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▶ Spin preparation RF pulse(s)
m(⃗r , 0) magnetization encoding relaxation, diffusion, velocity, ...

▶ Bloch equation (or Bloch-McConnell or Bloch-Torrey)
for transverse magnetization free precession after ith pulse

m(⃗r , t) = m(⃗r , 0) e−R2 (⃗r)t e−ıϕi (⃗r ,t)

phase ϕ depends on gradient fields, off-resonance, ...
▶ Signal model for ith readout:

si(t) =
∫

m(⃗r , t) d⃗r =
∫

m(⃗r , 0) e−R2 (⃗r)t e−ıϕi (⃗r ,t) d⃗r

▶ Discretization of integral:
s ≈ Ax, xj ≜ m(⃗rj , 0)

A depends on physics: gradients, coil maps, ...
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▶ Noisy measurements (thermal noise): y = s + ε = Ax + ε

▶ probability model: ε ∼ CN (0, σ2I)

p(y | x) ∝ exp
(

− 1
2σ2 ∥y − Ax∥2

2

)
(after pre-whitening of correlation between multiple receive coils)

▶ negative log-likelihood:

− log p(y | x) = 1
2σ2 ∥Ax − y∥2

2

apt for any k-space sampling pattern, including non-Cartesian and non-Fourier encoding
▶ Gauss-Markov theorem provides some theoretical basis for this data-fit term
▶

Other important statistical models in MRI
▶ physiological “noise” in fMRI
▶ particle diffusion distributions
▶ . . .

5 / 42

http://en.wikipedia.org/wiki/Gauss-Markov_theorem


Probability and statistics J. Fessler
Math4Iter

▶ Noisy measurements (thermal noise): y = s + ε = Ax + ε

▶ probability model: ε ∼ CN (0, σ2I)

p(y | x) ∝ exp
(

− 1
2σ2 ∥y − Ax∥2

2

)
(after pre-whitening of correlation between multiple receive coils)

▶ negative log-likelihood:

− log p(y | x) = 1
2σ2 ∥Ax − y∥2

2

apt for any k-space sampling pattern, including non-Cartesian and non-Fourier encoding
▶ Gauss-Markov theorem provides some theoretical basis for this data-fit term
▶ Other important statistical models in MRI

▶ physiological “noise” in fMRI
▶ particle diffusion distributions
▶ . . .

5 / 42

http://en.wikipedia.org/wiki/Gauss-Markov_theorem


Image reconstruction and gradient J. Fessler
Math4Iter

▶ Goal of (basic) image reconstruction is to recover magnetization image x from
k-space data y using negative log-likelihood:

f (x) = − log p(y | x) = 1
2 ∥Ax − y∥2

2

(Drop constant σ2: unimportant for regularized methods, but more important for Bayesian methods.)

▶ Iterative methods are used when A is non-square (and hence non-invertible)
▶ Most iterative methods use the gradient of the data-fit term:

∇f (x) = A′(Ax − y)

where A′ denotes the adjoint of matrix/operator A
▶

The “A” written on paper is rarely a (dense) matrix in MRI recon software.
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▶ Dynamic MRI data-fit term:

f (X) = 1
2 ∥AX − y∥2

2

• Casorati matrix X =
[
x1 . . . xT

]
∈ CN×T (# of voxels × # of time frames)

• Linear operator A maps array X into k-space signal data vector s ∈ CM :

AX =

 A1x1
...

AT xT

 (At is encoding for tth frame)

▶

Gradient of dynamic MRI data-fit term:
∇f (X) = A′(AX − y)

▶ A is not a matrix, but it has a well-defined adjoint needed for the gradient:

A′y =
[
A′

1y1 . . . A′
T yT

]
(maps vector to matrix)
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▶ Linear operator A : X 7→ Y
X vector space with inner product ⟨·, ·⟩X
Y vector space with inner product ⟨·, ·⟩Y

▶ The (Hermitian) adjoint of A is the unique operator A′ satisfying

⟨Ax, y⟩Y = ⟨x, A′y⟩X , ∀x ∈ X , y ∈ Y

▶

An adjoint usually is not inverse nor pseudoinverse: A′ ̸= A−1 and A′ ̸= A+

▶ Notable exception: single-coil MRI, full Cartesian k-space sampling, unitary FFT

▶ Be wary of code that provides untested “adjoint” functions:
• “Adjoint” code with density compensation
• “Adjoint” code for fft based on ifft

FFTW library provides bfft for adjoint of fft

9 / 42
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Testing adjoints of complicated linear operators
▶ Random vector test (large scale) using definition:

⟨Ax, y⟩Y ≈ ⟨x, A′y⟩X , for random x ∈ X and y ∈ Y
▶ Exhaustive test (small scale):

⟨Aej , ei⟩Y ≈ ⟨ej , A′ei⟩X , ∀i , j

Recon Package Random Tests Exhaustive Tests
BART (C) Y
MatMRI (Matlab) Y
MIRTorch (pytorch) Y
MIRT.jl (Julia) Y Y
MIRT classic (Matlab) Y Y
PySap-MRI Y
SigPy Y
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▶ Another option: let autodiff do the work [1]
▶ “FAST-DIPS: Adjoint-free analytic steps and hard-constrained likelihood correction

for diffusion-prior inverse problems”

ICLR 2026 Submission https://openreview.net/forum?id=voMeZVAkKL
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▶ A preconditioner helps find the same solution but faster.
▶ Solving system of equations

• Ax = b
• A is square and invertible
• Left preconditioner: PAx = Pb . Same solution if P is invertible.

▶

In iterative MRI reconstruction, A is rarely square or invertible!
▶ Solving an optimization problem based on log-likelihood

x̂ = arg minx Ψ(x), Ψ(x) ≜ 1
2 ∥Ax − y∥2

2 + βR(x)
▶ Left-multiplying A changes the solution [2, 3] and increases noise [4]:

x? = arg minx
1
2 ∥W Ax − W y∥2

2 + βR(x) (“weighting” not “preconditioning”)

▶ One should precondition in a way that preserves the solution [5], e.g.:
xk+1 = xk − P∇Ψ(xk). Ideally P ≈ (∇2Ψ)−1 (not any DCF)

13 / 42
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https://juliaimagerecon.github.io/Examples/generated/mri/6-precon
▶ analytical k-space from ellipse Fourier transform (no inverse crime) [6, 7]
▶ 128 × 128 image reconstruction
▶ 126 radial lines with 129 samples each
▶ Examine NRMSE = 100% · ∥x̂k − xtrue∥2 / ∥xtrue∥2 vs iteration k = 0, 1, . . .
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▶ Pruessmann et al., MRM 2001 [2]
▶ Gabr et al., MRM 2006 [4]
▶ Baron et al., MRM 2018 [3]
▶ Ong et al., IEEE T-MI 2020 [5]
▶

Hong et al., IEEE T-CI 2024 [8]
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Provable Preconditioned Plug-and-Play Approach for
Compressed Sensing MRI Reconstruction

Tao Hong , Member, IEEE, Xiaojian Xu , Member, IEEE, Jason Hu , Graduate Student Member, IEEE,
and Jeffrey A. Fessler , Fellow, IEEE

Abstract—Model-based methods play a key role in the recon-
struction of compressed sensing (CS) MRI. Finding an effective
prior to describe the statistical distribution of the image family of
interest is crucial for model-based methods. Plug-and-play (PnP) is
a general framework that uses denoising algorithms as the prior or
regularizer. Recent work showed that PnP methods with denoisers
based on pretrained convolutional neural networks outperform
other classical regularizers in CS MRI reconstruction. However,
the numerical solvers for PnP can be slow for CS MRI reconstruc-
tion. This paper proposes a preconditioned PnP (P2nP) method to
accelerate the convergence speed. Moreover, we provide proofs of
the fixed-point convergence of the P2nP iterates. Numerical exper-
iments on CS MRI reconstruction with non-Cartesian sampling
trajectories illustrate the effectiveness and efficiency of the P2nP
approach.

Index Terms—Magnetic resonance imaging (MRI), non-
cartesian sampling, reconstruction, preconditioner, plug-and-play
(PnP).

I. INTRODUCTION

MAGNETIC resonance imaging (MRI) is a noninvasive
medical imaging technique that uses magnetic fields

to obtain images of organs, tissues, and other structures. MRI
scanners acquire the Fourier components of the image of interest,
called the k-space. However, the acquisition procedure is slow.
To accelerate the acquisition, one strategy is to under-sample
the Fourier components, but this violates the condition of the
Nyquist sampling theorem, causing aliasing in conventionally
reconstructed images. To solve this problem, modern MRI scan-
ners use multiple coils (parallel imaging) to acquire the Fourier
components, providing additional spatial information [1], [2],
[3]. Moreover, compressed sensing (CS) MRI [4], [5] improves
the quality of the reconstructed images by using suitable sam-
pling patterns. In practice, CS MRI is combined with parallel
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imaging and the MRI image is reconstructed by solving a
composite minimization problem like the following:

x̂ = arg min
x∈CN

1

2
‖Ax− y‖22
︸ ︷︷ ︸

f(x)

+φ(x) , (1)

where A ∈ CML×N refers to the forward model defining the
mapping from the imagex to the acquired k-space datay andL is
the number of coils.A consists of a stack of matricesAl such that
A = [A1; A2; · · · ; AL] where Al ∈ CM×N ! MFCl. M ∈
RM×N defines the sampling pattern and F ∈ CN×N denotes the
(non-uniform) Fourier transform operator. Cl ∈ CN×N repre-
sents the sensitivity map associated with the lth coil and is patient
specific.

The data-fit term f(·) encourages consistency of the image x
with the measurements y and φ(·) is a regularizer that describes
the statistical distribution of the unknown image x, often called
a prior. Classical choices for φ(·) that have shown to be useful
for MRI reconstruction include total variation (TV) [4], [6],
[7], wavelets [8], [9], dictionary learning [10], [11], and low-
rank [12], to name a few. See [13], [14] for reviews of different
choices of φ(·). In the past decade, deep learning (DL) has
gained a lot of attention in reconstructing MRI images due to its
excellent performance. Instead of hand-crafting explicit priors,
DL provides a data-driven tool for implicitly encoding image
priors. Popular DL-based approaches for MRI reconstruction
include end-to-end mapping [15] and model-based (or called
physics-informed) deep unrolling [16], [17], [18], [19], [20].
Recently, using generative models to learn a prior for solving
MRI reconstruction has received extensive interest [21], [22].

Plug-and-Play (PnP) [23] is an alternative to DL that lever-
ages the most effective image denoisers, such as BM3D [24] or
DnCNN [25], leading to state-of-the-art performance in various
imaging tasks [26], [27], [28], [29], [30], [31]. Differing from
DL approaches that usually rely on training with massive data
for a predefined imaging task, PnP can be easily customized
to a specific application without retraining. This feature is par-
ticularly beneficial for solving CS MRI problems, where the
sampling patterns, coil sensitivity maps, and image resolution
can vary significantly from scan to scan. Moreover, PnP methods
can still achieve reasonable reconstruction results even when the
testing data is out-of-distribution from the training data used for
the denoiser [32]. Detailed discussions about using PnP for MRI
reconstruction are found in [33].

2333-9403 © 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.
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xk+1 = arg min
x

1
2 ∥x − (xk − αP∇f (xk))∥2

2 + β

∥P−1∥2
R(x).

▶ Hong et al., IEEE T-CI 2025 [9]
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Using Randomized Nyström Preconditioners to
Accelerate Variational Image Reconstruction

Tao Hong , Member, IEEE, Zhaoyi Xu , Jason Hu , Graduate Student Member, IEEE,
and Jeffrey A. Fessler , Fellow, IEEE

Abstract—Model-based iterative reconstruction plays a key role
in solving inverse problems. However, the associated minimization
problems are generally large-scale, nonsmooth, and sometimes
even nonconvex, which present challenges in designing efficient iter-
ative solvers. Preconditioning methods can significantly accelerate
the convergence of iterative methods. In some applications, com-
puting preconditioners on-the-fly is beneficial. Moreover, forward
models in image reconstruction are typically represented as opera-
tors, and the corresponding explicit matrices are often unavailable,
which brings additional challenges in designing preconditioners.
Therefore, for practical use, computing and applying precondition-
ers should be computationally inexpensive. This paper adapts the
randomized Nyström approximation to compute effective precon-
ditioners that accelerate image reconstruction without requiring an
explicit matrix for the forward model. We leverage modern GPU
computational platforms to compute the preconditioner on-the-fly.
Moreover, we propose efficient approaches for applying the precon-
ditioners to problems with classical nonsmooth regularizers, i.e.,
wavelet, total variation, and Hessian Schatten-norm. Our numer-
ical results on image deblurring, super-resolution with impulsive
noise, and 2D computed tomography reconstruction illustrate the
efficiency and effectiveness of the proposed preconditioner.

Index Terms—Image deblur, super-resolution, CT reconstruc-
tion, Nyström preconditioner, wavelet, total variation, Hessian
Schatten-norm.

I. INTRODUCTION

THE task of image reconstruction is to recover a clean im-
age from degraded measurements. Model-based iterative

reconstruction recovers a clean image x by solving the following
type of minimization problem:

min
x∈RN

f(x) + λ g(x), (1)
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where f(x) denotes a data-fidelity specifying the discrepancy
between the model’s predictions and the degraded measure-
ments, g(x) denotes a regularizer imposing prior information
on x, and λ > 0 is a trade-off parameter to balance f(x) and
g(x). Both f(x) and g(x) can be nonsmooth and nonconvex.
This paper focuses on linear inverse problems of the form

min
x∈RN

1

p
‖Ax− y‖pp︸ ︷︷ ︸

f(x)

+λ g(x), (2)

where A ∈ RM×N with M ≤ N denotes the forward operator,
which maps the unknown image x to the measurements y. In
this paper, we assume p ∈ (0, 2].

In practice, the matrix A is under-determined or ill-
conditioned and the measurements are noisy, so one uses a
regularizer g(x) to stabilize the solution. Typical regularizer
choices that are effective include wavelet sparsity [1], total varia-
tion (TV) [2], dictionary learning [3], and low-rank models [4].
When using such hand-crafted regularizers, we refer to (1) as
variational image reconstruction. Over the past decades, deep
learning (DL) [5] has received significant attention in the field of
image reconstruction. Instead of using hand-crafted priors, DL-
based methods learn implicit priors from massive training data.
This includes end-to-end learning [6] and physics-informed
deep unrolling [7], [8]. Alternatively, one can use plug-and-play
(PnP) [9], [10], [11] or regularization by denoising (RED) [12],
[13] where one trains a deep denoiser [14] first and then uses it as
an implicit prior for general inverse problems. Recently, building
priors with generative models, such as diffusion models, has also
attracted much attention. We refer the reader to [15] for a survey
of those directions.

While deep learning methods often outperform variational
methods in many applications, variational image reconstruc-
tion [16], [17], [18], [19] offers significant advantages in terms of
interpretability, theoretical guarantees, and robustness to noise
or distribution shifts. Variational methods do not require large
training datasets and provide predictable, stable behavior. More-
over, they allow for easier customization of priors based on
domain knowledge, making them particularly suitable for appli-
cations where interpretability and reliability are critical, such as
medical imaging. Recent work has also shown that novel neural
network structures can be derived from variational methods,
yielding state-of-the-art performance [20], [21], [22], [23], [24].
Therefore, this paper considers hand-crafted regularizers for
(2). Specifically, we consider g(x) = Ψ(Lx) where L ∈ RL×N

2333-9403 © 2025 IEEE. All rights reserved, including rights for text and data mining, and training of artificial intelligence and similar technologies.
Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: University of Michigan Library. Downloaded on November 22,2025 at 02:58:41 UTC from IEEE Xplore.  Restrictions apply. 
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Abstract—Model-based methods play a key role in the recon-
struction of compressed sensing (CS) MRI. Finding an effective
prior to describe the statistical distribution of the image family of
interest is crucial for model-based methods. Plug-and-play (PnP) is
a general framework that uses denoising algorithms as the prior or
regularizer. Recent work showed that PnP methods with denoisers
based on pretrained convolutional neural networks outperform
other classical regularizers in CS MRI reconstruction. However,
the numerical solvers for PnP can be slow for CS MRI reconstruc-
tion. This paper proposes a preconditioned PnP (P2nP) method to
accelerate the convergence speed. Moreover, we provide proofs of
the fixed-point convergence of the P2nP iterates. Numerical exper-
iments on CS MRI reconstruction with non-Cartesian sampling
trajectories illustrate the effectiveness and efficiency of the P2nP
approach.

Index Terms—Magnetic resonance imaging (MRI), non-
cartesian sampling, reconstruction, preconditioner, plug-and-play
(PnP).

I. INTRODUCTION

MAGNETIC resonance imaging (MRI) is a noninvasive
medical imaging technique that uses magnetic fields

to obtain images of organs, tissues, and other structures. MRI
scanners acquire the Fourier components of the image of interest,
called the k-space. However, the acquisition procedure is slow.
To accelerate the acquisition, one strategy is to under-sample
the Fourier components, but this violates the condition of the
Nyquist sampling theorem, causing aliasing in conventionally
reconstructed images. To solve this problem, modern MRI scan-
ners use multiple coils (parallel imaging) to acquire the Fourier
components, providing additional spatial information [1], [2],
[3]. Moreover, compressed sensing (CS) MRI [4], [5] improves
the quality of the reconstructed images by using suitable sam-
pling patterns. In practice, CS MRI is combined with parallel
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imaging and the MRI image is reconstructed by solving a
composite minimization problem like the following:

x̂ = arg min
x∈CN

1

2
‖Ax− y‖22
︸ ︷︷ ︸

f(x)

+φ(x) , (1)

where A ∈ CML×N refers to the forward model defining the
mapping from the imagex to the acquired k-space datay andL is
the number of coils.A consists of a stack of matricesAl such that
A = [A1; A2; · · · ; AL] where Al ∈ CM×N ! MFCl. M ∈
RM×N defines the sampling pattern and F ∈ CN×N denotes the
(non-uniform) Fourier transform operator. Cl ∈ CN×N repre-
sents the sensitivity map associated with the lth coil and is patient
specific.

The data-fit term f(·) encourages consistency of the image x
with the measurements y and φ(·) is a regularizer that describes
the statistical distribution of the unknown image x, often called
a prior. Classical choices for φ(·) that have shown to be useful
for MRI reconstruction include total variation (TV) [4], [6],
[7], wavelets [8], [9], dictionary learning [10], [11], and low-
rank [12], to name a few. See [13], [14] for reviews of different
choices of φ(·). In the past decade, deep learning (DL) has
gained a lot of attention in reconstructing MRI images due to its
excellent performance. Instead of hand-crafting explicit priors,
DL provides a data-driven tool for implicitly encoding image
priors. Popular DL-based approaches for MRI reconstruction
include end-to-end mapping [15] and model-based (or called
physics-informed) deep unrolling [16], [17], [18], [19], [20].
Recently, using generative models to learn a prior for solving
MRI reconstruction has received extensive interest [21], [22].

Plug-and-Play (PnP) [23] is an alternative to DL that lever-
ages the most effective image denoisers, such as BM3D [24] or
DnCNN [25], leading to state-of-the-art performance in various
imaging tasks [26], [27], [28], [29], [30], [31]. Differing from
DL approaches that usually rely on training with massive data
for a predefined imaging task, PnP can be easily customized
to a specific application without retraining. This feature is par-
ticularly beneficial for solving CS MRI problems, where the
sampling patterns, coil sensitivity maps, and image resolution
can vary significantly from scan to scan. Moreover, PnP methods
can still achieve reasonable reconstruction results even when the
testing data is out-of-distribution from the training data used for
the denoiser [32]. Detailed discussions about using PnP for MRI
reconstruction are found in [33].
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xk+1 = arg min
x

1
2 ∥x − (xk − αP∇f (xk))∥2

2 + β

∥P−1∥2
R(x).

▶ Hong et al., IEEE T-CI 2025 [9]
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Using Randomized Nyström Preconditioners to
Accelerate Variational Image Reconstruction

Tao Hong , Member, IEEE, Zhaoyi Xu , Jason Hu , Graduate Student Member, IEEE,
and Jeffrey A. Fessler , Fellow, IEEE

Abstract—Model-based iterative reconstruction plays a key role
in solving inverse problems. However, the associated minimization
problems are generally large-scale, nonsmooth, and sometimes
even nonconvex, which present challenges in designing efficient iter-
ative solvers. Preconditioning methods can significantly accelerate
the convergence of iterative methods. In some applications, com-
puting preconditioners on-the-fly is beneficial. Moreover, forward
models in image reconstruction are typically represented as opera-
tors, and the corresponding explicit matrices are often unavailable,
which brings additional challenges in designing preconditioners.
Therefore, for practical use, computing and applying precondition-
ers should be computationally inexpensive. This paper adapts the
randomized Nyström approximation to compute effective precon-
ditioners that accelerate image reconstruction without requiring an
explicit matrix for the forward model. We leverage modern GPU
computational platforms to compute the preconditioner on-the-fly.
Moreover, we propose efficient approaches for applying the precon-
ditioners to problems with classical nonsmooth regularizers, i.e.,
wavelet, total variation, and Hessian Schatten-norm. Our numer-
ical results on image deblurring, super-resolution with impulsive
noise, and 2D computed tomography reconstruction illustrate the
efficiency and effectiveness of the proposed preconditioner.

Index Terms—Image deblur, super-resolution, CT reconstruc-
tion, Nyström preconditioner, wavelet, total variation, Hessian
Schatten-norm.

I. INTRODUCTION

THE task of image reconstruction is to recover a clean im-
age from degraded measurements. Model-based iterative

reconstruction recovers a clean image x by solving the following
type of minimization problem:

min
x∈RN

f(x) + λ g(x), (1)
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where f(x) denotes a data-fidelity specifying the discrepancy
between the model’s predictions and the degraded measure-
ments, g(x) denotes a regularizer imposing prior information
on x, and λ > 0 is a trade-off parameter to balance f(x) and
g(x). Both f(x) and g(x) can be nonsmooth and nonconvex.
This paper focuses on linear inverse problems of the form

min
x∈RN

1

p
‖Ax− y‖pp︸ ︷︷ ︸

f(x)

+λ g(x), (2)

where A ∈ RM×N with M ≤ N denotes the forward operator,
which maps the unknown image x to the measurements y. In
this paper, we assume p ∈ (0, 2].

In practice, the matrix A is under-determined or ill-
conditioned and the measurements are noisy, so one uses a
regularizer g(x) to stabilize the solution. Typical regularizer
choices that are effective include wavelet sparsity [1], total varia-
tion (TV) [2], dictionary learning [3], and low-rank models [4].
When using such hand-crafted regularizers, we refer to (1) as
variational image reconstruction. Over the past decades, deep
learning (DL) [5] has received significant attention in the field of
image reconstruction. Instead of using hand-crafted priors, DL-
based methods learn implicit priors from massive training data.
This includes end-to-end learning [6] and physics-informed
deep unrolling [7], [8]. Alternatively, one can use plug-and-play
(PnP) [9], [10], [11] or regularization by denoising (RED) [12],
[13] where one trains a deep denoiser [14] first and then uses it as
an implicit prior for general inverse problems. Recently, building
priors with generative models, such as diffusion models, has also
attracted much attention. We refer the reader to [15] for a survey
of those directions.

While deep learning methods often outperform variational
methods in many applications, variational image reconstruc-
tion [16], [17], [18], [19] offers significant advantages in terms of
interpretability, theoretical guarantees, and robustness to noise
or distribution shifts. Variational methods do not require large
training datasets and provide predictable, stable behavior. More-
over, they allow for easier customization of priors based on
domain knowledge, making them particularly suitable for appli-
cations where interpretability and reliability are critical, such as
medical imaging. Recent work has also shown that novel neural
network structures can be derived from variational methods,
yielding state-of-the-art performance [20], [21], [22], [23], [24].
Therefore, this paper considers hand-crafted regularizers for
(2). Specifically, we consider g(x) = Ψ(Lx) where L ∈ RL×N

2333-9403 © 2025 IEEE. All rights reserved, including rights for text and data mining, and training of artificial intelligence and similar technologies.
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Preconditioning is still hot! J. Fessler
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▶ 2025-12-05 arXiv submission: (MRM submit) [10]
Fast and Robust Di!usion Posterior Sampling for

MR Image Reconstruction Using the

Preconditioned Unadjusted Langevin Algorithm
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December 8, 2025

Abstract

Purpose: The Unadjusted Langevin Algorithm (ULA) in combination
with di!usion models can generate high quality MRI reconstructions with
uncertainty estimation from highly undersampled k-space data. However,
sampling methods such as di!usion posterior sampling or likelihood anneal-
ing su!er from long reconstruction times and the need for parameter tuning.
The purpose of this work is to develop a robust sampling algorithm with fast
convergence.
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Regularization/Priors



Regularization J. Fessler
Math4Iter

▶ Priors or regularizers are essential for under-sampled data

x̂MAP = arg max
x

p(x | y) = arg max
x

log p(y | x) + log p(x)

x̂RegLS = arg min
x

1
2 ∥Ax − y∥2

2 + βR(x)

p(x) ∝ e−βR(x)

▶ Modeling choices: p(x) and/or βR(x)
▶ Iterative optimization algorithms: choices/challenges
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Convex or non-convex regularizers? J. Fessler
Math4Iter

▶ Convex function definition:

f (αx + (1 − α)z) ≤ αf (x) + (1 − α)f (z), ∀x, z, ∀0 ≤ α ≤ 1

▶ 1D
examples: |x |

z x

max(|x | − 1/4, 0)

z x

x2

z x
▶ All local minimizers are global minimizers.
▶ Popular convex regularizers in MRI:

▶ Total variation (TV); in 1D: R(x) =
∑

n |xn − xn−1| = ∥Dx∥1 , D =
[

−1 1 0 ...

. . .
... 0 −1 1

]
▶ 1-norm of wavelet transform: R(x) = ∥Wx∥1 , ∥v∥1 =

∑
i |vi |
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Convex regularizers and “The Treachery of Images” J. Fessler
Math4Iter

https://radiology.wisc.edu/profile/james-pipe-2758
The Treachery of Images: René Magritte, 1929

▶

TV vs “sparsity”?
▶ Inherent to convex

regularizers
▶ Bayesian view:

p(x) ∝ e−βR(x)

22 / 42
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Wavelet regularizer with 1-norm (of detail coefficients) J. Fessler
Math4Iter

▶ BrainWeb
phantom [11]

▶

Similar plots in Lobos
et al. IEEE T-MI 2018
[12] for structured
low-rank regularizer
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Non-convex wavelet regularizer J. Fessler
Math4Iter

Geman/McClure
potential [13]:

ψ(z) = |z/δ|2
1+|z/δ|2

R(x)
=

∑
i ψ([Wx]i)

≈ ∥Wx∥0
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Graduated non-convexity can aid optimization J. Fessler
Math4Iter

▶ One convex run to get a decent initial x0
followed by non-convex optimization to get x̂ often works fine [14]
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Convexity take-away J. Fessler
Math4Iter

▶ Convex regularizers cannot really measure “sparsity”
▶ Most neural network “regularizers” are non-convex
▶ Some notable exceptions:

• Goujon et al., SIAM IS 2024 [15]
• Chand & Jacob, ISMRM 2025 #5153 [16]

▶ Comparing a fancy deep network to TV/Wavelet with 1-norm is unfair?

26 / 42
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Proximal operators: Why J. Fessler
Math4Iter

▶ Classical compressed sensing uses 1-norm regularizers:

x̂ = arg min
x∈CN

Ψ(x), Ψ(x) ≜ 1
2 ∥Ax − y∥2

2 + β ∥Tx∥1

for some choices of matrix T (e.g., finite differences or wavelets...)

▶ The 1-norm causes non-differentiable Ψ:
▶
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▶ Classical compressed sensing uses 1-norm regularizers:

x̂ = arg min
x∈CN

Ψ(x), Ψ(x) ≜ 1
2 ∥Ax − y∥2

2 + β ∥Tx∥1

for some choices of matrix T (e.g., finite differences or wavelets...)

▶ The 1-norm causes non-differentiable Ψ:
▶ Options:

• Use subgradient methods
slow convergence

• Round corner of absolute value
▶ make Ψ differentiable
▶ lose “sparsity” but...

• Use proximal methods
▶ convergence guarantees
▶ closely related to many ML methods
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Proximal operators J. Fessler
Math4Iter

Given a function f : X 7→ R the proximal operator is

proxf (v) ≜ arg min
x∈X

{1
2 ∥x − v∥2

X + f (x)
}
.

cf Fourier transform

Important and easy case:

f (x) = β ∥x∥1 =⇒ proxf (v) = soft.(v , β)

▶

flat region =⇒ sparsity
▶ closely related to ReLU in NN models

soft(v ;β)

v−β β

29 / 42

http://en.wikipedia.org/wiki/Proximal_operator


Proximal operators J. Fessler
Math4Iter

Given a function f : X 7→ R the proximal operator is

proxf (v) ≜ arg min
x∈X

{1
2 ∥x − v∥2

X + f (x)
}
.

cf Fourier transform

Important and easy case:

f (x) = β ∥x∥1 =⇒ proxf (v) = soft.(v , β)

▶ flat region =⇒ sparsity
▶ closely related to ReLU in NN models

soft(v ;β)

v−β β

29 / 42

http://en.wikipedia.org/wiki/Proximal_operator


Corner rounding: Huber function J. Fessler
Math4Iter

Corner rounding =⇒ less sparsity
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Proximal operator subtleties J. Fessler
Math4Iter

▶ Easy case: for a unitary matrix W (e.g., orthogonal wavelet transform):

f (x) = β ∥Wx∥1 =⇒ proxf (v) = W ′ soft .(Wv , β)

▶

The finite-difference matrix (cf. TV) D =
[ −1 1 0 ...

. . .
... 0 −1 1

]
is not unitary, so

f (x) = β ∥Dx∥1 ⇏ proxf (v) = D′ soft.(Dx, β) .

(not hypothetical...)

▶ Iterative algorithms (e.g., ADMM, dual methods) are needed for TV proximal
mapping [17, 18].
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Proximal gradient optimization methods J. Fessler
Math4Iter

▶ Regularized image reconstruction problem

x̂ = arg min
x

(
1
2 ∥Ax − y∥2

2 + βR(x)
)

▶ For prox-friendly regularizers, use (convergent!) proximal gradient method (PGM):

xk+1 = proxβR
(
xk − αA′(Axk − y)

)
▶ R(x) = β ∥Wx∥1 leads to Iterative Shrinkage-Thresholding Algorithm (ISTA) [19]:

xk+1 = Dβ

(
xk − αA′(Axk − y)

)
, Dβ(x) = proxβ∥Wx∥1

(x) = W ′ soft .(Wx, β)

(Use FISTA [20] or OPTISTA [21] or POGM [22] with restart [23] instead, not ADMM! [24, 25])

▶

Denoising operation cf. plug-and-play methods, unrolled deep networks, etc.
Replace Dβ with ML denoiser (PNP survey [26])

▶ Convergence? [27–35]
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Recent example of proximal method with ML denoiser J. Fessler
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Convergent Complex Quasi-Newton Proximal
Methods for Gradient-Driven Denoisers in
Compressed Sensing MRI Reconstruction

Tao Hong , Member, IEEE, Zhaoyi Xu , Se Young Chun , Member, IEEE, Luis Hernandez-Garcia ,
and Jeffrey A. Fessler , Fellow, IEEE

Abstract—In compressed sensing (CS) MRI, model-based meth-
ods are pivotal to achieving accurate reconstruction. One of the
main challenges in model-based methods is finding an effective
prior to describe the statistical distribution of the target image.
Plug-and-Play (PnP) and REgularization by Denoising (RED) are
two general frameworks that use denoisers as the prior. While
PnP/RED methods with convolutional neural network (CNN) based
denoisers outperform classical hand-crafted priors in CS MRI,
their convergence theory relies on assumptions that do not hold
for practical CNN models. The recently developed gradient-driven
denoisers offer a framework that bridges the gap between practical
performance and theoretical guarantees. However, the numerical
solvers for the associated minimization problem remain slow for CS
MRI reconstruction. This paper proposes a complex quasi-Newton
proximal method that achieves faster convergence than existing
approaches. To address the complex domain in CS MRI, we propose
a modified Hessian estimation method that guarantees Hermitian
positive definiteness. Furthermore, we provide a rigorous conver-
gence analysis of the proposed method for nonconvex settings.
Numerical experiments on both Cartesian and non-Cartesian sam-
pling trajectories demonstrate the effectiveness and efficiency of
our approach.

Index Terms—CS MRI, gradient-driven denoiser, second-order,
convergence, complex domain, spiral and radial acquisitions.
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I. INTRODUCTION

MAGNETIC resonance imaging (MRI) is a non-invasive
imaging technique that generates images of the internal

structures of the body [1]. MRI is widely used in clinical settings
for disease diagnosis, treatment guidance, and functional and
advanced imaging, among other applications [2]. In practice,
MRI scanners acquire k-space data, which are the Fourier com-
ponents of the desired images. The acquisition procedure is
slow, leading to patient discomfort, increased motion artifacts,
reduced clinical efficiency, and other issues. To accelerate the
acquisition, modern MRI scanners use multiple coils (paral-
lel imaging) to acquire less Fourier components. The parallel
imaging technique incorporates additional spatial information
that can help significantly reduce MRI acquisition time [3], [4].
Moreover, by combining with compressed sensing (CS) [5], one
can acquire even fewer Fourier components, further accelerating
the acquisition process. However, the reconstruction in CS MRI
requires iterative solvers for the following composite minimiza-
tion problem:

x∗ = arg min
x∈CN

F (x) ≡ 1

2
‖Ax− y‖22

︸ ︷︷ ︸
h(x)

+λ f(x), (1)

where A ∈ CMC×N denotes the forward model specifying the
mapping from the image x ∈ CN to the k-space data y ∈ CML,
and f(x) refers to the regularizer describing the prior informa-
tion aboutx. In practice, we haveM ' N due to downsampling.
The trade-off parameter λ > 0 balances the data-fidelity term
h(x) and the regularizer f(x). Here C > 1 denotes the number
of coils. The system matrix A is a stack of submatrices Ac such
thatA = [A1;A2; · · · ;AC ]. The submatricesAc are defined as
Ac ∈ CM×N = PFSc where P is the downsampling pattern,
F defines the (non-uniform) Fourier transform, and Sc denotes
the coil sensitivity map for cth coil, which is patient specific.

The data fidelity term h(x) enhances the data consistency.
Since the k-space data is highly downsampled, the regular-
izer f(x) is required to stabilize the solution. The choice of
f can significantly affect the reconstruction quality. Classical
hand-crafted regularizers have proven effective for MRI recon-
struction including wavelets [6], [7], total variation (TV) [8], a
combination of wavelet and TV [5], [9], dictionary learning [10],

2333-9403 © 2025 IEEE. All rights reserved, including rights for text and data mining, and training of artificial intelligence and similar technologies.
Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: University of Michigan Library. Downloaded on November 09,2025 at 21:08:51 UTC from IEEE Xplore.  Restrictions apply. 

xk+1 = proxBk
αk f (xk − αkPk∇Rθ(x))

▶

Preconditioning (iteration-dependent) Bk , Pk via quasi-Newton rank-1 updates
▶ Non-convex learned regularizer Rθ

▶ (Weighted) proximal operator (uses adjoint of A)
▶ Convergence
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Convergent Complex Quasi-Newton Proximal
Methods for Gradient-Driven Denoisers in
Compressed Sensing MRI Reconstruction

Tao Hong , Member, IEEE, Zhaoyi Xu , Se Young Chun , Member, IEEE, Luis Hernandez-Garcia ,
and Jeffrey A. Fessler , Fellow, IEEE

Abstract—In compressed sensing (CS) MRI, model-based meth-
ods are pivotal to achieving accurate reconstruction. One of the
main challenges in model-based methods is finding an effective
prior to describe the statistical distribution of the target image.
Plug-and-Play (PnP) and REgularization by Denoising (RED) are
two general frameworks that use denoisers as the prior. While
PnP/RED methods with convolutional neural network (CNN) based
denoisers outperform classical hand-crafted priors in CS MRI,
their convergence theory relies on assumptions that do not hold
for practical CNN models. The recently developed gradient-driven
denoisers offer a framework that bridges the gap between practical
performance and theoretical guarantees. However, the numerical
solvers for the associated minimization problem remain slow for CS
MRI reconstruction. This paper proposes a complex quasi-Newton
proximal method that achieves faster convergence than existing
approaches. To address the complex domain in CS MRI, we propose
a modified Hessian estimation method that guarantees Hermitian
positive definiteness. Furthermore, we provide a rigorous conver-
gence analysis of the proposed method for nonconvex settings.
Numerical experiments on both Cartesian and non-Cartesian sam-
pling trajectories demonstrate the effectiveness and efficiency of
our approach.

Index Terms—CS MRI, gradient-driven denoiser, second-order,
convergence, complex domain, spiral and radial acquisitions.
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for disease diagnosis, treatment guidance, and functional and
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MRI scanners acquire k-space data, which are the Fourier com-
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slow, leading to patient discomfort, increased motion artifacts,
reduced clinical efficiency, and other issues. To accelerate the
acquisition, modern MRI scanners use multiple coils (paral-
lel imaging) to acquire less Fourier components. The parallel
imaging technique incorporates additional spatial information
that can help significantly reduce MRI acquisition time [3], [4].
Moreover, by combining with compressed sensing (CS) [5], one
can acquire even fewer Fourier components, further accelerating
the acquisition process. However, the reconstruction in CS MRI
requires iterative solvers for the following composite minimiza-
tion problem:

x∗ = arg min
x∈CN

F (x) ≡ 1
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h(x)

+λ f(x), (1)

where A ∈ CMC×N denotes the forward model specifying the
mapping from the image x ∈ CN to the k-space data y ∈ CML,
and f(x) refers to the regularizer describing the prior informa-
tion aboutx. In practice, we haveM ' N due to downsampling.
The trade-off parameter λ > 0 balances the data-fidelity term
h(x) and the regularizer f(x). Here C > 1 denotes the number
of coils. The system matrix A is a stack of submatrices Ac such
thatA = [A1;A2; · · · ;AC ]. The submatricesAc are defined as
Ac ∈ CM×N = PFSc where P is the downsampling pattern,
F defines the (non-uniform) Fourier transform, and Sc denotes
the coil sensitivity map for cth coil, which is patient specific.

The data fidelity term h(x) enhances the data consistency.
Since the k-space data is highly downsampled, the regular-
izer f(x) is required to stabilize the solution. The choice of
f can significantly affect the reconstruction quality. Classical
hand-crafted regularizers have proven effective for MRI recon-
struction including wavelets [6], [7], total variation (TV) [8], a
combination of wavelet and TV [5], [9], dictionary learning [10],
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xk+1 = proxBk
αk f (xk − αkPk∇Rθ(x))

▶ Preconditioning (iteration-dependent) Bk , Pk via quasi-Newton rank-1 updates
▶ Non-convex learned regularizer Rθ

▶ (Weighted) proximal operator (uses adjoint of A)
▶ Convergence
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▶ Differentiable tail singular value regularizer:

R(X) =
r∑

k=K+1
ψ(σk(X))

▶ Non-convex if K > 0 or if ψ is non-convex.
▶ Differentiable if ψ is.
▶ Nonlinear CG or quasi-Newton optimizers
▶ Reduced NRMSE LLR reconstructions for dynamic MRI

Lobos et al., SIAM IS 2026 [36, 37]
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▶ Many opportunities to “abuse math” in iterative image reconstruction field
▶ Mismatched adjoint operators
▶ DCF-based weighting that does not match the log-likelihood
▶ Incorrect proximal mappings
▶ Replacing proximal operators with deep networks with unknown properties
▶ ...

▶

Other topics:
▶ Early stopping of CG as a means of regularization
▶ Hidden cost function modifications like corner rounding
▶ Using NRMSE and SSIM instead of task-relevant metrics
▶ Inverse crimes [6, 38]

▶ Take-away
▶ Mathematical foundations can also help develop ML-based IR methods with

theoretical underpinnings
▶ May we live in interesting times...
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• Online demos:
https://github.com/JeffFessler/
book-la-demo

• Topics include: low-rank matrix approximation,
robust PCA, photometric stereo,
video foreground/background separation,
spectral clustering, matrix completion, ...

• Cambridge Univ. Press, 2024
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Talk and code available online at
http://web.eecs.umich.edu/~fessler
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