Since the determined model order is (L, n,p,q) = (3,10,7,8), Lg asymptotically
follows a chi-square distribution with Rns(é R.i — Ry = 2540) degrees of freedom,
X354 under the hypothesis for space-time separability, that is Hgg. The obtained
value of Lg is 2591.8 and a determined threshold for a significance level ag = 0.05
is v(0.05) = 2658.4, producing p-value is 0.23(>> 0.05). Therefore, according to the
developed test for space-time separability, there is no evidence that the tested AFNI
dataset associated with motor responses is not under space-time separability. We

fail to reject the null hypothesis, Hgg.

5.6.2 Model Comparison

The result obtained from the proposed test for space-time separability, i.e., the

claim that the tested AFNI dataset is under space-time separable, can be verified by
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the developed model comparison technique in Chapter 4, AIC map. To do that, two
AIC maps are computed, one of which is from a ST-LRT model involving the non-
separable random field. The other is from a ST-LRT model involving the separable
random field. The AIC maps from ST-LRT models with and without space-time sep-
arability are shown on Fig.5.4(a) and Fig.5.4(b), respectively. Comparing Fig.5.4(a)
and Fig.5.4(b) shows that there are no significant difference in AIC values of two
ST-LRT models, indicating both ST-LRT models provide similar distances to the
underlying unknown truth in the sense of average. Therefore, we have another evi-
dence to support the claim made in the above section, saying that picked axial slice
related to the motor responses from the AFNI dataset is under space-time separa-

bility.
5.7 Conclusions

We developed, for the first time in FMRI, a test procedure for space-time sep-
arability, which has been implicitly assumed without proper justifications, in the
framework of the parametric cepstrum. The asymptotic power function of the pro-
posed space-time separability test was also analyzed, being independent of nuisance
parameters such as activation amplitudes. The developed procedure was tested by a

simulation and a human dataset with model comparison.
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AIC Map of Non-Separable ST-LRT
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(a) AIC map of a non-separable ST-LRT model
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(b) AIC map of a separable ST-LRT model

Figure 5.4: AIC maps from two different ST-LRT models : (a) ST-LRT model involving
non-separable noise and (b) ST-LRT model involving separable noise.
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5.8 Appendix 1

In this section, we provide the detailed proofs for (5.20), (5.21), and (5.22). To
do that, we consider the following sample covariance matrix from the regressors used

for the modeling by the parametric cepstrum in (5.15):

*ﬂ

—-1M-1

1 Lkl T T
S(Th 1, 211) = ™ [xk,l Zk,l]
T—1 —M-1 T T—1 —M-1 T
1 k=0 221=0 TklTj k=0 221=0 Lkl%k) (5.32)
TM ’ '

Zl =0 Zkl%l Zl =0 Zklzkl

where xy,; is associated with cepstral coefficients in the non—separable region and 2y
is with cepstral coefficients in the separable region. According to the appendix of
[55], the sample covariance matrix is expressed in a simple matrix form, implicitly

assuming 0 <n < T and 0 < p K< M,

2Ig, . xR,. | O 0
YTy, 2ny) = 0 1 0 : (5.33)
0 0 2I(R,—1)x(R.-1)

where the identity matrix in the top and left corner defines ZZ:_Ol fwo g NETN JTM.

Now, comparing (5.32) and (5.33) proves (5.20), (5.21), and (5.22).

5.9 Appendix II

In this section, proofs of (5.25) and (5.26) are provided. From (5.16), we have

the following re-parameterization of the asymptotic negative log-likelihood function:
T—1 M-1

e ex xl gns — T gs
203", B, FR 0%, 00) = 30N al o L S Y )(5.34)
k=0 [=0

x [{gﬁl (B ETE) - (@ - @)Y
+ {ak = ((XD"BE+ &) - (€D 7+ ED' I }Q] ,
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where, e.g., Jrs = §f,+Jit, It can be easily checked that the second order derivative
of 20( - ) with respect to ff* (the I-th element of f7) and 67* (the i-th element of

0™%) is given by

o2 Tzl cap(—a} 0" — 2,6°) (5.35)
offtoors T™ :

< [2{at — (XD 3F - (XD"3) - (€0 - @' T &
+ 2{al = (XD 88+ X" 8) = (€D 7+ ED"F) } & e
Since §,; obeys a complex-valued Gaussian distribution given by
G ~ N (XEG+ &R, TM - Fiy). (5.36)

i, and gf, are independent real-valued Gaussian distributions whose densities are
given by

. = o T~ ~ T~ o T T TM - Fy,

o~ 7 (R = GRTR) + (€0 - @ 7). T

N ~ T ~ ~ T ~ ~r T ~ ~n. 1 ~ TM‘F]C,[

o ~ A (D5 + RBB) + (@77 + @ 77) . PR s
Taking the expectation of (5.35) yields the first equality in (5.25). Then, we have
the second order derivative of 2¢( - ) with respect to f/ (the I-th element of f7) and
07 (the i-th element of §"*) given by

P22 = —aT lens —270)
8fl[agns

(5.39)
=T = ~nT = <1 T = -
2 {af, - (&0 3R - (XD"3) - (€D FF-En' i) é
~ ~ T ~ ~r T =~ ~s T ~ ~
-2 {yé,l — ((XD"Br+ X B) = (€ 7+ ED'T) } €8] (—ons).
Again, taking the expectation of (5.39) gives the second equality in (5.25). By the
same way, for the second order derivatives of 2¢( - ) with respect to BZR and 07°, and

with respect to 3 and 6%, using the distributions of §, and g ;, (5.26) can be easily

shown.
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CHAPTER 6

Asymptotic Efficiency of Competing Detection Statistics

In functional Magnetic Resonance Imaging (FMRI), an important task in data
analysis is to build up a detection statistic for activation to show regional responses
to given temporal stimuli. In Chapter 2, we reviewed a method to construct an acti-
vation map from an existing SSK-DLM, which focused on only temporal correlation
of observed data. In Chapter 3, we developed a new detection statistic, ST-LRT
jointly considering spatial and temporal correlations. In this chapter, we discuss an-
other important issue, performance comparison of ST-LRT and a detection statistic
from SSK-DLM. The comparison is based on well established theoretical works on
Asymptotic Relative Efficiency (ARE) and has different interpretations from com-
parisons by ROC curves in section 3.4 and AIC maps in section 4.4. The ARE
measures an asymptotic ratio of sample sizes of two tests to achieve a pre-specified

detection power for a given significance level.

6.1 Introduction

6.1.1 Background

Suppose that we have two consistent tests of a null hypothesis Hy versus an
alternative hypothesis H;, where both hypotheses are simple. For a given power

7, if n4 and np are the minimum sample sizes for test A and test B of size a to
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achieve the power, then relative efficiency of test A compared with test B is defined
asnp/na. If test B is the best test, e.g., from the Neyman-Pearson Lemma, then the
ratio is called efficiency of test A. This concept of relative efficiency can be useful
to assess a performance of a given test procedure or to compare two competing
tests. Then Asymptotic Relative Efficiency (ARE) is defined as the limit of ng/na
as ny,np — 00. For simple Hy and H;, an ARE is based on two quantities, a power
n and a significance level a.

The idea of ARE can be extended to composite alternative hypothesis, thus a
simple Hy and a composite H;. We considered this testing problem to build up an
activation statistic in Chapter 2 and 3. In ARE, adopting the composite alternative

hypothesis causes some complications as we now discuss details.

6.1.2 Preliminaries

The null hypothesis Hy is typically represented as a specified family of distribution

So for the data. For samples of size n, the power function is defined as
(T, F) £ Pp(T, rejects Hy), (6.1)

where T;, is a test procedure and F is a distribution function. For samples of size n

and F € §y, a size of the test is given by

an (T, o) £ sup (T, F). (6.2)
Fedo

For samples of size n and F ¢ §,, the probability of missing, as known as Type II
error, is defined as

Bol(Tn, F) 21 — 0, (T, F). (6.3)

Usually, we are interested in the comparison of two tests which are consistent and

unbiased. The consistency means that, for a fixed F ¢ §y, 5,(7,,, F) — 0 as n — oo.
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The unbiasedness means that, for a F ¢ Fo, 7,(T,, F) > (T, To)-

We consider the following quantities.

a= lim a,(T,,To), 8= lim B,(T,,F") (6.4)

n—oo

where F” is a distribution function under the alternative hypothesis H; for samples
of size n. According to values of o and 3, and a behavior of F”, an ARE is specified.
In details, with respect to «, the cases of @ = 0 and « > 0 are distinguished. With
respect to 3, the cases of = 0 and § > 0 are distinguished. With respect to F”,
the cases of a fixed F" regardless of the number of samples n, and F* — §, are
distinguished. In this chapter, we consider Pitman’s ARE which is commonly used
and under the following specifications. As the number of samples n approaches to
infinity,

ay, — a >0, B, — 3 >0, F" — §o. (6.5)

In the Pitman approach, the key tool is Central Limit Theory (CLT). Other AREs
can be defined under other specifications of «, 3, and F". For example, Bahadur’s

ARE, another commonly used asymptotic measure, is under the following conditions.
o, — 0, G, — (>0, F" = F fixed, (6.6)

as n approaches to infinity. For the Bahadur approach, Large Deviation Theory

(LDT) is employed. For more technical stuffs, the reader is referred to [50].
6.1.3 Pitman’s Asymptotic Relative Efficiency (ARE)

Suppose that the distributions F under consideration is indexed by a parameter
set © and consider the following simple null hypothesis Hy and composite alternative

hypothesis Hj,

Hy QZQO, H, 9>00 (67)
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We consider two test sequences Ty = {Ta,} and T = {T,} satisfying the following
Pitman’s conditions. The parameter # we are interested in is assumed close to 6y,

thus any 6 such that 0y < 6 < 6y + ¢ is considered.

Pitman’s conditions

(P1) For some continuous and strictly increasing distribution function G, and func-
tions p,(0) and o,(0), the distribution of (7,, — p,(0))/0,(0) converges to G

uniformly in [0y, 6y + 0], i.e.,

sup sup ’P (

0p<0<0p+d§ —oco<t<oo

Tn_ﬂn(e) . R
T §t> G(t)‘ 0, (6.8)

as n — 00.
(P2) For 6 € [0y,00 + 6], un(0) is k times differentiable, with u%l)(eo) = ... =
stV (00) = 0 < il (6o).

(P3) For some function d(n) — oo and some constant ¢ > 0,

d(n)a,(6o)

o= Jim "t 9
where c is called the efficacy of T),.
(P4) For 6,, = 0y + O([d(n)]_%), as n — 0o,
i (00) ~ 1P (00),  9u(0a) ~ 0u(bo). (6.10)
[

We have two main theorems by Pitman and Noether.

Pitman-Noether Theorem 1

Let a test sequence T satisfy above four conditions, (P1)-(P4) and consider testing

Hy by critical region {7}, > A\, } with

an = Py, (T, > Aa,) — @
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where o € (0,1). For 0 < <1 —« and 6, = 6y + O([d(n)]_%), we have
571(977,) = PHn(Tn S )\an) - ﬁ
if and only if
k
Gn=6) 4 | g11—a)— G 1(p). (6.11)

Pitman-Noether Theorem I1

Let two test sequences Ty and T satisfy above conditions, (P1)-(P4) with com-
mon G, k, and d(n) in (P1)-(P3). Let d(n) = n9, ¢ > 0. Then, Pitman’s ARE of

Ty compared with Tg is given by

ep(Ta, Tp) = (Z—j) (6.12)

Detailed proofs of Pitman-Noether theorems are provided in [50].

6.2 Pitman’s ARE of ST-LRT and ¢-statistic

We have two competing detection statistics, ST-LRT and t-statistic from SSK-
DLM. To make our discussion simple, we have the following assumptions in the

observed signal model in (4.2).
(A1) The baseline and temporal linear drift are assumed known and dropped.

(A2) The simplest approach, the parametric approach in (1.7) is used for the BOLD

response modeling, thus L = 1.

(A3) The PSD Fy,; is assumed known and under space-time separability.
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Thus, (4.2) reduces to

Ytw = gtfv + Wt v, (613)

where & and f, are both scalar, and w;, a stationary Gaussian noise which is spa-

tiotemporally correlated and space-time separable.

ST-LRT

Based on the assumptions (A1)-(A3), by plugging (6.13) into (3.32), one arrives

at a ST-LRT whose form is given by

2
T-1
LRT. 2 Dm0 & o (6.14)
T-1 2 |
where &/ denotes a temporally whitened & and ¢, is a spatiotemporally whitened

Yt.v, Namely,

FLyme, et = Ky ® (@ ® yro)- (6.15)

Here, ® and ®, are temporal and spatial circular convolution, respectively. Under
space-time separability, a temporal whitening filter ¢; and a spatial whitening kernel

K, are defined as

LY TN S L g
9 - v 9
VG

6.16
- (6.16)
where F}, denotes pure temporal PSD and G| is pure spatial PSD. For convenience,

we define the following detection statistic from (6.14),
T—1 +F .
L, 2 \/LRT, = 20 & Euw . (6.17)
T—1 ;o2
t=0 (ét )
Then, instead of calculating Pitman’s ARE of LRT, and F-statistic, F,, we compare

L, and t-statistic, 7,. By plugging (6.13) into (6.17), we obtain

LU:<K®Sf) '

v

To? + N(0,1), (6.18)
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where o? £ 1 tT;()l (&r )2 and the first term means a non-centrality parameter.

Therefore, under the null hypothesis Hy, i.e., f, = 0, L, obeys N(0,1). Under the
alternative hypothesis H;, L, obeys a normal distribution with mean (K ®; f)
[ 2
Tag.

t-statistic from SSK-DLM

v

After a SSK is performed, if a temporal whitening filter is adopted in the DLM

step, from (2.10), t-statistic has a form of

_ F

(N

where K¢ denotes a Gaussian amplitude kernel and *, is a spatial linear convolution.
Notice that the temporal whitening is performed for a spatially smoothed dataset.

Plugging (6.13) into (6.19) allows
T, = (K% %, f),-/To? + N(0,1). (6.20)

Thus, under Hy, i.e., f, = 0, 7, obeys N(0,1). Under H;, 7, obeys a normal
distribution with mean (K x, f), - /ToZ. Note that the only difference between

(6.18) and (6.20) is spatial operator in non-centrality parameter.

6.2.1 Efficacy of L,

We check if L, in (6.18) satisfies Pitman’s conditions. To do that, we focus on a

L, at a particular voxel position v and recall

E(L,) = (K @& f), /T, var(L,) = 1. (6.21)

In Pitman’s conditions, we have 8y = 0, # = f,, and n = T, the number of time

points. We define ur = E(L,) and or = \/var(L,).
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Firstly, we have

Lom i o nv01), G = a(0), (6.22)

or
where ®(t) denotes a CDF of N(0,1). Thus, (P1) is satisfied.

Secondly, we have

Opr
a7, =Kjp- Tag > 0, (6.23)

thus, (P2) is satisfied and k = 1.

Thirdly, for a function d(T) £ /T, we have

¢, = lim = > 0, (6.24)

thus, (P3) is satisfied and the efficacy of L, is cp,.

Finally, for f, = O(\/LT), since ,u(Tl ) and or(f,) are independent of f,, (P4) is satisfied
for all T'. Therefore, all Pitman’s conditions are satisfied.

We check the Pitman-Noether I theorem now. Let f, has the following form, with a
fixed constant cy,

fo= % (6.25)

For a given a and 3, we can choose a specific value of ¢; satisfying

YT a1 —a)- e (a). (6.26)

cr
Therefore, Pitman-Noether’s first theorem holds and L, has a size a and a power
1 — 3 asymptotically.
6.2.2 Efficacy of 7,

We check if 7, in (6.20) satisfies Pitman’s conditions. Since (6.18) and (6.20) have

the same form except the spatial kernel, we repeat the same procedure to obtain ¢y,
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in (6.24). We define pur = E(7,) and or = \/var(T,) = 1.
Firstly, we have

L= onve1), e =a), (6.27)

satisfying (P1).

Secondly, we have

aMT_ G 2
a7, =K, -,/TJ€ > 0, (6.28)

satisfying (P2) with £ = 1.

= li = > 0 6.29
‘T Tl—r}olo KG . TO'? K(?O—f ’ ( )

satisfying (P3) and defining the efficacy of 7, cr.

Finally, for f, = O(\/LT), since ,u(Tl ) and or(f,) are independent of f,, (P4) is satisfied
for all T'. Thus, all Pitman’s conditions are satisfied.

We check the Pitman-Noether I theorem now. For a given o and (3, by defining

fo=cs/ VT, we can choose a specific value of ¢ ¢ satisfying

f- “—f — e (1—a)— () (6.30)

Therefore, Pitman-Noether’s first theorem holds and 7, has a size a and a power

1 — 3 asymptotically.

Pitman’s ARE of L, and 7,

As we showed above, L, and 7, satisfied all Pitman’s conditions with common
G(= ®), k(= 1), and d(T)(= V/T). Therefore, according to Pitman-Noether Theo-

rem II, Pitman’s ARE of 7, compared with L, is given by

ep(Ty, Ly) = (2—;)2 - (l}{(—f)Q (6.31)
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Note that the value of Ky depends on a given dataset. We apply the developed
Pitman’s ARE, ep(7,, L,) to the simulated dataset discussed in section 3.4. Based
on the setup of the simulations, the following evaluation can be shown. In the case
of spatial white noise with ¢ = 1, we obtain ep(7,, L,) = 0.2824. In the case of
spatial colored noise with a known Gaussian ACF, namely v, = exp(—v?/2.254),
we can obtain ep(7,, L,) = 0.0181. Therefore, we argue that 7, requires about
3.5(= 1/0.2824) times as many samples as does the L, in the case of spatial white
noise. In the case of spatial colored noise, 7, requires about 55(= 1/0.0181) times
as many samples as does L,. These values of ep(7,,L,) support the results of

simulations performed on Fig.3.2(a) and Fig.3.3(a).

6.3 Conclusions

We developed a method to compare the asymptotic efficiency of two competing
detection statistics, ST-LRT and a statistic from SSK-DLM. For a simple signal
model with spatially and temporally correlated noise, a formula for Pitman’s ARE
was derived. The developed ARE was computed for the synthesized dataset used in
simulations of Chapter 3. The Pitman’s ARE showed that ST-LRT was a much more
efficient test procedure than a detection statistic from SSK-DLM for both spatial
white noise and spatial colored noise. Therefore, ST-LRT can reduce experiment

durations in FMRI, allowing subjects’ less exposure to strong magnetic fields.
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CHAPTER 7

Rician Modeling and Activation Detection

In FMRI data analysis, most statistical methods are based on magnitude voxel
time courses, which are modeled by a Gaussian distribution. Since the magnitude
images are produced from complex valued data, in fact, they obey a Rician distribu-
tion, which can only be approximated as a Gaussian distribution under the assump-
tion that signal to noise ratio (SNR) is high. Therefore, statistical methods based
on Gaussian modeling may perform poorly when the SNR is low. In this chapter,
we develop an exact Rician maximum likelihood with an expectation maximization
(EM) algorithm. The resulting procedure is remarkably simple and can be easily
extended from solutions based on Gaussian modeling. Using estimated parameters,
we build up a detection statistic for activation and analyze its asymptotic power. We
perform simulations to compare the proposed Rician-EM and conventional Gaussian

modeling.

7.1 Introduction

After an image reconstruction of observed FMRI data in k-space is performed,
available images for statistical data analysis are complex valued. By taking the mag-

nitude of complex value at each time point and at each voxel location, magnitude
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images are obtained. From the beginning of FMRI data analysis, most attention
has focused on the analysis of the magnitude voxel time courses with a Gaussian
distribution, which in fact obey a Rician distribution. It is known that a Rician
probability density function (PDF) is well approximated by a Gaussian PDF when
SNR is high [40]. Based on the Gaussian modeling, dynamic linear model (DLM)
has been a dominant framework to model the BOLD response and to build up a
detection statistic for activation such as t-statistic or F-statistic.

The conventional Gaussian modeling has been justified as follows. In practice, it is
known that a typical FMRI dataset has sufficiently high SNRs to make the Gaussian
approximation appropriate. However, since we have a fundamental tradeoff between
spatial resolution and SNR, as demands for high resolution FMRI rise, the necessity
of statistical modeling valid for the low range of SNRs increases. And it is reported
that there may exist some regions of the human brain which have significant signal
dropouts, decreasing SNRs in those regions, even in images with a moderate spatial
resolution. In addition, methods based on non-BOLD mechanisms such as arterial
spin labeling (ASL) is known not to have sufficiently high SNRs to apply Gaussian
approximation to a Rician distribution.

In this chapter, therefore, we develop a robust method to construct activation de-
tection for varying SNRs, which is based on Rician signal and noise modeling. Since
the Rician PDF involves the zeroth order modified Bessel function of the first kind,
the direct maximization of Rician log-likelihood function is a non-trivial statistical
estimation. We tackle this problem with EM framework. From the proposed pa-
rameter estimation, then we construct a detection statistic for activation. We start

discussions by reviewing some previous works on the Rician modeling.
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7.1.1 Literature Review

For more exact modeling of the magnitude voxel time course which holds for
all ranges of SNRs, a couple of methods based on Rician distributed models have
been suggested in the FMRI literature. [54] developed an activation statistic from
a Rician distribution model through likelihood ratio test (LRT). For a simple signal
model involving one baseline and one activation amplitude, [54] used non-standard
numerical optimizations to estimate parameters under null hypothesis (no activation
exists) and alternative hypothesis (activation exists). However, the model used in
[54] is highly constrained and the non-standard maximization is computationally ex-
pensive. The computational cost becomes severely demanding when the signal model
is extended to a complicated one, e.g., a signal model involving temporal drift and
multiple activation amplitudes or when the number of voxels in a region of inter-
est (ROI) increases. Similar approaches based LRTs are found in [16, 17]. In [46],
to estimate parameters for signal and noise model, an iterative method based on a
Taylor series expansion of a Rician PDF was proposed instead of maximizing Rician
log-likelihood function. Some approaches using complex valued data were suggested
to build up activation maps in FMRI data analysis. [37, 47, 45] created detection
statistics through LRTs with complex Gaussian distributions, which have different
philosophies from approaches based on Rician modeling including our method.

In this chapter, we make exact parameter estimation from a Rician distributed
model through an EM algorithm [15], which enables us to avoid computationally
expensive numerical optimization, leading to an activation statistic through a LRT.
The proposed Rician-EM approach allows a very simple iteration and a nice inter-
pretation of the iteration in a very natural way from existing Gaussian modeling.

In addition, we analyze the asymptotic power function of the proposed detection
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statistic, showing the effects of a nuisance signal component (baseline) and signal
components of interest (activation amplitudes) on the detection power. For simplic-
ity, as in previous works without exception [46, 37, 47, 45], noise in voxel time courses
is assumed spatially and temporally independent. Although assuming white noise
along time is an oversimplification of temporal characteristics of voxel time courses
in FMRI data analysis, the work in this chapter can be a good starting point for
future discussions to develop activation detection from a generalized model with a
temporally colored Rician noise.

The remainder of this chapter is organized as follows. In section 7.2, we intro-
duce signal and noise model formulations. In section 7.3, parameter estimations via
the EM algorithm from a Rician distributed model is proposed. Then, section 7.4
describes a method to construct a detection statistic for activation based on the
proposed Rician-EM approach. In section 7.5, the asymptotic power of the pro-
posed detection statistic is analyzed. Then, in section 7.6, we perform simulations
to compare performances of the Rician-EM method and existing Gaussian modeling.
Finally, conclusions will be drawn in section 7.7. Mathematical details are provided

in Appendix 7.8-7.10.

7.1.2 Acronyms and Notations

We collect acronyms and notations frequently used for the rest of this chapter
in this section. ANR means activation to noise ratio; BNR is baseline to noise ra-
tio; EM means expectation maximization; LRT is likelihood ratio test; GOA means
goodness of approximation; LS is least square; MLE means maximum likelihood es-
timate; MSE is mean squared error; PDF means probability density function; SNR

is signal to noise ratio.
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In this chapter, spatial and temporal independence is assumed for Rician model-
ing and activation detection. Therefore, on the contrary to Chapter 3 and 4, we can
model each voxel time course separately and then combine resultant detection statis-
tics to make a spatial plot of them, namely an activation map. Since we concentrate
on each voxel time series, we drop the index v for a voxel location and use different
notations from those of Chapter 3, 4, and 5 dealing with a Gaussian distributed noise
model with spatial and temporal correlations.

For a particular voxel position which we are interested in, y., denotes a com-
plex valued FMRI measurement at a time ¢t. We assume 7., is observed from an
one-dimensional (1D) temporal line indexed by {1, ...,n}. The magnitude measure-
ment of y.; is denoted as y; and the phase measurement of y.; is denoted as ¢.
We define vectors y = [y, . .. ,yn]T, denoting a collected magnitude time series, and
¢ =1, .. ,gbn]T, denoting a phase time series. A column vector 3 contains signal
components such as baseline and activation amplitudes. z; is an associated regressor
at a time ¢, defining X = [zq,... ,xn]T, and o2 is the variance of noise. The null
hypothesis Hy means that a particular voxel we are interested in is not activated
by a given temporal stimulus. The alternative hypothesis H4 means that that voxel
is activated. Under H,, from Gaussian modeling, B 4 and 074 denote the MLEs of
$ and o?, respectively. From Rician-EM, (4 and 012471 are estimates of 8 and o?
for given estimates, 340 and 04 at each iteration. Under Hy, parameter estimates
are similarly defined. Q4 denotes a surrogate function obtained from an E-step and
W 4 is a weight matrix under H4. Qn and Wy ¢ are under Hy. N (i, ) denotes

a real-valued Gaussian distribution with mean p and covariance matrix .
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7.2 Signal and Noise Model Formulations

7.2.1 Complex Signal and Noise Model

Dropping the voxel index v for simplicity, we first consider a complex valued signal
and noise model and then discuss its magnitude model. After image reconstruction
is performed, at a time point ¢, a complex valued measurement model is defined as
in [47],

Yot = (xfﬁ cost +n.1) + j(xfﬁ sin€ +n;¢), (7.1)
$tTﬁ 2 m+bt+ St, [nr,ta Ui,t]T ~ N(07 U2I)a (7-2)

where 2! 3 contains two types of signals, one of which involves nuisance components
such as baseline m and temporal linear drift bt. The other involves activation related
component s;, e.g., the BOLD response, describing reactions of a subject’s brain to
a given temporal stimulus. 6 denotes a phase imperfection due to magnetic field
inhomogeneity in a MRI scanner and is assumed constant over time. Two noise
2

terms, 7., and 7;, are assumed stationary and independent Gaussian, where o

denotes their common noise variance.

7.2.2 Hemodynamic Response Model

Several approaches have been suggested for the modeling of the BOLD response,
¢ in (7.2) until now. The simplest parametric approach with a canonical HRF [11],
a method using a FIR filter [14, 26], and Laguerre modeling [56] were reviewed in
Chapter 1. To cover these three approaches and to provide a unified framework for
the modeling of the BOLD response, we consider the following generalized represen-

tation:

L L
St = (Z hi,tfi) *Ct £ Zfztfz = f;[fa (7-3)
i=1 i=1
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where L is the number of basis functions to model the BOLD response, h;; is the i-th
temporal basis function, and f; is the associated activation amplitude. ¢; denotes
given temporal stimuli in the experiment. By plugging (7.3) into (7.1) and (7.2), one

arrive at a compact and parameterized representation which we use in this chapter,

Yer = (xtTﬁ cost +n.1) + j(xtTﬁ sinf + n;+), (7.4)

where
af =[Lt,] &7, gt =[m,b,| f], (7.5)
&= f=[he Al (7.6)

7.2.3 Magnitude Signal and Noise Model

Now we consider a typical measurement model in FMRI data analysis. For a

given time ¢, the magnitude of (7.4) is defined by

y = \/(a:tTﬂ cos 0 +1,0)" + (af Bsind + 1;,)", (7.7)

resulting in a collected time course at a particular voxel location of interest. It is

well known that g, obeys a Rician distribution whose PDF is defined as, for y; > 0,

I aRCAON xl

o2
where Iy(z) is the zeroth order modified Bessel function of the first kind. Some
mathematical materials related to Iy(z) are given in Appendix 7.8. For a time course
=y, .., yn]T, this leads to a Rician log-likelihood function under the assumption

of temporal independence, that is,

202
t=1 t=1

n n 2 T 2\2 T
log.¥ & —nlogo? + Zlog Yy — Z {M —log Iy (%Z;ﬁ) } . (7.9)
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7.3 Parameter Estimation

In this section, we discuss methods to estimate parameters of Rician PDF in
(7.8), 3 (signal parameter) and o (noise parameter). First, we review a conventional
statistical inference based on the Gaussian approximation of Rician PDF and then
provide a new method to estimate the necessary parameters through EM algorithm.
To build up a detection statistic for activation to test if a particular voxel is activated
by given temporal stimuli, we consider the following two hypotheses and perform

parameter estimation under each hypothesis.
Hy : C3=0, Vs Hy : CB+#0, (7.10)

where the matrix C is of full rank and has the size of r x (L + 2). By selecting C,
we can specify the hypothesis testing. For example, if we have a signal model with

L =2, that is § = [m, b, fi, fg]T, one possibility of choosing the constraint matrix is

00/10
C= , (7.11)

0 0]0 1

where the first row in C is associated with f; (the first activation amplitude) and
the second row is associated with f, (the second activation amplitude). The first two
columns correspond to nuisance signal components, baseline m and temporal drift
bt. Then, Hy states the voxel we are interested in is not activated by given temporal

stimuli and the alternative hypothesis, H4 says the voxel is activated.

7.3.1 Gaussian Modeling

It is known that a Rician PDF in (7.8) can be approximated by a Gaussian PDF
for a large value of SNR(£ z!'3/c). According to [47], a simple rationale behind this

approximation can be described as follows. The magnitude signal and noise model
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in (7.7) is rearranged as

Yt = \/(SUtTﬂ)Z + 227 B(nry cos O 4 1 sin ) + 07, + 771‘2,757

2(ny¢ cos O + m; 4 sin 6 2, +n?
:x;pﬁ-\/1+ (77,t Nit )+77,t it (7'12)

x{ B (@I 5)*

If the signal component z] 3 dominates two noise terms 7,, and 7;,, i.e., SNR is
high, by a first order Taylor series expansion of the term inside the root square,

(7.12) reduces to a classical linear regression equation,

g = x; B+ 1, (7.13)

where 7;(£ 1,;cos @ + n;;sin ) obeys a Gaussian distribution with zero mean and

o? variance or in matrix form,
y=Xp+n, (7.14)
where y = [y1, ..., yn]", X 2 [21,...,2,]", and 5 ~ N(0, 02I).
It is well known that least square (LS) allows maximum likelihood estimates
(MLEs) of 8 and o2 under H, given as follows [49].

Ba = (XX) "' X"y, (7.15)

~ 1 ~ T ~
Gh=—(y=XBa) (y—XBa). (7.16)
Under Hy, with the linear constraint specified by C, MLEs are given by

-1

By = @ (X"X) Xy, (7.17)

ox = % Ay —XBy) (y—XBy), (7.18)

where a matrix ® is defined as
_ B -1
d=1-(X'X)"'P, P=cCT|c(xX’X)"'c”| cC.

These MLEs are used to build up a detection statistic for activation based on the

Gaussian modeling in section 7.4.
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7.3.2 Rician Modeling with EM Algorithm

Since a direct maximization of the Rician log-likelihood function in (7.9) to obtain
MLEs of 3 and ¢? requires a non-standard numerical optimization, we consider an
indirect method for parameter estimation from the Rician PDF, an EM algorithm.
The EM algorithm has guaranteed convergence properties and in the present case
yields remarkably simple iterations. The main idea of the EM algorithm is to replace
a difficult direct maximization of the Rician likelihood function with a sequence of
easier maximizations of surrogate functions. Starting from deriving an iterative
equation without a constraint under H4 (activation exists), we move the discussion
into a constrained case under Hy (no activation exists) with a Lagrange multiplier

later.

EM Algorithm under H4

For a given magnitude time course y and a phase time course ¢, from the complex
valued time series y., in (7.4), it can be shown that so called complete likelihood .Z.,
namely joint PDF of y and ¢ is given by

log %, = —nlog(2mo?) + Z log y; — QT; Z {yf + (:ctTﬁ)2 — 2u,a” B cos(dy — 9)} :
. . (7.19)
In the EM framework, since only the magnitude voxel time series y is available for
data analysis, the phase time course ¢ is treated as unobserved data or missing data.
The EM algorithm is composed of two steps, one of which is expectation step (E-
step), defining a surrogate criterion based on a conditional expectation of log.Z..
The other is maximization step (M-step), finding a point to give a maximum of the
surrogate function defined in the E-step [15]. We first consider E-step and then

discuss M-step.
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Following E-step, taking a conditional expectation of log.Z,. in (7.19) yields the

following surrogate function:

n 1 n n
Qi = —nlog(2n0°)+) _logyi—3 5 {Z P+ (@l8)” — 2yl Beos(Ba — 0) -wA,o,t} ,
t=1 t=1 t=1
(7.20)

where a weight is defined as

. A Li(ysf Bao/o% )
A0t =
" Io(yal Bao/ody)

(7.21)

and (40, 040, and ‘712470 are given parameter estimates in each E-step. [1(z) denotes
the first order modified Bessel function of the first kind. Here, it can be shown that
the ratio, I1(z)/Iy(z) is a strictly increasing function and approaches to 1 as z goes
to infinity. The numerical evaluation of I;(2)/Io(2) is given on Fig.7.1. The details of
derivation of the surrogate function Q4 and some properties of the ratio I,(z)/Io(2)
are given in Appendix 7.8.

M-step involves the maximization of Q4 with respect to parameters, yielding

the following equations for updates:

Bag = (XTX) " XTW 4 0y, (7.22)
1 _
o3 =5 U (1= WaoX(X"X) "X W) v, (7.23)

where a weight matrix W4 o under Hy is defined as
W 2 diagi {wao.}. (7.24)

Note that, except the weight matrix W4, (7.22) and (7.23) have very similar
forms to the conventional LS solutions from Gaussian modeling in (7.15) and (7.16),
which are easily implemented. Therefore, by simply weighting an observed magnitude
time course, we can easily update parameter estimates in each step. From the M-

step, we also produce an equation for update of 8, which is not informative, because
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Numerical Evaluation of I1/I0 (2)

1N, (2)

Il(z)

Figure 7.1: Numerical evaluation of To(2)

041 = 040. Thus, we can not extract any information about the phase imperfection
from a magnitude voxel time course at the voxel we are interested in. The detailed
derivations of (7.22) and (7.23) from Q4 are provided in Appendix 7.9.

Since the ratio of I;(z) to [y(2) is an increasing function for z and is upper-
bounded by 1, if SNR(£ zI'3/0) is sufficiently high for all #, then the weight matrix
W 4 is close to an identity matrix I after the algorithm converges, resulting in that
the iterative equation in (7.22) reduces to 34 in (7.15). In addition, when SNR is
high for all ¢, it can be shown that the MLE of ¢? based on the Rician PDF in
(7.9) also boils down to % in (7.16) by using a well known approximation of Iy(z).
The rigorous proof of this will be shown in Appendix 7.10. Conversely speaking,
after the iterations converge, W4, can be used to measure how well conventional

Gaussian modeling approximates Rician modeling. Details of this idea are discussed
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after deriving updates for parameters through an EM algorithm under Hy.

EM Algorithm under Hy

In order to obtain estimates of 3 and o2 under Hy, we follow the same E-step and
M-step as above with a Lagrange multiplier based on the linear constraint imposed

by Hy. We arrive at the following equations for updates:
By =@ (XTX) X Wy oy, (7.25)

0% = % " (T W oX - @ - (X7X) "X Wi ) 3, (7.26)
where a weight matrix Wy o under Hy is defined similarly to (7.24) with Sy and
012\7,07

Wyo = diagl  {wnos}- (7.27)
Again, except the weight matrix Wy, it can be easily shown that (7.25) and (7.26)
have the same forms as EN and 0% in (7.17) and (7.18), respectively. From M-step
under Hy, an iteration for 6 is obtained as well, that is Ox1 = Oy, which is not
useful. Details of derivation of a surrogate function in E-step under Hy, Qn will
be given in Appendix 7.8. Derivations of (7.25) and (7.26) from Qy are provided in

Appendix 7.9.
Measures of GOA : Weight Maps
From the discussion about weight matrix W 4 o and SNR under H 4, we define two

useful sample quantities, which are sample mean and sample variance of converged

weights,

1 1
o 2 ~tr(Wa), 52 A — 1tr((WA —wl)?), (7.28)

where W 4 denotes a weight matrix after convergence of the algorithm and tr(W 4)

means its trace. For a given magnitude time series from a voxel position we are
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interested in, if SNR is sufficiently high to make the Gaussian approximation of a
Rician PDF work well at all time points, then w is close to 1 with a small S,,.
Conversely, if w is close to 1 and S, is sufficiently small, it can be argued that
the SNR at the voxel we are interested in is high enough to apply the Gaussian
approximation to a Rician PDF. However, if w is less than 1 or S,, does not have a
sufficiently small value, then the Gaussian modeling is not recommended. Therefore,
spatial plots of w and S, can be used as measures of goodness of approximation
(GOA) to Rician modeling by Gaussian modeling at each voxel in a ROI. We call
these spatial plots of w and S, weight maps. Thus, using weight maps, voxels whose
SNRs are not high enough can be identified and Rician modeling is recommended

for those voxels.
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7.4 Detection of Activations

One significant task in FMRI data analysis is to detect functional activations
related to a pre-specified stimulus in a ROI. Based on the proposed Rician-EM
approach, in this section, we build up an activation map using a LRT. An activation
map is a just spatial plot of a detection statistic for activation. First, we review an
existing detection statistic based on Gaussian modeling. Then, a detection statistic

derived from Rician modeling is provided.

7.4.1 Detection Statistic from Gaussian Modeling

For independently and identically distributed Gaussian samples, it is well known

that a LRT based on the hypotheses in (7.10) reduces to,

2
Ao £ 2logAg =nlog (UN) , (7.29)
oA

where Ag is the ratio of likelihood functions, one of which is maximized under H 4
and the other is maximized under Hy [49]. Two MLEs, 6% and 7% are given in

(7.16) and (7.18).

7.4.2 Detection Statistic from Rician-EM

With parameter estimates from the proposed Rician-EM approach, we construct

a LRT based on the hypotheses in (7.10), leading to

A 2 2logAp = 2nlog ( ) Z yi + (2 ). xt £ B) (7.30)
oy furled AR, Io(thtT@/ﬁi)
t=1 0124 IO(thzeTﬂN/a%v)

where, e.g., EA and BN are MLEs obtained from iterative equations in (7.22) and
(7.25) after EM algorithm converges, respectively. Ag denotes the ratio of likelihood

functions based on Rician distributions under H4 and Hpy.
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7.4.3 Family-Wise Error Rate Control

For a given significance level ag, a threshold can be determined by asymptotics
of Ag. To be specific, when Hy is true (i.e., the tested voxel is not activated by the
given stimuli), A\ asymptotically obeys x?, a chi-square distribution with r degrees
of freedom, where r is the full row rank of the constraint matrix C [63]. For the
example in (7.11), we have r = 2. Since there are lots of voxels in a ROI, controlling
overall rate is a multiple comparison problem (MCP). A measure to deal with the

MCP is family-wise error (FWE) rate whose definition and an equivalent expression

HN)7

(7.31)

are given by, under Hy,

M-1

FWE £ Pr ( U {Ar(v) > vr(ar)} ‘ HN> =Pr (mgxx Ar(v) > vr(aR)

v=0

where Ag(v) denotes the proposed detection statistic from the Rician-EM approach
at the voxel location v, vg(agr) is a threshold for a given ag, and M denotes the
number of voxels in a ROI. Due to the assumption of spatial independence, for a

significance level ag, we analytically determine a threshold,
Yr(agr) =V, ' (V1 —ag), (7.32)

where W,.(t) is the cumulative density function (CDF) of x2. In FMRI, the signifi-
cance level ap is typically set to 0.05. Since the detection statistic from Gaussian
modeling in (7.29) has the same asymptotic behavior for large n, yg(ag) can be also

applied to A\g to control FWE rate.
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7.5 Asymptotic Power Analysis of Rician Detection

The asymptotic power of the Rician detection statistic proposed in the previous
section is derived, which requires an asymptotic distribution of LRT under alterna-
tive hypothesis H4. The derived power function indicates which parameters have
what impacts on the asymptotic power, thus providing a nice criterion to compare
two competing detection statistics built up from a Rician distributed model. For
Rician detection, we are especially interested in some interesting features of the ef-
fects caused by nuisance parameters, e.g., baseline m and noise variance o2, as we
did analysis for the proposed space-time separability test in Chapter 5. We have
discussed an asymptotic expansion of LRT under alternative hypothesis when serial
correlation and nuisance parameters exist in section 5.4.1. Therefore, in this section,

we apply that result to Rician likelihood function to obtain the asymptotic power

function.

7.5.1 Asymptotic Expansion under Local Alternatives

For simplicity, we assume that there is no temporal linear drift in a given voxel
time course, thus b = 0 in (7.2) and the constraint matrix C in (7.10) has a form
like (7.11). Since motion artifacts can be corrected to some extents, the assumption
on drift might be reasonable. Thus, a parameter of interest is f corresponding

2

to activation amplitudes and nuisance parameters are m and ¢ corresponding to

baseline and noise variance. From (5.11), for a sequence of local alternatives defined

as f = fo+¢/+/n, we have the following asymptotic distribution of Az under H 4:

AR~ XL (7.33)

where x% A denotes a non-central chi-square distribution with L degrees of freedom

and A non-centrality parameter. The degree of freedom is the same as the dimension
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of f. From (5.12), the expression for the non-centrality parameter is given by
A = ET (IH — 11212_21121) g, (734)
f=fo
where, since we are interested in testing whether the given voxel is activated by
stimuli, we have f; = 0 and ¢ = /nf. The Fisher information matrix (FIM) is

partitioned according to the partition of parameter space, namely,

T 7 2
I(f, m, 02) Py 11(f) 12(f7 m,o ) ’ (735)

Z21 <m7 027 f) I2Q(m7 02)

where Z;,(f) is associated with the parameter of interest and Zyy(m,c?) involves
nuisance parameters. On the contrary to the FIM corresponding to space-time sep-
arability test in Chapter 5, it turns out that Zj»(f,m,0?) is a non-zero matrix,
indicating that the asymptotic power function for Rician detection depends on the
interesting and nuisance parameters. For details of an asymptotic expansion of LRT

in the presence of nuisance parameters, the reader is referred to [28, 58].

7.5.2 Asymptotic Power Function of Rician Detection

We consider the FIM to compute the non-centrality parameter A in (7.34). As-
suming that there is no temporal linear drift, we have the following negative Rician

log-likelihood function:

n n 9 T 2 T
—logfénlogUQ—ZIOgyt+Z{yt +(m+& f) “log T, (yt(mift f))}
t=1 =1

202 o

(7.36)
From this negative Rician log-likelihood function, by computing the expectation of

the second order derivatives, one arrives at the FIM evaluated at f = 0 that is given
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(02—A9) n T o2_ A0 n (mA%+02B%—mo?) n
not Zt:l & & not Zt:l & no® ’ Zt:l &
2\ 2— A0 n 02— A0 (mA°%4-02B%—mo?)
I(O’ m,g ) B not Zt:1 & P -6
(mA%4+02B%—ma?) n (mA%+52B0—ma?) ot—m2A%—2mo?(B%—m)
00 ’ Zt:l ft P o8
(7.37)

where the matrix in the top and left corner is associated with Z;1(0) and has the size
of L x L. The entry at the center corresponds to baseline m and the entry at the
bottom and right corner corresponds to noise variance 0. A%(m, o?) and B%(m, o?)

are defined as

I (yt(mtﬁf)) Iy <yt(m+2£?f>> 2 <yt(m+25?f>)
0 2 A o o o 2
Al o) = F 12 <yt<m+szf>> Y  (7:38)
0 0'2 f:()
I (yt(m'*;ﬁtTf))
BO(TTL,O'2> = E W Yt s (739)
o (edn) ]

where I,(z) denotes the first order derivative of I;(z) with respect to z. We define a

useful function A°(m) whose definition is given by

0 2
Am) & AT) (7:270 ) m

>
e

, (7.40)

where we call m baseline to noise ratio (BNR). Note that A°(/m) involves only BNR,

which is easily shown by noting that

O(m) = /0 h (1;<m) - éiéizs > -x?’exp<—M)dx, (7.41)
() eyt By ()

where © = y; /0. Therefore, we conclude that A°(0) = 1 and A°(1m) goes to 0 as

m approaches to infinity. The numerical evaluation of (7.41) on Fig.7.2 shows that
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Numerical Evaluation of AO(m,oz) / o

1.4

L2b el

Ao(m,oz) | 6%

BNR (= m/o)

Figure 7.2: Numerical evaluation of A%(m)

A°(m) is a monotonically decreasing function with respect to m. Similarly, we define

and can show that

B(m) = Bm, %) _ /OOO I (zm) - 2°exp (—#) d. (7.42)

It turns out that A°(m) plays an important role in the expression for the non-
centrality parameter but B°(m) is canceled out as shown in (7.43). The derivation
of (7.37) from (7.36) is provided in Appendix 7.11.

By plugging (7.37) into (7.34), we now have the non-centrality parameter given
by

Ap = n(1—Am))- [T f, (7.43)

where the covariance matrix and the activation to noise ratio (ANR) are defined as
1 & 1 < 1 < A f
Se & ) a8 - (525,5) <EZ£?> . FE (7.44)
t=1 t=1 t=1
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respectively. Therefore, (7.43) shows that the non-centrality parameter in the asymp-
totic expansion of Az under a sequence of local alternatives depends on not only
parameter of interest f (activation amplitude) but also on nuisance parameters m
(baseline) and o? (noise variance). Remarkably, it depends on ANR(£ f/o) and
BNR(£ m/o) in a multiplicative and separable way. In addition, (7.43) indicates
that, for a fixed BNR, ANR contributes to the non-centrality parameter Ag in a
quadratic way. For a high BNR, since A°(1m) is close to 0, the non-centrality param-
eter is given by

Ap = nf'Sf, (7.45)

being independent of baseline m. This is well matched to conventional results on
power analysis in classical linear regression [4].

We can compute the power, probability that the proposed statistic detects the
activation when Hy is true. By combining (7.32) and (7.33), for a significance level

ag, the power function has a form of

Prician (M, f) & Pr(Ag>~(ar) | Ha) = 1= ®pa, (V' (V1 —ag)), (7.46)

where @y A, (t) denotes the CDF of a non-central chi-square distribution with L
degrees of freedom and Ag non-centrality parameter, and M is the number of vox-
els in a ROIL. By the numerical evaluation of (7.46), an example of the theoretical
asymptotic power function, P gician (m, f) is given on Fig.7.3 for L = 1, ag = 0.05,

M =100, n = 100, and ¥¢ = 1.
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Theoretical Asymptotic Power Function
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Figure 7.3: An example of the theoretical asymptotic power function Ppgjcian (m, f) for
L =1, ar=0.05, M =100, n = 100, and X¢ =1

7.6 Simulation Study

7.6.1 Discussions on SNR

Before we start simulations, we need to mention an important point to make
discussions clear. Recall that, according to the conventional definition of SNR(=
xl3/0), SNR varies along time [47]. Since SNR is time-variant, it is not appropriate
to summarize differences between multivariate Rician PDF and an approximation by
multivariate Gaussian PDF for a given voxel time course. For example, we may have
a voxel time course in which a SNR at one time point is not sufficiently high whereas
a SNR at another time point is high enough to apply the Gaussian approximation.

Therefore, in simulations, we use two newly defined terminologies in this chapter,

activation to noise ratio (ANR) and baseline to noise ratio (BNR), which are con-
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stants along time, instead of time-variant SNR. In addition, as shown in (7.46), these
two quantities, i.e., f and m, are natural choices from the discussions on asymptotic
power analysis for Rician detection.

Using the newly defined ANR and BNR, we perform simulations to compare the
developed Rician-EM approach and the existing Gaussian modeling. We investigate
unbiasedness and mean squared error (MSE) of parameter estimates from each mod-
eling for various BNRs. In addition, we check the usefulness of newly developed two
weight maps, spatial plots of w and S, for various BNRs as well. Data based on the
complex signal and noise model in (7.4) are synthesized for simulations. The number
of time points, n is set to 100 and a parameter for phase imperfection is assigned

2

to @ = w/4. The noise variance is set to 0* = 1 for simplicity and the simplest

parametric modeling of the BOLD response in (1.7) is used.

7.6.2 Parameter Estimation

We fix an activation amplitude at f = 0.5, thus ANR is fixed and examine the
bias and MSEs of m, f, and o2 for various BNRs. As shown in the two figures on
Fig.7.4 and the left figure on Fig.7.5, the Rician-EM approach provides less biased
parameter estimates than Gaussian modeling does for all regions of BNRs. According
to the right figure on Fig.7.5, when BNR is very low, e.g., when it is less than 2,
the bias caused by the Gaussian modeling becomes severe and Gaussian modeling
as an approximation to Rician modeling is not recommended. The tolerance of bias
or MSE can be determined by researchers conducting FMRI experiments. Thus,
by looking at spatial plots of w and S,,, voxels whose ANRs and BNRs are not
sufficiently high for the Gaussian modeling can be identified. On Fig.7.6, MSEs

of parameter estimates are shown for varying BNRs. For all values of BNRs, the
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Rician-EM method provides smaller MSEs than the conventional Gaussian modeling.
Especially, for very low BNR which is less than 2, Rician-EM is much better than
Gaussian modeling in terms of MSE. For different values of activation amplitude
(f = 0.1 and f = 0.3), although results are not shown here, simulations show the

same behaviors of biases and MSEs for varying BNRs as shown in Fig.7.4-7.6.

7.7 Conclusions

We developed a method for parameter estimation from a Rician distributed model
via EM algorithm, which allowed very simple forms of iterations, more reliability, and
better interpretation compared to existing Rician modeling. The developed Rician-
EM approach can be easily modified from conventional Gaussian modeling due to
their similar forms. Using estimated parameters, we built up a detection statistic for
activation by LRT. In addition, we analyzed the asymptotic power of the proposed
activation statistic. According to simulations, the Rician-EM provided parameter es-
timates which were less biased and had smaller MSEs than the conventional Gaussian

modeling did for all ranges of BNRs.
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Figure 7.4: Means of estimates of baseline m and activation amplitude f for several BNRs.
True values of activation amplitude and noise variance are set to f = 0.5 and
0% = 1, respectively.
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Figure 7.5: Means of estimates of noise variance o and two sample quantities (w and S,,)
for several BNRs. True values of activation amplitude and noise variance are
set to f = 0.5 and 02 = 1, respectively.
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7.8 Appendix I : Derivations of Surrogate Functions

In this section, we perform a E-step under each hypothesis, i.e., derive surrogate
functions, Q4 in (7.20) under H4 and Qu under Hy. Since Qy is obtained by a
simple modification of Q4 with a Lagrange multiplier, we mainly focus on developing
Q. Before the discussion of these derivations, we make brief mathematical reviews of
two Bessel functions, Iy and I;, and their ratio which are necessary for our surrogate

derivations.

Modified Bessel Functions of the First Kind

The zeroth order and first order modified Bessel function of the first kind have

the following definitions :

T do N do
Ih(z) = / eZCOSGQ—, Li(z) = / " cos —, (7.47)
7T

—r -7
where note that [;(z) is the first order derivative of Iy(z) with respect to z. Here, we

define a function, the ratio of I;(2) to Iy(z), which is useful to understand behaviors

of the weight matrix W4 in (7.24),

r(z) = : (7.48)

According to a proof in [3], the first derivative of r(z) with respect to z is positive,
thus 7(z) is strictly increasing. It can be easily checked that 0 < r(z) < 1 for all
z > 0 and r(z) is an odd function, that is r(—z) = —r(z). Therefore, r(z) has a nice

asymptotic property, r(z) approaches 1 as z goes positive infinity.

Derivation of Q4

In E-step, a surrogate function is defined by a conditional expectation of log.Z,

in (7.19) for a given magnitude observation y as follows.
QA =E [logcgé | Y; ﬁA,(b 914,07 0-,2470:| ; <749)
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where B4, 04,0, and afw are given parameter estimates in each E-step. By plugging

(7.19) into (7.49), Q4 has a form of
Q4 = —nlog(2mo?) + Zlog Yt 53 {Z v + (z) B)
t=1 t=1

-2 ZytxtTﬂ -E [COS(¢t - 9) | Yt; ﬁA,o; 9A,07 ‘7,24,0} } :
t=1

Thus, to obtain (7.20), we need to show the following identity for a time point ¢,

E [cos(¢y — 0) | vt Ba0,040,0%0] = cos(0ao — 0) - wapy. (7.50)

Here, recall that the joint PDF of 3, and ¢; has the following form, for y; > 0,

Yt =502 (v3+(T )" ~2yia] Beos(d—0)) (7.51)

Pe(Ye, O1) = o2

By dividing (7.51) with a marginal PDF of y, in (7.8), one obtains a conditional PDF

of ¢, for a given 1y,

wei B B
o= 0 0 '
0 —_—

(7.52)
o2
Then, we consider the following conditional expectation,
E [COS(¢t —0) ‘ yt;ﬁA,anA,oya,Zq,o} = / cos(¢r — 0) - p(¢y | yt;ﬁA,o,eA,mU,Qq,o) dy.

(7.53)

Here, recall the following trigonometric identity,
cos(¢y — 0) = cos(Ba0 — 0) cos(¢dy — Oap) —sin(Bag — 0)sin(py — 0ap).  (7.54)

After plugging (7.52) and (7.54) into (7.53), since the integration term associated
with sin(64 0 — ) vanishes, we obtain (7.50) by recognizing I;(z) evaluated at z =

yxy Bao/o%, and complete the derivation of Q..
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Derivation of Qy

In E-step, a surrogate function with a Lagrange multiplier based on the linear

constraint under Hy is simply defined as follows.

Qn = E [log Z. | y; Bx0,0n.0,0%0) + AT CB,

—Qy+NTCp, (7.55)

where QY is similarly defined as Q4 in (7.49) with parameter estimates under Hy,

2
Bno, Onp, and o5 .

7.9 Appendix II : Derivations of Iterative Equations

In this section, we perform a M-step under each hypothesis. First, we derive
iterative equations under H 4 by finding a maximizer of Q4 and then develop iterative
equations under Hy by maximizing Qy. To do that, for compact expressions, we
redefine Q4 in a matrix form as follows. Neglecting terms which are independent of

parameters, we have

1
Qi = —nlogo® — 292 [yTy + g7 (XTX) B —2cos(fap—0)- ﬁTXTWA,Oy] , (7.56)

where a weight matrix W 4 o has a definition of

W .o = diagy {wao:+}-

Developing Iterations under H,

Firstly, taking a derivative of the newly defined Q4 in (7.56) with respect to 6

and zeroing it give

0
% = BTXTW 40y -

Sil’l(@A’O — 9)

o2

=0, (7.57)
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leading to sin(6a9 — 0) = 0, thus 041 = 4.

Secondly, taking a derivative of Q4 with respect to # and zeroing it allow

aé%A = % [COS(@A,O —0) - XTW 0y — (XTX) ﬁ] =0. (7.58)

Rearranging terms and plugging 64 ; into 0 leads to (7.22). Note that we also obtain

an identity which is useful for the derivation of 0371 below, that is,
BT (XTX) 8= "X"W 4 0y. (7.59)

Finally, by taking a derivative of Q4 with respect to o2 and setting it zero, one

arrives at
9Qa S [yTy + B (XTX) B—2cos(0a0—0)-FTXTW 4 oy] = 0.
do? o2 20t ’ ’
(7.60)
Rearranging terms for 0% and plugging 64 ; into 6, then (7.59) allows
1
a1 =5 Wy = BT X T Wagy), (7.61)

replacing § with 54, in (7.22) gives the desired result in (7.23). Then, we obtain

the necessary iterations under H 4.

Developing Iterations under Hy

We start the derivations from Qu in (7.55). Firstly, since the Lagrange multiplier
term in Qy does not depend on 6, taking a derivative of Qx with respect to # and
zeroing it give the same iterative equation as that under Hy, Oy = Onp.

Secondly, taking a derivative of Qy with respect to 3 and plugging 6y ; into 0 lead
to
QN 1

5 "o [(X"Wy oy — (X'X) 8] + C"A = 0. (7.62)
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Arranging terms for § gives
Bya = (XTX) ™ (02 CTA+ XTWyoy) (7.63)

which should satisfy the constraint, CG = 0. Applying the constraint gives an
expression for A\, which is

d= s [eexX) ] o) X W, (7.64)

o
Plugging the expression for A into (7.63) allows the desired form of By in (7.25).
Again, as under H 4, we obtain an identity which is useful for the derivation of 0]2\/71,
that is,

B (XTX) 6= (XTWN,OZJ)T@ (7.65)

where because C( = 0 implies 3 = (.
Finally, since the Lagrange multiplier term in Qx does not depend on o2, taking a
derivative of Qx with respect to o2 and zeroing it give the same expression as that

under H 4, thus we have

QN n 1 T T (~T T~T
902 —;—i— 551 [y + 8" (XTX) B —2cos(Ono — 0) - BT X" Wy y] = 0.
(7.66)
Rearranging terms for 0% and plugging 6y into 6, then (7.65) allows
1
N = 5 ('Y = BT X W oy) (7.67)

replacing § with Oy allows the desired iteration in (7.26). Then, we complete the

derivations of necessary iterations under H, and Hy.

7.10 Appendix III

In EM algorithm, it is guaranteed that 0% ; converges to the MLE of 0%, say 75.

Thus, we need to show that the MLE from Rician PDF, 5% has the same form as the
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MLE from Gaussian PDF, 6% when x] 3/c is high. From (7.9), we start the proof.

Taking a derivative of (7.9) with respect to o gives

O0log & n 1 ~ T o2 T
-3;———;+5;{Z¥fwam-wa%@ﬁ . (168)
where a weight is defined as

Ly B/0?)
Io(pi B/0%)

War =

Then, by zeroing (7.68) and rearranging terms, we obtain

2n0® = 3"y + («B)” — wa - 2yl B. (7.69)

Here, when z is high, recall that the following approximation of Iy(z) by [1, Sec.9.6],

Io(2) = JZE (7.70)

which gives an approximation of [;(z) by taking the first derivative with respect to

z. Then, one arrives at

Li(z) 22-1
=T T
leading to an approximation of wy ¢,
2yt$ B —o?
= 7.71
Har = 2yt5€t B ( )
Plugging (7.71) into (7.69) allows
2no? = (Z yr + (xtTﬁ)Q - 2ytxfﬂ> + no?, (7.72)
t=1
reducing to, in a matrix form,
N 1
7" = —(y—Xp)" (y - X). (7.73)

By replacing 8 with the MLE of (3, E, we have an expression for o2 which has the

same form as 0%, completing the proof.
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7.11 Appendix IV : Derivation of the FIM

In this section, we derive the FIM given in (7.37) from the negative Rician log-
likelihood function in (7.36). We consider second order derivatives of —log .Z with

respect to f; (the i-th entry of f), m, and o2, which are given as follows:

G (- log Z) —~ 1 L(z)o(z) = I (=) <yt>2’

om? B ~ o” I3 (2) o?
(7.74)
82(—103’%) _ - it ]i(zt)IO(zt)_[lz(Zt) Ye \ 2
of.of, ; o I3(z) <_2> St
(7.75)
P(=log ) G LG)Do(z) = (z) (y)?
omof; ;ﬁ_ I2(z) (ﬁ) it
(7.76)
P(=logZ)  ~~ m+&f L)lo(z) = L(z) (yim+ &N\, Lh(z) (w
omda? tz;_ ot * I3 (z) ( o6 >+Io(zt) <F)’
(7.77)
P(-log?) = <~ m+&f L(z)o(z) = () (yi(m+E&LS)
0 f:002 - ;_ oA it + () < 6 fi,t)
II(Zt> Yt
T o) (55) e (778)

P(log ) g~ 1wt (m i g Lh(z) — 1) (y?(m+£?f)2>

8(02)2 t=1 ot a" 13(2) o8
20 (z) (ye(m+&f)
- e ( . > | (7.79)

where I;(z) is the first order derivative of I;(z) with respect to z, &, is the i-th

element of &, and z; is defined as

b oo Bt (7.80)

o2
Recall that the indices of activation amplitude f; and f; are ¢ = 1,...,L and j =

1,..., L, respectively. Taking the expectations of above obtained second derivatives
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and evaluating them at f = 0 yield partitions of the FIM. Firstly, we have

(Iﬂ(f) ‘f=0)ij = %E {W}

(0= A%m, o?

Zat@t, (7.81)

(9f28fj =0 na
leading to
o? — A%(m, o? _
Z11(0) = ( na(4 ) th ftT (7.82)
t=1
Secondly, we have
1 0?(—log &) (02 — A%(m, 0?)) &
T 2 L - g2/ — ’ . :
( 2(f,m, %) ’fo)i1 n { af;om } o not ;gl’t’

(7.83)

and

(mA° + 02B%(m, 0?) — mo? 25
= it

(112(f7m702) ‘f())iQ s 1y {W]

n 0f;00? o not
(7.84)
leading to
1 — o — A%m,0?)  (mA°m,o?) + o2B%(m, %) — mo?)
2\ ) ) )
Il?(()?maa— ) - (ﬁtzlgt>|: 0_4 5 0—6 :| )
(7.85)

where Z15(0,m, ) has a size of L x 2 and & has a size of L x 1. Therefore, we have

Ln(m.o*.f) | _ = Th0.m.c%). (7.86)

whose size is 2 x L.
Finally, we have the partition of the FIM for m and 0% whose size is 2 x 2. The

entries of Zyy(m, 0?) are given by

(IQZ(m,(#) ‘fo)n s %E {W}
(7.87)

2(— A A0 2 2 120 9 .9

Tos(m, 0?) £ lE M _ (mA°(m,0%) + 0" B (m,0%) —mo~)
= Omoo?
f=0/ 15 n moo

o6 ’
f=0

(7.88)
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(Izz(m,(,?) ‘f:o)m S %E[M}

d(02)? o
ot —m2A%m, o?) — 2;7102 (B°(m,o?) — m)’ (7.80)
o
leading to
g2—A° mA°%+02B%—mo?
o B —
Tr(m,o0?) = (7.90)
mA®+02 BO_ o2 a'4fm2A0(m,a'2)f2m02(Bo(m,o'z)f )
0'6 0'8
From (7.82), (7.85), and (7.90), we obtain the FIM in (7.37). =
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CHAPTER 8

Conclusions and Future Works

8.1 Summaries and Conclusions

In this thesis, we mainly pursued one important goal in FMRI data analysis and
solved related problems toward that goal. The main question was how to create
an activation map from collected measurements, showing regional reactions of the
human brain to given stimuli in the experiment. The activation map is a spatial
plot of detection statistics derived from hypothesis testings and building it has been
one of the most significant tasks from the very beginning of FMRI. We developed a
detection statistic for activation considering spatial and temporal correlations with-
out space-time separability in Chapter 3. Related issues involved signal and noise
modeling in multi dimensions to implement a detection statistic (Chapter 4), e.g.,
four dimensions (4D) for a volumetric dataset, building up a test procedure for space
and time separability (Chapter 5), and constructing a proper criterion to rank or a
performance measure to compare competing detection approaches (Chapter 6). An-
other important issue we dealt with in the thesis was recently introduced and is for
detecting an activation from observed signals with low SNR (Chapter 7). Although
high SNR is a typically valid assumption in FMRI until now, since we have a fun-

damental tradeoff between spatial resolution and SNR and we have a clear trend
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toward high spatial resolution, the demands for a SNR robust detection, i.e., Rician

detection, are rapidly increasing.

Summaries

Because of the importance of ”the activation study” in FMRI data analysis, there
have been many approaches to build up a detection statistic for activation. However,
with rare exceptions, most attention has focused on temporal characteristic of noise
under the assumption of spatial independence. In addition, most data analysis meth-
ods have implicitly been under the assumption of space-time separability. For the
first time in FMRI, we developed an activation statistic, spatio-temporal likelihood
ratio test (ST-LRT), from a model jointly considering spatial and temporal correla-
tion of background noise without space-time separability. This is one of the main
contributions of Chapter 3, in which it was shown that a spatiotemporal whitening
filter was necessary to implement ST-LRT. ST-LRT under space-time separability
indicated that, to obtain a properly formulated activation statistic, we needed a
spatial whitening kernel, not a conventional Gaussian amplitude kernel for spatial
smoothing. Simulations showed ST-LRT performed better than the conventional F-
statistic did in terms of detection power.

To implement the proposed ST-LRT, signal and noise modeling in three dimen-
sions (3D) or 4D was necessary. Since a widely used AR-based method in spectral
estimation required huge computations due to non-linearity of asymptotic likelihood
function, we introduced a new method to the FMRI community. Our modeling ap-
proach was unusual, based on a truncated cepstrum expansion, but allowed linear
model fitting, thus leading to a substantial amount of computational reductions. To

compare ST-LRT and a detection statistic derived from spatial smoothing by Gaus-

158



sian kernel (SSK) and dynamic linear model (DLM), a model comparison method
based on Akaike information criterion (AIC) was developed as well. These are the
main contributions of Chapter 4. The developed model comparison method based
on AIC showed that the ST-LRT model was on average much closer to the under-
lying unknown truth than SSK-DLM for a tested human dataset involving motor
responses.

The proposed modeling method, the parametric cepstrum, had an additional
advantage which was useful for space-time separability. In the framework of the cep-
strum, a testing procedure for space-time separability was developed and its asymp-
totic power was analyzed in Chapter 5. Remarkably, the asymptotic power function
only involved cepstral coefficients in the non-separable region, parameters of interest,
and depended on them in a quadratic way. In other words, the asymptotic power was
independent of nuisance parameters, e.g., activation amplitudes and cepstral coeffi-
cients in the separable region. The simulations and application to a human dataset
indicated that the developed test procedure worked well.

For the purpose of performance comparison, an asymptotic relative efficiency
(ARE) of ST-LRT and a detection statistic from SSK-DLM was evaluated in Chap-
ter 6. Pitman’s ARE was derived for ST-LRT and t-statistic from SSK-DLM. It
turned out that Pitman’s ARE had a simple form and depended on spatial operators
used to build up detection statistics, namely, spatial whitening filter and Gaussian
amplitude kernel. For the dataset used in simulations of Chapter 3, it was shown that
ST-LRT was much more efficient than t¢-statistic derived from SSK-DLM. In other
words, ST-LRT required much less number of samples than a detection statistic from
SSK-DLM to achieve the same detection power, reducing the FMRI experiment time.

For SNR robust activation detection, a method to build up an activation map
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from a Rician distributed model was suggested in Chapter 7. An iterative method for
parameter estimation was developed via an EM algorithm, providing a simpler and
more reliable updates compared to conventional Rician modelings. From estimated
parameters, a detection statistic for activation was constructed and its asymptotic
power was analyzed. On the contrary to Chapter 5, the asymptotic power of Rician
detection depended on both of interesting and nuisance parameters such as baseline.
In simulations, it was shown that Rician-EM approach provided parameter estimates
which were less biased and had smaller MSEs than conventional Gaussian modeling

for all ranges of baseline to noise ratios (BNRs).

Conclusions

By comparing ROC curves in Chapter 3, AIC maps in Chapter 4, and measuring
Pitman’s ARE in Chapter 6, we arrived at the conclusion that the proposed ST-
LRT provided better detection statistics than did the conventional SSK-DLM in
terms of detection power, average distance to a underlying unknown truth, and
asymptotic relative efficiency. From the discussions comparing ST-LRT and SSK-
DLM, we have an important conclusion that spatial whitening operation is necessary
for proper activation detection rather than the spatial smoothing by Gaussian kernel,
which has been widely used but under many ad hoc assumptions. Additionally, from
simulations in Chapter 7, it was shown that the proposed Rician-EM approach was
much more robust to activation to noise ratio (ANR) and BNR than conventional

Gaussian modeling.
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8.2 Future Works

From the discussions presented in the thesis, we provide interesting future research

topics in this section.

Detection Statistic for Activation with Spatial Non-stationarity

In Chapter 3, we developed ST-LRT from a FMRI measurement model jointly
considering spatial and temporal correlation of background noise without space-time
separability. However, the spatial stationarity was assumed to develop ST-LRT.
Therefore, a natural extension will be the development of a detection statistic for
activation based on a measurement model considering spatial non-stationarity. The
idea of the local spatial regularization of likelihood function in [39, 57] can be a
good starting point. Based on this extension, we expect that a test procedure for

space-time separability for spatially non-stationary random fields can be developed.

Asymptotic Relative Efficiency for the Whole ROI

In Chapter 6, we developed voxel-wise Pitman’s ARE to compare the proposed
ST-LRT and F-statistic derived from existing SSK-DLM. Since we usually have
sparse activations in the brain, most voxels are not activated. Therefore, a next step
will be the development of Pitman’s ARE for the whole ROI. In addition, to compare
two competing detection statistics in terms of other types of AREs is an interesting

topic as well, for example, Bahadur’s ARE [50].

Rician-EM Modeling with Serial Correlation

In Chapter 7, we derived EM algorithm from a Rician distributed model under
the assumption of temporal independence. A natural extension from this thesis will

be the development of an EM algorithm from a Rician distributed model with serial
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correlation to model FMRI measurements more exactly.

Asymptotic Power Analysis for Mismatched Modeling

In Chapter 7, we analyzed the asymptotic power of a detection statistic derived
from a Rician distributed model. This analysis was under the assumption that
the model and observed FMRI samples obey Rician distributions. Since Gaussian
modeling has been widely used in FMRI data analysis, analyzing the asymptotic
power of Gaussian modeling is very interesting when measured samples are Rician

distributed.
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