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Spatiotemporal Maps for Dynamic
MRI Reconstruction
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Abstract—The partially separable functions (PSF) model is com-
monly adopted in dynamic MRI reconstruction, as is the underlying
signal model in many reconstruction methods including the ones re-
lying on low-rank assumptions. Even though the PSF model offers a
parsimonious representation of the dynamic MRI signal in several
applications, its representation capabilities tend to decrease in sce-
narios where voxels present different temporal/spectral character-
istics at different spatial locations. In this work we account for this
limitation by proposing a new model, called spatiotemporal maps
(STMs), that leverages autoregressive properties of (k, t)-space.
The STM model decomposes the spatiotemporal MRI signal into
a sum of components, each one consisting of a product between a
spatial function and a temporal function that depends on the spatial
location. The proposed model can be interpreted as an extension
of the PSF model whose temporal functions are independent of
the spatial location. We show that spatiotemporal maps can be
efficiently computed from autocalibration data by using advanced
signal processing and randomized linear algebra techniques, en-
abling STMs to be used as part of many reconstruction frameworks
for accelerated dynamic MRI. As proof-of-concept illustrations, we
show that STMs can be used to reconstruct both 2D single-channel
animal gastrointestinal MRI data and 3D multichannel human
functional MRI data.

Index Terms—Dynamic MRI reconstruction, partially separable
functions, autoregression, gastrointestinal MRI, functional MRI.

I. INTRODUCTION

DATA-ACQUISITION below the Nyquist rate is desired
in dynamic MRI to achieve high spatial and temporal

resolution. In the multichannel case, considering a Q-channel
receiver array, sub-Nyquist (accelerated) data are often modeled
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as samples of the continuous spatial Fourier transform as:

dq

(
�k, t
)
=

∫
cq (�x) ρ (�x, t) e

−i2π�k·�x d�x+η
(
�k, t
)
, (1)

where dq(�k, t) denotes a complex-valued sample in the (�k, t)-
space from the qth coil receiver, q ∈ {1, . . . Q}; cq(�x) is a
complex-valued sensitivity map for the qth coil receiver; each
�k ∈ R

D and t ∈ R denotes a k-space location and time point,
respectively, at which the complex-valued underlying dynamic
signal ρ(�x, t) is sampled in the (�k, t)-space; D ∈ {2, 3} is the
dimension of the image; �x ∈ R

D denotes a spatial location; and
η(�k, t) denotes the white complex Gaussian noise observed in
the sample. In accelerated scans, data are collected during a finite
number of time frames T , and M k-space samples are acquired
in each time frame out of an ideal total of N samples needed
for a reconstruction according to the Nyquist theorem. After ac-
quiring the accelerated data, the goal is to reconstruct the image
sequence ρ(�x, t) from the QMT (�k, t)-space measurements.

Many reconstruction methods have been proposed to solve
this inverse problem [1], [2], [3], [4], [5], [6], [7], [8], [9], [10],
[11], [12], [13], [14], [15], [16], [17], [18], [19], [20], [21], [22],
[23], including methods that use partially separable function
(PSF) models [4]. PSF models approximate the spatiotemporal
signal ρ(�x, t) as a sum of products, each one consisting of a
temporal function ϕl(t) and a spatial function ρl(�x) :

ρ (�x, t) ≈
LPSF∑
l=1

ϕl(t)ρl (�x) . (2)

The PSF model provides a parsimonious decomposition for
ρ(�x, t) in cases where temporal/spectral characteristics are
shared across different spatial locations. Notably, in these cases
it can be theoretically shown that a Casorati matrix constructed
from the data has low-rank characteristics [4], [7] that have been
leveraged by many dynamic MRI reconstruction methods based
on low-rank models [7], [8], [9], [10], [12], [16], [20]. On the
other hand, the number of components in the PSF decomposition
must be large in cases where a high degree of variability is
observed for the temporal/spectral characteristics across differ-
ent spatial locations, decreasing the effectiveness of low-rank
methods. One way to overcome this limitation is to divide the
spatial locations into multiple patches and assume that the Ca-
sorati matrix for each patch has low-rank characteristics, which
is the principle behind locally low-rank (LLR) methods [10],
[20], [21], [24], [25], [26], [27], [28], [29], [30], [31], [32],
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[33]. However, implementing LLR methods involves further
challenges: patches should overlap to avoid blocky artifacts, and
the patch size should be chosen assuming that the underlying
PSF decomposition for each patch is parsimonious [21], [25],
which might not hold always. This work examines if it is
possible to provide a parsimonious decomposition in a smaller
scale than patches. More specifically, if different parsimonious
decompositions can be provided for different spatial locations,
such that temporal/spectral characteristics at different spatial
locations could be captured separately.

We propose a signal model of the form

ρ (�x, t) ≈
L(�x)∑
l=1

sl(�x, t) ρl(�x), (3)

where we call the temporal functions sl(�x, t), l = 1, . . . , L(�x)
spatiotemporal maps (STMs) and the number of components can
depend on the spatial location. We call the decomposition in (3)
the STM model. The STM model has the potential to provide a
more parsimonious representation than PSF models, as dynamic
behaviors that substantially vary between spatial locations are
modeled separately. This is equivalent to STM needing fewer
components than PSF, which can be leveraged in reconstruction
settings.

The first question that we theoretically explore in this work re-
gards the scenarios in which the STM model, as presented in (3),
is applicable. We show that the applicability of spatiotemporal
maps is based on establishing the existence of shift-invariant
linear-predictability (SILP) relationships in (�k, t)-space [34].
Moreover, we show that a sufficient condition for the existence
of these SILP relationships, is that the time series for each
spatial location should have a spectral support in the (�x, f)-space
mostly limited to a finite set of frequency bands, i.e., such that
ρ(�x, t) could be modeled as a multiband signal [35], where the
set of frequency bands is not restricted to be the same across
spatial locations.

The second question that we address is how to efficiently
calculate spatiotemporal maps from the acquired accelerated
data. Recent work in subspace-based sensitivity map estimation
in multichannel MRI [36], has shown that the existence of SILP
relationships across the k-space of different channels is closely
related to the estimation of sensitivity maps. By considering the
different time frames as virtual channels in a parallel imaging
setting, and showing that SILP relationships exist across the
k-space of different time frames, we show how to calculate
spatiotemporal maps using analogous principles to the ones
used in subspace-based sensitivity map estimation. Notably,
this allows us to use recently developed computational methods
for the estimation of sensitivity maps to efficiently compute
spatiotemporal maps from autocalibration data. Specifically, we
draw inspiration from PISCO [36], [37], [38], a set of computa-
tional methods that has enabled fast sensitivity map estimation.

In many dynamic MRI applications the number of time frames
is much larger than the number of coils in typical receiver arrays,
so some of the original PISCO techniques are slower than in
sensitivity map estimation. This issue is exacerbated in 3D data.

One of the most demanding tasks in PISCO is calculating a
singular value decomposition (SVD) of a big Hankel/Toeplitz
convolutional matrix whose dimensions increase with the num-
ber of channels, which corresponds to the number of time frames
in the dynamic MRI setting. Here we extend the PISCO method
by adding a randomized linear algebra technique that calculates
a proxy for this SVD using sketching [39]. This technique sig-
nificantly reduces computation time, enabling STM calculation
for long time series while negligibly affecting representation
quality. One PISCO technique uses power iterations to estimate
a single nullspace vector for a family of Hermitian matrices. Here
we extend this technique using orthogonal iteration [40, p. 454]
instead of a power iteration, because calculating spatiotemporal
maps requires a nullspace basis for each of the aforementioned
Hermitian matrices, rather than just one nullspace vector.

Finally, we show that the STM model in (3) can be easily
incorporated into a reconstruction framework for accelerated
dynamic MRI. Inspired by reconstruction methods based on
the PSF model [9], our strategy consists of computing the
spatial functions in the STM model, i.e., {ρl(�x)}L(�x)

l=1 , from
undersampled (�k, t)-space, assuming that the number of com-
ponents L(�x) per voxel is much smaller than the number of
frames. Using spatiotemporal maps that we precompute from
autocalibration data, the final reconstructed time series uses
the model (3). This approach can be complemented by adding
regularizers for the spatial functions in cases where the data is
heavily undersampled. We explore the combination of the STM
model with several regularizers, and we evaluate this approach
in two challenging dynamic MRI datasets: 2D single-channel
animal gastrointestinal MRI data and 3D multichannel human
functional MRI (fMRI) data. A preliminary version of this work
was presented as a short abstract [41].

The formulation of the STM model in (3) resembles the one
used in the blind compressed sensing (BCS) method proposed
in [11]. However, the principles guiding the learning of the
voxel-dependent temporal functions are distinct. In BCS, a
dictionary of temporal functions is learned from the undersam-
pled (�k, t)-space data using an energy constraint based on the
Frobenius norm. Then, ρ(�x, t) is modeled as a linear combina-
tion of the dictionary temporal functions, with voxel-dependent
coefficients chosen via sparsity constraints. In the STM model,
the temporal functions (i.e., the spatiotemporal maps) are learned
without constructing a dictionary. Instead, the STMs are learned
independently for each voxel by applying a subspace-based
method to autocalibration data, that rely on SILP relationships
in (�k, t)-space.

This paper is organized as follows. Section II presents the
theory behind the applicability of spatiotemporal maps for
dynamic MRI reconstruction. Section III reviews the compu-
tational methods used to compute spatiotemporal maps, and
introduces novel techniques that extend PISCO. Section IV
provides a reconstruction framework for accelerated dynamic
MRI using spatiotemporal maps. Section V describes the exper-
iments that evaluate the proposed STM model and reconstruction
framework, and Section VI provides the corresponding results.
Lastly, Section VII provides discussion and final remarks.
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II. THEORY

This section establishes a theoretical framework for the ap-
plicability of spatiotemporal maps. We observe that calculating
spatiotemporal maps is closely related to estimating sensitivity
maps in parallel imaging. In fact, by setting L(�x) = 1 in (3) and
considering time frames as virtual channels, the STM model re-
covers the commonly used parallel imaging model.1 In this case,
spatiotemporal maps become sensitivity maps. We extend the
theoretical framework proposed in [36] for subspace-based sen-
sitivity map estimation to calculating spatiotemporal maps. This
theoretical framework starts by assuming that SILP relationships
exist across channels in a parallel imaging scenario [34], [36],
[37]. Therefore, here we show that SILP relationships can also
exist across time frames (for both single coil and multichannel
MRI) in the dynamic MRI setting. For this purpose, we first for-
mally introduce the concept of SILP relationships in (�k, t)-space
and study sufficient conditions for their existence.

A. Shift-Invariant Linear Predictability Relationships in
(�k, t)-Space

We assume that the spatial support of ρ(�x, t) is finite for all
time, i.e., that the set of spatial locations Ω�{�x ∈ R

D : ∃ t ∈
R, |ρ(�x, t)| > 0} is completely contained within a hypercube
Γ, corresponding to the field-of-view (FOV). We normalize the
coordinates so that each FOV width is unity. In other words,
the object being imaged remains within the FOV over time.
Analogously, after normalizing the temporal frequency range,
we assume that ρ(�x, t) is approximately bandlimited to the set
F = [− 1

2 ,
1
2 ] for all �x ∈ Γ. In other words, ρ̌(�x, f) ≈ 0, ∀f /∈

F , where ρ̌(�x, f) denotes the 1D temporal Fourier transform 2

of ρ(�x, t):

ρ̌ (�x, f)�
∫

ρ (�x, t) e−i2πft dt . (4)

These assumptions imply the following Fourier series represen-
tations:

ρ̌(�x, f) ≈ 1F (f)
∑
t∈Z

ρ(�x, t) e−i2πft, (5)

ρ(�x, t) = 1Γ(�x)
∑
�k∈ZD

ρ̃
(
�k, t
)
ei2π

�k·�x, (6)

where ρ(�x, t) in (5) denotes temporal samples of the dynamic
MRI signal according to the Nyquist rate based on F ; ρ̃(�k, t)
denotes samples of the spatial Fourier transform of ρ(�x, t),
located on a rectilinear Nyquist grid with k-space sample spacing
given by a sampling period Δk = 1 (in each dimension), which
follows from our FOV assumption; and 1U (u) is the indicator
function of the set U which is equal to 1 if u ∈ U or equal to 0
otherwise.

1By setting L(�x) > 1 it is possible to recover the case when more than one
set of sensitivity maps is needed, for example, when aliasing exists due to a
small field-of-view [36], [42].

2We use γ̌(�x, f) and γ̃(�k, t) to denote the temporal Fourier transform and
the spatial Fourier transform of the function γ(�x, t), respectively. The variables
�k and t can be continuous or discrete, as should be clear from the context.

In real applications, we only have access to samples in the
(�k, t)-space for a finite number of time frames T . We index the
time samples using the set {1, . . . , T}.

An SILP relationship across the (�k, t)-space of theT available
time frames is equivalent to the existence of a nonzero multi-
frame finite impulse response (FIR) filter h̃(�k, t) that satisfies:

T∑
t=1

∑
�l∈Λ

h̃
(
�l, t
)
ρ̃
(
�k −�l, t

)
≈ 0, ∀�k ∈ Z

D, (7)

where Λ ⊂ Z
D is the finite support set of each h̃(�k, t), t ∈

{1, . . . , T}, in k-space. If (7) holds, then there is an annihilation
relationship among the k-space samples of different time frames
that is shift-invariant [34]. The following subsection provides
sufficient conditions for the existence of filters satisfying (7).
These conditions are based on the assumptions that ρ(�x, t) has
a limited support in the (�x, f)-space located in a small set of
disjoint bands, and that its spectral characteristics smoothly vary
across the FOV. These assumptions provide sufficient conditions
for the existence of SILP relationships as in (7); however, we are
not providing necessary conditions. There might be other cases
where SILP relationships could be established.

B. Sufficient Conditions for the Existence of SILP
Relationships in the (�k, t)-Space

So far we have assumed that the frequency support of ρ̌(�x, f)
is restricted to the same bandF = [− 1

2 ,
1
2 ] for every spatial loca-

tion in the FOV. However, it is possible to provide more refined
modeling assumptions when each spatial location is considered
separately, as this enables more parsimonious models where
ρ(�x, t) exhibits distinct behavior across spatial locations in the
FOV. Hereafter we assume that for every�x ∈ Γ, ρ̌(�x, f) is further
restricted to be (approximately) supported on no more than
J(�x) ∈ N disjoint intervals (bands) in F , which is equivalent
to assuming that ρ(�x, t) is a multiband signal [35]. We denote
the location-dependent union of these bands by B(�x) ⊂ F . We
further assume that the set of bands smoothly varies across
spatial locations in the FOV, akin to locally low-rank models
that assume ρ(�x, t) exhibits similar behaviors for nearby spatial
locations.

Under these support conditions, one can define a nonzero
function b̌(�x, f) that is spatially smooth, bandlimited to F , and
that for each �x ∈ Γ its frequency support is mostly defined on
F \ B(�x), where “\” denotes the set difference. Such a function
satisfies:

b̌ (�x, f) ρ̌ (�x, f) ≈ 0, ∀f ∈ F , ∀�x ∈ Γ. (8)

Under our on-going assumptions there are many functions that
satisfy (8). This approximation could be arbitrarily close to
zero if we allow b̌(�x, f) to have arbitrary rapid variations in
frequency in cases where the number of bands J(�x) is relatively
large; however, such variations would complicate computing
b̌(�x, f) in practice. Thus, we restrict our analysis to annihilator
functions (i.e., functions that satisfy (8)) that are smooth inf , i.e.,
whose temporal support is concentrated in a small time interval.
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Specifically, we require that the 1D inverse discrete time Fourier
transform (IDTFT) of b̌(�x, f) given by

b (�x, t)�1

2

∫ 1
2

− 1
2

b̌ (�x, f) ei2πft df, t ∈ Z, (9)

is approximately zero when |t− �T/2� − 1| > �Tb(�x)/2�,
where Tb(�x) ∈ N can depend on the spatial location and �·�
denotes the flooring operation. For simplicity, hereafter we
assume that b(�x, t) ≈ 0when |t− �T/2� − 1| > �Tb/2�, where
Tb�max�x∈Γ Tb(�x). It follows from (8) and the DTFT convolu-
tional theorem that∑

t∈Z
ρ(�x, t) b(�x, τ − t) ≈ 0, ∀τ ∈ Z, ∀�x ∈ Γ. (10)

If T is large enough such that

ρ̌(�x, f) ≈ 1F (f)
T∑

t=1

ρ(�x, t) e−i2πft, (11)

then (10) implies that

T∑
t=1

hτ (�x, t) ρ(�x, t) ≈ 0, ∀�x ∈ Γ, (12)

for τ ∈ {−�Tb/2�+ 1, . . . , T + �Tb/2�}, where we define
hτ (�x, t)�b(�x, τ − t) and for simplicity we assume T and Tb

are both odd. Next, we apply the Fourier transform convolution
theorem on the spatial domain to obtain that

T∑
t=1

∑
�l∈Λ

h̃τ

(
�l, t
)
ρ̃
(
�k −�l, t

)
≈ 0, ∀�k ∈ Z

D, (13)

τ ∈ {−�Tb/2�+ 1, . . . , T + �Tb/2�}, where h̃τ (�k, t), the spa-
tial discrete Fourier transform of hτ (�x, t), has its support Λ re-
stricted by our assumption on the spatial smoothness of b̌(�x, f).
Finally, each function h̃τ (�k, t) corresponds to a multiframe FIR
filter satisfying (7).

The previous analysis shows that many FIR filters satisfying
(7) can be found for one function b̌(�x, f); however, infinitely
many other functions can be defined with the same characteris-
tics of b̌(�x, f). This property suggests that multiple SILP rela-
tionships should exist in (�k, t)-space across time frames when
ρ(�x, t) follows the multiband model at each spatial location.
Our theoretical analysis is inspired by similar observations in
previous work [34], [37], [43].

Our previous analysis assumes that the set of bands where
ρ̌(�x, f) is nonzero varies smoothly across the FOV. However,
this condition may not hold in real applications. If ρ̌(�x, f) is
not spatially smooth, then b̌(�x, f) should be defined accord-
ingly to ensure that the approximation in (8) remains valid.
Allowing b̌(�x, f) to vary rapidly across the FOV can improve
the approximation in (8), and enable multiframe FIR filters to
achieve a better approximation in (13). However, these filters
would require a larger supportΛ, making their computation more
challenging in practice (cf., Section III-A). The next subsection
shows that choosing the filter support size involves a trade-off
between computational complexity and representation accuracy
of the STM model.

The following subsection first shows how SILP relationships
connect with the applicability of spatiotemporal maps.

C. SILP Relationships in (�k, t)-Space and the Applicability of
Spatiotemporal Maps

Recent work in multichannel MRI has shown that the exis-
tence of SILP relationships across channels in a parallel imaging
setting is closely related to the estimation of sensitivity maps
using subspaces [36]. Given that SILP relationships can also
exist across time frames in (�k, t)-space, this section shows how
to extend the theoretical framework in [36] to STM calculation.

Section II-B showed that many multiframe FIR filters exist
that satisfy (7) by assuming a multiband behavior for ρ(�x, t) at
each spatial location. Hereafter we assume that P of these filters
are available, denoted by h̃p(�k, t), p ∈ {1, . . . , P}. Therefore,
we have P equations following the same structure as (7). Using
analogous derivations to the ones in [36], which involve the
Fourier transform convolutional theorem, we equivalently ex-
press theseP equations in the spatial domain using matrix-vector
multiplications. By using the spatial representation

hp (�x, t)�
∑
�k∈Λ

h̃p

(
�k, t
)
ei2π

�k·�x, t ∈ {1, . . . , T}, (14)

it follows that

H(�x)ρ(�x) ≈ 0, ∀�x ∈ Γ, (15)

where H(�x) ∈ C
P×T has its (p, t)th entry defined

as [H(�x)]pt�hp(�x, t), and ρ(�x) ∈ C
T has elements

[ρ(�x)]t�ρ(�x, t). In words, (15) says that ρ(�x) is an approximate
nullspace vector of H(�x). Because the number of filters P
tends to be much larger than the number of frames T , it is more
convenient to use the nullspace relationship

G(�x)ρ(�x) ≈ 0, ∀�x ∈ Γ, (16)

where G(�x)�HH(�x)H(�x) ∈ C
T×T , whose (t′, t)th entry is

given by

[G(�x)]t′t =
P∑

p=1

h∗
p(�x, t

′)hp(�x, t), (17)

where (·)∗ denotes the complex conjugate operation. In the k-
space domain, (16) is equivalent to reducing the initial P SILP
equations of the form (7) to T SILP equations of the form

T∑
t=1

∑
�l∈Θ

g̃t′
(
�l, t
)
ρ̃
(
�k −�l, t

)
≈ 0, ∀�k ∈ Z

D, (18)

t′ ∈ {1, . . . , T}, where

g̃t′
(
�k, t
)
�

P∑
p=1

h̃∗
p

(
−�k, t′

)
∗ h̃p

(
�k, t
)
; (19)

here ∗ denotes k-space domain convolution; and Θ is the finite
support of the multiframe filters {g̃t′(�k, t)}Tt′=1.

The annihilation property (16) suggests that ρ(�x) could be
approximated by a scaled version of the eigenvector of G(�x)
with the smallest eigenvalue, or by some linear combination of
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Fig. 1. (a) k-space mask used to retrospectively undersample 2D+T dataset
(A.1). White indicates the PE lines considered in each time frame. (b) Analogous
k-space mask used to retrospectively undersample 3D+T dataset (B). In this case
two PE directions are considered.

a set of eigenvectors whose corresponding eigenvalues are all
zero or nearly zero. We call such eigenvectors the “nullspace”
of G(�x), though in practice the smallest eigenvalues might
not be exactly zero so “very small space” might be a more
apt name. In other words, (16) suggests that we can represent
ρ(�x) (approximately) using a basis for the nullspace of G(�x).
Therefore, as detailed in Section III, we compute spatiotemporal
maps by first computing an orthonormal basis for the nullspace
of G(�x).

For each �x, let sl(�x) ∈ C
T , l ∈ {1, . . . , L(�x)}, denote or-

thonormal vectors composing a basis for the nullspace of G(�x),
where L(�x) is the nullspace dimension. Then we propose the
following signal model:

ρ(�x) ≈
L(�x)∑
l=1

sl(�x)ρl(�x), ∀�x ∈ Γ, (20)

where {ρl(�x)}L(�x)
l=1 ⊂ C are scalar coefficients that must be

computed by an image reconstruction algorithm. We define
spatiotemporal maps (STMs) as follows:

sl(�x, t)�[sl(�x)]t, ∀�x ∈ Γ, (21)

for l ∈ {1, . . . , L(�x)} and t ∈ {1, . . . , T}.
The signal decomposition provided in (20) has all its elements

depending on the spatial location, including the number of
components L(�x). We selected this parameter by studying the
eigenvalues of the G(�x) matrices (cf., Fig. 2). For each spatial
location L(�x) can be the number of eigenvalues below a user-
selected threshold. However, for simplicity, for the empirical
results in Section V we used the same number of components
for each spatial location. Specifically, we set the number of com-
ponents for each spatial location to L�max�x∈Γ L(�x), ∀�x ∈ Γ,
and we relied on the scalar coefficients ρl(�x) to be zero in cases
where the number of components was overestimated. Having
the number of components depend on the spatial location could
help further reduce degrees of freedom in future work.

The accuracy of the approximation in (20) depends primarily
on how well the basis for the (approximate) nullspace of H(�x)

Fig. 2. (a) Eigenvalue maps representing the last 10 eigenvalues (after nor-
malizing and sorting in decreasing order) of the matrices G(�x) for each spatial
location in the FOV using dataset (A.1). (b) First 10 singular values of the
Casorati matrix for dataset (A.1).

can be computed. Additionally, the validity of the nullspace rela-
tionship in (15) plays a significant role. This latter relationship,
in turn, heavily depends on how closely the multiframe FIR
filters satisfy the SILP relationships in (7). If these conditions are
not met–meaning the approximation in (7) deviates significantly
from zero–then the approximation in (20) will also be less
accurate, ultimately decreasing the representation capabilities
of the STM model. Therefore, accurately computing multiframe
FIR filters is an important step in calculating STMs.

Our derivation assumes that P multiframe FIR filters exist
that satisfy (7). Our theoretical analysis in Section II-B indicates
that the accuracy of the approximation in (7) may depend on the
size of the support Λ. Specifically, increasing the size of the
support Λ can lead to a better approximation in (7), which in
turn improves the nullspace approximation in (15) throughout
the FOV. However, a larger support Λ can also allow for more
rapid variations in the spatial domain of the multiframe FIR
filters. As a consequence, the matrix H(�x) may change more
rapidly from voxel to voxel. This leads to the nullspace of each
matrix H(�x) varying more quickly across the FOV, resulting in
more rapid changes in their bases. Consequently, the resulting
STMs are less smooth. Additionally, as we show in the following
section, computing multiframe FIR filters with a larger support
increases computational complexity of calculating STMs (cf.,
Section III-A).

III. COMPUTING SPATIOTEMPORAL MAPS

This section summarizes the practical steps for computing
spatiotemporal maps efficiently from autocalibration k-space
data. Each of these steps relies on PISCO [36], a set of computa-
tional methods originally proposed for efficient subspace-based
sensitivity map estimation in multichannel MRI. We show that
PISCO can be adapted for computing spatiotemporal maps due
to the theoretical connections with sensitivity map estimation
shown in previous sections. For simplicity, we first present the
steps for computing STMs for the single-channel case, leaving
the extension to the multichannel case to the end of this section.

A. Step 1: Calculating Multiframe FIR Filters

Assuming that SILP relationships exist in (�k, t)-space, the
first step in computing spatiotemporal maps corresponds to cal-
culating P multiframe FIR filters satisfying (7). Let h̃p ∈ C

|Λ|T
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denote the vectorized version of one of these multiframe filters.
One can rewrite (7) in matrix-vector form to show that each h̃p

is an approximate nullspace vector of the matrix [44]

C� [C1 C2 · · · CT ] ∈ C
I×|Λ|T , (22)

where Ct ∈ C
I×|Λ| is a matrix with a Hankel/Toeplitz convo-

lutional structure constructed from ρ̃(�k, t), i.e., from k-space
samples from the t th time frame, with each of its I rows
corresponding to a vectorized neighborhood of k-samples of
size |Λ| where (7) holds [34], [36], [43], [44]. The type of linear
relationship described in (7) is shift-invariant in k-space; conse-
quently, any neighborhood with sizeΛ available in k-space could
be used to form a row of C. In practice, we construct C from
autocalibration data that is Nyquist-sampled and has sufficiently
large enough dimensions to allow the extraction of k-space
neighborhoods of size Λ from it. We consider autocalibration
data from the center of k-space as these samples commonly
exhibit higher signal-to-noise ratio than samples from outer re-
gions. Then, we use an SVD to compute an orthonormal basis for
its (approximate) nullspace. This basis, denoted N ∈ C

|Λ|T×P ,
is expected to generate the subspace of multiframe filters with
support Λ that satisfy (7). Two options for the FIR filter support
Λ were studied in [36] when computing C: an ellipsoidal shape
i.e., Λ = {�k ∈ Z

D : ‖�k‖2 ≤ R}, and a rectangular shape i.e.,
Λ = {�k ∈ Z

D : ‖�k‖∞ ≤ R}, where ‖ · ‖2 and ‖ · ‖∞ denote the
�2 and infinity norms, respectively. The experiments in Section V
used FIR filters with an ellipsoidal shape that saves computation
without sacrificing representation quality compared to using a
rectangular shape [36], [45]. This choice is particularly relevant
when D = 3.

As discussed in previous sections, using multiframe FIR filters
with a larger support Λ can improve the representation accuracy
of the STM model; particularly, when the data characteristics
in the (�x, f)-space vary non-smoothly across the FOV. This
suggests that choosing a larger value for R may be beneficial.
However, increasingR also enlarges the dimensions ofC , which
raises memory usage and computation time, especially when
using SVD to compute an orthonormal basis for its nullspace.
Therefore, the selection of R poses a trade-off between rep-
resentation capabilities of the STM model and computational
complexity. Furthermore, C is computed using k-space neigh-
borhoods of size |Λ| extracted from autocalibration data. If R is
set too large relative to the size of the available autocalibration
data, only a limited number of k-space neighborhoods could be
extracted. This restriction reduces the number of rows in C,
which may compromise the accuracy with which its nullspace
can be computed.

The dimensions of C tend to be undesirably large, which
affects memory usage and computation time when computing
a basis for its nullspace using SVD. In many applications
I > |Λ|T , so it is preferable to work with CHC instead of C,
as they share the same nullspace. PISCO provides FFT-based
computational methods to efficiently calculate an approximation
of CHC without calculating C first, by leveraging the convo-
lutional structure of C; for details see [36, Section IV.A].

B. Step 2: Calculating G(�x) for Each Spatial Location

After computing P multiframe FIR filters from C, the next
step is to calculate G(�x) for each �x ∈ Γ. Evaluating (14) for
each �x ∈ Γ and then computing G(�x) = H(�x)HH(�x) would
be computationally expensive when the FOV is big. Fortunately,
one of the computational methods provided in PISCO can
directly calculate G(�x) using an FFT-based approach without
forming H(�x) first; see [36, Section IV.C] for details. In gen-
eral terms, this method expresses the entries of G(�x) using
the k-space representation of the P FIR multiframe filters.
Specifically, this equivalent expression uses the entries of the

matrix W�
∑P

p=1 h̃ph̃
H

p . Because step 1) computes the filters

{h̃p}Pp=1 as nullspace vectors of the C matrix and correspond
to the columns of the matrix N , it follows that W = NNH .
Therefore, we solely need N from step 1) to calculate G(�x) for
each �x ∈ Γ.

C. Step 3: Construction of Spatiotemporal Maps

The last step is to construct the spatiotemporal maps using (21)
by calculating a basis for the nullspace ofG(�x) for each�x ∈ Γ. A
natural approach would be to use an SVD for each matrix G(�x),
which would be computationally expensive. When the nullspace
dimension of G(�x) is equal to one – which is usually the case
found in subspace-based sensitivity map estimation – PISCO
provides a method based on power iteration to compute the
nullspace vectors for all the spatial locations simultaneously [36,
Section IV.E]. For dynamic imaging, we expect to need L(�x) >
1, i.e., STMs require nullspace bases with more than one vector.
Thus, here we used the orthogonal iteration [40, p. 454] [42]
instead of the power iteration. This approach computes nullspace
bases for all spatial locations simultaneously for a general
number of basis vectors (i.e., the number of components
L).

The aforementioned steps and computational techniques en-
able efficient STM computation in many cases. However, com-
putational efficiency can be substantially improved by assuming
that STMs are spatially smooth. Under this assumption, we can
compute spatiotemporal maps on a grid with coarser resolution
than the original and then interpolate to the desired resolution.
PISCO also provides an FFT-based method for this procedure
that we directly use to compute STMs; see [36, Section IV.D]
for details. Nevertheless, the degree of interpolation should be
properly selected, as smoothness of STMs can be reduced when
choosing a large value for R, as previously discussed.

D. Sketched SVD for the Projection Onto the Nullspace of C

Computing STMs is particularly challenging when D = 3
and T is large, because finding N in step 1) involves an SVD of
CHC ∈ C

|Λ|T×|Λ|T , whose dimensions become inconveniently
large in such cases. When D = 3, using multiframe FIR filters
with an ellipsoidal shape support reduces |Λ| considerably com-
pared to using a rectangular shape support [45]. However, these
savings are still insufficient when T is large, i.e., for long time
series (e.g., fMRI). Given that N is used solely to calculate
NNH in step 2), here we propose a novel technique based
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Fig. 3. Normalized projection residual versus the number of components of
the PSF and STM models. (b) is a zoom in of (a).

on randomized linear algebra to efficiently approximate NNH

without calculating the SVD of CHC.
Our approach uses a sketched SVD [39], a randomized linear

algebra method, to efficiently calculate approximations for the
singular values and singular vectors of a large matrix. Applied
to our case, we propose to use a sketched SVD of the matrix
CHC. Sketched SVD uses a random matrix that satisfies the
Johnson-Lindenstrauss property [46, p. 110], called the sketch
matrix. We denote this matrix by Φ ∈ C

s×|Λ|T , where 1 ≤ s �
|Λ|T denotes the sketch dimension. Using the theoretical results
from [39], it is possible to choose s greater than the rank of C,
such that the singular values and singular vectors of the matrix
Y �ΦCHC are similar to those ofCHC. If rC denotes the rank
ofC, it is commonly observed that rC � |Λ|T , because the ma-
trix C has low-rank characteristics [34], [43], [44]. By choosing
the sketch dimension such that rC < s � |Λ|T , calculating an
SVD of Y requires less computation than calculating an SVD
of CHC. If the sketch dimension is appropriately chosen [39],
the right singular vectors of Y approximate the ones of CHC.
However, this approximation would hold only for the first rC
right singular vectors [39]. Because N is a nullspace basis,
we need approximations for the last |Λ|T − rC right singular
vectors, which are not provided by the traditional sketched SVD.

Fortunately it is not necessary to find N to compute the pro-
jection matrix NNH . Instead we construct an approximation
for NNH from the matrix whose columns are the first rC right
singular vectors of Y , that we denote by Ṽ ∈ C

|Λ|T×rC . Using
a sketched SVD to compute Ṽ ≈ V , where V ∈ C

|Λ|T×rC is
the matrix whose columns are the first rC right singular vectors
of CHC, it follows from the fundamental theorem of linear
algebra [47], [48, p. 181] that

NNH = I |Λ|T − V V H (23)

≈ I |Λ|T − Ṽ Ṽ
H
, (24)

where I |Λ|T is the |Λ|T × |Λ|T identity matrix.
The authors in [39] provide sufficient conditions to select

the sketch dimension s such that an accurate singular vector
approximation holds with high probability. However, we have
observed in our experiments that this selection rule can provide
a sketch dimension that is too large to significantly reduce
computation time. In view of this, we provide a heuristic ap-
proach to select s. We start by calculating a regular SVD of
CHC considering a small number of time frames, such that
the SVD computation is less computationally demanding. Then,

Fig. 4. Visualization of the dynamic behavior of two voxels using dataset
(A.1). (a) Approximate locations of the two voxels overlaid with an image
corresponding to the first time frame. (b) Time evolutions ofρ(�x, t) and gt′ (�x, t)
for voxel A (top), and their respective frequency spectra (bottom). The frequency
range is shown after normalization in cycles/sec. (c) Analogous results for voxel
B.

Fig. 5. (a) Computation time of the sketched SVD versus sketch dimension
for dataset (A.1). The median over 50 realizations is reported in each case.
(b) Mean and standard deviations of the NPR obtained in each case.

we make a first estimation of rC by selecting the point where
the singular value curve (sorted in decreasing order) starts to
flatten out. Using this estimation of rC , we select the sketch
dimension s ∈ [2rC , 6rC ], and proceed to estimate the projector
matrix using (24). A subsequent refined estimation of rC can
be made using the singular values of Y . We found that this
heuristic approach significantly reduces computation time while
negligibly affecting STM representation quality (cf., Fig. 5).

E. Spatiotemporal Map Computation for Multichannel Data

The previous computation process assumes that an autocali-
bration region sampled at the Nyquist rate (i.e., ACS data) is
acquired in each time frame. In the single-channel case, we
immediately proceed with the STM computation using the ACS
data to calculate CHC in the first step given in Section III-A.
However, in the multichannel case, we apply a preliminary
step to construct a virtual single-channel dataset from the ACS
data. In our experiments using multichannel data we performed
a SENSE-based coil combination in each time frame using
sensitivity maps [49], after zero-padding everything outside the
ACS data. This creates a single-channel low-resolution dataset
that we used subsequently for spatiotemporal map computation.

IV. RECONSTRUCTION OF UNDERSAMPLED DYNAMIC MRI
DATA USING SPATIOTEMPORAL MAPS.

This section shows how to use (3) to reconstruct accelerated
dynamic MRI data. Assuming a Cartesian grid withN points, we
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rewrite (3) in a vectorized form as ρ ≈∑L
l=1 Slρl, where ρ ∈

C
NT is the vectorized version of ρ(�x, t)when considering all the

samples and time frames; Sl ∈ C
NT×N is the matrix version of

sl(�x, t), which consists of a stack of T diagonal matrices where
each one contains the spatiotemporal map entries of one time
frame; and ρl ∈ C

N is the vectorized version of ρl(�x). Then,
we rewrite the signal model in (1) as:

d ≈ A

(
L∑

l=1

Slρl

)
+ η, (25)

where d ∈ C
QMT is the vectorized version of the available

samples in the (�k, t)-space considering all the coils; η ∈ C
QMT

is the vectorized version of the noise present in each sample; and
A ∈ C

QMT×NT is a system matrix that includes multiplication
with sensitivity maps, spatial Fourier transform of each time
frame, and an undersampling operation that is time-frame de-
pendent. The reconstruction problem now becomes estimating
ρ =

∑L
l=1 Slρl from d, given A and given the STMs {Sl}Ll=1

computed in Section III. One could apply any of numerous
reconstruction methods from the literature to the measurement
model (25).

For the experimental results in Section V, we simply focused
on model-based image reconstruction approaches where one
estimates ρ as follows:

ρ̂ =

L∑
l=1

Slρ̂l. (26)

Here

{ρ̂1, . . . , ρ̂L} = argmin
{ρl}Ll=1⊂C

N

1

2

∥∥∥∥∥A
(

L∑
l=1

Slρl

)
− d

∥∥∥∥∥
2

2

+ βR(ρ1, . . . ,ρL), (27)

β denotes a regularization term, and R corresponds to a regu-
larizer that imposes prior assumptions on the spatial functions
of the STM decomposition. The STM formulation reduces the
reconstruction of a dynamic time series to computing a few
“static” images, where the temporal dynamics are encoded in
the spatiotemporal maps. Therefore, we can use standard reg-
ularizers developed for non-dynamic MRI such as Tikhonov,
total variation + �1, or regularizers based on structured low-rank
models [43], [50], among numerous possible options. Moreover,
because this formulation includes the spatiotemporal maps in a
data consistency term, it could potentially be combined with
machine learning reconstruction methods developed for non-
dynamic MRI.

The following section explores the representation capabilities
of the STM decomposition and tests the illustrative reconstruc-
tion methods on realistic dynamic MRI data.

V. EXPERIMENTS

We start describing the MRI datasets used in our experiments.
All animal procedures followed a protocol approved by the Unit

for Laboratory Animal Medicine and the Institutional Animal
Care & Use Committee at the University of Michigan. For human
subjects, approval for all ethical and experimental procedures
and protocols was granted by the University of Michigan Med-
ical School Institutional Review Board.

A. Data Description

(A.1) Fully sampled 2D single-channel animal data: Gas-
trointestinal in vivo MRI data of a rat was acquired
on a 7 T single-coil small-animal scanner using a
T1-weighted contrast and a gradient echo sequence.
Gating was used to reduce respiratory motion. The
slice orientation allowed visualizing movement of the
rat’s stomach during digestion. The data was acquired
using a 128× 84 Cartesian grid where the dimensions
corresponded to the readout (RO) and phase encoding
(PE) directions, respectively; 100 time frames were
acquired with a temporal resolution of ∼ 1.6 secs.
Fully sampled data were acquired in each time frame.
Further details of the acquisition can be found in [51].
Supplementary video S1 visualizes the time frames.

(A.2) Prospectively accelerated 2D single-channel animal
data: Dataset with the same acquisition characteristics
as dataset (A.1). In this case the Cartesian grid had
dimensions 128× 48 and the data was prospectively
accelerated using an undersampling mask that in each
time frame contained a 128× 12 ACS region in the
center of the k-space, and 12 evenly spaced PE lines
outside the ACS region. These PE lines were shifted at
different time frames such that each k-space location
was sampled at least once every 3 time frames. There-
fore, the undersampling mask produced×2 accelerated
data. For illustrative purposes our results using this
dataset were zero-padded in the k-space domain to
match the dimensions of dataset (A.1) (i.e., 128× 84).
Supplementary video S2 visualizes the time frames.
Fully sampled 3D multichannel human BOLD fMRI
data: BOLD fMRI data was acquired on a 3 T
MRI scanner using a 32-coil receiver array and a
3D gradient-echo EPI sequence. A right-hand finger
tapping task was performed with alternating 20 secs
blocks of tap/rest for 5 cycles. The data was acquired
using a Cartesian grid with dimensions 90× 90× 20
corresponding to the RO direction, the PE direction
in ky , and the PE direction in kz , respectively, with a
2.4mm3 isotropic resolution; 140 time frames were
acquired with a temporal resolution of ∼ 1.6 secs.
Fully sampled data were acquired in each time frame.
The data were coil-compressed to 10 virtual coils using
a standard SVD approach [52].

All datasets presented their own challenges for accelerated
reconstruction. On the one hand, only a single channel was
available for datasets (A.1) and (A.2); therefore, no parallel
imaging models could be used. In addition, they exhibited a
high level of noise (cf., supplementary videos S1 and S2),
and the temporal/spectral characteristics varied considerably at

Authorized licensed use limited to: University of Michigan Library. Downloaded on February 14,2026 at 19:35:05 UTC from IEEE Xplore.  Restrictions apply. 

Jeff Fessler
B



424 IEEE TRANSACTIONS ON COMPUTATIONAL IMAGING, VOL. 12, 2026

different spatial locations. On the other hand, dataset (B) was
3D, which increased computation time for both spatiotemporal
map computation and reconstruction. In addition, the temporal
variations of interest in fMRI are inherently small in magnitude.
Finally, there were many time frames for both datasets, so the
proposed sketched SVD approach in Section III-D was crucial
for practical spatiotemporal map computation.

All datasets exhibited a dynamic behavior that was quasi-
periodic for most spatial locations, that also varied not too
rapidly across the FOV. Therefore, according to our theoretical
analysis in Section II-B, we expected to have a good approxi-
mation using the STM model.

B. Undersampling K-Space Masks for Retrospective Data
Acceleration

For our reconstruction experiments we simulated accelerated
acquisitions by retrospectively undersampling the previously
described datasets (A.1) and (B). For dataset (A.1) we used
an undersampling mask that in each time frame contained a
128× 12 ACS region in the center of the k-space, and 4 evenly
spaced PE lines outside the ACS region. These PE lines were
shifted at different time frames such that each k-space location
was sampled at least once every 18 time frames. Therefore, the
undersampling mask produced×5.25 accelerated data. Fig. 1(a)
illustrates this undersampling mask.

For dataset (B) the undersampling mask was designed anal-
ogously. It contained a 90× 18× 12 ACS region in the center
of the k-space of each time frame, and 4 PE lines in the ky
direction outside the ACS region. In addition, this mask included
PE lines in the kz direction outside the ACS region. Specifically,
2 lines were considered. Therefore, this mask produced ×5.84
accelerated data. Fig. 1(b) illustrates this undersampling mask.
Though this sampling mask produced heavily undersampled
data, the acquisition time would not be considerably decreased in
a prospectively accelerated scenario, as the EPI sequence rapidly
traverses the full (kx, ky)-space. Our goal for investigating this
undersampling mask was to assess, as a proof-of-concept for
fMRI, the STM model and the proposed reconstruction frame-
work in a heavily undersampled scenario. Our goal in future
work is to use the STM model for other undersampled 3D
k-space patterns for fMRI, for example, [53].

C. Implementation Details for Computing Spatiotemporal
Maps

For all experiments we computed spatiotemporal maps using
the steps in Section III. For datasets (A.1) and (A.2), in step 1)
we used the ACS region of the undersampling mask described
in Section V-B, and we calculated CHC using the FFT-based
approach provided in PISCO with an ellipsoidal neighborhood
of radius R = 3 for Λ (cf., Section III-A). Step 2) computed
a projection matrix for the nullspace of C using the sketched
SVD approach proposed in Section III-D with a complex-valued
Gaussian matrix for the sketch matrix Φ. We selected the sketch
dimension s = 2rC using the heuristic approach described in
Section III-D. Finally, step 3) computed spatiotemporal maps by
calculating an approximate nullspace basis for eachG(�x)matrix

using an SVD performed for each spatial location in the FOV. If
not specified otherwise, we used L = 4 components. To further
reduce computation time, we computed spatiotemporal maps
on a grid with coarser resolution than the original and interpo-
lated using the FFT-based PISCO approach. The 12.5% of each
spatiotemporal map was interpolated in k-space if not specified
otherwise. For dataset (B) the procedure was analogous. The
main differences with respect to datasets (A.1) and (A.2) were:
the ACS region corresponded to the one considered in the
undersampling mask for dataset (B) described in Section V-B;
we selected R = 4 if not specified otherwise; and we used the
orthogonal iteration to find the nullspace basis of each matrix
G(�x).

D. Representation Capabilities: Comparison With the PSF
Model

We compared the representation capabilities of the STM
model against the PSF model using dataset (A.1). We computed
spatiotemporal maps and the temporal functions of the PSF
decomposition using the same ACS data, and we calculated the
normalized projection residual (NPR) for both models while
varying the number of components. NPR corresponds to the
normalized error after projecting the fully sampled data onto
the space spanned either by the spatiotemporal maps or the PSF
temporal functions. For the STM model we define

NPR(L)� ‖ρ− ρ̂(L)‖2 / ‖ρ‖2 , (28)

where ρ denotes the reference image reconstructed from fully
sampled data and ρ̂(L) is calculated using (26) with no regu-
larization, assuming an STM model with L components, and
no undersampling operation in the system matrix A. Due to the
high level of background noise in dataset (A.1), we calculated
the NPR over a region of interest (ROI) around the stomach as
illustrated in Fig. S2 of the supplementary material.

E. Sketched SVD for a Projector Matrix Calculation:
Evaluation of Computation Time and Representation Quality

We tested the method proposed in Section III-D using datasets
(A.1) and (B). Given that a random matrix is used, it is relevant to
study whether different realizations can induce a high variability
in the final STM computation. We varied the sketch dimension
s in the range [2rC , 6rC ], and calculated the NPR for different
realizations of the sketch matrix; we reported the mean and
standard deviation using 50 realizations in each case. We also
report the median time to compute an SVD with and without
sketching.

F. Reconstruction Experiments

We tested the reconstruction framework in Section IV us-
ing datasets (A.1), (A.2) and (B). For datasets (A.1) and (B)
we simulated accelerated acquisitions by retrospectively un-
dersampling the data using the undersampling k-space masks
described in Section V-B. We reconstructed each accelerated
dataset using the proposed reconstruction framework where,
as a proof-of-principle, we explored Tikhonov regularization
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and a P-LORAKS regularizer [44], where the latter considered
each STM spatial function as a virtual channel. For simplic-
ity, we refer to these two methods as STM & Tikhonov and
STM & P-LORAKS hereWe studied how the parametersafter.
Our motivation for exploring a LORAKS-type regularizer was
based on our empirical observation that SILP relationships can
be present among the spatial components of the STM model, and
therefore structured low-rank models could be used [34]. One
theoretical explanation for the existence of these relationships
could be based on the shared spatial support of the spatial
components [37]. The two regularizers that we used were se-
lected for simplicity, as both involved only one regularization
parameter. Alternatively, one could use different regularizers for
each spatial function in the STM decomposition, with individual
regularization parameters.

When using Tikhonov regularization, we minimized (27) us-
ing conjugate gradient. When using P-LORAKS regularization,
we solved the inverse problem using the majorize-minimize
algorithm in [50]. We compared the reconstruction results with
five baseline methods. The first method used data sharing to
substitute each missing k-space sample with a sample available
in a neighboring time frame [1]. We refer to this method as
Data Sharing. The second method used a locally low-rank (LLR)
model that was implemented using nonlinear conjugate gradi-
ent [21]. The third method corresponded to blind compressed
sensing (BCS) [11], using the software provided by the authors.
The fourth method used a low-rank plus sparsity model [12] that
was implemented using POGM [16]. We refer to this method as
L + S. The fifth method corresponded to an analogous version
of the reconstruction framework in Section IV, where instead of
using the STM model in (26) and computing the STM spatial
functions in (27), we used the PSF model and computed the
PSF spatial functions, respectively. The PSF temporal functions
were computed from the same ACS data used to compute spa-
tiotemporal maps, and we used Tikhonov regularization when
computing the PSF spatial functions. We refer to this method as
PSF & Tikhonov hereafter.

We studied how the parameters related to the spatial resolution
of spatiotemporal maps affected reconstruction performance.
Using dataset (B) we studied how reconstruction performance
varied when choosing the radius parameter R ∈ {2, 3, 4, 5}.
In addition, we reconstructed the retrospectively undersampled
data using spatiotemporal maps computed after interpolating
12.5% , 25% , and 40% of their k-space using the FFT-based
PISCO approach.

For datasets (A.1) and (B) we report the normalized root
mean square error (NRMSE) in each case; for dataset (A.1)
the NRMSE was calculated over the same ROI used when
calculating the NPR. For dataset (B) t-score maps were cal-
culated to assess functional activity. For the multichannel ex-
periments we calculated sensitivity maps using PISCO [36]
and the ACS data of the first time frame. Each method
was implemented in-house using MATLAB R2023a on a lo-
cal server with an Intel Zeon Silver 4216 2.10 GHz CPU
and 263 GB RAM. Open-source code for computing STMs
is available at: https://github.com/ralobos/STM_MRI.git. This
code extends the PISCO software [38], by including the

TABLE I
COMPUTE TIME AND REPRESENTATION QUALITY WHEN USING SKETCHED

SVD AND REGULAR SVD FOR THE COMPUTATION OF SPATIOTEMPORAL MAPS

USING THE 3D DATASET (B)

sketched SVD and the orthogonal iteration computational
methods.

VI. RESULTS

Fig. 2(a) shows the last 10 eigenvalues (after sorting them in
decreasing order) of the G(�x) matrices found when computing
the STMs using dataset (A.1). The number of eigenvalues near
zero for each matrix G(�x) determines the number of compo-
nents needed in the STM model, as this is an estimation of
the nullspace dimensionality. The number of components varies
across the FOV. For example, areas that move slowly over time
or that are motionless and only present contrast variations, need
only one component. However, areas with more complex dy-
namics like the antrum, which is in the distal part of the stomach,
need more components. The eigenvalue maps suggest that four
components could capture the dynamic behavior of these areas.
On the other hand, the PSF model needs more components to
represent the dynamic behaviors across the FOV.

Fig. 2(b) shows the singular values (sorted in decreasing
order) of the Casorati matrix used to find the PSF temporal
functions. The number of relatively large singular values can be
used to approximate the number of components needed in the
PSF model (i.e., LPSF); Fig. 2(b) suggests that 4-6 components
should capture most of the dynamic behavior of the data.

Fig. 3 quantifies the representation error of both models by
measuring the NPR while varying the number of components
(i.e., L in the STM model and LPSF in the PSF model). The
NPR curve decreased faster for the STM model than for the
PSF model when considering a small number of components.
The NPR for the STM model using L = 4 components (i.e., the
number of components used in our experiments), was achieved
by the PSF model when using at least LPSF = 6 components.
Figure S1 shows qualitative results for the approximations given
by the STM and PSF models when L = LPSF = 4 for three
representative time frames. Each approximation was obtained
after calculating the spatial components of each model from
the fully sampled data. Error images are also shown. Overall,
the STM approximation obtained smaller differences than the
PSF approximation, which is consistent with the NPR results
in Fig. 3. The better representation capabilities of the STM
model can be attributed to the construction of different temporal
subspaces for each spatial location. The PSF model construct
a single temporal subspace that is the same for all spatial
locations. Given that only 4 components were considered, the
single PSF temporal subspace was not able to properly represent
the temporal behavior at every voxel.

Section II-B provided sufficient conditions for the existence
of SILP relationships in the (�k, t)-space. Using dataset (A.1), we
explored how these theoretical results can manifest in practice.
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Specifically, we studied the SILP relationships given by the
multiframe FIR filters {g̃t′(�k, t)}Tt′=1 defined in (19), which we
calculated from the G(�x) matrices. Fig. 4 shows the temporal
behavior of ρ(�x, t) and gt′(�x, t) for one specific t′ ∈ {1, . . . , T},
considering two different voxels located in two areas with com-
plicated dynamic behaviors. It also shows ρ̌(�x, f) and ǧt′(�x, f),
from which we see that for both voxels ρ̌(�x, f) has most of
its energy in a finite set of bands that depends on the spatial
location of the voxel. Furthermore, ǧt′(�x, f) has its support
defined such that ǧt′(�x, f)ρ̌(�x, f) ≈ 0, ∀f ∈ F , which is related
to the sufficient conditions provided in Section II-B.

Table I compares the compute time of the regular SVD ver-
sus the sketched SVD when computing spatiotemporal maps
using the 3D dataset (B). The NPR obtained in the final STM
computation is also shown in each case. Both SVD approaches
were applied on the matrix CHC whose dimensions were
35980× 35980, which caused regular SVD to be computa-
tionally expensive. The sketched SVD was ∼ 640-fold faster
than the regular SVD, reducing the computation from hours
to seconds. The spatiotemporal maps obtained for both cases
were quite similar in terms of their representation capabili-
ties, which is reflected on the small differences in the NPR.
Both cases experience randomness from the random initial-
ization used by the orthogonal iteration when calculating the
nullspace bases for the matrices G(�x). This explains why
the NPR result for regular SVD is shown with a standard
deviation.

Given our heuristic approach to selecting the sketch dimen-
sion s, we also explored the effects of varying its value. Using
dataset (A.1), Fig. 5 shows the computation times of using
sketched SVD for different values of the sketched dimension,
and it also shows the NPR obtained in each case after comput-
ing the corresponding STMs. Increasing the sketch dimension
increased the computation time as expected; however, STM
representation quality was only slightly affected as the NPR
displayed negligible fluctuations. In comparison to using regular
SVD, which took 5.77 secs and obtained an NPR equal to
0.1005, a considerable acceleration was obtained for each case
considered in Fig. 5.

Figs. 6 and 7 show the reconstruction results using
dataset (A.1). Fig. 6 shows the NRMSE obtained by
STM & Tikhonov and PSF & Tikhonov when varying the
number of components. (For reference, the NRMSE obtained
by Data Sharing is also shown.) The NRMSE for both meth-
ods decreased initially as the number of components in-
creased, as expected because the representation capabilities of
both models improve when increasing the number of compo-
nents. The NRMSE achieved a minimum for both methods
and then increased. This is also expected as the number of
unknowns increases as more components are included. For
all cases STM & Tikhonov obtained a lower NRMSE than
PSF & Tikhonov, which can be attributed to the better repre-
sentation capabilities of the STM model compared to the PSF
model (cf., Fig. 3).

Fig. 7 shows the reconstruction results for the methods based
on the STM model when setting the number of components
to L = 4, PSF & Tikhonov when the number of components is

Fig. 6. NRMSE versus the number of components of the PSF & Tikhonov and
STM & Tikhonov methods. The NRMSE obtained by Data Sharing is shown as
a reference.

TABLE II
TIME-SERIES NRMSE FOR BOTH DATASETS

set to LPSF = 4 and LPSF = 6, and the other considered recon-
struction methods. The idea behind the considered values for
LPSF was to compare STM & Tikhonov and PSF & Tikhonov
when the number of components was the same, and also when
the latter had more components than the former. The first
time frame is shown for each reconstruction method, as well
as one line in the PE direction for all the time frames. This
line covers several areas with a complex dynamic behavior,
and its evolution over time shows how several voxels exhibit
different temporal characteristics. For the first time frame, the
regularized methods all obtained similar NRMSE values that
were lower than the one obtained by Data Sharing (indicated
in Fig. 7). However, when considering the whole time series,
L + S and STM & P-LORAKS obtained better NRMSE than
STM & Tikhonov and PSF & Tikhonov as reported in Table II.
Although L + S obtained a slightly lower time-series NRMSE
than STM & P-LORAKS, note that this value was calculated
with respect to a fully sampled dataset that exhibited a high
level of noise. A method with denoising characteristics can
obtain a higher time-series NRMSE in comparison to methods
that preserve noise. In our case, STM & P-LORAKS had better
qualitative denoising characteristics as seen in supplementary
video S1. However, higher quantitative errors can be expected
for voxels where noise was decreased. Figure S3 shows the
reconstructed time course for voxel B in Fig. 4(a). Even though
STM & P-LORAKS obtained a higher NRMSE than BCS or
L + S for that specific voxel (cf., Table S1), it was able to better
follow the intensity time profile of the fully sampled data.
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Fig. 7. Retrospective reconstruction results using dataset (A.1). The first time frame of the fully sampled data is shown on the left with a time profile of one
line in the PE direction (indicated in red). Then, reconstruction results are shown for each method, where the NRMSE for the displayed time frame is indicated in
yellow at the bottom right corner. Error magnitude images are provided for each method below the reconstructed images.

Fig. 8 shows the reconstruction results using the 3D dataset
(B) for the same methods shown in Fig. 7, except for BCS and
LLR.3 In this case STM & P-LORAKS and STM & Tikhonov
obtained a similar time-series NRMSE, which was better than
those obtained by the other methods (cf., Table II), and all meth-
ods produced quite similar qualitative results. In addition to im-
age quality, it was also important to capture functional activity.
Fig. 8 shows the t-score maps obtained for each reconstruction
method overlaid on the corresponding reconstructed images.
Even though the reconstructed images for each method exhibited
good quality, only STM & P-LORAKS and STM & Tikhonov
were able to obtain t-score maps reflecting functional activity
similarly to the fully sampled data. Fig. 8 also shows a plot
with the intensity over time for one voxel with a high t-score
considering the fully sampled data and the reconstructed data
for each method, in addition to a “task” curve that shows
the tap/rest blocks. STM &P-LORAKS and STM & Tikhonov
followed the task behavior better than L + S and Data Shar-
ing. The voxel time-series for PSF & Tikhonov(LPSF = 4) and
PSF & Tikhonov(LPSF = 6) were quite different than the task

3The implementation of BCS for the 3D case was not available, and extending
the provided 2D implementation required a nontrivial selection of parameters
that was beyond the scope of this paper; LLR for the 3D case required a
prohibitive computation time, mainly due to the high data dimensions and the
number of shifts needed such that overlapping patches could be processed to
avoid blocky artifacts [21].

behavior. Table S1 reports the NRMSE for the time course
obtained by each reconstruction method. For this particular
voxel, methods using STMs obtained better values than L + S,
and similar values to methods based on PSF.

We observed (not shown) that the t-score maps for L + S were
improved when using low acceleration factors; however, for high
accelerations a high degree of global low-rank regularization
was needed to obtain good reconstruction quality, causing the
final reconstruction to have reduced temporal variability. On the
other hand, the STM model encodes dynamics at a voxel level,
which better captures phenomena that occur in a voxel-wise
fashion, as happens in fMRI.

Figure S4 shows reconstruction results for dataset (B) using
STM & P-LORAKS while varying the radius parameterRwhen
computing STMs. Given that R and the degree of interpolation
affect the spatial resolution of STMs, we used no interpolation
to study the isolated effect of the former in the reconstruction.
Even though the time-series NRMSE was similar in each case as
shown in Table S2, high values of R better captured functional
activity than low values, as shown by the corresponding t-score
maps and the time plots of one specific voxel with a high t-score.
This is expected as higher values ofR allows the computation of
STMs with a higher spatial resolution that better capture abrupt
changes in dynamic behavior across spatial locations. Figure S5
shows representative STMs corresponding to various values of
R for a specific time frame and the slice shown in Fig. 8. As
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Fig. 8. Retrospective reconstruction results using dataset (B). Row 1: The first time frame of a representative slice of the fully sampled data is shown on the
top left overlaid with a t-score map calculated using the task information, followed by reconstruction results for each method; the NRMSE for the displayed time
frame is indicated in yellow at the bottom right corner. The t-score maps obtained for each reconstruction method are overlaid on the reconstructed images. Row 2:
Error magnitude images are provided for each method. Row 3: Signal intensity plots; the first plot corresponds to the signal evolution for one specific voxel with a
high t-score using the fully sampled data (in blue), and a task curve (in red) showing the tap/rest blocks. Analogous plots are also shown for all the reconstructed
datasets for the same voxel location.

illustrated, increasing the value of R resulted in less smooth
STMs. However, larger values of R increase computational
complexity and memory usage and require larger autocalibration
regions (cf., Section III-A).

Table S3 shows the time-series NRMSE when reconstructing
dataset (B) using STM & P-LORAKS and different degrees
of interpolation when computing STMs. Similar quantitative
results were obtained in each case. Even though similar image
quality and time-series NRMSE were obtained for each case
(cf. Table S3), variations in functional activity were observed
as shown in Fig. S6. The reconstructed time courses had higher
variations with respect to the task curve for higher interpolation
degrees. The dynamic behavior in dataset (B) is expected to be
localized in brain regions related to the task, and non-smooth
variations in the dynamic behavior might be expected when
transitioning to voxels outside these regions. This can require
STMs that are not necessarily smooth in those regions, which
decreases the degree of interpolation to accurately capture the
dynamic behavior of voxels activated during the task.

Supplementary video S2 shows the reconstruction results
for the prospectively undersampled dataset (A.2). Quali-
tatively the reconstructions were similar to the ones ob-
tained when reconstructing restrospectively undersampled data
using dataset (A.1). BCS, L + S, STM & Tikhonov, and
STM & P-LORAKS exhibited less aliasing artifacts than the
other methods. Methods based on STM exhibited less noise than
BCS and L + S; although, sharper edges were observed for BCS
and L + S.

VII. DISCUSSION AND CONCLUSIONS

The STM model proposed in this work for dynamic MRI
reconstruction has been presented as an extension of the widely
used PSF model. Unlike the PSF model, the STM model rep-
resents the dynamic MRI signal using temporal functions (i.e.,
spatiotemporal maps) that depend on the spatial location. We
have shown that this spatial dependency allows dynamic MRI
reconstruction methods based on the STM model to obtain better
reconstruction than methods based on the PSF model (cf., Figs.
6, 7, 8 and Table II).

Another feature of the STM model is that the number of
components can depend on the spatial location. We have not
exploited this flexibility in the experiments shown in this work;
however, this spatial dependency could be used, for example, to
focus the reconstruction on regions of interest. In particular, we
hypothesize that spatiotemporal maps could have a synergistic
effect when combined with Region-Optimized Virtual (ROVir)
coils [54].

The number of components in the STM model vary depending
on the dynamics present in the data. In our experiments we
observed that some quasi-periodic behaviors related to small
deformations or contrast changes were well-approximated using
a few components. However, we have observed (not shown)
that more complex dynamics (e.g., respiratory motion) require
several components. Our future work includes extending the
STM framework to more challenging contexts, and theoretically
studying how the number of needed components varies depend-
ing on the data dynamics.
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We also provided a theoretical framework that connects the
properties of spatiotemporal maps with autoregressive proper-
ties of the (�k, t)-space. Specifically, we have shown that es-
tablishing shift-invariant linear predictability relationships in
the k-space of different time frames, leads to a subspace-based
computation framework for spatiotemporal maps. Notably, our
theory allows a direct connection with subspace-based esti-
mation of sensitivity maps in multichannel MRI. Using this
analogue, we provided a spatiotemporal map construction pro-
cedure that relies on recent advanced signal processing com-
putational methods, originally proposed for sensitivity map
estimation. Moreover, we have extended these computational
methods using randomized linear algebra techniques to make
spatiotemporal map computation efficient for long time series.
As an example, using 3D fMRI data, the computational method
proposed in this work based on sketched SVD was∼ 640× faster
than using the analogous computational method based on the
previous SVD approach originally proposed for sensitivity map
estimation. Even though our proposed computational methods
were used in the context of STM computation, they could also be
used for subspace-based sensitivity map estimation [36], [42],
where compute time could be greatly reduced for receiver arrays
having many coils.

We have shown that spatiotemporal maps can be incorpo-
rated in the signal model, supporting numerous reconstruction
frameworks for accelerated dynamic MRI. As proof-of-principle
illustrations, we investigated a model-based reconstruction
framework that includes spatiotemporal maps as part of a data-
consistency term, where they encode the information about the
dynamics of the data. The resulting inverse problem consid-
ers the spatial functions of the STM model as the optimiza-
tion variables. This formulation reduces the reconstruction of
a long dynamic series of images to the estimation of a few
non-dynamic component images. Therefore, regularizers de-
veloped for non-dynamic MRI can be used. We evaluated the
proposed reconstruction framework using a simple Tikhonov
regularizer and a LORAKS-type regularizer. Using highly accel-
erated data, both regularizers obtained similar NRMSE metrics
as the L + S method based on low-rank models. However, the
STM reconstruction framework showed additional denoising
characteristics, and better captured small dynamic changes that
are particularly relevant in fMRI. As an example, t-scores maps
produced from fMRI images reconstructed using the STM-based
approach clearly revealed functional activity in expected spatial
areas, similarly to the gold standard; this was not the case when
using a reconstruction based on a low-rank + sparsity model or
other methods based on the PSF model. Interestingly, a simple
data-sharing reconstruction exhibited a periodic pattern similar
to that of the gold standard. A weighted version of this method
could improve reconstruction performance and serve as initial-
ization for other methods. We emphasize that the regularizers
used in our experiments are not necessarily optimal, and they
were just used as a proof-of-principle. Another option would be
to use regularizers based on machine/deep learning models that
were originally proposed in non-dynamic or dynamic settings.
Moreover, given that spatiotemporal maps can be incorporated
as part of the system forward operator, they could be used in

other reconstruction frameworks that leverage on scan-specific
machine learning methods, e.g., [23]. Exploring these ideas is
part of our future work.

The computation time for reconstruction frameworks based
on the STM model can vary depending on how these are
employed. In this work, we have presented a proof-of-principle,
model-based reconstruction framework, where the total compu-
tation time includes both STM calculation and the time spent
solving the optimization problem–which itself depends on the
choice of regularizer. STM computation can be performed effi-
ciently using PISCO and our proposed sketched SVD technique
(cf., Section III). For instance, STM computation required only
∼ 5 secs for dataset (A.1). However, solving the optimization
problem in (27) using iterative methods necessitates performing
a number of FFTs equal to the number of time frames. For
long time series, this process can be time-intensive. This can
be considered as a disadvantage compared to reconstruction
frameworks based on the PSF model. As shown in certain appli-
cations, the PSF model’s structure can be exploited to reduce the
number of required FFTs–from the total number of time frames
down to the number of spatial components [55]. Additionally,
the STM model requires more memory to store its parameters:
a different set of temporal functions needs to be stored for each
voxel, in contrast to the PSF model that requires only a single
set of temporal functions for all voxels. In future work, we plan
to investigate more efficient implementations for reconstruction
frameworks based on the STM model.

Our future work also includes using the STM model in
other applications. For example, given the existence of linear
predictability in the (�k, t)-space of images with different con-
trast [34], [56], the STM model could be used to reconstruct
accelerated quantitative MRI data (cf., Section II-C).
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