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ALPCAHUS: Subspace Clustering for
Heteroscedastic Data
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Abstract—Principal component analysis (PCA) is a key tool
in the field of data dimensionality reduction. Various methods
have been proposed to extend PCA to the union of subspace
(UoS) setting for clustering data that comes from multiple
subspaces like K -Subspaces (KSS). However, some applications
involve heterogeneous data that vary in quality due to noise
characteristics associated with each data sample. Heteroscedastic
methods aim to deal with such mixed data quality. This paper
develops a heteroscedastic-based subspace clustering method,
named ALPCAHUS, that can estimate the sample-wise noise
variances and use this information to improve the estimate of the
subspace bases associated with the low-rank structure of the data.
This clustering algorithm builds on K-Subspaces (KSS) principles
by extending the recently proposed heteroscedastic PCA method,
named LR-ALPCAH, for clusters with heteroscedastic noise in
the UoS setting. Simulations and real-data experiments show the
effectiveness of accounting for data heteroscedasticity compared
to existing clustering algorithms. Code available at https://github.
com/javiersc1/ALPCAHUS.

Index Terms—Heteroscedastic data, heterogeneous data qual-
ity, subspace bases estimation, subspace clustering, union of
subspace model, unsupervised learning.

1. INTRODUCTION

ANY modern data science problems require learning an
M approximate signal subspace basis for some collection
of data. This is important for downstream tasks involving sub-
space basis coefficients such as classification [1], regression [2],
and compression [3]. Besides subspace learning, one may be
interested in clustering data points that originate from multiple
subspaces. Formally, subspace clustering, or union of subspace
(UoS) modeling, is an unsupervised machine learning prob-
lem where the goal is to cluster unlabeled data and find the
subspaces associated with each data cluster. When the cluster
assignments are known, it is easy to find the subspaces, and vice
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Fig. 1. Two 1D subspaces, colored blue and yellow, with data consisting

of two noise groups shown with circle (low noise) and triangle (high noise)
markers.

versa. This problem becomes nontrivial when both components
must be estimated [4]. This clustering problem has many appli-
cations, such as image segmentation [5], motion segmentation
[6], image compression [7], and system identification [8].

Some applications involve heterogeneous data samples that
vary in quality due in part to noise characteristics associated
with each sample. A few examples of heteroscedastic datasets
include environmental air quality data [9], astronomical spectral
data [10], and biological sequencing data [11]. In heteroscedas-
tic settings, the noisier data samples can significantly corrupt
the basis estimates [12]. In turn, this corruption can worsen clus-
tering performance as seen in Fig. 1. Popular clustering methods
such as Sparse Subspace Clustering (SSC) [13], K -Subspaces
(KSS) [14], and Subspace Clustering via Thresholding (TSC)
[15], all implicitly assume that data quality is consistent. For
example, in SSC, the method relies on the self-expressiveness
property of data that uses other similar samples to estimate
each single sample. From our experiments, we found that this
implicit data quality assumption can degrade clustering quality
for heteroscedastic data.

Because of these limitations, we developed a subspace clus-
tering algorithm, inspired from KSS principles, that explicitly
models noise variance terms, without assuming that data quality
is known. The method adaptively clusters data while learning
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noise characteristics. See Fig. 1 for a visualization where En-
semble KSS (EKSS) [16] returns poor subspace bases estimates
whereas our method found more accurate subspace bases and
improved clustering quality.

We extend our previous work [17] by generalizing the LR-
ALPCAH formulation to the UoS setting for clustering het-
eroscedastic data. The proposed approach achieved ~3 times
lower clustering error than existing methods, and it achieved a
relatively low clustering error even when very few high quality
samples were available. The paper is divided into a few key
sections. Sec. II introduces the heteroscedastic problem formu-
lation for subspace clustering. Sec. III discusses related work
in subspace clustering and reviews the heteroscedastic subspace
algorithm LR-ALPCAH. Sec. IV introduces the proposed sub-
space clustering method named ALPCAHUS. Sec. V covers
synthetic and real data experiments that illustrate the effec-
tiveness of modeling heteroscedasticity in a clustering context.
Finally, Sec. VI discusses some limitations of our method and
possible extensions.

II. PROBLEM FORMULATION

Let K denote the number of subspaces that is either known
beforehand or estimated using other methods. Before describing
the general union of subspace model, the single subspace model
under K =1 is introduced.

A. Single Subspace Model (K =1)

Let y,€RP denote the data samples for index
i€{l,...,N}, where D denotes the ambient dimension
and N is the total number of samples. Let x; represent the
low-dimensional data sample generated by x; = U z; where
U € RP*4 is an unknown basis for a subspace of dimension
d and z; € R? are the corresponding basis coordinates. Then
the heteroscedastic model we consider is

y,=x; +€ where € ~N(0,v;1) (1)

assuming Gaussian noise with variance v;, where I denotes
the D x D identity matrix. In this work, we consider the case
where each data sample may have its own noise variance, how-
ever, one can adapt this method to consider the case where
there are GG groups of data having shared noise variance terms
{v1,...,vg}. Sec. III-C discusses an optimization problem
based on this model that estimates the heterogeneous noise
variances {v;}¥ | and the subspace basis U.

B. Union of Subspaces Model (K > 1)

Let Y = [y, yy| € RP*Y denote a matrix whose
columns consist of all N data points y; € RP. We generalize
(1) to model the data with a union of subspaces model by

Y, =%; + €
x; = Uy, z,; for somek; € {1,..., K}, 2)

where U, € RP*% is a subspace basis that has subspace di-
mension dj,. Here, z; € R% denotes the basis coefficients asso-
ciated with x;, and €; € RP denotes noise for that point drawn
from €; ~ N (0, v, I).
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If the subspace bases were known, then one would like to
find the associated subspace label ¢; € {1, ..., K} for each data
sample by solving the following optimization problem

¢; =argmin ||y, — Uy ?CyZH% Yy, €Y. 3)
k

This label describes the subspace association of a data point y;
that has the lowest residual between the original sample and its
reconstructed value given the subspace. In general, the goal is
to estimate all of the subspace bases U = (U,...,Uk) and
cluster assignments C = (cy,...,cn) associated with all the
data samples simultaneously.

IITI. RELATED WORKS
A. Subspace Clustering

Many subspace clustering algorithms fall into a general um-
brella of categories such as algebraic methods [18], iterative
methods [19], statistical methods [20], and spectral clustering
methods [21] [22]. In recent years, both spectral clustering-
based methods and iterative methods have become popular.

1) Spectral Clustering: Many methods build on spectral
clustering. This method is often used for clustering nodes in
graphs. Spectral clustering aims to find the minimum cost
“cuts” in the graph to partition nodes into clusters. Given
some collection of data points, one way to construct a graph
is to assume that “nearby” data samples are highly connected
in the graph. Thus, it is possible to construct a graph from
data samples, with various levels of connectedness, by us-
ing some metric to assign affinity/similarity for each pair of
points. Let G(V, W) correspond to a graph that consists of
vertices V = {v1, ..., vy} and edge weights W € RY*¥ guch
that w;; corresponds to some nonnegative weight, or similar-
ity, between v; and v;. The graph G is assumed to be undi-
rected, i.e., W =W’. The degree of a node is defined as
d; = Z;\le w;; and can be collected to form a degree matrix
such that D = diag(ds,...,dy). Let Ay, ..., A form a K-
partition on G(V, W) and cut(A, B) = _;c 4 jep Wij- Then,
spectral clustering aims to solve the following

K —
arg min 1 Z Cm(é"'_’ﬁi)

4
A Ar 24 @

=1

where A; is all vertices not belonging in A; and |A4;| is the
number of vertices belonging to the ith partition. Instead of
working with W directly, one computes a normalized graph
Laplacian such as L =TI — D™'W to make the influence of
heavy degree nodes more similar to low degree nodes. Let h; ;
indicate the jth cluster membership for the ith point by
e 1/ A ifv; € Aj
Y00 otherwise.

®)

Collecting the indicator values into a matrix H € RN*K one
can rewrite (4) in matrix notation as
- K

K
1 Cut(Ai,Ai) _ , L ,
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where Tr(H) =), H;; denotes the trace of a matrix. The
indicator vectors are discrete, which makes the problem com-
putationally challenging. One way to relax the problem is to
allow arbitrary real values for H and instead solve

H = argmin Tr(H'LH)st. HH =1 @)
He]RN X K

where the notation s.t. means subject to some conditions. Trace
minimization problems with semi-unitary constraints are well-
studied in the literature, and it is easy to see that H consists
of the first K eigenvectors of L associated with the smallest
eigenvalues, i.e., A\ (L) <... < An(L) where A\;(L) denotes
the ith eigenvalue of L. ,Once His computed, the K-means
algorithm is applied to H, treating each row of H as the spec-
tral embedding of the associated v; vertex. The next section,
Sec. ITI-A2, now describes some subspace clustering methods
that use this technique by first forming a weight matrix W and
then applying the spectral clustering method on it.

2) Self-Expressive Methods: Self-expressive methods ex-
ploit the “self-expressiveness property” [23] of data that hy-
pothesizes that a single data point can be expressed as a linear
combination of other data points in its cluster, which is trivially
true if the data exactly follows a subspace model. The goal is
to learn those linear coefficients which is often achieved by
adopting different regularizers in the formulation. These self-
expressive algorithms, e.g., SSC [13] and LRSC [24], learn the
coefficient matrix P € RV* by solving special cases of the
following general optimization problem

argmin DF(Y — Y P) + AA(P)s.t. P € Sp. (8)
P

The function DF(Y — Y P) is a data fidelity term, A(P) is a
regularizer, and Sp is some constrained set to encourage P to
satisfy certain conditions. In the case of SSC, the optimization
problem is formulated as

argmin ||Y — Y P||7 + A|P|[115.t. Py =0¥i  (9)
P

where || P||1,1 = |[vec(P)|l1 = >_, [pi| is the vectorized 1-norm
and [-||z = ||vec(-)||2 is the Frobenius norm of a matrix. Ob-
serve that (9) approximates each data sample as a sparse lin-
ear combination of other data points to form P. Let abs(P)
represent the element-wise absolute value of matrix P. Then,
spectral clustering is performed on W = 3 (abs(P") + abs(P))
by applying the K-means method to the spectral embedding of
the affinity matrix W . Ideally, (9) would select the high quality
data to represent worse samples in P and this information
would be retained in W. However, this data quality awareness
condition is not guaranteed in self-expressive methods to our
knowledge. In our experiments, Fig. 2(f) and Fig. 6 show that
there must be an issue constructing an ideal P due to worse
clustering performance in heteroscedastic conditions.

3) Subspace Clustering via Thresholding (TSC): In the
example to follow, assume that there are two distinct 1-
dimensional subspaces. Given two data samples y; and y;,
intuitively their dot product (y,,y;) will be high if ¢; =c;,
meaning they belong to the same subspace. Likewise, if ¢; #
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cj, then (y;,y;) = 0 if the subspaces are orthogonal. In non-
orthogonal scenarios, one expects |(y;, y ;)| to be smaller when
¢; # c; than when ¢; = ¢;. Using this idea, in more general D-
dimensional subspace settings, TSC constructs a matrix Z €
RN*N that describes similarity such that

Z;j = exp(—2arccos(|(y;,y;)])) s.t. Zi; = OVi. (10)

This matrix is then thresholded to retain only the top ¢ values
for each row, i.e.,

W =argmin |W — Z|[% s.t. [W,.|o=q¥i (11)
w

where ||W; .|lo = g is the [y pseudo-norm that counts the num-
ber of nonzero entries. In other words, one constructs W .
using the q nearest neighbors that correspond to the highest
magnitude values. Then, spectral clustering is applied to W to
find the cluster associations.

4) Ensemble K-Subspaces (EKSS): lIterative methods are
based on the idea of alternating between cluster assignments
and subspace basis approximation, with KSS being highly
prominent [25]. The KSS algorithm seeks to solve

K
arg;lg{linz Z ||yz*UkU;eyzH§ 12)

k=1 ci=k Vi

The goal is to minimize the sum of residual norms by alternating
between performing PCA on each cluster to update ¢/ and
using the subspace bases to calculate new cluster assignments
C in a similar fashion to the K-means algorithm. The quality
of the solution depends highly on the initialization. Recent
work provides convergence guarantees and spectral initializa-
tion schemes that provably perform better than random ini-
tialization [26]. However, this problem (12), is known to be
NP-hard [27]. Further, it is prone to local minima [28]. To
overcome this, consensus clustering [29] is a tool that leverages
information from many trials and combines results together.
This approach, known as Ensemble KSS (EKSS) [16], creates
an affinity matrix whose (¢, j)th entry represents the number of
times the two points were clustered together in a trial. Then,
spectral clustering is performed on the affinity matrix to get
the final clustering from the many base clusterings. The use
of PCA makes it challenging to learn clusters and subspace
bases in the heteroscedastic regime since PCA implicitly as-
sumes the same noise variance across all samples [30]. The
proposed ALPCAHUS approach in Sec. IV builds on KSS, and
its ensemble version, by generalizing (12) to the heteroscedastic
regime while simultaneously learning data quality.

B. Other Heteroscedastic Models

This paper focuses on heteroscedastic noise across the data
samples. There are other subspace learning methods in the
literature that explore heteroscedasticity in different ways. For
example, HeteroPCA considers heteroscedasticity across the
feature space [31]. One possible application of that model is for
data that consists of sensor information with multiple devices
that naturally have different levels of precision and signal to
noise ratio. Another heterogeneity model considers the noise
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to be homoscedastic and instead assumes that the signal itself
is heteroscedastic [32]. That work considers applications where
the power fluctuating signals, i.e., heteroscedastic signals, are
embedded in white Gaussian noise. However, to the authors’
knowledge, there are no algorithms for subspace clustering that
consider feature-space heteroscedasticity. We exclude compar-
isons with these methods since their models are very different
and each have their own applications.

C. Single Subspace Heteroscedastic PCA

Before extending (12) to the heteroscedastic setting, we will
review how LR-ALPCAH [17] solves for a single subspace
(K =1) in the heteroscedastic setting using the model de-
scribed in (1). For the measurement model y; ~ N (x;, v;I) in
(1), the probability density function for a single data sample y;
following a Gaussian distribution is easily expressed as

1 1
7‘6)(13 ——(y, —

o O [ T (D i

13)

For independent samples, after dropping constants, the joint log
likelihood of all data {y,}¥ ; is the following

N

1 1
>3 loglnl| - 5(y,

i=1

—x;) (D) "Ny, —xi).  (14)

Let IT = diag(v1, ..., vn) € RV XN be a diagonal matrix rep-
resenting the typically unknown noise variances. Then, the neg-
ative log likelihood in matrix form is

D 1 -1 /

Elog|H\ +§Tr[(Y—X)H (Y — X)]. 15)
After further manipulation by trace lemmas, we rewrite the
negative log-likelihood as

S =X Do 16)

Our previous work used a functional operator similar to the
nuclear norm to regularize X and encourage a low-rank solu-
tion by penalizing the tail sum of singular values [33], [34].
However, this method named ALPCAH was relatively slow
due to SVD operations every iteration. To reduce computation
and enforce a low-rank solution, the LR-ALPCAH variant [17]
took inspiration from the matrix factorization literature [35]
and factorized X € RPN ~ LR’ where L € RP*d and R €
RV *d for some rank estimate d. Using this idea, LR-ALPCAH
estimates X by solving for L and R, jointly with noise variance
matrix IT, by the following

1 D
argmin = ||(Y — LROIT V2|2 + ZlogII|. (17
LRI 2 2
This comes from a modified model of (1) described by
yi:LTi+€i, EiNN(O,ViI) (18)

where 7; denotes the ith column of R. Sec. IV combines ideas
from (12) and (17) to tackle the union of subspaces setting.
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IV. PROPOSED SUBSPACE CLUSTERING METHOD

For notational simplicity, let Y, =Y, € RP*Ne denote
the submatrix of Y having columns corresponding to data
samples that are estimated to belong in the kth subspace, i.e.,
Y. =Y, =matrix({y, : ¢; =k}), where Cp, ={i : ¢; =k}
must be determined. This notation applies similarly to other ma-
trices such as Il = Il¢, = diag({v; : ¢; = k}). For the union
of subspace measurement model in (2), we generalize LR-
ALPCAH (17) by proposing the following cost function

S (Li, Ry, I1;Y 1)

K
1
rgmir}zzi H(Y;C — Ly R))II 1/2H —10g|Hk|

F(L,RILC)
(19)

where C,II, £, R denote the sets of estimated clusters, noise
variances, and factorized matrices respectively for each clus-
ter k=1,...,K. Specifically, L= {Ly,...,Lx} and R =
{Ry,...,Rxg}.Ouralgorithm for solving (19) is called ALPC-
AHUS (ALPCAH for Union of Subspaces). We solve (19)
via alternating minimization, and the method alternates be-
tween subspace basis estimation and data sample reassign-
ment/clustering. We begin with subspace basis estimation.

Firstly, with data sample assignments fixed, Vk € {1,..., K}
we estimate subspace bases by applying 77 iterations of alter-
nating minimization by

(2™ R ™) = argmin fi(Ly, Re, g Y 5)
Ly, R, I

s.t. II, = ol. (20)

The solution to (20) is described in Ref. [17]. However, for com-
pleteness and notational consistency, the updates are included in
(21), (22), and (24). Given the current ¢; iteration, the updates
for the t; 4 1 iteration are given as

LY — argmin fi (D, R, I Y ()
Ly

Sy m R () R) e
R,(fl'H) = arg min f, (L,(:H_l), Rk,Hgl); Y;:z))
Ry,
(T (@) e
Further, estimate the noise variance terms by
2
(| (V0 - 2 (Y e ) e

Pr(4)

where e; denotes the ith canonical basis vector that is used
to select the ith residual column and « > 0 is a user-selected
noise variance threshold parameter. Then, we update the noise
variance matrix Il as follows

i — arg min @Y R I Y )
k

s Pe(ICkl))- (24)

— diag(pr(1),. .
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Because Il is a diagonal matrix, the II; > ol majorization
condition in (20) being equivalent to Vi, \;(II;) > « implies
that Vi, v; > . This leads to a projection to the positive set
[, 00) by the max(a, -) condition in (23). This condition is
sufficient to ensure convergence as proven in [17, Thm. 2] and
used in this work to further prove ALPCAHUS convergence in
Thm. 1 using some o € R™.

Secondly, fixing the subspaces, we update the data sample as-
signments to clusters. The cluster update is essentially C**V =
argming (£, R,II,C), with a rule to break ties in favor of
the previous cluster assignment as follows. Let U,(CTI) denote
the Gram-Schmidt vectors of LéTl). Define residual point error
for kth basis by

2
I
y, -~ (U)
2

Ji(k) = ‘ 25)

and let the set S, denote the set of minimizers of J;(k) by

Sy, = argmin J; (k). (26)
k

(t2)

Then Vi, given the label estimate c¢; *’ for the ¢, iteration,

compute the next label by

c(.t2+1) = C’EtQ)
! k* e Sji

if ") e 8,

. 27
otherwise.

The solution to (27) involves the following procedure. Given a
data sample y;, find the lowest subspace projection residual out
of all subspaces by (25) and assign it to cgtﬁl) at the £ + 1
iteration. In the event of a tie, meaning there is more than one
subspace that has equal residual, retain the past label cEtQ) for
the new label cEtzH). By doing this, cycling between labels is
prevented for all data samples. This cluster reassignment criteria
will be important to ensure convergence as proven in Thm. 1.
Because (26) is with respect to k& and not the ith sample, a
residual weighted with the noise parameter v; is unnecessary,
since it would not change the minimizing k.

To further improve clustering performance, consensus clus-
tering can be leveraged over many trials. Initially, we tried
using this approach with only one trial as seen in Fig. 2(b)
and ALPCAHUS (B =1) result in Fig. 6(a). However, since
K-subspaces in general is sensitive to initialization, during
experimentation we found higher clustering accuracy by using
a consensus approach with more than one trial as shown in
Fig. 2(d) and ALPCAHUS (B = 16) result in Fig. 6(a).

A. Ensemble Extension for ALPCAHUS

This section presents the ensemble algorithm with base clus-
tering parameter B to combine multiple trials for finding C in
(19). ALPCAHUS with B > 1 leverages consensus clustering
by forming an affinity matrix A € RV*Y where

1
A= §|{Vb € {1,..., B} such that

Y;, Y, are co-clustered in c®y (28)
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and C(®) = {cgb), ce cg\l;)} refers to the cluster labels for the bth
trial ranging from 1 to B. Then, the rows and columns of A are
thresholded to retain the top ¢ values by solving

Z™ = argmin |A — Z||2 s.t. || Zi.]o = q¥i (29)
V4

ze = armein A — Z||12; s.t.|Z. illo = qVi. (30)
Finally, spectral clustering is applied to W = 1 (Z*' + Z™V)
to get the clusters from the results of the ensemble. This spectral
clustering operation assumes a balanced cluster distribution
that may not hold in practice. All of our included experiments
contain balanced cluster sizes; however, Sec. VIII-B provides
discussion of this limitation and possible remediation strategies.

The ¢ threshold parameter can be set by cross validation,
which is what is done in the experiments shown in Sec. V, or
other techniques can be used. For example, Ref. [36] creates
a sparse L2 graph through hard thresholding to retain the top
q = di values where dj, is the known subspace dimension.
Thus, ¢ can be tied to the true or estimated subspace dimension
instead. Sec. VIII-C provides more discussion on ALPCAHUS
hyperparameters including recommended values.

In this more general ensemble framework, one could select
B =1 to reduce to one trial of the optimization problem in
(19) which is the non-ensemble version of ALPCAHUS. Alg.
ALPCAHUS summarizes the procedure for subpace clustering
with optional ensemble learning. For Julia code implementa-
tions, refer to https://github.com/javiersc1/ALPCAHUS.

B. ALPCAHUS Convergence

In the single cluster setting, ALPCAHUS with K =1 has
a sequence of cost function values fy(Lq, Ry,II;;Y ) that
provably converges to local minima, since the cost function and
algorithm simplify to LR-ALPCAH (17) that has convergence
guarantees as proven in Ref. [17, Thm. 2]. In the multi-cluster
setting with K > 1, Thm. 1 below shows that the sequence
of cost function values produced by f(£,R,IL,C) in (19)
converges asympototically. The argument in Thm. 1 below is
a natural extension of that in the original k-subspaces paper
[25, Thm. 7] with greater mathematical exposé. Sec. VIII-A
provides an experimental result that corroborates this theorem.
Theorem 1: Consider the ALPCAHUS cost function
f(L,R,II,C) in (19). Assume a noise variance threshold
parameter o € R > 0 that lower bounds all v;, and the cluster
assignment criteria in (27) that accepts changes only if there
is a cluster reassignment of points that strictly decreases the
cost function f(-), as expressed in (27). Then, (19) generates a
sequence of cost function values that converges asymptotically.
Furthermore, the algorithm terminates in finite iterations due to
stopping criteria in line (10) of Alg. ALPCAHUS that checks
whether clusters have changed from the previous iteration.
Proof: To prove that the sequence of cost function values
converges, we show that each step decreases the cost function.
We also show that the algorithm terminates at a point where the
variables stop changing. Each step consists of two sub-steps:
first, the subspace estimation sub-step where LR-ALPCAH is
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Algorithm ALPCAHUS (unknown noise variances, unknown noise grouping, ensemble version with random init.)

1: Input: Y € RP*¥: data, K € ZT: number of subspaces, {cik €z Vkel,...,
q € Z: threshold parameter, B € Z™: base clusterings, T}

updates (cluster reassignments)
Output: Cg = {c1,...,cn}: clusters of Y
forb=1,...,B (in pamlld) do
Ckw{l, S NIC,| = &= fork=1,...,K
II, < I for k=1,. K
Lk7 Rk’ = U 51 dk 1/(;‘:71351@7 i/dgk,l:a?k
for to, =1,...,7T5 (in sequence) do

R B AN 4

Stop execution if C,(CtZH) = Cl(fz
end for
C(b) <—C={Cl,...,CN}
: end for
A,; j < Form A by (28) using {cM, ... .cB}
. Z™ < Threshold rows by solving (29) using A
Z*' « Threshold columns by solving (30) using A
W o~ %me +Zcol
: Cg < Perform spectral clustering on W via (4)-(7)

S
e A A T o T =

V. 1.4, where SVD(Y¢,) =

Ly, Ry, 11}, < Compute (21)-(24) using Y¢, for T} iterations for k=1,..., K
Cr, + {Vy, € Y :VEk, apply (25)-(27) with U, extracted from GramSchmidt(Ly)}
) is met for all clusters

K}}: candidate dimension for all clusters,

€ Z*: LR-ALPCAH iterations, T5 € Z*: maximum alternating

Initialize clusters randomly

Assume homoscedastic data initially
UXV'fork=1,...,K Spectral init
Apply LR-ALPCAH [17]
Update cluster labels
Stopping criteria

Collect results from all trials

Form affinity matrix of similar clusterings
Retain top ¢ elements for each row
Retain top ¢ elements for each column
Average affinity matrix

Final clustering

used, and second, the clustering sub-step where projection onto
the estimated subspaces is done. Let ¢ be the iteration variable
associated with the variables in the subspace estimation sub-
step and ¢, be the iteration variable associated with the variables
in the clustering sub-step. Define X = L;€R§C and bound the
cost by

) R, H(tl) ,ct2)) =

2
’Z > (t ) H Yili - (X" + Dlog ™ 31)
k ZEC(Q)
2
RIGES
*QZZ (t+1)HY’<? ! H
1€C (t2) 1
+Dlogy(““) FLEHD REHD TRt ol
(32)
L (ti+1) ]|
52 Z t1+1 H Yl — [ Xl H2
ec“?“)
+ Dlog ) = f(£t+D) RE+D Trti+D) clta+D)y,

(33)

Here, (31) > (32) is due to the subspace step not increasing the
cost for each fj, term as shown in Ref. [17, Thm. 2], and (32)
> (33) is due to the cluster reassignment criteria in (27) only
updating the cluster label that decreases (25). What has been
shown is that

f(t17t2) > f(t1+1,t2) > f(t1+1,t2+1) (34)
where f(t1:12) = f(£(t) R 1) ¢(t2)) Thus, as the clus-
ter assignments and subspace bases are updated, the cost is non-
increasing. Since the cost function values are non-increasing

at every step, bounded below, then the sequence of cost func-
tion values produced by (19) converges asymptotically. Fur-
thermore, the stopping criteria in line (10) ensures that the
algorithm terminates when all clusters do not change. Be-
cause there are only a finite number of ways to assign cluster
labels, Alg. ALPCAHUS will stop after a finite number of
iterations. O

C. Rank Estimation

In subspace clustering, some algorithms like SSC do not
require subspace dimension to be known or estimated, whereas
others like KSS require it. For the group of algorithms that re-
quire this parameter, there is great interest in adaptive methods
that can learn the subspace dimension. In recent work, Ref. [26]
proposed using an eigengap heuristic on the sample covariance
matrix of each cluster to estimate dimension. Mathematically,
this means calculating the following

Sk =

—Y.Y (35)

ICI

dy, = arg max |A; (Sk) — Ai+1(Sk)| (36)
where \;(S) denotes the ith eigenvalue of Sy, assuming Ay >

.. > Ap. For heteroscedastic data, the eigengap heuristic can
break down, making it challenging to determine rank, as shown
in Sec. V, Fig. 5. In recent work, Ref. [37] developed a parallel
analysis algorithm to estimate the rank of a matrix that is
consistently shown to work well in the heteroscedastic regime if
the data comes from a single subspace only. It works by creating
ani.i.d. Bernoulli (p = 0.5) matrix denoted as M and analyzing
the singular values of M ©Y for a matrix of data samples
Y. One can distinguish what singular values are associated
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with the signal and noise component of the data through this
process. We generalize this line of work and apply it to the
union of subspace setting by starting off over-parameterized and
adaptively shrinking the bases by

Vke{l,...,K} do

5™ = SingularValues(M © Y}) Vr e {1,..., R}
(37

dk — smallest d that satisfies

~(1)

ca+1(Y k) < a-percentile of {odH, e

This is done for each estimated cluster Y, over R random
trials where 1 < R <« 15, and 75 denotes the maximum ALPC-
AHUS iterations. Here, o4.1(Y k) denotes the d + 1 singular
value of Yi. This process is repeated for all cluster subsets
{Y4,...,Y g} after the cluster reassignment update in (27).
To reduce computation, this dimension estimation is performed
sparingly in the ALPCAHUS method.

(38)

D. Cluster Initialization

For the non-ensemble version of ALPCAHUS (B =1), it
previously remained to be seen whether there exists an ini-
tialization scheme that performs better than random cluster
assignment in the heteroscedastic regime. In recent work, Ref.
[26] proposed a thresholding inner-product based spectral ini-
tialization method (TIPS), designed for homoscedastic data
to be used with KSS, where an affinity matrix is generated
by Wi =1if|[{y,,y;)| >7 and i #j given a thresholding
parameter 7 > 0. Instead, in this work, we generate a fully
connected W by creating

Wz_] = |<y1a y_7>‘ ifi # .]? OtherWisev (39)

and hard threshold to retain the top ¢ edges by solving (11)
so that 7 = ¢ for simplicity. Then, the cluster assignments C =
{c1,...,cn} are calculated by applying the spectral clustering
method on the thresholded W. Recall that y;, = x; + €;. Upon
closer analysis, this metric in expectation, ignoring absolute
value, gives

E[(y;,y;)] =E[{zi, z;)] + E[(z:, €;)]
+ E[(€;, ;)] + E[(€;, €;)] = E[(mi, z;)]. (40)

Therefore, the metric is independent of the noise variances,
meaning the affinity matrix constructed does not have highly
unbalanced, asymmetric edge weights from noisy samples.
Thus this metric is more robust to heteroscedastic noise than
others such as Euclidean norm where

Elly; — ;5] = @i —x;l5 + D(vi +v;). (41

Clearly, this is inflated by the noise terms v; and v;. To
note, TIPS initialization is only useful when B =1 for one
base clustering since it is a deterministic initialization; it prov-
ably performs better than random initialization as illustrated in
Fig. 4. Otherwise, random initialization is used when B > 1 to
leverage consensus information in the ensemble process.
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V. EXPERIMENTS
A. Synthetic Experiments

1) Experimental Setup: A synthetic dataset is generated
consisting of K = 2 clusters each of dimension d = 3 derived
from random subspaces in D = 100 dimensional ambient space.
Each cluster consists of two data groups with group 1 containing
N; = 6 samples, to explore the data constrained regime, with
noise variance v; = 0.1 per cluster. For group 2, the N, samples
and noise variance vy are varied. Cross validation is done for
hyperparameters in any algorithms that require it with a sep-
arate training set. For a more detailed description of ALPC-
AHUS parameters, including recommended default values, see
Sec. VIII-C. Both the estimated clusters from each clustering
algorithm and the known clusters are necessary to calculate
clustering error. Further, the problem of label permutations is
dealt with by using the Hungarian algorithm [38]. More con-
cretely, clustering error (%) is defined as

1 100 out true
clustering error = N 1-— max Lz]: er(i j)Qij (42)

where 7 is a permutation of cluster labels found by applying
the Hungarian algorithm, and Q°"" and Q™ are output labels
and ground truth labelings of the data where the (i, j)th entry
is one if point 7 belongs to cluster ¢ and zero otherwise.

The average clustering error is computed out of 100 trials
where each trial had different noise, basis coefficients, and
subspace basis realizations for the clusters. Various subspace
clustering algorithms are included such as K -Subspaces (KSS)
[14], Ensemble K -Subspaces (EKSS) [16], Subspace Cluster-
ing via Thresholding (TSC) [15], and Doubly Stochastic Sparse
Subspace Clustering (ADSSC) [39] which is a modern variant
of SSC. Applying general non-subspace clustering methods
such as K -means [40] resulted in poor clustering error so results
of these methods are not shown in general.

2) Clustering Error: Fig. 2(h) shows the clustering quality
of these algorithms for synthetic heteroscedastic data. Fig. 2
complements Fig. 2(h) by exploring the complete heteroscedas-
tic landscape with a visual representation that is easier to under-
stand. We define a method called “noisy oracle” where an oracle
uses the true cluster assignments to apply PCA only on the low
noise data for each cluster. Using these subspace basis estimates
of each cluster, the oracle performs cluster assignments using
(27). This oracle reference provides a kind of lower bound
on realistic clustering performance since it can approximate
subspace bases separately given the true labeling.

ALPCAHUS (B =1) with TIPS initialization achieved
lower clustering error than KSS with TIPS initialization. For the
ensemble methods (B > 1), both EKSS and ALPCAHUS sig-
nificantly improved. However, EKSS still had higher clustering
error in more heteroscedastic regions. Meanwhile, ALPCAHUS
remained very close to the noisy oracle, indicating it more
accurately estimated the underlying true labeling. Compared to
other methods like TSC and ADSSC, ALPCAHUS generally
outperformed them. Overall, the ensemble version of ALPC-
AHUS was generally more robust against heteroscedasticity
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Visual results included in Fig. 2. Columns consist of the 4 corners
and the 3 diagonal elements of the heatmaps in Fig. 2.

Fig. 2. Clustering error over the heteroscedastic landscape for various subspace clustering algorithms.
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Fig. 3. Percentage difference (%) of ALPCAHUS clustering error subtracted
from EKSS while good data amount varies.

compared to other subspace clustering algorithms. To summa-
rize, the effects of data quality and data quantity is explored on
the heteroscedastic landscape. To our knowledge, this is the first
systematic analysis of heteroscedasticity effects on subspace
clustering quality in the literature.

3) Effects of Good Data: Additionally, the effects of good
data quantity on the subspace clustering problem is explored
to understand at what point it becomes advantageous to use
ALPCAHUS over the KSS method. The following parame-
ters are fixed {r1 =0.1, No =500} and the following vary
{N1,v2}. The reporting metric is the percentage difference of
EKSS clustering error (%) - ALPCAHUS clustering error (%),
i.e., eITOrgKss — eITOrar pcaHUS, Meaning higher values indicate
that ALPCAHUS is better than EKSS. Fig. 3 shows that ALPC-
AHUS performed better than EKSS even up to /N; = 160 which
represents about 33% of the total data. ALPCAHUS never
performed worse than EKSS but the advantage gap narrowed
as N increased. Thus, there is a wide range of conditions for
which ALPCAHUS is preferable to homoscedastic methods.

4) Clustering Initialization: Sec. IV-D proposed using the
TIPS initialization scheme in the heteroscedastic context since
the dot product metric used to construct the affinity matrix in
(40) is provably robust to heteroscedastic noise. We fixed the
following parameters { N7, N2} and varied v, while keeping
v1 =0.1. The noisy oracle result is included to establish a
realistic performance baseline. Fig. 4 shows that TIPS initializa-
tion ALPCAHUS (B = 1) outperformed random initialization
for the non-ensemble ALPCAHUS method (B = 1) across the
entire heteroscedastic landscape. Thus, TIPS should always be
used for the non-ensemble version for higher clustering accu-
racy. The ensemble version of ALPCAHUS (B > 1) is not in-
cluded in these results because the ensemble process inherently
takes advantage of random initialization to achieve a different
labeling for each trial.

5) Rank Estimation of Clusters: In Sec. IV-C, a random
sign flipping method is proposed to adaptively find and shrink
the subspace dimension of clusters when subspace dimension
is unknown. In Fig. 5, synthetic subspaces are generated with
true rank d =6 to explore how the initial rank parameter af-
fects the ability to estimate the true rank over 100 trials. This
approach is compared against the eigengap heuristic by using
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Fig. 5. Adaptive rank estimation using eigengap heuristic and proposed
FlipPA approach (true rank d = 6).

Initial Rank

ALPCAHUS with both adaptive rank schemes and report the
estimated rank values from the final clustering. The eigengap
approach consistently underestimated the rank regardless of the
initial value, except when given the true rank value d = 6. Our
sign flipping approach provided much better rank estimates with
smaller variances between trials.

B. Real Data Experiments

1) Quasar Flux Data: Quasar spectra data is downloaded
from the Sloan Digital Sky Survey (SDSS) Data Release 16 [41]
using the DR16Q quasar catalog [42]. Each quasar has a vector
of flux measurements across wavelengths that describes the
intensity of observing that particular wavelength. In this dataset,
the noise is heteroscedastic across the sample space (quasars)
and feature space (wavelength), but for these experiments, we
focused on a subset of data that is homoscedastic across wave-
lengths and heteroscedastic across quasars. The noise for each
quasar is known given the measurement devices used for data
collection [41]. In Fig. 7, a subset of the spectra data is shown
for illustrative purposes to compare the visual differences in
data quality. The preprocessing pipeline for the data included
(filtering, interpolation, centering, and normalization) based on
the supplementary material of Ref. [43]. Clusters are formed
in these experiments by considering quasars with different
properties, namely, two quasar groups (K = 2) with different
redshift values (z; =1.0 — 1.1, 25 = 2.0 — 2.1). Additionally,
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(a) Subspace clustering results for various methods.

Fig. 6.
use the TIPS initialization scheme.

for the second group, only broad absorption lines (BAL) type
quasar data is collected. Since the downloaded data is queried
separately, clustering association is known, meaning one can
compute clustering error for comparison purposes. A training
set (5000 samples) is set aside to learn any model parameters
and the rest (5000 samples) is used for a test dataset. Trials
are formed by randomly selecting 400 quasar spectra samples
per group and running clustering algorithms for 50 total trials.
For rank estimation, the noisy oracle approach is used, given
the known cluster labels, to find that there is no improvement
to clustering quality for rank values greater than d =3, so this
value is used for any applicable algorithms.

Fig. 6(a) shows clustering error for this quasar spectra multi-
cluster data. The ensemble version of ALPCAHUS was very
close in clustering quality to the noisy oracle, suggesting that it
accurately learned the subspace bases while clustering the data
groups. The non-ensemble version of ALPCAHUS (B = 1) had
large variances in clustering error, indicating some challenges
in getting close to the optimal cost function minima with this
data. However, based on median values, it still managed to
get a lower error than KSS, ADSSC, and TSC. Additionally,
Fig. 6(b) shows the average subspace affinity error of these
methods after applying LR-ALPCAH to the clusterings for
all methods. ALPCAHUS better learned the subspace bases
than the other methods when B = 16, which was chosen as
the smallest value that had small run-to-run variances while
not taking significantly longer to compute. Both of these re-
sults show the benefit of developing heteroscedastic-based al-
gorithms in the subspace clustering context. Table I reports
median time complexity and memory requirements along with
mean clustering error and mean subspace error. In this quasar
example, the ensemble method gets close in time to the non-
ensemble methods due to our multi-threaded implementation.
Yet, because of the multi-threaded implementation, the memory
requirements are larger for the ensemble method as opposed to
the non-ensemble method. Overall, relative to other clustering
methods, ALPCAHUS is competitive time-wise at the cost of
increased memory requirements.

2) Indian Pines Data: Hyperspectral image (HSI) seg-
mentation data is explored in this section, specifically Indian
Pines [44]. This image of size 145 x 145 contains D = 200
reflectance bands for each pixel that is around the 0.4 — 2.5um
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Experimental results of quasar flux data for subspace clustering and learning. Methods involving a single run, i.e., KSS and ALPCAHUS (B = 1),
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Fig. 7. Sample data matrix of quasar flux measurements across wavelengths
for each column-wise sample.

TABLE I
SUBSPACE CLUSTERING RESULTS ON QUASAR FLUX DATA. THE KSS
AND ALPCAHUS (B = 1) METHODS USE TIPS INITIALIZATION

Time | Memory Mean Mea.r_l

Methods (ms) (MiB) Subspace | Clustering

; Error Error (%)

KSS 149.3 53.0 0.80 38.5
EKSS (B=16) 181.4 212.6 0.62 23.8
ADSSC 125.7 17.5 0.62 21.1
TSC 32.3 16.5 0.40 18.2
ALPCAHUS (B=1) 148.5 126.7 0.43 14.4
ALPCAHUS (B=16) | 210.7 678.2 0.28 6.3

wavelength. HSI data is known to be very noisy due to thermal
effects, atmospheric effects, and camera electronics, leading to
works that study per-pixel noise estimation in hyperspectral
imaging [45]. In total, there are K = 16 classes composed of
alfalfa, corn, grass, wheat, soybean, and others. There is one
additional class (background) that is withheld from clustering
as commonly done in other works [32]. Because of this, the
data contains N = 10, 249 samples instead of N = 145 x 145
samples. In other works, researchers have found that d="5isan
appropriate rank parameter since it covers 95% of the cumula-
tive variance [32]. A subset of the data matrix Y € R200%x10249
is split into 2500 samples to learn model parameters. From this,
the learned subspaces are applied on Y to cluster all data so
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(a) Ground truth labels for Indian Pines dataset. NC means no class available
(background).

3979

(b) K-means results with clustering error = 77% and mIOU = 16%.

(c) EKSS (B = 32,T = 3, q = K) results with clustering error = 64% and (d) ALPCAHUS (B = 32,T = 3,q = K) results with clustering error =

mIOU = 27%.

Fig. 8.
over union) for each algorithm.

that the heatmaps can be compared against the ground truth.
The ground truth image is found in Fig. 8(a). For perspective,
randomly guessing would lead to 94% clustering error due to
K =16 clusters. For consistency, the Hungarian algorithm is
again applied to the clustering results in Fig. 8 to make it easier
to compare against the ground truth label image in Fig. 8(a).
K -means is included in Fig. 8(b) to illustrate the difficulty of
the problem. ALPCAHUS results are shown in Fig. 8(d) next
to EKSS results in Fig. 8(c). Clustering error is reported for
these algorithms along with mean intersection over union (IOU)
to measure the similarity between the images. ALPCAHUS
achieved the lowest clustering error and highest mIOU values
(53%, 31%) relative to the other approaches such as K-means
(77%, 16%) and EKSS (64%, 27%). We note that our ALPC-
AHUS results are similar to Ref. [32] even though, in that work,
the authors treat the noise as homoscedastic and the signal itself
as heteroscedastic. Further, the EKSS results on this dataset
are similar to the homoscedastic PCA approach used in Ref.
[32]. This indicates some utility in modeling heteroscedasticity
in hyperspectral images. Yet, the reflectance bands themselves
also appear to be heteroscedastic with some bands being noisier
than others [46]. Thus, developing a method that is doubly

53% and mIOU = 31%.

Experimental results of Indian Pines HSI data in a subspace clustering context. Results reported are clustering error and mean IOU (intersection

heteroscedastic with respect to both the samples and features
is an interesting direction for future work.

For reference, the state of the art result is about 10% mis-
classification rate in a classification setting (i.e., not clustering)
[47]. In a clustering setting, recent works such as Ref. [48] have
achieved a 40% clustering error which is 13% lower than our
results. We do not claim state of the art results with this HSI
data, only that heteroscedastic union of subspace modeling im-
proved results over homoscedastic union of subspace modeling
in finding reflectance band groups with similar characteristics.

VI. CONCLUSION

This paper proposed ALPCAHUS, a subspace clustering al-
gorithm that can find subspace clusters whose samples contain
heteroscedastic noise. For future work, a union of manifolds
generalization by deep learning could be useful. For example,
Alzheimer’s disease patients often have resting state functional
MRI activations different than cognitively normal individuals
[49], [50], so one could consider these different classes to
belong to different manifolds in the ambient space. Another
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direction of future work could be to consider heteroscedastic-
ity across the feature space instead of the sample space. For
example, one might be interested in biological sequencing of
different species with similar genes where the gene marker
counts naturally follow heteroscedastic distributions [51]. An-
other interesting topic would be to explore Thm. 1 in greater
detail. This theorem simply states that ALPCAHUS generates
a sequence of cost function values that converge; it says noth-
ing about recovery guarantees or the quality of that solution.
Thus, provably showing how the basin of attraction changes
as heteroscedastic data is introduced would lead to a greater
understanding of heteroscedasticity in a subspace clustering
context. Additionally, per Sec. VIII-B, extending the method
to handle extremely imbalanced cluster sizes would be another
interesting avenue. Further, a theoretical framework for rank
estimation for real applications would be complimentary to the
empirical approach presented here. These generalizations are
nontrivial so they are left for future work.

While our implementation of ALPCAHUS benefited from
parallelization, it needed more computation time and memory
than TSC. Because of this, there is an opportunity to further
optimize our math modeling to remove certain matrix multipli-
cation operations and instead use single vector dot products to
reduce memory. Further, since our subspace basis step requires
an SVD computation for an initial low-rank estimate, perhaps
the Krylov-based Lanczos algorithm [52] can be used to further
reduce time and memory for each trial leading to more signifi-
cant improvements in memory usage and time. These additions
can be fruitful in big data settings. Overall, ALPCAHUS was
more robust towards heteroscedastic noise than other clustering
methods, making it easier to identify correct clusterings under
this kind of heterogeneity model.

ACKNOWLEDGMENTS

The authors would like to thank David Hong for suggesting
heteroscedastic data applications such as astronomy spectra that
are used in this work.

VIII. APPENDIX

A. ALPCAHUS Convergence Experiment

This section focuses on providing empirical verification of
the ALPCAHUS convergence theorem in Thm. 1. The quasar
spectra flux data from SDSS (DR16Q catalog) is used in this
experiment. The noise variance threshold parameter « is set to
10~% to lower bound the noise variance estimation. Further, as
shown in Thm. 1, it is necessary to use the cluster reassignment
criteria in (27) that rejects repeated assignments of points to pre-
vent cycling. For simplicity, only one base clustering (B = 1)
is used in this experiment to compare a randomly initialized
ALPCAHUS trial against the TIPS initialized variant. This
variant is only possible when B =1 as discussed in the paper.
In Fig. 9, the cost function value is plotted over iterations for
both versions of ALPCAHUS.

Both upper and lower bound cost function reference values
are provided in Fig. 9. The upper bound is generated by using
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corroborate the theorem in Thm. 1.

randomly initialized subspaces, and by applying (27) to get
cluster labels. From this, the cost function value is computed by
(19). Likewise, a lower bound is generated by using the known
cluster labels, and by estimating the subspaces and noise vari-
ances by (20). As observed in Fig. 9, ALPCAHUS converges
relatively quickly with only a few iterations. Note that in this
figure, the stopping criteria in line (10) of Alg. ALPCAHUS
is purposely ignored. In other words, ALPCAHUS is run for a
fixed number of iterations. However, as clearly demonstrated,
convergence is achieved earlier for both versions of ALPC-
AHUS before reaching the maximum number of iterations. This
indicates the usefulness of the stopping criteria to speed up the
algorithm in various applications.

B. Balanced Cluster Assumption

The ensemble extension of ALPCAHUS relies on forming
an affinity matrix in (28) that is thresholded by (29) and (30).
Then, spectral clustering is applied on said affinity matrix which
depends on (4). This spectral clustering operation, by the nor-
malized cut function in (4), assumes balanced cluster partitions
to avoid trivial solutions such as finding a small cut that leads
to a single point belonging to its own cluster and everything
else being in another cluster. Thus, the proposed ALPCAHUS
method may not be ideal in situations where imbalanced clus-
ters exist.

While one could use other clustering methods for imbalanced
data such as Ref. [53] or Ref. [54], these methods are not ideal in
heterogeneous settings as they do not account for heteroscedas-
ticity in the data. Instead, we recommend using the partition cut
(“Pcut”) method introduced in Ref. [55] that performs spectral
clustering-like operations on a rank-modulated degree graph as
areplacement for spectral clustering which uses the normalized
cut function (“Ncut”) in (4). This would allow for ALPCAHUS
to be more robust towards imbalanced cluster size situations.
Furthermore, the non-ensemble version of ALPCAHUS in (19),
may also suffer in the imbalanced cluster regime if the TIPS-
based initialization scheme in Sec. IV-D is used. This is due
to the spectral clustering operation in TIPS to initialize cluster
labels for ALPCAHUS. Therefore, even when B = 1, it is also
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recommended to apply the “Pcut” method in Ref. [55] on the
affinity matrix formed by (39).

C. ALPCAHUS Parameters

For Alg. ALPCAHUS, the input data matrix Y € RP*YV
and the number of subspaces/clusters K € Z* are necessary
inputs that are clearly data dependent. For the candidate sub-
space dimension dp, it may be the same across all clusters or
vary, and it is either known via domain knowledge or can be
reasonably estimated by the procedure outlined in Sec. IV-C.
If it must be estimated, it is recommended to start over-
parameterized rather than under-parameterized. A scree plot
of Y can give an indication of sufficient rank for initializa-
tion to ensure an over-parameterized state. Further, dr, may
also be treated simply as a hyperparameter for cross validation
purposes.

For the threshold parameter ¢ € Z™, this can be set to the
subspace dimension as shown in Ref. [36] and explained in
Sec. IV-A, or simply treated as a hyperparameter to be opti-
mized during cross validation; this value is dataset dependent.
The number of base clusterings B € Z™ is either fixed to B = 1
for the non-ensemble version of ALPCAHUS, or set as high as
compute time and memory allows for the ensemble version. In
other words, more trials make it easier to identify the underlying
relationships between similar data samples. If B = 1, then it is
recommended to use the TIPS-based initialization scheme from
Sec. IV-D.

Since each subspace basis update involves LR-ALPCAH
[17], the Ty € ZT parameter specifies the number of LR-
ALPCAH iterations. For 71, it is recommended to keep some
low value, e.g., we set 17 = 5 since there is no point in con-
verging perfectly as the cluster labels will get updated in the
next reassignment anyway at the ¢ + 1 iteration. For the non-
ensemble version, it is recommended to do as many alternating
updates T € ZT as necessary to trigger the stopping criteria
in line (10) of Alg. ALPCAHUS. However, for the ensemble
version of ALPCAHUS, we find that a low value such as 75 = 3
works very well in practice due to the larger number of trials
B > 1. This value agrees with Fig. 9 as ALPCAHUS converges
in just a few iterations anyway. For more detailed and practical
code-oriented function usage, refer to the documentation at
github.com/javiersc1/ALPCAHUS.
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