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ABSTRACT

Modern machine learning in signal processing, computer vision, and scientific domains in-
creasingly seeks interpretable representations from large, unstructured data. This dissertation fo-
cuses on representation learning: discovering features of data that support downstream tasks such
as classification and next-token prediction. Raw data are not always semantically meaningful on
their own. For example, the word “apple” is ambiguous without context (fruit or company?), so
models are needed to learn representations that better capture the underlying structure. Across its
chapters, this thesis develops methods to learn such representations to enable improved analysis
and inference.

Chapter 3 addresses a common issue in modern, messy datasets: heteroscedastic noise (noise
with sample-dependent variance). Many traditional subspace learning methods degrade in this
setting. We analyze how heteroscedasticity affects subspace estimation and propose ALPCAH,
which downweights noisier samples to recover a more accurate low-dimensional subspace without
knowledge of data quality. Experiments show ALPCAH outperforms standard approaches such as
PCA, improving low-dimensional structure discovery for scientific data analysis.

Chapter 4 extends this idea from Chapter 3 to a union-of-subspaces setting, where each sam-
ple is assumed to lie near one of several, unknown low-dimensional subspaces. We introduce
ALPCAHUS, an ensemble clustering approach that simultaneously clusters samples under het-
eroscedastic noise and estimates the corresponding multiple subspace bases. Results demonstrate
improved clustering quality compared with existing methods, enabling more reliable group and

structure discovery in applications involving heterogeneous, noisy data.
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Chapter 5 focuses on deep clustering with imbalanced clusters. We extend TURTLE, a deep
clustering method based on unsupervised support vector machines, by replacing its implicit uni-
form cluster-size assumption with a power-law prior on cluster proportions. The resulting method,
PET-TURTLE, improves clustering performance in imbalanced regimes common in applications
such as medical imaging, where positive cases may be rare.

The next chapters apply representation learning to Alzheimer’s disease (AD), a growing pub-
lic health challenge. Brain atrophy and functional changes can precede clinical symptoms, making
early detection of affected neuro-circuitry crucial for predicting progression and informing treat-
ment development. Chapter 6 studies AD diagnosis using resting-state fMRI and proposes a novel
4D convolutional neural network that operates directly on raw spatiotemporal data. This approach
improves diagnostic performance compared to traditional 3D deep learning models.

The Montreal Cognitive Assessment (MoCA) is a clinical test of memory, language, and visu-
ospatial skills used to detect mild cognitive impairment and dementia. Chapter 7 introduces Neuro-
Mamba, a deep state space model designed to uncover brain—behavior relationships in resting-state
fMRI by predicting MoCA scores. NeuroMamba achieves stronger associations with MoCA than
connectivity-based baselines and highlights brain regions implicated in AD, which may inform
targeted brain stimulation studies. Additionally, Sec. 7.7 presents preliminary results on MoCA

prediction from task-based fMRI, including face—name and object—location association tasks.
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CHAPTER 1

Introduction

1.1 Big Data

Big data has increasingly become essential to modern business, science, and technology. The
widespread use of smartphones, cloud servers, and consumer-grade hardware now generates vast
amounts of data that are inexpensive to collect and easy to store at scale. Alongside this, recent
advancements in machine learning have transformed how we use massive datasets to identify key
patterns and predict outcomes in various industries and scientific fields. Large, data-driven models
fuel business recommendation engines and scientific computing applications, such as medical and
astronomical imaging, that can identify important signals from unstructured data. As the informa-
tion age continues, the frontiers of modern data science involve measuring data across multiple
modalities, integrating data from diverse sources, and handling a range of processing tasks, such
as subgroup discovery. Handling modern data presents unique challenges, especially when starting
with large volumes of raw data. The initial step of any machine learning pipeline typically involves
preprocessing “messy’ data, as entries may be noisy, severely flawed, or even missing. Combin-
ing data from a wide range of sources increases the number of samples available for constructing
large models, but it also introduces the challenge of managing heterogeneous data. Or, in another
instance, all data comes from one machine but may vary in quality due to physical phenomena,
such as atmospheric perturbations, or may be purposely altered to limit radiation in a medical
imaging context. Regardless, in many typical machine learning models, such heterogeneity can
significantly impair model performance.

In certain situations, we need to preprocess messy data to make it suitable for subsequent
machine learning and data science tasks. For instance, in astronomy quasar applications, it is
essential to denoise data to more accurately estimate the principal components of uncorrelated
wavelength and frequency patterns of different quasar groups. Alternatively, the goal may be to
infer missing entries, detect outliers, or perform some other task. Take the “Netflix challenge” [5]

for example, where recommender systems are used to learn user preferences for movie and TV



show recommendations. Here, user ratings create a significantly incomplete matrix across millions
of users and thousands of products, such as movies and TV shows. Since each user rates only a
small subset of titles, most of the data is missing. A low-rank model of the data can predict these
missing ratings to suggest new titles [6]. These problems can be solved using subspace learning
algorithms that find a compact, lower-dimensional representation of the data.

In many situations like those above, one or more sensors gather high-dimensional data, mean-
ing data with a large number of measured variables across numerous samples. Even though the
total number of measurements is substantial, we often aim for a simplified representation of the
data that compresses large, cumbersome datasets into a concise model, identifying patterns or
structures that facilitate scientific investigation and use this underlying structure for classification,
prediction, and other tasks. Such low-dimensional representations enable us to carry out essential
signal processing tasks as described earlier. Since much of the data exhibits patterns with a limited
number of degrees of freedom that change slowly or in a restricted manner, it can often be effec-
tively modeled using low-dimensional subspaces. The first few chapters of this thesis focuses on

low-rank structures for this noisy, heteroscedastic data.

1.2 Functional Magnetic Resonance Imaging

Functional magnetic resonance imaging (fMRI), which captures a series of MRI scans of the brain,
has been increasingly used to gain insights into brain function. It measures neural activity by
indirectly using the blood-oxygen-level-dependent (BOLD) signal. This neural activity affects
local blood flow in the brain, which in turn influences the MRI signal. There are two primary types
of fMRI acquisition: task-based and resting-state. Task-based fMRI requires the subject to perform
a specific task during the scan, whereas resting-state fMRI is conducted without any external task
stimulus. Task-based fMRI is used for specific purposes, for example, finger tapping, which is
commonly used as a test case to see activation of the motor cortex region.

Resting-state fMRI measures intrinsic brain activity when the subject is not engaged in any
specific task. Studies have shown that the default-mode network is active in the brain’s baseline
state, such as during wakeful rest, self-referential processing, and internally directed thinking [7]
[8]. Resting-state scans are particularly useful in studies involving groups that may struggle with
task completion due to conditions affecting motor control, attention, or cognition. Functional MRI
is highly dimensional since a 3D volume is acquired over time. One can use this raw spatial-
temporal data, but due to computational constraints, it is also beneficial to explore alternative
approaches. As a result, there are many ways to extract relevant signal data from fMRI.

Firstly, timeseries data can be extracted to reduce the raw (X, Y, Z, T') space to (B,T'), where

B time signals of length 7" are obtained from B brain regions. There are several methods for
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Figure 1.1: Study showing four functional networks that were found to be highly consistent across
subjects. These modules include the visual (yellow), sensory/motor (orange) and basal ganglia
(red) cortices as well as the default mode network (precuneus/posterior cingulate, inferior parietal
lobes, and medial frontal gyrus; maroon). Figure taken from [1].

identifying brain regions to evaluate functional activity. One can use a region of interest derived
from a predefined brain atlas, segmentation template, or a brain parcellation algorithm to find
natural clusters of similar BOLD activity, e.g., applying K -means on all the timeseries to group
regions. In these approaches, preprocessed fMRI time courses are averaged across each ROI or
parcel. Additionally, there are decomposition methods, such as principal component analysis, that
are less interpretable but can find suitable subspaces for dimensionality reduction.

Secondly, functional connectivity matrices can be extracted to reduce the (X, Y, Z,T) space
to (B, B) involving B regions. Functional connectivity refers to the spatial relationship between
fMRI BOLD signals in different brain regions. This relationship is often measured using corre-
lation, and regions that exhibit coordinated variation are believed to have direct or indirect com-
munication. It has been demonstrated that functional connectivity in rs-fMRI shows regions of
interest in the motor cortex that were significantly more correlated with each other than with other
parts of the brain in humans [9]. This finding was quickly replicated across other domains, such as
language [10] [11]. Importantly, connectivity can be examined using both task-based and resting-
state fMRI, each with unique advantages. Functional connectivity can be calculated as a static
measure by using the entire time series for correlation or as a dynamic measure by dividing the

time series into multiple states and deriving connectivity metrics for each state. This approach



allows researchers to explore how connectivity changes over time across the brain. Over the years,
there has been a growing interest in MRI-based functional research. These methods are attractive
for neurofunctional studies because they are noninvasive and offer indirect measurements of brain
activity that capture both whole-brain and temporal information.

The later chapters of this thesis concentrates on using functional MRI data to develop compu-
tational models for Alzheimer’s disease diagnosis and behavior score prediction. In Sec. 7.8.1, we
merge heteroscedastic data and functional MRI topics together to show potential applications of
heteroscedastic subspace learning for motion estimation and correction in functional MRI, linking

the main ideas of this thesis under the branch of representation learning.

1.3 Contributions & Organization

The rest of this thesis is organized as follows:

* Chapter 2 contains relevant background information on subspace learning, subspace cluster-

ing, functional MRI, Alzheimer’s disease, and behavior scores.

* Chapter 3 (ALPCAH: Subspace Learning for Sample-wise Heteroscedastic Data) devel-
ops a subspace learning algorithm for heteroscedastic sample-wise data. This work appeared
in conference proceedings in Sampling Theory and Applications 2023 [12] and published in
IEEE Transactions on Signal Processing (TSP) [13].

* Chapter 4 (ALPCAHUS: Subspace Clustering for Heteroscedastic Data) extends Chapter
3 by developing a subspace clustering algorithm, in the union of subspaces setting, for het-

eroscedastic sample-wise data. It is under review at IEEE Transactions on Signal Processing
(TSP) [14].

* Chapter 5 (PET-TURTLE: Deep Unsupervised Support Vector Machines for Imbal-
anced Data Clusters) introduces a deep clustering algorithm, inspired by the unsupervised
support vector machine algorithm named TURTLE, that better handles imbalanced data dis-
tributions. This has been published in IEEE Signal Processing Letters [15].

* Chapter 6 (Alzheimer’s Disease Classification in Functional MRI via 4D Convolutions)
develops a novel 4D convolutional neural network that learns temporal-spatial kernels for
Alzheimer’s disease diagnosis in resting-state functional MRI. This work has appeared in
the medical conference called International Society for Magnetic Resonance in Medicine
(ISMRM) 2025 [16].



* Chapter 7 (Behavior Score Prediction in Resting-State and Task-Based Functional MRI)
explores behavior score prediction in resting-state functional MRI by deep state modeling,
inspired by the Mamba architecture, to learn from temporal dynamics as opposed to work-
ing with functional connectivity. This work will be submitted to IEEE Journal of Biomed-
ical and Health Informatics [17]. Some preliminary results on task-based functional MRI
are included in this chapter. Further work is necessary for the publication of these results

associated with face-name and object-location association tasks.

* Chapter 8 contains ideas for future work related to these chapters.



CHAPTER 2

Background

This section discusses some background information relating to the thesis, namely, low-rank

modeling, such as subspace learning and clustering, functional MRI, and Alzheimer’s disease.

2.1 Low-Dimensional Models

This subsection discusses some background information relating to heteroscedastic data, subspace

learning for low-dimensional modeling, and union of subspaces modeling for clustering.

2.1.1 Heteroscedasticity

What if our data comes from medical imaging devices with varying radiation levels? What if we
capture astronomical features at different time points with fluctuating atmospheric conditions? Or
what if we combine high-precision government-grade air quality measurement sensors with data
from low-cost consumer-grade sensors?

Modern datasets are increasingly large and formed by merging heterogeneous samples from
diverse sources or conditions, often exhibiting heteroscedastic noise, meaning noise with varying
variances. For instance, environmental monitoring often involves combining data from a few high-
precision instruments with a large volume of crowd-sourced data from consumer hardware. Data
heterogeneity is prevalent across many imaging applications, ranging from medical instruments to
astronomical research. In machine learning applications involving computed tomography (CT) im-
ages, high-dose images have better signal-to-noise ratios and clearer reconstructions than low-dose
images. Additionally, magnetic resonance imaging (MRI) machines with multiple coils produce
images with nonuniform noise from each coil. In astronomy, images collected across different
nights can vary in quality due to atmospheric turbulence and the distortion of light from distant
stars and galaxies.

The first part of this thesis aims to address the problem of data with varying quality, specif-
ically, additive heteroscedastic noise in which noise levels differ across samples. Current algo-

rithms, such as Principal Component Analysis (PCA) [18], assume that all data share the same
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Figure 2.1: A 2D subspace in a 3D ambient space.

noise variance, which makes them sensitive when encountering outliers or samples with higher
noise variances. Addressing data heterogeneity is an important challenge in machine learning,

requiring advanced models that account for it.

2.1.2 Subspace Learning

Principal component analysis (PCA) [18] is a linear technique for reducing dimensionality, com-
monly used in exploratory data analysis, visualization, and data preprocessing. It involves linearly
transforming the data into a new coordinate system so that the directions (principal components)
representing the most significant variation are easily identifiable. For a set of points in real co-
ordinate space, the principal components are a sequence of unit vectors, where each i-th vector
indicates the direction of a line that best fits a modified version of the data, where we have re-
moved components (1,...,7— 1), while being orthogonal to the first i — 1 vectors. The best-fitting
line is one that minimizes the average squared distance from the points to the line. These directions
form an orthonormal basis in which each dimension of the data is linearly uncorrelated with the
others. PCA is applied in numerous fields; it is impossible to list all of them, but some applications
include population genetics, microbiome research, and astronomy. Genuinely, it would be surpris-
ing if there exists a computational field that does not use PCA in some capacity. See Fig. 2.1 for
a visualization example of a 2D subspace in a 3D ambient space. Bear in mind that most data is
extremely big, beyond 3 dimensions, as a simple 256 x 256 x 3 RGB image contains about 200, 000

dimensions in this case.



Consider a dataset Y with N samples and D features such that Y € R”*¥" and the columns
of Y contain y; € RP, D-dimensional data vectors. The first step involves centering the data by

subtracting the mean of each feature such that
Y=Y -1 (2.1)

where pu = % Zfil y; is the sample mean. This is done since a subspace always contains the
origin and would lead to suboptimal results if the data is not centered. Conceptually, one may find

the first principal component that maximizes the variance by solving

N
. 1
Uy = argmax ; [y, w))? s.t. ||lull, = 1. (2.2)
That is, finding the vector whose dot product is maximal with all data samples while remaining
of unit norm. In general, one may find all principal component vectors in matrix form U =

[wy, ..., up| by solving
U = argmax Trace(UTYU) st. UTU = 1. (2.3)
U

Trace maximization problems with orthogonal constraints are well-studied in the literature and are
known to involve solutions involving Singular Value Decomposition (SVD). In this case, an SVD

on the data matrix Y will return the left and right singular vectors and singular values associated
D

with the matrix. Mathematically, Y = UXV’ = ) .~ o,u;v,. One must select the number of
left singular vectors uq, . . . , uy associated with singular values o4, ..., 04 where d < D to find a
d-dimensional subspace U = [uy, ..., uy] € RP* This can be done in many ways, a scree plot

being the most common way to select d. The idea being that if d = 3 captures 95% of the variance
of the 300-dimensional data, then it may be a suitable value to use since most of the “essence” of
the data is captured. The subspace coefficients or coordinates can be obtained by projecting the
data matrix onto that subspace, i.e., U'Y’, for further analysis, such as clustering, denoising, data

compression, and other techniques.

2.1.3 Cluster Analysis

Cluster analysis, or clustering, involves organizing a collection of objects in such a manner that
items within the same group (or cluster) share greater similarity, based on some criteria, than those
in different groups. It serves as a key method in exploratory data analysis and is widely applied
in statistical data analysis across various disciplines such as pattern recognition, image analysis,

information retrieval, bioinformatics, data compression, computer graphics, and machine learning.
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Figure 2.2: K-means algorithm procedure used to find 3 clusters associated with the gray square
points (dataset) using computed centroids in circle shape. Colors represent current cluster assign-
ment estimates in the iterative algorithm. Attribution: Weston.pace, K-Means Example Step 2,
CC BY-SA 3.0.

For example, in bioinformatics, many biologists are interested in identifying gene groups that share
common expressions across cells. Clustering can be used in this instance to identify gene groups
that lead to interesting biological conclusions about the role of genes in explaining observable
traits.

Rather than being a singular algorithm, cluster analysis encompasses a variety of algorithms
and tasks. These algorithms vary greatly in their definitions of what constitutes a cluster and their
methods of identifying them. Common interpretations of clusters include groups with minimal
distances between members, dense regions in the data space, or segments fitting specific statistical
distributions. As such, clustering can be approached as a multi-objective optimization problem.
The choice of a suitable clustering algorithm and its parameters, such as the distance metric, density
threshold, or expected number of clusters, is influenced by the specific dataset and the analysis
goals. Consequently, cluster analysis is not a fully automated process but an iterative one that
involves knowledge discovery and optimization. It often requires adjustments to data preprocessing
and model parameters to achieve the desired outcomes.

The concept of a “cluster” lacks a precise definition, which contributes to the existence of
numerous clustering algorithms. The common thread among these algorithms is the grouping
of data objects. However, different researchers adopt varying cluster models, and each model
can be associated with different algorithms. The characteristics of clusters identified by different
algorithms can vary widely, making it important to understand these cluster models to grasp the

distinctions between the algorithms. Typical cluster models include:

* Connectivity models: For instance, hierarchical clustering [19] creates models based on

distance connectivity using any distance metric.
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Figure 2.3: A 2D subspace and 1D subspace in a 3D ambient space.

Centroid models: The K-means algorithm [20], arguably the most ubiquitous clustering
method, represents each cluster with a single mean vector and alternates between updating
the centroids and reassigning points to each cluster. See Fig. 2.2 for a visualization of this
algorithm.

Distribution models: In this approach, clusters are formed using statistical distributions, such

as the multivariate normal distribution used by the expectation-maximization algorithm.

Density models: Algorithms like DBSCAN [21] and OPTICS [22] define clusters as con-

nected dense regions within the data space.

Subspace models: In this modeling, the data is assumed to lie in a union of subspaces, with
each cluster belonging to a distinct low-dimensional subspace. Some example methods are

Sparse Subspace Clustering [23] and K-Subspaces [24].

This is only a subset of possible clustering algorithms. The work in this thesis primarily

concerns subspace models, so the discussion will shift to subspace clustering.

2.1.4 Union of Subspaces (UoS) Clustering

Union of Subspaces (UoS) models generalize subspace learning when multiple subspaces exist, as

depicted in Fig. 2.3. This more general setting allows one to model data that is more complex to

be captured by multiple subspaces. A practical example could be that each subspace corresponds

to aclass. LetUd = S; U ... U Sk be a union of K subspaces where S; C R are d;-dimensional
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subspaces of the ambient space R”. The goal is to recover the UoS U/ from data samples Y =
[y1, ..., yn] while simultaneously clustering each data sample into one of the S; subspaces. If
the cluster labels were known, say classes of plant species, then U/ is easily learnable by applying
PCA on each cluster independently. Likewise, if one knew U/, then the cluster labels are easily
discovered by finding the nearest subspace for each data sample. However, in many situations,
both are missing, making them harder to find. Hence, subspace clustering aims to simultaneously
find both the cluster labels and subspaces.

2.2 Brain Activity & Alzheimer’s Disease

This subsection discusses some background information relating to Alzheimer’s disease, functional

MRI, and behavior scores.

2.2.1 Alzheimer’s Disease

Alzheimer’s disease (AD) is a progressive neurodegenerative disorder that often leads to dementia,
characterized by a decline in cognitive and memory functions. About 6 million Americans are
currently affected by AD, and this figure is expected to rise to 12.7 million by 2050 due to the
aging population [25]. Recently, three distinct stages of Alzheimer’s disease have been recognized
clinically: the preclinical stage, an intermediate stage known as mild cognitive impairment (MCI),
and, in advanced stages, dementia of the Alzheimer’s type (DAT) [26]. Patients who show no
symptoms or signs of Alzheimer’s disease are known to be cognitively normal (CN). MClI is diag-
nosed when there is objective evidence of cognitive disturbances, despite the relative preservation
of daily functioning. DAT is characterized by severe cognitive and functional impairments that
require clinical diagnosis. Patients with MCI, the earliest clinical phase of DAT, are at a signifi-
cant risk of developing dementia, though the probability and speed of this progression vary among
individuals. Additionally, preclinical AD is known to impact the brain years before any diagnosis.
As a result, there is a growing need to study brain changes in the early stages to support future
research on detection, prediction, and treatment strategies.

Dementia is a general term for cognitive and memory deficits. Several diseases or disorders
can lead to dementia, with Alzheimer’s disease being one of the most common causes. Other
contributors include cerebrovascular disease, Lewy body disease, frontotemporal lobar degenera-
tion, and Parkinson’s disease, among others. However, coexisting conditions or mixed pathologies
often occur between these causes, making diagnosis more complex [27]. This complexity under-
scores the need for adaptable biomarkers that can differentiate between or highlight overlapping

pathologies when applied across different diagnoses.
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Figure 2.4: Schematic of Alzheimer’s disease biomarkers and their progression over time. Figure
from the Alzheimer’s Disease Neuroimaging Initiative [2].

Alzheimer’s disease pathology is characterized by the accumulation of amyloid-£ and tau
proteins, which begins years or even decades before a diagnosis is made, as indicated in Fig. 2.4.
The presence of tau is associated with cognitive decline. The hippocampus, located in the temporal
lobe, is one of the first brain structures affected by Alzheimer’s disease. The Braak staging model
describes the progression of protein accumulation, starting in the inferior temporal and medial
frontal lobes and eventually affecting most areas of the brain [28]. This buildup is followed by
nerve cell degeneration, or brain atrophy, which can be seen in brain imaging (such as MRI) as
enlargement of the ventricles, widening of the sulci, and thinning of the gyri [29]. At this stage,
cognitive and behavioral changes start to appear as the disease advances.

Cognitive changes are a natural part of healthy aging, but they become more pronounced with
conditions such as MCI and DAT. Episodic memory, which involves the conscious recall of detailed
long-term memories of unique past events, is a well-known area affected in dementia and is often
associated with the default-mode network [30]. However, episodic memory performance is also
expected to decrease with age. On the other hand, semantic memory, which encompasses general
knowledge of the world, tends to remain stable throughout life and may help differentiate between
aging and pathological cognitive decline [31]. Still, it may not be consistently impaired across
individuals on the Alzheimer’s disease spectrum [32]. Other cognitive changes that may arise
with age or dementia include declines in spatial abilities, reasoning, and processing speed. There

is growing interest in distinguishing between normal aging and pathology because Alzheimer’s
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disease causes brain changes many years before clinical symptoms appear, and identifying early
functional brain changes from those of normal aging can aid early detection.

Biomarkers for Alzheimer’s disease primarily target three key components: amyloid-£, tau
pathology, and neuronal injury [33] [34]. To observe amyloid and tau in vivo, cerebrospinal fluid
(CSF) measures and positron emission tomography (PET) are used. PET ligands, such as flu-
orodeoxyglucose (FDG), have become established biomarkers for Alzheimer’s. FDG is used to
evaluate glucose metabolism in the brain, which is often irregular in AD [35]. FDG-PET typically
shows reduced metabolism in regions with brain atrophy [36] [37]. Additionally, FDG and other
PET ligands are employed to study tau pathology in living patients. Neuronal injury is evaluated
using structural MRI, evidence of hypometabolism in FDG-PET scans, or by measuring total tau
in CSE. Structural MRI has detected AD-related brain atrophy up to ten years before the onset
of symptoms and a formal diagnosis [38]. Alzheimer’s disease is suspected when biomarker data
and clinical cognitive evaluations point to AD pathology, which can be confirmed post-mortem
through neuropathological studies using Pittsburgh Compound-B to identify amyloid-3 deposits in
the brain [39]. There is a clinical need for new biomarkers to assess various aspects of Alzheimer’s
disease and detect brain changes at earlier stages.

Increasing knowledge about the genetic aspects of Alzheimer’s disease has emerged. The
initial finding in this area was the link between the apolipoprotein E €4 allele and an increased
risk of developing Alzheimer’s disease [40]. Further research has identified other genetic loci
associated with the condition [41] [42], and there are notable correlations between genetic risk
scores and the future risk of developing Alzheimer’s, as well as the progression from MCI to DAT
[43].

Increasing evidence supports the consensus that interventions should target the earliest stages
of Alzheimer’s disease. This underscores the need for advanced data acquisition and analysis
methods to identify early brain changes, thereby aiding the discovery of biomarkers and enhancing
disease detection and prediction. Research can use imaging techniques, cognitive assessments,
and other tools to examine the structural and functional alterations associated with Alzheimer’s
disease. Functional MRI is particularly promising due to its noninvasive nature and its ability to

integrate with other modalities, such as structural MRI and Diffusion Tensor Imaging (DTI).

2.2.2 Functional MRI in Alzheimer’s Disease

Resting-state fMRI functional connectivity has been employed in numerous studies on Alzheimer’s
disease. The hippocampus, an area affected in the early stages of Alzheimer’s, has been shown
to exhibit disrupted resting-state functional connectivity in individuals with amnestic MCI [44].

Additionally, disrupted functional connectivity in the default mode network (DMN) is commonly
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Figure 2.5: Brain activity for Alzheimer’s disease subjects in functional MRI. Figure taken from

[3].

observed in groups along the Alzheimer’s disease spectrum. Changes in DMN connectivity have
been noted in MCI and DAT patients compared to healthy controls [45] [46] [47] [48]. Impaired
memory function is frequently associated with disrupted DMN functional connectivity [49] [50],
and individuals with DAT exhibit reduced connectivity in the posterior DMN compared to healthy
older adults [30].

Functional connectivity reveals significant differences between individuals with MCI and CN
individuals, indicating that widespread degradation of brain networks can be detected in the early
stages (MCI) [51]. In cases of amnestic MCI, researchers have noted initial increases in connec-
tivity within the posterior cingulate cortex (PCC), which are followed by decreased PCC activity
and heightened connectivity in the frontal network over time [52]. This pattern may indicate ini-
tial hyperactivation as a compensatory mechanism in the early stages of the disease, transitioning
to hypoactivation as the pathology progresses. This progression often mirrors the pathological
changes, beginning in the medial temporal lobe, spreading through regions of the DMN, including
the PCC, and eventually reaching the frontal areas of the brain in later stages [53].

Understanding the neural mechanisms involved in early brain changes associated with AD is
vital for predicting the progression to advanced stages and researching therapeutic interventions.
The fact that functional connectivity is a sensitive indicator of memory and other Alzheimer related

changes in the brain, coupled with evidence of increased functional connectivity in the initial
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stages, suggests that it could be useful for early detection and may offer additional benefits for
prediction studies.

Neuroimaging has become a crucial tool in the clinical assessment of individuals suspected
of having neurodegenerative diseases like Alzheimer’s. Structural MRI brain scans can reveal the
presence and progression of neurodegeneration. Individuals with MCI and DAT often show the
characteristic progressive atrophy associated with AD, particularly in regions such as the medial
temporal lobes [29]. However, by the time significant brain atrophy is detected, the disease may
have already been affecting the brain for years or even decades, making early detection essential.
Current research focuses on better characterizing the early functional changes in the brain linked
to AD, with functional MRI being one approach, as it serves as a proxy for neural activity.

Functional MRI measures are increasingly being studied as potential biomarkers for AD, with
a focus on connectivity and network analysis. As noted, compensatory increases in fMRI acti-
vations during the early stages of Alzheimer’s pathology are widely recognized, while general
reductions in brain activity are often observed during advanced stages. Differences in fMRI acti-
vations might be associated with altered neural activity leading to impairments, such as memory
deficits, or with neurovascular dysfunction affecting neurovascular coupling, among other possible
reasons. The key takeaway is that fMRI can provide an indirect assessment of neuronal functioning
and may help identify patients at risk of developing AD before significant atrophy occurs. Thus,
detection and interventions are critical at the earliest stages of the disease, and fMRI is a promis-
ing tool due to its noninvasive nature and its ability to integrate with other modalities, potentially

illuminating neural mechanisms underlying early changes and enabling improved early detection.

2.2.3 Task-based Functional MRI in Alzheimer’s Disease

Task-based fMRI (tb-fMRI) differs from resting-state fMRI (rs-fMRI) because patients perform
specific tasks while in the scanner. For example, a common task is face-name association, where
a patient is shown a person’s face along with their name. After a period of time (null period), the
patient selects the correct name from a multiple-choice question. This test is meant to “stress test”
a person’s recall ability and the associated brain regions responsible for short-term recall. This
contrasts with rs-fMRI, where a patient simply rests in the scanner. In relation to Alzheimer’s
disease, tb-fMRI is an underexplored area of research. A few small-sample studies have examined
participants with dementia and used manual analyses to identify tb-fMRI differences compared
with healthy individuals [3] [54]. From their findings, there appeared to be hyperactivation (longer
time period of activity) in the early stages of MCI and hypoactivation (shorter time period of activ-

ity) in dementia subjects for the hippocampus, parietal, and frontal areas of the brain. Additionally,
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late-stage MCI subjects saw both hyperactivation in the frontal region and hypoactivation in the
hippocampus and parietal regions.

Surprisingly, there are no Alzheimer’s disease datasets openly available for task-based fMRI.
Because of ADNI (Alzheimer’s Disease Network Initiative), both structural MRI and resting-state
fMRI data are plentiful, leading to abundant research on AD using these data types. However,
tb-fMRI is not included in any ADNI study, leading to a general lack of publications involving
tb-fMRI and machine learning for AD applications. A recent collaboration with MADRC, the
Michigan Alzheimer’s Disease Research Center, resulted in a dataset in our collection that includes
both resting-state and task-based fMRI data, enabling us to further explore the relationship between
Alzheimer’s disease and fMRI. In Chapter 7, we explore machine learning approaches using both

rs-fMRI and tb-fMRI to uncover unusual patterns and spatial relationships in Alzheimer’s subjects.

2.2.4 Behavior Scores

Behavior scores, in medical settings, refer to standardized tools used to assess cognitive, linguis-
tic, and behavioral functioning, often guiding diagnoses and treatment in neurology, psychiatry,
and geriatrics. In the context of fMRI research, these scores help quantify participants’ abili-
ties and link behavioral performance to neural activity. Examples include the Montreal Cognitive
Assessment (MoCA) [4], which screens for mild cognitive impairment by evaluating memory,
attention, and language with tasks like vegetable and animal naming; the Mini-Mental State Ex-
amination (MMSE) [4], a widely used brief tool measuring orientation, recall, and attention; and
the MINT (Multilingual Naming Test) [55], specifically designed to assess language and nam-
ing ability across multiple languages. See Fig. 2.6 for an example of a subset of the questions
asked during the MoCA exam. These and other assessments, such as verbal fluency tests and the
Boston Naming Test, provide objective metrics for assessing cognitive impairment. These tests
are easy and inexpensive to implement in practice, allowing clinicians to quickly obtain an initial
assessment of cognitive impairment. The MoCA metric achieves an ~ 89% accuracy score when
classifying healthy and mildly impaired individuals [4]. In the fMRI context, it can correlate with
observed brain activation patterns, enabling researchers and clinicians to better understand neu-
rocognitive deficits and which regions are most susceptible to impairment. In Chapter 7, we use
MoCA along with composite z-score metrics for memory and language to augment our prediction

problem.
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Figure 2.6: A subset of questions in the MoCA exam that pertain to visual-spatial skills, naming,
and memory tasks used for cognitive impairment assessment. Figure taken from [4].
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CHAPTER 3

ALPCAH: Subspace Learning for Heteroscedastic
Data
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Figure 3.1: 1D subspace with data consisting of two noise groups shown with circle and triangle
markers.

3.1 Introduction

Many modern data-science problems require learning an approximate signal subspace basis for

some collection of data. This process is important for downstream tasks involving the subspace

The work in this chapter first appeared in conference proceedings [12] and was later published in IEEE Transac-
tions on Signal Processing (TSP) [13].
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basis coefficients, such as classification [56], regression [57], and compression [58]. More con-
cretely, lesion detection [59], motion estimation [60], dynamic MRI reconstruction [61], and im-
age/video denoising [62] are practical applications involving the estimation of a subspace basis.
In the modern “big data” world, a significant amount of data is collected to solve problems, and
this data tends to belong to a high-dimensional ambient space. However, the underlying relation-
ships between the data features are often low-dimensional so the problem shifts towards finding
low-dimensional structure in the data.

Some applications involve heterogeneous data that vary in quality due in part to noise char-
acteristics associated with each data sample. Some examples of heteroscedastic data include en-
vironmental air data [63], astronomical spectral data [64], and biological sequencing data [65].
In heteroscedastic settings, the noisier data samples can significantly corrupt conventional basis
estimates [66]. Subspace learning methods like probabilistic PCA (PPCA) [67] work well in the
homoscedastic setting, meaning when the data is of the same quality throughout, but fail to accu-
rately estimate bases in the heteroscedastic setting [68]. This limitation is due to implicit assump-
tions such as assuming that each sample’s noise distribution is the same throughout (PPCA), or in
the case of the classical Robust PCA (RPCA) method [69], that there are fewer outliers than good
quality data samples.

A natural approach could be to simply discard the noisiest samples to avoid this issue. This
approach requires the user to know the data quality, which may be unavailable in practice. That
approach also assumes that there is enough good data to estimate the basis, but it is possible that
a lack of good data requires using the noisy data, especially if the subspace dimension is higher
than the number of good data points. Furthermore, even the noisier samples can help improve the
basis estimate if properly modeled [68], so it is preferable to use all available data. This chapter
introduces subspace learning algorithms that can estimate the sample-wise noise variances and use
this information in the model to improve the estimate of the subspace basis associated with the
low-rank structure of the data. See Fig. 3.1 for a visualization where PCA fails to account for
heteroscedasticity in a simple 2D data example, but our LR-ALPCAH method more accurately
finds the subspace basis.

The proposed subspace learning method, ALPCAH, was first introduced in previous proceed-
ings work [12], allows for the optional use of rank knowledge via a low-rank promoting functional
and makes no distributional assumptions about the low-rank component of the data, allowing it to
achieve higher accuracy than current methods without knowing the noise variances. Moreover, we
extend our previous proceedings work [12] by developing an alternative formulation inspired by
the matrix factorization literature [70], that saves both memory and computing time at the cost of

requiring the subspace dimension to be known or estimated.
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The chapter is organized as follows. Section 3.2 introduces the heteroscedastic problem for-
mulation for subspace learning and discusses related work. Section 3.3 introduces two subspace
learning methods, one with nuclear norm style low-rank regularization originally introduced in our
proceedings paper [12], and an extension to a regularization-free maximum likelihood approach.
Section 3.4 covers synthetic and real data experiments that illustrate the effectiveness of these

methods. Finally, Section 3.5 discusses some limitations of our methods and possible extensions.

3.2 Problem Formulation & Related Works

Let y; € RP denote the data samples for index i € {1,..., N} given N total samples, and let
D denote the ambient dimension. Let x; represent the low-dimensional data sample generated
by x; = Uz; where U € RP*? is an unknown subspace basis of dimension d and z; € R are
the corresponding basis coordinates. Collect the measurements into a matrix Y = [yy,...,yn |.

Then, the heteroscedastic model we consider is
y; = x; + € where € ~N(0,vI) (3.1)

assuming Gaussian noise with variance v;, where I denotes the D x D identity matrix. We consider
both the case where each data point may have its own noise variance, and cases where there are GG
groups of data having shared noise variance terms {v1, . .., vg}. Sec. 3.3 proposes an optimization

problem that estimates the heterogeneous noise variances {v;} and the subspace basis U'.

3.2.1 Heteroscedastic Impact on Subspace Quality

Before describing the methods, we illustrate how heteroscedastic data impacts the quality of the
PCA subspace basis estimate IA]:,lzd, the first d columns of U. Let Y = X +E where X € RPN jg
a rank-d matrix and E € RP*¥ is the noise matrix where E.; ~ N(0,v,I) Vj. LetY = Usv’
and X = UX V' denote singular value decompositions of their respective matrices, ;(A) denotes
the ith singular value of A. Let || A||> denote the spectral norm of matrix A and ||x|| denote the
Euclidean norm of a vector . The notation a < b means 3k > 0s.t. a < kb. By Wedin-Davis-

Kahan sin 6 theorem [71, p. 95], it is known that

2| B2
0a(X) — 041 (X)

‘|ﬁ5715dﬁ:/,1:d - Uﬁ,lidU:/,ldeQ S (32)

This inequality states that the maximum angle of misalignment between the latent subspace

basis U. ;.4 and the SVD-estimated subspace lA];,l;d is bounded by the spectral norm of the noise
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matrix over the spectral gap in matrix X. Assuming the elements in £ are zero mean and inde-
pendent (not necessarily identically distributed) random variables it is known from [72] that, in

expectation, the spectral norm of E is bounded as

E[[[E])5] < max /ZEE?-
+ max ZEE? + 4> E[E}). (3.3)
1,5

Because E.; ~ N(0,1;I) Vj in our application, it can be verified that

max \/ZE Vi) (3:4)
max ZE[E%] = /D (3.5)

= \/ 3Dvien (3.6)

for vm.x = max; v; and l/s(ur?[l = ZZ yf. Let Cx correspond to the covariance matrix of X, i.e.,

Cx = %X X’. Combining these bounds with the property that o441 (X ) = 0 for a rank-d matrix
leads to the following result. The subspace error, or more precisely, the maximum angle separation

between the true subspace basis U. ;.4 and the estimated subspace basis U. . 1:a 1s bounded as follows
2 2 2
IE[H[]I,Ld[]:/,l:d - UivlidUzl,lsdHQ] S)

2
( surn + v DVmaX + 3Dl/su2n)

3.7
NO'd(C)() ( )

This upper bound indicates that the quality of the subspace basis estimate U:,l:d provided by the
SVD of noisy data Y, i.e., by conventional PCA, could be degraded by heteroscedastic noise.
Fig. 3.8 in the appendix provides empirical evidence for this claim. Thus, it can be advantageous
to model the heteroscedasticity and design a more robust PCA-like algorithm that mitigates some

of the effects of heteroscedastic noise and achieves more accurate estimates of the subspace basis.
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3.2.2 Other Heteroscedastic Models

This chapter focuses on heteroscedastic noise across the data samples. There are other methods in
the literature that explore heteroscedasticity in different ways. For example, HeteroPCA considers
heteroscedasticity across the feature space [73]. One possible application of that model is for data
that consists of sensor information with multiple devices that naturally have different levels of
precision and signal-to-noise ratio (SNR). Another heterogeneity model considers the noise to be
homoscedastic and instead assumes that the signal itself is heteroscedastic [74]. In that case, the
power fluctuating signals are embedded in white Gaussian noise. Each of these models has its own

family of applications.

3.2.3 Probabilistic PCA (PPCA)

PCA methods like PPCA [67] work well in the homoscedastic setting, i.e., when the data is of the
same quality throughout, but fail to accurately estimate the basis when the data varies in quality,
e.g., in the heteroscedastic setting [12].

Let C = FF’ + vI and observe that the model

yi=Fz +e€ (3.8)
x; ~N(0,I), e ~N(0,vI), y; ~N(0,C) (3.9)

is similar to (3.1) in that we have observation data y;, unobserved variables z;, factor matrix F’,
and noise term €. Then, for a covariance-type matrix C,, = > _, y;y; formed from data samples Y,

the negative log-likelihood is
N 1
L(F,v)= —E(dlog(%r) +log(|C|) + Tr(C™C,)), (3.10)

where | -| and Tr(-) denote matrix determinant and trace, respectively. After estimating F" and v by
minimizing (3.10), PPCA finds the subspace basis by orthogonalizing F'. Because € ~ N (0, v 1)
is identically distributed across all data samples, PPCA does not account for heterogeneous data

samples.
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3.2.4 Robust PCA (RPCA)

Robust PCA (RPCA) [69] decomposes the data matrix Y = X + F into a low-rank component

X and an outlier matrix E by the following optimization problem:

argmin (\|| X ||« + || E|l11) st Y =X+ FE (3.11)
X .E

where || X[l = >°,_, 0i(X) and [[E|[1; = ), ;|Ei|. RPCA finds the subspace basis by it-
eratively applying an SVD to X to soft threshold the singular values. Here, the term ||E||;
encourages sparsity and so captures noise in the data matrix by assuming there is a sparse collec-
tion of outliers. This modeling assumption may not be true in some applications. For instance,
low-quality and abundant commercial sensors are often combined with fewer high-quality sensors.

Ref. [12] illustrated the limitations of RPCA in the heteroscedastic regime.

3.2.5 Weighted PCA (WPCA)

Given data samples {y1,...,yny} and weights {wy,...,wy}, the weighted PCA (WPCA) ap-
proach [75] for modeling heteroscedastic data forms the following weighted sample covariance

matrix

N
Cy(w) => wi(yy)), (3.12)
=1

where a natural choice for the weights is w; = v, !, WPCA finds the subspace basis by orthog-
onalizing C,(w) via eigenvalue decomposition (EVD). However, the noise variances may not be

known, e.g., unknown dataset origin or unavailable data sheet for physical sensors.

3.2.6 Heteroscedastic PPCA Technique (HePPCAT)

To our knowledge, besides ALPCAH, there is only one sample-based heteroscedastic PCA algo-
rithm that estimates unknown noise variances. The Heteroscedastic Probabilistic PCA Technique
(HePPCAT) [68] builds on the PPCA formulation. For n; + ... 4+ ng = N data samples from G

noise groups, the model is described as

Ygi=Fzgi+e€,, i€{l,....ng}t, ge{l,...,G} (3.13)

for factor scores z,,; ~ N(0, I), noise terms €,; ~ N(0,v,I), and points y,; ~ N (0, C,) where
C, = FF' + v,I for factor matrix F'. Then, the negative log-likelihood model to optimize is the
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following

G
S Iy Indet(Cy) ! — TH{Y() (C,) Yy ) (3.14)

g=1

L(F,v) =

DN | —

where Y, denotes the submatrix of Y that consists only of data samples belonging to the gth noise
group, and v = (vy, ..., vg) denotes the unknown nose variances for each group. Being a factor
analysis method, HePPCAT makes Gaussian assumptions about the basis coefficients z;; that may
not be a good model for some datasets. Additionally, HePPCAT requires the rank parameter d

associated with the latent signal matrix X to be estimated or known a priori.

3.3 Proposed Subspace Learning Methods

This section introduces the ALPCAH formulation for subspace learning. Since nuclear norm com-
putation is expensive for big data applications due to SVD computations, we take inspiration from
the matrix factorization literature and additionally develop LR-ALPCAH to be a fast and memory-
efficient alternative to ALPCAH.

3.3.1 ALPCAH

For the measurement model y; ~ N (x;, v;1I) in (3.1), the probability density function for a single

data vector y; is

1 1 / -1
—————exp|—=(y; —x;) (1 i —x;)). (3.15)
L =5y — @) (nd)™ (yi — @)

For uncorrelated samples, after dropping constants, the joint log likelihood of all data {y;}Y, is
the following

S| 1

Z ) log [v;I| — 5(3/2’ — ;) ()" (yi — @) (3.16)

i=1
Let IT = diag(vy,...,vy) € RY*N be a diagonal matrix representing the (typically unknown)

noise variances. Then, the negative log likelihood in matrix form is

D 1
5 log [TT| + §Tr[(Y - X)) Iy — X)]

D 1 _
= log [TI| + Z[|(Y — X)IT 2, (3.17)

using trace lemmas. When both IT and X are unknown, pursuing maximum-likelihood estimation

with (3.17) would lead to degenerate solutions. Thus, regularization is necessary to promote a
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low-rank solution. In this work, we use a functional modified from the nuclear norm regularizer to
encourage the estimate of X to be low-rank.

The optimization problem used by ALPCAH for the heteroscedastic model is

. 1 _ D
arg min Ma(X) + 5 I(Y = X)I 12)2 4 - log 11}, (3.18)

where f;(X) is a novel functional [76] that promotes low-rank structure in X, d is the rank param-
eter, and A € R is a regularization parameter. In the following, we introduce our algorithm called
ALPCAH (Algorithm for Low-rank regularized PCA for Heteroscedastic data) for solving (3.18).
Since X represents the denoised data matrix, the subspace basis is calculated by SVD on the opti-

mal solution from (3.18) and extracting the first d left singular vectors so that X = > 0;u;0; and

thus U = [, ..., u;]. The low-rank promoting functional we use is the sum of the tail singular
values defined as
min(D,N)
fX) & Y ol X) = 1 X = 11X iy —rana (3.19)
i=d+1
where || - || denotes the nuclear norm, and || - |, g, (4 denotes the Ky-Fan norm [77] defined as

the sum of the first d singular values. For d = 0, fo(X) = || X ||.. For a general d > 0, f;(X) is
a nonconvex difference of convex functions. We use the functional f; instead of the nuclear norm
since we empirically found that the nuclear norm tends to over-shrink the singular values of X in
the heteroscedastic setting. Here, the rank parameter d < D is either known beforehand, estimated

using methods like row permutations [78] or sign flips [79], or intentionally over-parameterized.

Definition 1. Let A € RP*N be a rank k matrix such that its decomposition is SVD(A) =
UsDAV}; where Dy = diag(o1(A), ..., 0minn,n)(A)). Let the soft thresholding operation be
defined as S, || = sign(x) max(|x| — 7,0) for some threshold T > 0. Decompose D 4 such that
D, = Dy, + Dy, = diag(o1(A),...,04(A),0,...,0)+

diag(0,...,0,04,,(A),...,0n(A)). Then, the proximal map for f; is the tail singular value
thresholding operation [76]:

TSVT(A,7,d) 2 Uy (D + S,[D ) V3. (3.20)

Although the proximal operator for f; is provided in (3.20), it is unclear how one would apply
a proximal gradient method (PGM) directly to (3.18) due to the product of X and II. One could
apply a block coordinate descent approach that alternates between updating X using a PGM, and
updates the diagonal elements of II using a closed-form solution. The PGM update of X could
cause slow convergence because the Lipschitz constant of the gradient of the smooth term ¢g(X) is

the reciprocal of the smallest diagonal element of II, which could be quite large, leading to small
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step sizes. Thus, instead, we optimize (3.18) using the inexact augmented Lagrangian method
known as the alternating direction method of multipliers (ADMM) [80] that introduces auxiliary
variables to convert a complicated optimization problem into a sequence of simpler optimization
problems.

Defining the auxiliary variable Z = Y — X, the augmented penalty parameter ;4 € R, and
dual variable A € RP*¥ the augmented Lagrangian, as defined in [81], is

1 D
L(X.Z, AT = Mfy(X) + 5| 21012 + = log [TT]
+<A,Y—X—Z>+§||Y—X—Z|y§, 3.21)

where (-, -) denotes the Frobenius inner product between two matrices.
Performing a block Gauss-Seidel pass for each variable in (3.21) results in the following

closed-form updates

Zyyy =argmin £,(Xy, Z, Ay, I1,)
z

= [ (Y — X) + Ay) (T + )™ (3.22)
Xt+1 = arg min ‘Cu(Xv Zt7 At7 Ht)
X
1 A
=TSVT(Y — Z, + — Ay, —,d) (3.23)
o
A =M+ p(Y - X, — Zy) (3.24)

for current iteration pass t. Each pass is run for 7" total iterations. When we treat the data sample

y; as having its own unknown noise variance, then the variance update is
1
IT, 1y = argmin £, (X, Z;, A, II) = 5Z£Zt oI. (3.25)
o

For the case when the data points have grouped noise variances, let g € {1, ..., G} signify the gth
noise group out of G total groups with n, denoting the number of samples in the gth group; then

the grouped noise variance update instead becomes

1 1
— 7., 12 =
"9~ Dn, 1Z )l Dn,

1Y(g) — X (gl (3.26)

where the notation Y{,) denotes the submatrix of Y that consists solely of data samples from the

gth noise group.
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3.3.1.1 Convergence with known variance

Consider the cost function for the case when the variances IT are known. The formulation consists

of a two-block setup written as
1
argmin A f3(X) + 5HZlTl/?H% st. Y =X+ Z. (3.27)
X.Z

Theorem 1. Let V(X , Z) = f(X) + g(Z) where f(X) = A\f;(X) and

9(Z) = L ZI 2|3 Letv; > € > 0 Vi. Assuming that p in (3.21) satisfies 1 > 2L, =
2||[TI7 1|5, the sequence {(X;, Z;, Ay, 1)}, generated by ADMM in (3.22) (3.23) (3.24) (3.25)
converges to a KKT (Karush—Kuhn—Tucker) point of the augmented Lagrangian L,(X, Z, A, II)
with fixed I1.

Proof. ADMM convergence for nonconvex problems has been explored for two-block setups
[82]. The functional f(X) is a proper, lower semi-continuous function since it is a sum of
continuous functions. The function g(Z) is a continuous differentiable function whose gradi-
ent is Lipschitz continuous with modulus of continuity L, = [|[II"!||; . By definition g(Z) =
1/1_1/2Z11 + 1/1_1/2Z21 + ...+ V]:,l/Q
semi-algebraic set.

Let G = X'X € RV*¥_ Then, by Cayley Hamilton theorem, the characteristic polynomial of
Gispc(z) = 2N +c, 1(G)2N "1 +. . .+¢1(G)z+c for constants ¢; € R and polynomial degree N.
Let A denote an eigenvalue of G which implies pi(A) = 0. Then, the set Sg = {\ | pa(\) = 0} is

Zpn. Since g(Z) is a polynomial equation, its graph is a

semi-algebraic since it is defined by polynomial equations. Note that \;(G) = 0?(X) since G is
the Gram matrix of X. The set Sx = {0 | 0> = X € Sg,0 > 0} = {01,...,0n} is semi-algebraic
as it is expressed in terms of polynomial inequalities. Expressing h(X) = || X ||« = h(o1,...,0N),
its graph h = {(o, f(0))} is semi-algebraic and thus by extension so is the nuclear norm.

By Tarksi-Seidenburg theorem [83, p. 345], defining the map ¢ : R" — R that retains
the first d singular values of Sy, the set &(Sx) = {07, ... .04} is semi-algebraic and thus so is
4(X) = [[X|lky—ran(d)- A finite weighted sum of semi-algebraic functions is known to be semi-
algebraic [84] and so f(X) = h(X) — ¢(X) is semi-algebraic. Since the functions f(X) and
g(Z) are lower, semi-continuous and definable on an o-minimal structure such as semi-algebraic
[85], it follows that V(X , Z) = f(X) + ¢g(Z) is a Kurdyka-Lojasiewicz function [84]. Thus the
sequence {(X;, Z;, Ay, IT) };cn converges to a KKT point by [82, Thm. 3.1]. O

3.3.2 LR-ALPCAH

The main computational expense for the ALPCAH algorithm is the SVD operations used in every

iteration of complexity O(DN min (D, N)). To reduce computation, we take inspiration from

27



the matrix factorization literature [70] and factorize X € RP?*N ~ LR’ where L € R” xd and
R € R4 for some rank estimate d. Using the factorized form, we propose to estimate X by

solving for L and R in the following optimization problem
L, R,II = arg min f(L, R,II)
LRI

1 D
(L, R,I0) =2 |[(Y = LR)TT2|G + < log 1], (3.28)

This version is a maximum-likelihood estimator of II and the factors L and R. This comes

from a modified model (3.1) where
yi=Lr; +€, €~ N(0,ul), (3.29)

where 7; denotes the ith column of R. We call this version LR-ALPCAH given the prevalence of
LR’ notation in the matrix factorization literature. The crucial difference between ALPCAH and
LR-ALPCAH is that ALPCAH uses a “soft” low rank constraint through the regularization penalty
A with optional usage of d, whereas LR-ALPCAH uses a “hard” low rank constraint since L and
R rigidly contain d columns.

We solve this optimization problem using alternating minimization [86] to solve each sub-

block, resulting in the following updates:

L.y, = argmin f(L, R, IT;)
L
= YT, 'R(R]IL'R;) ™ (3.30)
Rt+1 = arg min f(Lt7 R7 Ht)
R
=Y'L,(L,L,)™" (3.31)
I, = argmin f(L;, R, IT) =
n
eIl 1e; = D'[(Y — LiRy)e; |3, Y, (3.32)
where e; denotes the jth standard canonical basis vector that we use to select the jth column of
some matrix. The I, update (3.32) is the same as (3.25) in that each point is treated as having its
own noise variance and both equations perform the same operation. This implementation requires

less computation and memory since the matrix Z;Z; is not formed. One can substitute (3.32) with

(3.26) if noise grouping is known.
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Since this is a nonconvex problem, initialization will play a key role in the success of opti-
mization. First, we initialize the L, and R, matrices with the following spectral approach:
. TN o (P L/2y (126
Spectral Init(Y') = UXV' ~ (U, ;3 ' 0) (% 7V] )

= (Lo)(Ry). (3.33)

This initialization from the matrix factorization literature [70] [87] is a natural approach due to the

Eckart-Young theorem [88] that shows L, and R are the best rank-constrained matrices that solve

argmin ||Y — LR'|| subject to rank(L), rank(R) < d. (3.34)
L.R

Second, we initialize the noise variances using the Euclidean norms of the columns of the residual
Y — LyRj, with (3.32). Finally, we apply alternating minimization to update L; and R, matrices
at current iteration ¢ via (3.30) (3.31) (3.32).

Since L, is not semi-unitary but has the same range as U, we apply Gram-Schmidt orthogo-
nalization to the final L; matrix to estimate the subspace basis, as described in Alg. LR-ALPCAH.
The matrix inversions used in the L; and R, updates involve d x d matrices that are relatively small
and thus computationally feasible for many practical problems given complexity O(cz?’ ) knowing
that d < min (D, N). Combining the matrix multiplications and inversions, LR-ALPCAH has
a per-iteration complexity of O(DNd + d3). This is in contrast to ALPCAH with per-iteration
complexity O(DN min (D, N)) due to the SVD computations.

3.3.2.1 Convergence with unknown variance

Note that (3.28) is a nonconvex function and we apply alternating minimization, also known as
block coordinate descent or block nonlinear Gauss-Seidel method, to solve the optimization prob-
lem. Given a noise variance lower bound € > 0, the feasible sets for L, R, Il variables are given
by

Sp =RPxd g, — RNxd (3.35)
SH = {Hi,j S [6, OO) Vi = j, 0 OW} (336)

Given the following optimization problem with

arg min f(L, R, II) (3.37)
subjectto L, R, I1 € S = S X Sg X S,
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Algorithm LR-ALPCAH (github.com/javierscl/ALPCAH)
(unknown variances, unknown quality noise grouping)

Input: Y € RP*V: data, d € N*: rank estimate
Opt: T € N*: iterations, € € R*: variance noise floor
Output: U € RP*?: subspace basis, X € R”*": low-rank estimated data, v € RT: estimated
noise variances
// sample mean to de-mean data
p— Y1
// the method assumes linear subspaces only
Y«Y-1pu
// initialize matrices by (3.33)
Lo, Ry < SPECTRALINIT(Y , d)
// compute noise variances from residuals Y — Ly R;,
/1 e; is canonical basis vector
vy < max(vy, €)
;" < (1/v)I
// update L, R, II matrices using (3.30) (3.31) (3.32)
fort=1,...,Tdo
L« YI,\R_,(R,_ 'R, ;)™
R« Y/ Ly 1(Lj L 1)~
vj < max(5||(Y — Ly Ry_y)e;l|3, ¢), j=1,...,N
IT; ' + Diagonal(1/v;)
end for
// form subspace basis from final left factor
STATE U <+ GRAMSCHMIDT(L7)
// construct de-meaned low-rank estimate
X LTRIT
// add back original sample mean
X+—X+1p
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the following theorem establishes local convergence of {(L;, R;, II;)}._, to critical points of
(3.37).

Theorem 2. The sequence generated by alternating minimization {(Ly, Ry, T1;)}_, in Alg. LR-
ALPCAH has limit points that are critical points of (3.37).

Proof. The cost function f is continuously differentiable by inspection of its terms. The feasible
sets Sy, Sg are trivially nonempty, closed, and convex sets by definition. Moreover, I1 € Sy since
it is an enforced constraint of the optimization in (3.37). The function f is component-wise strictly
quasi-convex with respect to the two blocks L and R. This is because f(L, R, IT) w.r.t. L and
f(L, R,IT) w.r.t. R are convex terms it follows that they are pseudo-convex functions [89] and this
implies they are also strictly quasi-convex functions [89]. It then follows from [90, Prop. 5] that
the sequence generated by alternating minimization {(L;, R;,I1;)}._, converges to limit points

that are also critical points of (3.37). ]

3.4 Empirical Results & Discussion

This section summarizes synthetic and real data experiments, including astronomy spectra and
RNA sequencing data, that explore various aspects of subspace learning from heteroscedastic data.

Code related to these methods and experiments is included at github.com/javiersc1/ALPCAH.

3.4.1 Synthetic Experiments

This section uses synthetic data to compare LR-ALPCAH with other methods. We begin by de-

scribing the experimental setup, followed by an investigation of PCA, and after that, compare to
RPCA, HePPCAT, and WPCA.

Experimental Setup We consider two groups of data, one with fixed quality, meaning fixed size
and additive noise variance, and one whose parameters we vary. Let y; € R be D = 100
dimensional ambient-space data. Let U € R'%°*5 denote a basis for a d = 5 dimensional subspace
generated by random uniform matrices such that UXV' = svd(A), where A;; ~ U[0,1]. We
use the compact SVD here. The low-rank data is simulated as ; = U z; where the coordinates
z; € R® were generated from U [—100, 100] for each element. Then, we generated y; = U z; + €;
where €; € R'% was drawn from A/ (0, v;I). The error metric used is subspace affinity error (SAE)

that compares the difference in projection matrices
SAE(U,U) = |[UU' - UU'|l¢/| UV ¢ (3.38)
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(a) Ratio of subspace affinity errors LR-ALPCAH/PCA (known variance, no cross-
validation required)
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(b) Ratio of subspace affinity errors LR-ALPCAH/PCA-GOOD (PCA using good
data only and LR-ALPCAH using all of the data)

Figure 3.2: Subspace affinity error |[UU’ — UU’||y/||UU’ ||y performance of LR-ALPCAH com-
pared to PCA.
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Figure 3.3: Absolute difference of LR-ALPCAH subspace error subtracted from PCA while the
amount of good data varies.

so that a low error signifies a closer estimate of the true subspace. This metric is also known
as normalized chordal distance [91]. In summary, the noisy data Y = [y, ..., yy]| is generated
accordingly, an estimate X is generated from (3.1), the subspace basis is calculated by X =

> 0t = U = [@1,...,0y), and we report the subspace affinity error.

Subspace Basis Estimation (LR-ALPCAH vs. PCA) We explored the effects of data qual-
ity and data quantity on the heteroscedastic subspace basis estimates in different situations. For
the heatmaps in Fig. 3.2, we focused on comparing LR-ALPCAH with PCA only to discuss this
method in the general context of subspace learning. In Fig. 3.2, each pixel represents the ratio
SAE(U, ﬁLR_ALpCAH) /SAE(U, ﬁPCA). A value close to 1 implies LR-ALPCAH did not perform
much better than the other method, whereas a ratio closer to 0 implies LR-ALPCAH performed
relatively well. The average SAE ratio of 50 trials is used, where each trial has different noise, ba-
sis coefficients, and subspace basis realizations. The noise variance for group 1 is fixed to 1, = 0.1
with Ny = 20 point samples. We varied group 2 point samples N, and noise variances v, as
illustrated in the x-axis and y-axis, respectively, for the heatmaps shown.

Fig. 3.2a compares LR-ALPCAH against PCA in the situation where noise variances are
known. In this case, LR-ALPCAH performs well relative to PCA in noisy situations and can
improve estimation, especially in extreme heteroscedastic regions. From the bottom left corner
and moving rightwards, the estimation error worsened as the number of noisy points increased.

To clarify, LR-ALPCAH never performed worse than PCA, only that the advantage gap decreased
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Figure 3.4: Absolute subspace quality performance of ALPCAH compared against other methods.
Zoomed-in areas shown within plots for better visibility for certain A ranges.

as more noisy samples were added. This means that, in LR-ALPCAH, the noisy points may have
contributed too much to the estimation process, while good-quality data should have had more
influence. For these results, we used the inverse noise variances as the weighing scheme as this is
a natural choice that arises from the Gaussian likelihood. However, finding the optimal scheme to
mitigate this worsening effect is a topic of future work.

Fig. 3.2b is similar to Fig. 3.2a but only using the high-quality points for PCA specifically,
whereas LR-ALPCAH used all of the data. One can see that even when there was enough good
data, there was still an improvement over applying PCA to just the good data. The improvement
increased as more noisy points were added. Thus, it is beneficial to collect and use all of the
data, since the noisy points offer meaningful information that can improve the estimate of the basis

versus using good data alone, especially in data-constrained situations.

Effects of Good Data Fig. 3.3 explores how the number of good data samples affects subspace
learning quality. We fixed N, = 50 and varied /V; while keeping v; = 0.1 and varying 1. This
figure plots the difference SAE(U , UPCA) —SAE(U, ULR_ ALPCAH ) to see when it is advantageous to
use LR-ALPCAH instead of PCA. In the absolute sense, both methods performed similarly when
good data is abundant. However, when good data was more limited, there were larger differences

in subspace quality, meaning it is more advantageous to use LR-ALPCAH.
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Absolute Subspace Error This section discusses the absolute errors of the algorithms in the
unknown noise variance setting without group knowledge. For Fig. 3.4, we fixed N; = 50, Ny, =
450 that have noise variances v; = 0.25,v5 = 100. The regularization parameter \ is varied
(ALPCAH & RPCA only), and the subspace dimension is d = 10. As before, we use the subspace
affinity error SAE(U, ﬁ) The average error is plotted out of 50 trials with standard deviation
bounds for each A value. Fig. 3.4 represents the unknown variance case, but we again use WPCA
with weights w; = v; ', a known variance method, to illustrate the lowest possible affinity error if
one hypothetically knew the noise variances.

In Fig. 3.4, when using rank knowledge, ALPCAH (d = 10) approaches the error of the other
methods as A grows. When not using rank knowledge, for ALPCAH (d = 0), the method can per-
form just as well but requires cross-validation to find an ideal A range. Both ALPCAH (d = 10) and
LR-ALPCAH achieved lower error than HePPCAT, likely because there are no distributional as-
sumptions on the basis coefficients with ALPCAH/LR-ALPCAH. The RPCA method did not per-
form well in these experiments, likely because of a mismatch between the heteroscedastic data and
the RPCA’s outlier assumption. Excluding the case when rank knowledge is not known, ALPCAH
(d = 0), the regularization parameter appears to be robust to this landscape of different variance

and point ratios.

3.4.2 Real Data Experiments
3.4.2.1 Astronomy spectra data

We investigated quasar spectra data from the Sloan Digital Sky Survey (SDSS) Data Release 16
[92] using its DR16Q quasar catalog [93]. Each quasar has a vector of flux measurements across
wavelengths that describes the intensity of observing that particular wavelength. In this dataset,
the noise is heteroscedastic across the sample space (quasars) and feature space (wavelength),
but we focused on a subset of data that is homoscedastic across wavelengths and heteroscedastic
across quasars. The noise for each quasar is known given the measurement devices used for data
collection [92], but we performed estimation as if the variances were unknown so that we could
compare the estimated values to the reference values. We preprocessed the data (filtering, inter-
polation, centering, and normalization) based on supplementary material 5 of [94]. We formed a
training dataset based on the 1000 smallest variance quasar flux samples and performed PCA to get
a “ground-truth” measurement of the subspace basis using d = 5 as the rank parameter estimated
from SignFlipPA [79]. We formed the test dataset by excluding the 1000 samples used during
training and combining 9000 samples of various noise quality, leading to heteroscedasticity across
samples as shown in Fig. 3.5. This figure shows only the 3000 lowest noise variance data samples

along with 2000 noisier samples to illustrate the differences in data quality.
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Figure 3.5: Sample data matrix of quasar flux measurements across wavelengths for each (column-
wise) sample.

For our subspace quality experiment, we report SAE using the “ground-truth” basis over 100
trials for various methods. We ran each applicable subspace learning algorithm for 100 iterations to
ensure convergence. In Fig. 3.6a, RPCA seems to perform slightly worse than the other methods,
indicating a model mismatch between outliers and heteroscedastic data. Moreover, it seems that
LR-ALPCAH and ALPCAH performed equally well as HePPCAT in this specific real data exam-
ple. All methods performed better than PCA, indicating a mismatch between the homoscedastic
assumption of PCA and the heteroscedastic data. Additionally, we examined the computational
time and memory requirements for these methods on this test dataset. Table 3.1 shows that the
proposed LR-ALPCAH method is both extremely fast and memory efficient relative to the other
heteroscedastic methods, as shown in bold. Since we have reference noise variance values, we also
examined how the estimated noise variance values compared to the reference values. Fig. 3.6b
sorts the data based on the reference variance values and plots the ALPCAH estimates. ALPCAH
estimates generally tracked the global trend found in the reference values but there are minor vari-

ations among adjacent points.

3.4.2.2 Biological scRNA-seq data

This section applies PCA and LR-ALPCAH to real data from single-cell RNA-sequencing data
(scRNA-seq) from [95]. This sequencing technology is useful for quantifying the transcriptome

of individual cells [96]. The data is high-dimensional since thousands of genes are counted for
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Figure 3.6: Experimental results of quasar flux data for subspace learning and noise sample esti-
mation.
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Time | Memory | Mean

(ms) (MiB) SAE
Homoscedastic Reference
PCA | 324 ] 73] 0.65

Heteroscedastic Methods
RPCA (classical) | 5091.8 7977.5 | 0.46
HePPCAT 1339.1 5731.6 | 0.39
ALPCAH (d=0) | 4339.3 3838.6 | 0.41
ALPCAH (d=10) | 4339.9 3838.8 | 0.39
LR-ALPCAH 153.5 459.0 | 0.38

Table 3.1: Subspace learning results on quasar flux data.

thousands of cell samples, which produces challenges for data analysis. PCA methods are useful
for scRNA-seq data to perform gene variation analysis and clustering in low-dimensional spaces to
study gene groups [97]. Heterogeneous noise may occur among both cells and genes [79], which
prompts further investigation into heteroscedastic-aware PCA methods on scRNA-seq data. The
data matrix consists of 10,000 cells by 5,000 genes. We preprocessed the data by subtracting the
mean and replacing the missing values with zeros. Since the noise variances are unknown in this
application, we cannot have a “ground truth” subspace to compare against. Instead, we separate
the data into train and test, and calculate the NRMSD to compare reconstruction quality, i.e.,

NRMSD = ||Kest - Utrain ‘ KestHF / ||Kest||F- (339)

train

The subspace basis was learned on the training data with PCA or LR-ALPCAH and the test data
was used to assess reconstruction quality by projecting test data onto the subspace basis and using
the basis coefficients to return to the ambient space. In this experiment, SignFlipPA was used to
determine an appropriate rank [79]. Fig. 3.7 shows a subset of the data matrix. Here, the color map
is clipped to 10 to better visualize the matrix as most gene counts are sparse. The middle plot shows
sorted noise variances estimated by LR-ALPCAH indicating some potential heterogeneity by one
or two orders of magnitude. The right plot shows that LR-ALPCAH has a better reconstruction
quality since it has ~0.1 lower NRMSD than PCA. The difference between PCA and LR-ALPCAH
is more modest with this dataset. Possibly, the results could be improved further by developing a
method that handles heteroscedasticity across both the samples and features, as this data is doubly
heteroscedastic. Moreover, real scRNA-seq data pose additional challenges, such as dependent
noise that our method does not model. However, preliminary results indicate that LR-ALPCAH is
a promising approach and further investigation into addressing model assumptions is an interesting

direction of future work.
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Figure 3.7: Biological scRNA-seq data results.

3.5 Conclusion

This chapter proposed two subspace learning algorithms that are robust to heteroscedasticity by
jointly learning the noise variances and subspace bases. While LR-ALPCAH is memory-efficient
and fast, its application is limited to sample-wise heteroscedasticity. It would be interesting to
generalize this work to be doubly heteroscedastic, where the features themselves also have different
noise variances. Applications such as biological sequencing [65] and photon imaging [98] could
benefit from such an extension. In the scRNA-seq application, we computed missing entries as
zeros, which is a natural choice for low-rank models. However, others have worked on adapting
PCA methods for missing data [99], so such an approach could be beneficial given the higher than
expected NRMSD with LR-ALPCAH. This generalization is nontrivial so it is left for future work.
Additionally, our model and the comparison methods are limited to the subspace setting, but some
applications like resting-state functional MRI [100] benefit from manifold learning approaches
[100]. It would be interesting to explore other approaches such as a heteroscedastic variational
autoencoder [101] to expand the range of applications for heteroscedastic data learning.
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3.6 Additional Results

3.6.1 PCA Bound Experiment

e pper Bound
2+ LR-ALPCAH

75
Vmax

Figure 3.8: Experimental verification of heteroscedastic impact on PCA upper bound (3.7).

This section focuses on providing empirical verification of our subspace bound in (3.7). Before
doing so, we mention that the random matrix theory bound in (3.3) depends on a universal constant
c1, independent of D and N, that is not calculated in the source paper [72]. Let A = [a] beal x 1

matrix with element @ ~ A(0,1). For the LHS in (3.3), the spectral norm in this instance is

|All2 = |a|. This implies that E[|| A|2] is equivalent to calculating the mean of a folded normal
distribution. Since « is a standard normal random variable, E[|a|] = 1/2/7. One can verify from

(3.4) (3.5) (3.6) that the RHS in (3.3) simplifies to 2 + V3. Solving for ¢, the inequality becomes
L > \/2/_7T/ (2 4+ v/3) ~ 0.24. In our subspace bound (3.7), both sides are squared and a factor
of 2 exists in (3.2), therefore the constant in (3.7) is ¢ = 4¢? ~ 0.22. Knowing this constant,
it is now possible to experimentally verify (3.7). The experimental setup consists of generating
random rank-3 subspaces within a 100 dimensional ambient space. The data samples consist of
two groups, one with n; = 30 samples,;, = 0.1 and the other with n, = 970 samples and a
varying v, € {0.1,...,75}. During the course of 50 trials, we computed the mean spectral norm
uU' -uv’
vy instance. Fig. 3.8 illustrates that PCA scales similarly to the bound in (3.7), yet our method, LR-

projection error, 1.€., 2, along with the minimum and maximum error values for that

ALPCAH, empirically did not degrade at the same rate, indicating robustness to heteroscedasticity.

40



3.6.2 Matrix Factorized Robust PCA

In Sec. 3.2.4, RPCA is introduced with a convex formulation that involves the nuclear norm.
This norm, while convex, is a soft constraint on the rank of the low-rank matrix X. However,
since LR-ALPCAH performs well in the matrix factorized setting, it is also interesting to explore
a matrix factorized RPCA formulation to augment the results in Fig. 3.4. Therefore, instead of
assuming that Y = X + F, one can instead assume that Y = LR’ + E where L, R contain
d columns and generally d < min(D, N). With this in mind, we formulate a matrix factorized
version of RPCA as follows

argmianY—LR’—EH%—l—)\HEHU. (3.40)
LRE 2 ’

Since the cost function is now non-convex, it is worth initializing in a smart way as opposed to

randomly. Just like with LR-ALPCAH, one can use the spectral init approach in (3.33) to compute

L, and R, and then compute Ey = Y — LR to initialize E. From there, we used alternating

minimization to generate update formulas for all of the three blocks.

With this formulation in mind, the same methodology can be applied from Fig. 3.4 to gener-
ate a similar figure for this matrix factorized version of RPCA. In Fig. 3.9, one can see that the
matrix factorized RPCA method performs worse than the classical RPCA method introduced in
Sec. 3.2.4, likely because of the non-convex landscape and the model mismatch between sparse
outliers and heteroscedasticity. This performance difference remains even when the appropriate
rank is provided to the method as illustrated in Fig. 3.9. Additionally, the outlier matrix does ap-
pear to mainly capture information from the noisy samples, with some outliers captured in the low

noise group.

3.6.3 Group Sparsity Robust PCA

In Sec. 3.2.4, RPCA is introduced with an ¢; ; norm to promote sparsity and capture outliers
inherent in the data. This is the traditional formulation used in the original paper [69]. However,
one can consider “group sparsity” or ¢, ; norm minimization in this case to promote sparsity only
on samples that are excessively noisy and not on the low noise group. Therefore, we formulate a
group sparsity RPCA as follows

argmin (\|| X ||« + || Ell21) st Y =X+ E. (3.41)
X .E

Sec. 3.6.2 and Sec. 3.6.3 are new extensions to the TSP paper [13].
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Figure 3.10: Group Sparsity RPCA results.

Just like with L11 norm minimization, L21 norm minimization also entails a proximal mapping
whose solution is closed-form, and involves soft thresholding specific columns of a matrix, as op-
posed to the entire matrix. With this formulation in mind, the same methodology can be applied
from Fig. 3.4 to generate a similar figure for this group sparsity version of RPCA. Fig. 3.10 illus-
trates that the group sparsity version performs better than classical RPCA, since the mean subspace
affinity error is 0.22 instead of 0.28. By analyzing the outlier matrix, it is clear that no outliers are
captured in the low noise group, as we would expect. However, the results pale in comparison to
heteroscedastic-focused methods like LR-ALPCAH and HePPCAT. Thus, there is still a general
model mismatch between outlier modeling and heteroscedastic modeling, leading to slightly worse

results for RPCA, even with group sparsity considered.
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CHAPTER 4

ALPCAHUS: Subspace Clustering for

Heteroscedastic Data

Feature 2

. | e True Sub.

=== o EKSS

e ALPCAHUS

O Cluster1
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Figure 4.1: Two 1D subspaces, colored blue and yellow, with data consisting of two noise groups
shown with circle (low noise) and triangle (high noise) markers.

4.1 Introduction

Many modern data science problems require learning an approximate signal subspace basis for
some collection of data. This is important for downstream tasks involving subspace basis co-

efficients such as classification [56], regression [57], and compression [58]. Besides subspace

The work in this chapter is under review by the IEEE Transactions on Signal Processing (TSP) [14].
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learning, one may be interested in clustering data points that originate from multiple subspaces.
Formally, subspace clustering, or union of subspace (UoS) modeling, is an unsupervised machine
learning problem where the goal is to cluster unlabeled data and find the subspaces associated with
each data cluster. When the cluster assignments are known, it is easy to find the subspaces, and
vice versa. This problem becomes nontrivial when both components must be estimated [102]. This
clustering problem has many applications, such as image segmentation [103], motion segmentation
[104], image compression [105], and system identification [106].

Some applications involve heterogeneous data samples that vary in quality due in part to noise
characteristics associated with each sample. A few examples of heteroscedastic datasets include
environmental air quality data [63], astronomical spectral data [64], and biological sequencing
data [65]. In heteroscedastic settings, the noisier data samples can significantly corrupt the basis
estimates [66]. In turn, this corruption can worsen clustering performance as seen in Fig. 4.1.
Popular clustering methods such as Sparse Subspace Clustering (SSC) [23], K-Subspaces (KSS)
[24], and Subspace Clustering via Thresholding (TSC) [107], all implicitly assume that data quality
is consistent. For example, in SSC, the method relies on the self-expressiveness property of data
that uses other similar samples to estimate every single sample. From our experiments, we found
that this implicit data quality assumption can degrade clustering quality for heteroscedastic data.

Because of these limitations, we developed a subspace clustering algorithm, inspired by the K-
Subspaces method, that explicitly models noise variance terms, without assuming that data quality
is known. The method adaptively clusters data while learning noise characteristics. See Fig. 4.1 for
a visualization where Ensemble KSS (EKSS) [108] returns poor subspace bases estimates whereas
our method found more accurate subspace bases and improved clustering quality.

We extend our previous work [13] by generalizing the LR-ALPCAH formulation to the UoS
setting for clustering heteroscedastic data. The proposed approach achieved ~3 times lower clus-
tering error than existing methods, and it achieved a relatively low clustering error even when
very few high-quality samples were available. This section is divided into a few key subsections.
Sec. 4.2 introduces the heteroscedastic problem formulation for subspace clustering. Sec. 4.3 dis-
cusses related work in subspace clustering and reviews the heteroscedastic subspace algorithm
LR-ALPCAH. Sec. 4.4 introduces the proposed subspace clustering method named ALPCAHUS.
Sec. 4.5 covers synthetic and real data experiments that illustrate the effectiveness of modeling het-
eroscedasticity in a clustering context. Finally, Sec. 4.6 discusses some limitations of our method

and possible extensions.
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4.2 Problem Formulation

Let K denote the number of subspaces that are either known beforehand or estimated using other
methods. Before describing the general union-of-subspaces model, the single-subspace model

under K = 1 is introduced.

4.2.1 Single Subspace Model (K = 1)

Let y; € RP denote the data samples for index i € {1,..., N}, where D denotes the ambient
dimension and NV is the total number of samples. Let x; represent the low-dimensional data sample
generated by &; = U z; where U € RP*? is an unknown basis for a subspace of dimension d and

z; € R? are the corresponding basis coordinates. Then, the heteroscedastic model we consider is
y; = x; +€ where € ~ N(0,vI) 4.1)

assuming Gaussian noise with variance v;, where I denotes the D x D identity matrix. In this
work, we consider the case where each data sample may have its own noise variance. However,
one can adapt this method to consider the case where there are G groups of data having shared
noise variance terms {vq,...,vg}. Sec. 4.3.3 discusses an optimization problem based on this

model that estimates the heterogeneous noise variances {v;} | and the subspace basis U.

4.2.2 Union of Subspaces Model (KX > 1)

LetY = [yl o yN} € RP*N denote a matrix whose columns consist of all N data points

y; € RP. We generalize (4.1) to model the data with a union of subspaces model by

Yi =T T €
x; = Uy, z; forsome k; € {1,..., K}, 4.2)

where U;, € RP*% is a subspace basis that has subspace dimension d,. Here, z; € R% denotes
the basis coefficients associated with x;, and €; € R” denotes noise for that point drawn from
€ ~ N(0,u,1).

If the subspace bases were known, then one would like to find the associated subspace label

¢; € {1,..., K} for each data sample by solving the following optimization problem

¢ = argmin ||y — UUgyills, Yy, €Y. (4.3)
k
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This label describes the subspace association of a data point y; that has the lowest residual between
the original sample and its reconstructed value given the subspace. In general, the goal is to
estimate all of the subspace bases Y = (Uy,...,Uk) and cluster assignments C = (cq,...,cn)

associated with all the data samples.

4.3 Related Works

4.3.1 Subspace Clustering

Many subspace clustering algorithms fall into a general umbrella of categories such as algebraic
methods [109], iterative methods [110], statistical methods [111], and spectral clustering methods
[112] [113]. In recent years, both spectral clustering-based methods and iterative methods have

become popular.

4.3.1.1 Spectral Clustering

Many methods build on spectral clustering. This method is often used for clustering nodes in
graphs. Spectral clustering aims to find the minimum cost “cuts” in the graph to partition nodes
into clusters. Given some collection of data points, one way to construct a graph is to assume
that “nearby” data samples are highly connected in the graph. Thus, it is possible to construct a
graph from data samples with varying levels of connectedness by using a metric to assign affin-
ity/similarity to each pair of points. Let G(), W) correspond to a graph that consists of vertices
V = {v,...,vy} and edge weights W € R¥*¥ guch that w;; corresponds to some nonneg-
ative weight, or similarity, between v; and v;. The graph G is assumed to be undirected, i.e.,
W = W'. The degree of a node is defined as d; = Zjvzl w;; and can be collected to form a
degree matrix such that D = diag(d,,...,dy). Let Ay, ..., Ax form a K-partition on G(V, W)

and cut(A, B) = 3, 4 ics wij- Then, spectral clustering aims to solve the following

1 K Cut(.Al',/L'>

4.4
A 4.4)

where A; is all vertices not belonging in A; and |.A;| is the number of vertices belonging to the ith
partition. Instead of working with W directly, one computes a normalized graph Laplacian such as

L = I — D'W to make the influence of heavy degree nodes more similar to low degree nodes.
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Let h; ; indicate the jth cluster membership for the ith point by

i .
otherwise.

o { é/mﬂ ifv; € A; @5)

Collecting the indicator values into a matrix H € RY*¥  one can rewrite (4.4) in matrix notation
as
1 cut(.Ai, /L)
5 Y —=~ = (H'LH); = Tr(H'LH), (4.6)
i=1
where Tr(H) = ). H;; denotes the trace of a matrix. The indicator vectors are discrete, which
makes the problem computationally challenging. One way to relax the problem is to allow arbitrary

real values for H and instead solve

A

H = argminTr(H'LH)st. HH =1 4.7
HeRNxK

where the notation s.t. means subject to some conditions. Trace minimization problems with semi-
unitary constraints are well-studied in the literature, and it is easy to see that H consists of the first
K eigenvectors of L associated with the smallest eigenvalues, i.e., A\;(L) < ... < Ay(L) where
Ai(L) denotes the ith eigenvalue of L. Once His computed, the K -means algorithm is applied
to H', treating each row of H as the spectral embedding of the associated v; vertex. The next
section, Sec. 4.3.1.2, now describes some subspace clustering methods that use this technique by

first forming a weight matrix W and then applying spectral clustering to W.

4.3.1.2 Self-Expressive Methods

Self-expressive methods exploit the “self-expressiveness property” [114] of data that hypothesizes
that a single data point can be expressed as a linear combination of other data points in its cluster,
which is trivially true if the data exactly follows a subspace model. The goal is to learn those linear
coefficients, which is often achieved by adopting different regularizers in the formulation. These
self-expressive algorithms, e.g., SSC [23] and LRSC [115], learn the coefficient matrix P € RV*V

by solving special cases of the following general optimization problem
argmin DF(Y — Y P) + AA(P) s.t. P € Sp. 4.8)
P

The function DF(Y — Y P) is a data fidelity term, A(P) is a regularizer, and Sp is some con-

strained set to encourage P to satisfy certain conditions. In the case of SSC, the optimization
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problem is formulated as
argmin [|[Y — Y P|2 + APy st. Py =0 Vi (4.9)
P

where ||P|11 = |[vec(P)|ly = )>_,|pi| is the vectorized 1-norm and ||-||z = |vec(-)||2 is the
Frobenius norm of a matrix. Observe that (4.9) approximates each data sample as a sparse linear
combination of other data points to form P. Let abs(P) represent the element-wise absolute value
of matrix P. Then, spectral clustering is performed on W = 1 (abs(P’)+-abs(P)) by applying the
K-means method to the spectral embedding of the affinity matrix W. Ideally, (4.9) would select
the high-quality data to represent the worst samples in P and this information would be retained in
W. However, this data quality awareness condition is not guaranteed in self-expressive methods
to our knowledge. In our experiments, Fig. 4.2f and Fig. 4.7 show that there must be an issue

constructing an ideal P due to worse clustering performance in heteroscedastic conditions.

4.3.1.3 Subspace Clustering via Thresholding (TSC)

In the example to follow, assume that there are two distinct 1-dimensional subspaces. Given two
data samples y; and y;, intuitively their dot product (y;,y;) will be high if ¢; = ¢;, meaning
they belong to the same subspace. Likewise, if ¢; # c;, then (y;,y;) = 0 if the subspaces are
orthogonal. In non-orthogonal scenarios, one expects |(y;, y;)| to be smaller when ¢; # ¢; than
when ¢; = ¢;. Using this idea, in more general D-dimensional subspace settings, TSC constructs a
matrix Z € RY*¥ that describes similarity such that

Z,;; = exp(—2arccos(|(yi, y;)])) st. Z; =0Vi. (4.10)
This matrix is then thresholded to retain only the top ¢ values for each row, i.e.,

W = argmin |W — Z||} st [|[Wilo=q Vi (4.11)
w

where |W; .|| = ¢ is the [, pseudo-norm that counts the number of nonzero entries. In other
words, one constructs W . using the q nearest neighbors that correspond to the highest magnitude

values. Then, spectral clustering is applied to W to find the cluster associations.
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4.3.1.4 Ensemble K -Subspaces (EKSS)

Iterative methods are based on the idea of alternating between cluster assignments and subspace

basis approximation, with KSS being highly prominent [116]. The KSS algorithm seeks to solve

K
argmin Y Y |ly; — UpUjyill3. 4.12)
CU =1 c=hvi

The goal is to minimize the sum of residual norms by alternating between performing PCA on each
cluster to update ¢/ and using the subspace bases to calculate new cluster assignments C in a similar
fashion to the K -means algorithm. The quality of the solution depends highly on the initialization.
Recent work provides convergence guarantees and spectral initialization schemes that provably
perform better than random initialization [117]. However, this problem (4.12), is known to be NP-
hard [118]. Further, it is prone to local minima [119]. To overcome this, consensus clustering [120]
is a tool that leverages information from many trials and combines results together. This approach,
known as Ensemble KSS (EKSS) [108], creates an affinity matrix whose (4, j)th entry represents
the number of times the two points were clustered together in a trial. Then, spectral clustering is
performed on the affinity matrix to get the final clustering from the many base clusterings. The
use of PCA makes it challenging to learn clusters and subspace bases in the heteroscedastic regime
since PCA implicitly assumes the same noise variance across all samples [68]. The proposed
ALPCAHUS approach in Sec. 4.4 builds on KSS, and its ensemble version, by generalizing (4.12)

to the heteroscedastic regime while simultaneously learning data quality.

4.3.2 Other Heteroscedastic Models

This chapter focuses on heteroscedastic noise across the data samples. There are other subspace
learning methods in the literature that explore heteroscedasticity in different ways. For example,
HeteroPCA considers heteroscedasticity across the feature space [73]. One possible application of
that model is for data that consists of sensor information with multiple devices that naturally have
different levels of precision and signal-to-noise ratio. Another heterogeneity model considers the
noise to be homoscedastic and instead assumes that the signal itself is heteroscedastic [74]. That
work considers applications where the power fluctuating signals, i.e., heteroscedastic signals, are
embedded in white Gaussian noise. However, to the authors’ knowledge, there are no algorithms
for subspace clustering that consider feature-space heteroscedasticity. We exclude comparisons

with these methods since their models are very different and each have their own applications.
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4.3.3 Single Subspace Heteroscedastic PCA

Before extending (4.12) to the heteroscedastic setting, we will review how LR-ALPCAH [13]
solves for a single subspace (K = 1) in the heteroscedastic setting using the model described in
(4.1). For the measurement model y; ~ N (x;, ;1) in (4.1), the probability density function for a

single data sample y; following a Gaussian distribution is easily expressed as

1 1
N exp [—5(% —x;) (v D) My — x3)]. (4.13)

For independent samples, after dropping constants, the joint log likelihood of all data {y;}, is

the following
M 1
i=1
LetIT = diag(vy, . . ., vny) € RY*YN be a diagonal matrix representing the typically unknown noise

variances. Then, the negative log likelihood in matrix form is
D 1 1 /
510g|1‘[| —|—§Tr[(Y—X)H (Y — X)']. (4.15)
After further manipulation by trace lemmas, we rewrite the negative log-likelihood as
1 D
§||(Y—X)H_1/2||%+510g|1'[]. (4.16)

Our previous work used a functional operator similar to the nuclear norm to regularize X and en-
courage a low-rank solution by penalizing the tail sum of singular values [121] [12]. However, this
method, named ALPCAH, was relatively slow due to SVD operations every iteration. To reduce
computation and enforce a low-rank solution, the LR-ALPCAH variant [13] took inspiration from
the matrix factorization literature [70] and factorized X € RP*YN ~ LR’ where L € R” xd and
R € RV for some rank estimate d. Using this idea, LR-ALPCAH estimates X by solving for L

and R, jointly with noise variance matrix II, by the following

1 D
argmin = || (Y — LR)ITY?||2 + = log |II|. (4.17)
L.RTI 2 2

This comes from a modified model of (4.1) described by

yi=Lr;+¢, € ~N(0,vI) (4.18)
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where r; denotes the ¢th column of R. Sec. 4.4 combines ideas from (4.12) and (4.17) to tackle

the union-of-subspaces setting.

4.4 Proposed Subspace Clustering Method

For notational simplicity, let Y}, = Ye, € RP*Mr denote the submatrix of Y having columns
corresponding to data samples that are estimated to belong in the kth subspace, i.e., Y, = Y, =
matrix({y; : ¢ = k}), where C;, = {i : ¢; = k} must be determined. This notation applies
similarly to other matrices such as IT, = Il., = diag({v; : ¢; = k}). For the union of subspace

measurement model in (4.2), we generalize LR-ALPCAH (4.17) by proposing the following cost

function
fk(kalei7Hk;Yk)
argminZEH(Y —L R')l—I_l/QH2 +210g|H\| (4.19)
L,R,I,C S 2 F Rk Fo2 K :
FERTLC)

where C,II, £, R denote the sets of estimated clusters, noise variances, and factorized matri-
ces respectively for each cluster k¥ = 1,..., K. Specifically, £ = {Ly,...,Lg} and R =
{Ry,...,Rk}. Our algorithm for solving (4.19) is called ALPCAHUS (ALPCAH for Union
of Subspaces). We solve (4.19) via alternating minimization, and the method alternates between
subspace basis estimation and data sample reassignment/clustering. We begin with subspace basis
estimation.

Firstly, with data sample assignments fixed, Vk € {1, ..., K'} we estimate subspace bases by

applying 77 iterations of alternating minimization by

<L](€Tl)’R](ng)’Hl(€Tl)> = argmin fk(Lk,Rk,sz;lfk)
Ly, Ry, ITj

s.t. I, = ol. (4.20)

The solution to (4.20) is described in Ref. [13]. However, for completeness and notational con-
sistency, the updates are included in (4.21), (4.22), and (4.24). Given the current ¢, iteration, the

updates for the ¢; + 1 iteration are given as

L = argmin fi (Li, B, 15 v,)
Ly

~1 —1 -1
=y () R ((R,(fl))’ () R,(fl)) 4.21)
Rl(ct1+1) = argmin fj (L’(€t1+1)7 Ry, Hl(ctl); lfk(b))
Ry,
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1

_ (Y;c(tQ))/LIE:t1+1) ((Ll(ct1+1))/Ll(<:tl+l))_ ] (4.22)

Further, estimate the noise variance terms by

1 2
max (a, ﬁ H <Yk(tz) B Ll(ctlﬂ) (Rl(fﬁl))/) e 2) 4.23)

J/

Pi ()

where e; denotes the ith canonical basis vector that is used to select the 7th residual column and
a > 0 is a user-selected noise variance threshold parameter. Then, we update the noise variance

matrix IT, as follows

I = arg min fi(L Y, R, T ¥,
k

= diag(px(1), .. .. pr(|Ckl))- (4.24)

Because I1;, is a diagonal matrix, the I, > oI majorization condition in (4.20) being equivalent
to Vi, \;(IIy) > « implies that Vi, ; > «. This leads to a projection to the positive set [, 00)
by the max(c, -) condition in (4.23). This condition is sufficient to ensure convergence as proven
in [13, Thm. 2] and used in this work to further prove ALPCAHUS convergence in Thm. 3 using
some o € R;.

Secondly, fixing the subspaces, we update the data sample assignments to clusters. The cluster
update is essentially C** = argmin, f(£,R,II,C), with a rule to break ties in favor of the
previous cluster assignment as follows. Let U,ETl) denote the Gram-Schmidt vectors of L,ETI).

Define residual point error for kth basis by

Ji(k) = ’ yi - U™ (UM) . 2 (4.25)
2
and let the set S, denote the set of minimizers of J;(k) by
Sy, = arg;nin Ji(k). (4.26)
Then Vi, given the label estimate cgb) for the ¢, iteration, compute the next label by
(2t { " if e e, 4.27)
‘ k* € S;,  otherwise.
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The solution to (4.27) involves the following procedure. Given a data sample y;, find the lowest
(t241) ot the to + 1 iter-

i
ation. In the event of a tie, meaning there is more than one subspace that has equal residual, retain
(

7

subspace projection residual out of all subspaces by (4.25) and assign it to ¢
the past label cﬁm for the new label ¢\, By doing this, cycling between labels is prevented for
all data samples. This cluster reassignment criterion will be important for ensuring convergence,
as shown in Thm. 3. Because (4.26) is with respect to £ and not the ¢th sample, a residual weighted
with the noise parameter v; is unnecessary, since it would not change the minimizing k.

To further improve clustering performance, consensus clustering can be leveraged over many
trials. Initially, we tried using this approach with only one trial as seen in Fig. 4.2b and ALPC-
AHUS (B = 1) result in Fig. 4.7a. However, since K -subspaces in general is sensitive to initializa-
tion, during experimentation, we found higher clustering accuracy by using a consensus approach
with more than one trial as shown in Fig. 4.2d and ALPCAHUS (B = 16) result in Fig. 4.7a.

4.4.1 Ensemble Extension for ALPCAHUS

This section presents the ensemble algorithm with base clustering parameter B to combine multiple
trials for finding C in (4.19). ALPCAHUS with B > 1 leverages consensus clustering by forming

an affinity matrix A € RV*" where

1
Ai,j :§|{Vb € {1, R ,B} such that

Yy, y; are co-clustered in C (b)}| (4.28)

and ") = {cgb), co 053)} refers to the cluster labels for the bth trial ranging from 1 to B. Then,

the rows and columns of W are thresholded to retain the top ¢ values by solving

Z™ = argmin |[A — Z||} st | Zi.]lo=q Vi (4.29)
Z

Zo — arg min || A — ZH% S.t. ||Z:7Z-||0 =gq Vi. (4.30)
VA

Finally, spectral clustering is applied to W = %(ZCO] + Z™%) to obtain the clusters from the
ensemble results. This spectral clustering operation assumes a balanced cluster distribution that
may not hold in practice. All of our included experiments contain balanced cluster sizes; however,
Sec. 4.7.2 provides discussion of this limitation and possible remediation strategies.

The ¢ threshold parameter can be set via cross-validation, as done in the experiments shown

in Sec. 4.5, or other techniques can be used. For example, Ref. [122] creates a sparse L2 graph
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through hard thresholding to retain the top ¢ = dj, values where dy, is the known subspace dimen-

sion. Thus, ¢ can be tied to the true or estimated subspace dimension instead. Sec. 4.7.3 provides

more discussion on ALPCAHUS hyperparameters, including recommended values.

In this more general ensemble framework, one could select B = 1 to reduce to one trial of the

optimization problem in (4.19), which is the non-ensemble version of ALPCAHUS. Alg. ALPC-

AHUS summarizes the procedure for subpace clustering with optional ensemble learning. For

Julia code implementations, refer to github.com/javierscl/ALPCAHUS.

Algorithm ALPCAHUS (unknown noise variances, unknown noise grouping, ensemble version
with random init.)

1:

SAN AN S

~

10:
11:
12:
13:
14:
15:
16:
17:
18:

Input: Y € RP*V: data, K € Z*: number of subspaces, {d, € Z* Vk € {1,...,K}}:
candidate dimension for all clusters, ¢ € Z™: threshold parameter, B € Z™: base cluster-
ings, 71 € Z*: LR-ALPCAH iterations, 75 € Z*: maximum alternating updates (cluster
reassignments)
Output: Cs = {c1,...,cn}: clusters of Y
forb =1,..., B (in parallel) do
Co~{1,...,N} sit. [Cy| = Ffork=1,... K Initialize clusters randomly
I, « Ifork=1,....K Assume homoscedastic data initially
Ly, Ry < U, ;B B0V, where SVD(Yy,) = USV' fork = 1,.., K
Spectral init
fort, =1,...,7T; (in sequence) do
L;, R, II;, < Compute (4.21)-(4.24) using Y, for T} iterations for k = 1,..., K Apply
LR-ALPCAH [13]
Cr + {Vy; € Y : Vk, apply (4.25)-(4.27) with U}, from GramSchmidt(Ly)} Update
cluster labels

Stop execution if C,(:QH) = C,th) is met for all clusters Stopping criteria
end for
CY « C={ecy,...,en} Collect results from all trials
end for
A, j + Form A by (4.28) using {CY, ..., C®)} Form affinity matrix of similar clusterings
Z™ < Threshold rows by solving (4.29) using A Retain top ¢ elements for each row
Z*! < Threshold columns by solving (4.30) using A Retain top ¢ elements for each column
W % (Z“’W + ZC“’]) Average affinity matrix
Cg < Perform spectral clustering on W via (4.4)-(4.7) Final clustering

4.4.2 ALPCAHUS Convergence

In the single cluster setting, ALPCAHUS with ' = 1 has a sequence of cost function values

f1(L1, Ry, I1;; Y7) that provably converges to local minima, since the cost function and algorithm

simplify to LR-ALPCAH (4.17) that has convergence guarantees as proven in Ref. [13, Thm. 2].
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In the multi-cluster setting with X > 1, Thm. 3 below shows that the sequence of cost function
values produced by f(L,R,II, C) in (4.19) converges asymptotically. The argument in Thm. 3
below is a natural extension of that in the original k-subspaces paper [116, Thm. 7] with greater

mathematical exposé. Sec. 4.7.1 provides an experimental result that corroborates this theorem.

Theorem 3. Consider the ALPCAHUS cost function f(L,R,II1,C) in (4.19). Assume a noise
variance threshold parameter o« € R > 0 that lower bounds all v;, and the cluster assignment
criteria in (4.27) that accepts changes only if there is a cluster reassignment of points that strictly
decreases the cost function f(-), as expressed in (4.27). Then, (4.19) generates a sequence of
cost function values that converges asymptotically. Furthermore, the algorithm terminates in finite
iterations due to stopping criteria in line (10) of Alg. ALPCAHUS that checks whether clusters

have changed from the previous iteration.

Proof. To prove that the sequence of cost function values converges, we show that each step de-
creases the cost function. We also show that the algorithm terminates when the variables stop
changing. Each step consists of two sub-steps: first, the subspace estimation sub-step, where
LR-ALPCAH is used, and second, the clustering sub-step where projection onto the estimated
subspaces is done. Let ¢; be the iteration variable associated with the variables in the subspace
estimation sub-step and 72 be the iteration variable associated with the variables in the clustering
sub-step. Define X = L; R, and bound the cost by

f(ﬁ(tl) R(h) H(t1) C(t2)> —

2
DI Hn X[ + Dlog 1t @31)
zEC<t2) ?
(t14+1)
_QZZ o | = )
Gc(t2>
+ Dlog v*D = f(£tH) R+ R+ )y (4.32)
1 1 b |2
>500 > g |Vl - XY
k Ecl(ct2+1) 7
+ Dlog ("™ = f(L@+D) R+l qrlath clz+1) (4.33)

Here, (4.31) > (4.32) is due to the subspace step not increasing the cost for each f; term as shown
in Ref. [13, Thm. 2], and (4.32) > (4.33) is due to the cluster reassignment criteria in (4.27) only
updating the cluster label that decreases (4.25). What has been shown is that

f(t17t2) > f(t1+1,t2) > f(t1+1¢2+1) (4.34)
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where f(tit2) = f(£t) RE) TI) C(2)) Thus, as the cluster assignments and subspace bases
are updated, the cost is non-increasing. Since the cost function values are non-increasing at every
step, bounded below, then the sequence of cost function values produced by (4.19) converges
asymptotically. Furthermore, the stopping criteria in line (10) ensures that the algorithm terminates
when all clusters do not change. Because there are only a finite number of ways to assign cluster
labels, Alg. ALPCAHUS will stop after a finite number of iterations. [

4.4.3 Rank Estimation

In subspace clustering, some algorithms, like SSC, do not require the subspace dimension to be
known or estimated, whereas others like KSS require it. For the group of algorithms that require
this parameter, there is great interest in adaptive methods that can learn the subspace dimension.
In recent work, Ref. [117] proposed using an eigen-gap heuristic on the sample covariance matrix

of each cluster to estimate dimension. Mathematically, this means calculating the following

1
S, = —Y.Y, (4.35)
Cx|
dy, = argmax | \;(Sk) — Ais1(Sk)| (4.36)
where \;(Sy) denotes the ith eigenvalue of Sy assuming \; > ... > Ap. For heteroscedastic

data, the eigen-gap heuristic can break down, making it challenging to determine rank, as shown
in Sec. 4.5, Fig. 4.5. In recent work, Ref. [79] developed a parallel analysis algorithm to estimate
the rank of a matrix that is consistently shown to work well in the heteroscedastic regime if the
data comes from a single subspace only. It works by creating an i.i.d. Bernoulli (p = 0.5) matrix
denoted as M and analyzing the singular values of M © Y for a matrix of data samples Y. This
process allows one to distinguish which singular values are associated with the signal and noise
components of the data. We generalize this line of work and apply it to the union of subspace

setting by starting off over-parameterized and adaptively shrinking the bases by

Vke{l,...,K} do
&) = SingularValues(M ©Y;) Vr € {1,...,R} (4.37)
UZk = smallest d that satisfies

04+1(Y%) < a-percentile of {55(1217 . ,5&)1 i (4.38)

This is done for each estimated cluster Y}, over R random trials where 1 < R < T5, and 715
denotes the maximum ALPCAHUS iterations. Here, o4.1(Y}) denotes the d + 1 singular value

of Y}. This process is repeated for all cluster subsets {Y7, ..., Yx } after the cluster reassignment

56



update in (4.27). To reduce computation, this dimension estimation is performed sparingly in the
ALPCAHUS method.

4.4.4 Cluster Initialization

For the non-ensemble version of ALPCAHUS (B = 1), it previously remained to be seen whether
there exists an initialization scheme that performs better than random cluster assignment in the
heteroscedastic regime. In recent work, Ref. [117] proposed a thresholding inner-product based
spectral initialization method (TIPS), designed for homoscedastic data to be used with KSS, where
an affinity matrix is generated by W;; = 1if |(y;,y;)| > 7 and i # j given a thresholding

parameter 7 > 0. Instead, in this work, we generate a fully connected W by creating
Wi = [(y;,y;)| if i # j, 0 otherwise, (4.39)

and hard threshold to retain the top g edges by solving (4.11) so that 7 = ¢ for simplicity. Then, the
cluster assignments C = {c;, ..., cy} are calculated by applying the spectral clustering method on
the thresholded W. Recall that y; = x; 4+ €;. Upon closer analysis, this metric in expectation,

ignoring absolute value, gives

E(yi, y;)] = E[{zi, ;)] + E[(zi, €;)]
+ E[(e;, ;)] + E[(€:, €)] = E[(z;, x;)]. (4.40)

Therefore, the metric is independent of the noise variances, meaning the affinity matrix constructed
does not have highly unbalanced, asymmetric edge weights from noisy samples. Thus, this metric

1s more robust to heteroscedastic noise than others such as Euclidean norm, where
Ellly: — y;l3] = [l — ;15 + D(vi + v)). (4.41)

Clearly, this is inflated by the noise terms v; and v;. To note, TIPS initialization is only useful
when B = 1 for one base clustering since it is a deterministic initialization; it provably performs
better than random initialization as illustrated in Fig. 4.4. Otherwise, random initialization is used

when B > 1 to leverage consensus information in the ensemble process.
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4.5 Experiments

4.5.1 Synthetic Experiments
4.5.1.1 Experimental Setup

A synthetic dataset is generated, consisting of X' = 2 clusters, each of dimension d = 3 derived
from random subspaces in D = 100 dimensional ambient space. Each cluster consisted of two
data groups with group 1 containing N; = 6 samples, to explore the data constrained regime,
with noise variance v; = 0.1 per cluster. For group 2, the N, samples and noise variance v, are
varied. Cross-validation is performed for hyperparameters in any algorithm that requires it, using
a separate training set. For a more detailed description of ALPCAHUS parameters, including
recommended default values, see Sec. 4.7.3. Both the estimated clusters from each clustering
algorithm and the known clusters are necessary to calculate clustering error. Further, the problem of
label permutations is addressed using the Hungarian algorithm [123]. More concretely, clustering

error (%) is defined as

3 100 ou rue
clustering error = N <1 — max Z ﬂ(ti i) ;j ) (4.42)
Z’]

where 7 is a permutation of cluster labels found by applying the Hungarian algorithm, and Q°"
and Q"™* are output labels and ground truth labelings of the data where the (i, 7)th entry is one if
point j belongs to cluster 7 and zero otherwise.

The average clustering error is computed across 100 trials, where each trial used different
noise, basis coefficients, and subspace basis realizations for the clusters. Various subspace clus-
tering algorithms are included such as K-Subspaces (KSS) [24], Ensemble K'-Subspaces (EKSS)
[108], Subspace Clustering via Thresholding (TSC) [107], and Doubly Stochastic Sparse Subspace
Clustering (ADSSC) [124], which is a modern variant of SSC. Applying general non-subspace
clustering methods such as K -means [20] yielded poor clustering performance, so the results of

these methods are not shown in general.

4.5.1.2 Clustering Error

Table 4.2h shows the clustering quality of these algorithms for synthetic heteroscedastic data.
Fig. 4.2 complements Table 4.2h by exploring the complete heteroscedastic landscape with a vi-
sual representation that is easier to understand. We define a method called “noisy oracle” where an
oracle uses the true cluster assignments to apply PCA only to the low-noise data for each cluster.

Using these subspace basis estimates of each cluster, the oracle performs cluster assignments using
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Figure 4.2: Clustering error over the heteroscedastic landscape for subspace clustering algorithms.
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Figure 4.3: Percentage difference (%) of ALPCAHUS clustering error subtracted from EKSS while
the amount of good data varies.

(4.27). This oracle reference provides a kind of lower bound on realistic clustering performance
since it can approximate subspace bases separately, given the true labeling.

ALPCAHUS (B = 1) with TIPS initialization achieved a lower clustering error than KSS
with TIPS initialization. For the ensemble methods (5B > 1), both EKSS and ALPCAHUS signifi-
cantly improved. However, EKSS still had higher clustering error in more heteroscedastic regions.
Meanwhile, ALPCAHUS remained very close to the noisy oracle, indicating it more accurately
estimated the underlying true labeling. Compared to other methods like TSC and ADSSC, ALPC-
AHUS generally outperformed them. Overall, the ensemble version of ALPCAHUS was generally
more robust against heteroscedasticity compared to other subspace clustering algorithms. To sum-
marize, the effects of data quality and data quantity are explored on the heteroscedastic landscape.
To our knowledge, this is the first systematic analysis of heteroscedasticity effects on subspace

clustering quality in the literature.

4.5.1.3 Effects of Good Data

Additionally, the effects of good data quantity on the subspace clustering problem is explored to
understand at what point it becomes advantageous to use ALPCAHUS over KSS methods. The
following parameters are fixed {v; = 0.1, Ny = 500} and the following vary {Ni, v»}. The re-
porting metric is the percentage difference of EKSS clustering error (%) - ALPCAHUS clustering
error (%), i.e., errorggss — €Irorar pcagus, meaning higher values indicate that ALPCAHUS is better
than EKSS. Fig. 4.3 shows that ALPCAHUS performed better than EKSS even up to NV; = 160
which represents about 33% of the total data. ALPCAHUS never performed worse than EKSS, but
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Figure 4.4: Clustering error (%) for TIPS initialization scheme vs. random initialization for the
ALPCAHUS method (B = 1).

the advantage gap narrowed as N; increased. Thus, there is a wide range of conditions for which
ALPCAHUS is preferable to homoscedastic methods.

4.5.1.4 Clustering Initialization

Sec. 4.4.4 proposed using the TIPS initialization scheme in the heteroscedastic context since the dot
product metric used to construct the affinity matrix in (4.40) is provably robust to heteroscedastic
noise. We fixed the following parameters { N1, N>} and varied v, while keeping 14 = 0.1. The
noisy oracle result is included to establish a realistic performance baseline. Fig. 4.4 shows that
TIPS initialization ALPCAHUS (B = 1) outperformed random initialization for the non-ensemble
ALPCAHUS method (B = 1) across the entire heteroscedastic landscape. Thus, TIPS should
always be used for the non-ensemble version for higher clustering accuracy. The ensemble version
of ALPCAHUS (B > 1) is not included in these results because the ensemble process inherently

takes advantage of random initialization to achieve a different labeling for each trial.

4.5.1.5 Rank Estimation of Clusters

In Sec. 4.4.3, arandom sign flipping method is proposed to adaptively find and shrink the subspace
dimension of clusters when the subspace dimension is unknown. In Fig. 4.5, synthetic subspaces
are generated with true rank d = 6 to explore how the initial rank parameter affects the ability to
estimate the true rank over 100 trials. This approach is compared against the eigen-gap heuristic

by using ALPCAHUS with both adaptive rank schemes and reports the estimated rank values from
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Figure 4.5: Adaptive rank estimation using eigengap heuristic and proposed FlipPA approach (true
rank d = 6).

Time | Memory Mean Mear}

Methods (ms) | (MiB) Subspace | Clustering

Error Error (%)

KSS 149.3 53.0 0.80 38.5
EKSS (B=16) 181.4 212.6 0.62 23.8
ADSSC 125.7 17.5 0.62 21.1
TSC 323 16.5 0.40 18.2
ALPCAHUS (B=1) | 148.5 126.7 0.43 144
ALPCAHUS (B=16) | 210.7 678.2 0.28 6.3

Table 4.1: Subspace clustering results on quasar flux data. The KSS and ALPCAHUS (B = 1)
methods use TIPS initialization.

the final clustering. The eigen-gap approach consistently underestimated the rank regardless of the
initial value, except when given the true rank value d = 6. Our sign flipping approach provided

much better rank estimates with smaller variances between trials.

4.5.2 Real Data Experiments
4.5.2.1 Quasar Flux Data

Quasar spectra data is downloaded from the Sloan Digital Sky Survey (SDSS) Data Release 16
[92] using the DR16Q quasar catalog [93]. Each quasar has a vector of flux measurements across
wavelengths that describes the intensity of observing that particular wavelength. In this dataset, the

noise is heteroscedastic across the sample space (quasars) and feature space (wavelength), but for
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Figure 4.6: Sample data matrix of quasar flux measurements across wavelengths for each column-
wise sample.

these experiments, we focused on a subset of data that is homoscedastic across wavelengths and
heteroscedastic across quasars. The noise for each quasar is known, given the measurement devices
used for data collection [92]. In Fig. 4.6, a subset of the spectra data is shown for illustrative
purposes to compare the visual differences in data quality. The preprocessing pipeline for the
data included filtering, interpolation, centering, and normalization based on the supplementary
material of Ref. [94]. Clusters are formed in these experiments by considering quasars with
different properties, namely, two quasar groups (/K = 2) with different redshift values (z; =
1.0—-1.1, 29 = 2.0—2.1). Additionally, for the second group, only broad absorption line (BAL) type
quasar data is collected. Since the downloaded data is queried separately, clustering association is
known, meaning one can compute clustering error for comparison purposes. A training set (5000
samples) is set aside to learn any model parameters, and the rest (5000 samples) is used for a
test dataset. Trials are formed by randomly selecting 400 quasar spectra samples per group and
running clustering algorithms for 50 total trials. For rank estimation, the noisy oracle approach is
used, given the known cluster labels, to find that there is no improvement to clustering quality for
rank values greater than d = 3, so this value is used for any applicable algorithms.

Fig. 4.7a shows clustering errors for this multi-cluster data set of quasar spectra. The ensemble
version of ALPCAHUS was very close in clustering quality to the noisy oracle, suggesting that it
accurately learned the subspace bases while clustering the data groups. The non-ensemble version
of ALPCAHUS (B = 1) had large variances in clustering error, indicating some challenges in
getting close to the optimal cost function minima with this data. However, based on median val-
ues, it still achieved a lower error than KSS, ADSSC, and TSC. Additionally, Fig. 4.7b shows the
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Figure 4.7: Experimental results of quasar flux data for subspace clustering and learning. Methods
involving a single run, i.e., KSS and ALPCAHUS (B = 1), use the TIPS initialization scheme.
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average subspace affinity error of these methods after applying LR-ALPCAH to the clusterings for
all methods. ALPCAHUS learned the subspace bases better than the other methods when B = 16,
the smallest value that had small run-to-run variances without taking significantly longer to com-
pute. Both of these results show the benefit of developing heteroscedastic-based algorithms in the
subspace clustering context. Table 4.1 reports median time complexity and memory requirements
along with mean clustering error and mean subspace error. In this quasar example, the ensemble
method gets close in time to the non-ensemble methods due to our multi-threaded implementation.
Yet, because of the multi-threaded implementation, the memory requirements are larger for the
ensemble method as opposed to the non-ensemble method. Overall, relative to other clustering
methods, ALPCAHUS is competitive in terms of time, but comes at the cost of increased memory

requirements.

4.5.2.2 Indian Pines Data

Hyperspectral image (HSI) segmentation data is explored in this section, specifically Indian Pines
[125]. This image of size 145 x 145 contains D = 200 reflectance bands for each pixel, which
is around the 0.4 — 2.5um wavelength. HSI data is known to be very noisy due to thermal, at-
mospheric, and camera-electronics effects, leading to work on per-pixel noise estimation in hyper-
spectral imaging [126]. In total, there are X' = 16 classes: alfalfa, corn, grass, wheat, soybean,
and others. There is one additional class (background) that is withheld from clustering as com-
monly done in other works [74]. Because of this, the data contains N = 10, 249 samples rather
than N = 145 x 145. In other work, researchers have found that d = 5 is an appropriate rank
parameter, as it accounts for 95% of the cumulative variance [74]. A subset of the data matrix
Y € R290x10249 i gplit into 2500 samples to learn model parameters. From this, the learned sub-
spaces are applied to Y to cluster all data, enabling comparison of the heatmaps with the ground
truth. The ground truth image is found in Fig. 4.8a. For perspective, random guessing would yield
94% clustering error with K = 16 clusters. For consistency, the Hungarian algorithm is again ap-
plied to the clustering results in Fig. 4.8 to facilitate comparison with the ground-truth label image
in Fig. 4.8a.

K-means is included in Fig. 4.8b to illustrate the difficulty of the problem. ALPCAHUS
results are shown in Fig. 4.8d next to EKSS results in Fig. 4.8c. Clustering error is reported
for these algorithms, along with mean intersection over union (IoU) to measure image similarity.
ALPCAHUS achieved the lowest clustering error and highest mIOU values (53%, 31%) relative
to the other approaches, such as K-means (77%, 16%) and EKSS (64%, 27%). We note that our
ALPCAHUS results are similar to those of Ref. [74], even though the authors treat the noise as
homoscedastic and the signal as heteroscedastic. Further, the EKSS results on this dataset are

similar to the homoscedastic PCA approach used in Ref. [74]. This indicates some utility in
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(a) Ground truth labels for Indian Pines dataset. NC (b) K-means results with clustering error = 77% and
means no class available (background). mlIOU = 16%.

(c) EKSS (B = 32,T = 3,q = K) results with (d) ALPCAHUS (B = 32,T = 3,q = K) results
clustering error = 64% and mIOU = 27%. with clustering error = 53% and mIOU = 31%.

Figure 4.8: Experimental results of Indian Pines HSI data in a subspace clustering context. The
results reported are the clustering error and the mean IOU (intersection over union) for each algo-
rithm.
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modeling heteroscedasticity in hyperspectral images. Yet, the reflectance bands themselves also
appear to be heteroscedastic, with some bands being noisier than others [127]. Thus, developing a
method that is doubly heteroscedastic with respect to both the samples and features is an interesting
direction for future work.

For reference, the state-of-the-art result is about 10% misclassification rate in a classification
setting (i.e., not clustering) [128]. In a clustering setting, recent works such as Ref. [129] have
achieved a 40% clustering error, which is 13% lower than our results. We do not claim state-of-the-
art results with this HSI data, only that the heteroscedastic union of subspace modeling improved
results over the homoscedastic union of subspace modeling in finding reflectance band groups with

similar characteristics.

4.6 Conclusion

This chapter proposed ALPCAHUS, a subspace clustering algorithm that can find subspace clus-
ters whose samples contain heteroscedastic noise. For future work, a generalization of the union
of manifolds by deep learning could be useful. For example, Alzheimer’s disease patients often
have resting state functional MRI activations different than cognitively normal individuals [130],
so one could consider these different classes to belong to different manifolds in the ambient space.
Previous research has shown manifold learning to more correctly model temporal dynamics as op-
posed to subspace modeling in this domain [100]. Another direction for future work could be to
consider heteroscedasticity across the feature space rather than the sample space. For example, one
might be interested in the biological sequencing of different species with similar genes where the
gene marker counts naturally follow heteroscedastic distributions [131]. Another interesting topic
would be to explore Thm. 3 in greater detail. This theorem simply states that ALPCAHUS gen-
erates a sequence of cost function values that converge; it says nothing about recovery guarantees
or the quality of that solution. Thus, proving that the basin of attraction changes as heteroscedas-
tic data is introduced would lead to a greater understanding of heteroscedasticity in a subspace
clustering context. Additionally, as noted in Sec. 4.7.2, extending the method to handle extremely
imbalanced cluster sizes would be another interesting avenue. These generalizations are nontrivial
and are left for future work.

While our implementation of ALPCAHUS benefited from parallelization, it needed more com-
putation time and memory than TSC. Because of this, there is an opportunity to further optimize
our code base to remove certain matrix multiplication operations and instead use single vector dot
products to reduce memory. Further, since our subspace basis step requires an SVD computation

for an initial low-rank estimate, perhaps the Krylov-based Lanczos algorithm [132] can be used to
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further reduce time and memory for each trial, leading to more significant improvements in mem-
ory usage and time. These additions can be fruitful in big data settings. Overall, ALPCAHUS was
more robust to heteroscedastic noise than other clustering methods, making it easier to identify

correct clusterings under this heteroscedasticity model.

4.7 Additional Results

4.7.1 ALPCAHUS Convergence Experiment

5.3(/ F ——————— — — = —————— = — —
clustering error 48% |— -Random subspaces (avg.)
—— ALPCAHUS (random init.)
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Figure 4.9: ALPCAHUS (B = 1) cost function value convergence plot to corroborate the theorem
in Thm. 3.

This section focuses on providing empirical verification of the ALPCAHUS convergence theorem
in Thm. 3. Quasar spectral flux data from the SDSS (DR16Q catalog) are used in this experiment.
The noise variance threshold parameter « is set to 107° to provide a lower bound for the noise
variance estimate. Further, as shown in Thm. 3, it is necessary to use the cluster reassignment
criteria in (4.27) that rejects repeated assignments of points to prevent cycling. For simplicity,
only one base clustering (B = 1) is used in this experiment to compare a randomly initialized
ALPCAHUS trial with the TIPS-initialized variant. This variant is only possible when B = 1
as discussed in the chapter. In Fig. 4.9, the cost function value is plotted over iterations for both
versions of ALPCAHUS.

Both upper and lower bound cost function reference values are provided in Fig. 4.9. The upper

bound is generated by using randomly initialized subspaces, and by applying (4.27) to get cluster
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labels. From this, the cost function value is computed by (4.19). Likewise, a lower bound is gen-
erated by using the known cluster labels, and by estimating the subspaces and noise variances by
(4.20). As observed in Fig. 4.9, ALPCAHUS converges relatively quickly with only a few itera-
tions. Note that in this figure, the stopping criteria in line (10) of Alg. ALPCAHUS is purposely
ignored. In other words, ALPCAHUS is run for a fixed number of iterations. However, as clearly
demonstrated, convergence is achieved earlier for both versions of ALPCAHUS before the max-
imum number of iterations is reached. This indicates the usefulness of the stopping criteria for

speeding up the algorithm across various applications.

4.7.2 Balanced Cluster Assumption

The ensemble extension of ALPCAHUS relies on forming an affinity matrix in (4.28) that is thresh-
olded by (4.29) and (4.30). Then, spectral clustering is applied on said affinity matrix, which
depends on (4.4). This spectral clustering operation, using the normalized cut function in (4.4),
assumes balanced cluster partitions to avoid trivial solutions such as finding a small cut that results
in a single point belonging to its own cluster and everything else to another. Thus, the proposed
ALPCAHUS method may not be ideal in situations with imbalanced clusters.

While one could use other clustering methods for imbalanced data, such as Ref. [15] or
Ref. [133], these methods are not ideal in heterogeneous settings as they do not account for
heteroscedasticity in the data. Instead, we recommend using the partition cut (“Pcut”) method
introduced in Ref. [134] that performs spectral clustering-like operations on a rank-modulated
degree graph as a replacement for spectral clustering, which uses the normalized cut function
(“Ncut) in (4.4). This would allow ALPCAHUS to be more robust in situations with imbalanced
cluster sizes. Furthermore, the non-ensemble version of ALPCAHUS in (4.19) may also suffer
in the imbalanced-cluster regime when the TIPS-based initialization scheme in Sec. 4.4.4 is used.
This is due to the spectral clustering step in TIPS, which initializes cluster labels for ALPCAHUS.
Therefore, even when B = 1, it is also recommended to apply the “Pcut” method in Ref. [134] on
the affinity matrix formed by (4.39).

4.7.3 ALPCAHUS Parameters

For Alg. ALPCAHUS, the input data matrix Y € RP*" and the number of subspaces or clus-
ters K € 7" are necessary inputs that are clearly data dependent. For the candidate subspace
dimension d, it may be the same across all clusters or vary, and it is either known via domain
knowledge or can be reasonably estimated by the procedure outlined in Sec. 4.4.3. If it must
be estimated, it is recommended to start with an over-parameterized model rather than an under-

parameterized one. A scree plot of Y can give an indication of sufficient rank for initialization to
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ensure an over-parameterized state. Further, di may also be treated simply as a hyperparameter for
cross-validation purposes.

For the threshold parameter ¢ € Z™, this can be set to the subspace dimension as shown in Ref.
[122] and explained in Sec. 4.4.1, or simply treated as a hyperparameter to be optimized during
cross-validation; this value is dataset dependent. The number of base clusterings B € Z™ is either
fixed to B = 1 for the non-ensemble version of ALPCAHUS, or set as high as compute time and
memory allow for the ensemble version. In other words, more trials make it easier to identify the
underlying relationships between similar data samples. If B = 1, then it is recommended to use
the TIPS-based initialization scheme from Sec. 4.4.4.

Since each subspace basis update involves LR-ALPCAH [13], the T} € Z* parameter specifies
the number of LR-ALPCAH iterations. For 71, it is recommended to keep it low; e.g., we set T} =
5 since there is no point in converging perfectly, as the cluster labels will be updated in the next
reassignment at ¢, + 1. For the non-ensemble version, it is recommended to do as many alternating
updates 75 € Z* as necessary to trigger the stopping criteria in line (10) of Alg. ALPCAHUS.
However, for the ensemble version of ALPCAHUS, we find that a low value, such as 75 = 3,
works very well in practice due to the larger number of trials, B > 1. This value agrees with
Fig. 4.9 as ALPCAHUS converges in just a few iterations anyway. For more detailed and practical

code-oriented function usage, refer to the documentation at github.com/javierscl/ALPCAHUS.
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CHAPTER 5

PET-TURTLE: Deep Unsupervised Support Vector
Machines for Imbalanced Data

Dataset D

Representation
Model ¢

T iterations

7: classifier

Figure 5.1: A visual illustration of the key idea behind unsupervised support vector machines that
alternates updates between labels and hyperplane estimation.

5.1 Introduction

Transfer learning leverages pretrained neural networks to improve model performance on down-
stream tasks, often with limited data [135]. Recent works show that fine-tuning an entire model has
only marginal improvements compared to using a frozen backbone with a linear classifier [136]

[137] [138]. These self-supervised foundational models, trained in the CLIP or contrastive learning

This work in this chapter is published in IEEE Signal Processing Letters [15].
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paradigm [139] [140], offer competitive performance on a variety of downstream tasks by learning
general representations and using them in zero-shot settings. However, in some scenarios, data la-
bels are unavailable, making it impossible to train a linear classifier on top of these models. Thus,
one would naturally think about applying clustering methods such as K-Means [20] or subspace
variations [14] on the latent representations. This strategy leads to worse performance compared
to weakly supervised approaches [141].

In recent work, the TURTLE algorithm [142] was proposed to overcome such challenges by
searching for a labeling that maximizes the hyperplane margin to uncover data groups in an un-
supervised manner. Compared to other deep clustering methods such as DEC [143], DAC [144],
DeepCluster [145], and SPICE [146], TURTLE does not use task-specific representation learn-
ing that is typically very expensive for modern foundation models. Compared to these methods,
TURTLE achieved the new state-of-the-art performance in unsupervised clustering.

Diving further into the problem statement, let ¢ represent some backbone model such that
é(x) = z € R represents latent features belonging to d-dimensional space and associated with
original data sample x from dataset D. Let C correspond to the number of clusters. Let 74(z) :
{Z = ¢(D)} — {1,...,C} denote the classifier with continuous parameters 6 that uncover the
underlying labeling of z € Z. Specifically, let 7y(2) = Az + by where Ay € R*? and by € RC.
Let wy € RE*? correspond to the hyperplane in the latent space that also includes a bias term.

Then, the TURTLE optimization objective, given a single representation space, solves

Lrurrie(8) = Z »CCE(wéV[Z;U(TG(Z)))

z€¢(D)
s.t. wil =20 (M $(D)) (5.1)

where o(-) denotes the softmax operation and Lcg(+) is the cross entropy loss [147]. The inner
term =M (w)! ¢(D)) denotes an iterative optimization algorithm Z, such as gradient descent,
run for M steps starting from a randomly initialized wj). In a binary classification setting with
linearly separable data, (5.1) corresponds to unregularized logistic regression. In Ref. [148], the
authors show that gradient descent applied to (5.1) with known labels induces iterates that are
biased towards the direction of the maximum hard-margin hyperplane. Later work showed that
similar results hold true in the non-separable setting for a soft-margin hyperplane [149]. TURTLE
exploits a bi-level optimization problem by alternating between finding a hyperplane and using it
to update labels, similar to K-Means but in a support vector machine context.

However, regularization is needed for the classifier 7 to prevent the global and trivial solu-
tion where the encoder classifies all samples to the same cluster and thus technically achieves a

minimum value for (5.1). In this C' = 1 context, one can easily find maximum margin since the
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hyperplane can be far away from the single cluster data corresponding to a low cost function value,
as shown in Ref. [150]. Let
_ 1
%= 1p| > m(2) (5.2)
2€¢(D)
be the empirical label distribution of D predicted by the classifier. Then, the final objective function
of the TURTLE formulation is

mein Lrurrie(f) — YH(7) (5.3)

where H(-) corresponds to the entropy function of discrete distributions. Let h; € 7 correspond

to the ith element of the vector 7. Then, H(-) operates element-wise by

H(hi) = 0 hi =0 (5.4)

—00 h; <0

and this prevents the degenerate solution C' = 1. However, it comes at the cost of encouraging
balanced clusters since there is an equal penalty for all classes. Thus, the TURTLE formulation
has an explicit, balanced cluster assumption that leads to worse clustering quality in the imbalanced
data regime. This phenomenon is observed in self-supervised learning in general [151]. Some ways
others have approached this problem, to give a few examples, are by ensemble methods that fuse
information from different experts [152] or by randomly encoding subtasks to find the adaptive
weighting during training [153].

In this chapter, we address the balanced cluster assumption by generalizing (5.3) to better han-
dle distributions in imbalanced datasets, thereby improving accuracy and cluster cohesion. Our
new method, named PET-TURTLE, achieves higher performance in the imbalanced regime de-
pending on the severity of data imbalance. Additionally, our method even reduces clustering error
in balanced data regimes because the sparse logit model of the classifier 7 limits the number of
potential classes to consider for hyperplane updates to only those with higher probabilities. We
conjecture that this enables a more efficient hyperplane search that is not constrained by low-
probability predictions. This is similar in scope to subspace learning problems where very noisy
data samples can lead to a worse subspace basis estimate in principal component analysis (PCA)
[12]. In Sec. 5.2, the proposed PET-TURTLE algorithm is discussed in greater detail, beginning
with the cluster imbalance problem.
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Figure 5.2: A visual comparison of the effects of regularization terms in the TURTLE and PET-
TURTLE objective functions.

5.2 Proposed Method

5.2.1 Prior Enforcement Term for Imbalanced Data

To address the imbalanced cluster limitation, we consider the following class of optimization prob-
lems
moin Lrurtie(0) + vDxu [Ty || IT] (5.5)

where Dy (+) corresponds to the KL-divergence [154] of the two distributions 7 and a prior data
distribution I1. In the balanced cluster regime, I can be assumed to be uniform. In the imbalanced
regime, II can be known for some applications, e.g., in scene graph generation problems, where a
KL prior is added to the cross-entropy loss in a classification context [155]. In many instances, the
distribution is unknown, yet it can be assumed to be imbalanced.

We propose using a power-law distribution [156] to model imbalanced data as a proxy when
the underlying distribution is unknown. This is a natural choice for imbalanced distributions due
to the wide assortment of applications in physics, biology, medicine, chemistry, astronomy, and
economics [156]. The power law probability mass function, given decay factor & € R, is
defined as

oo
ppowerlaw(c; Oé) - =C+1 __ (5.6)

leca
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Figure 5.3: Probability mass functions of the power law distribution at various decay rates o when
C = 10 as used in Table 5.1.

where c € {1,...,C}. LetII(a) € R, represent the vectorized mass function for the power law
distribution such that V¢, ppoweriaw(C; @) € fI(a). See Fig. 5.3 for a plot illustrating the power law
distribution when C' = 10 at different « values.

Since the distribution has a statistical parameter « that describes data imbalance, one could
use domain knowledge or known labels to select a reasonable value. For applications where the
imbalance is not known, « can be estimated. One can find optimal (~y, ) values by using estimated
labels {y1, ...,yn} from y; = arg max 7p(é(x;)) Vi € D and measure the generalization error of
the linear classifier trained on those estimated labels in a cross validation setting as similarly done
for v in Ref. [142]. This process does not require ground-truth labels; instead, it measures the
hyperplane margin based on the algorithm-derived labels. Because of this, no prior knowledge is

necessary besides suspecting imbalanced data in a given problem setting.

5.2.2 Sparse Logits for Hyperplane Estimation

From (5.1), observe that Lcg(w)’2;0(79(2))) is using soft labels to find the optimal hyperplane.
This is because a discrete search space contains O(C”) possible labelings, which is an NP-hard
problem [157]. The search space is restricted with continuous parameters 6 in 79(z) = Agx + by
to enable efficient gradient optimization. However, due to the softmax operation o(7y(z)), every
logit plays a role in updating the hyperplane, even low-value logits that are unlikely to be the
correct label for a fixed data point. This is due to the full support of the softmax function, and
we conjecture from experimentation that this may cause a non-ideal estimation of the hyperplane,

given the results in Table 5.2.
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Instead, we propose to filter low-value logits by applying the sparsemax function [158] defined
as solving

sparsemax (z) = argmin ||p — z||3 (5.7)
peAc—l

where A“~! corresponds to the probability simplex. This operation returns the Euclidean projec-
tion of z onto the simplex. Simplex projection is a problem with efficient solutions that involve
soft thresholding smaller values with automatically chosen thresholds [159]. We use this idea in

the loss function and propose a modified clustering loss with sparse simplex projection as

Lssp(0) = Z Lcg(w)! z; sparsemax (7y(z)))
z€¢(D)
M

s.t. wy! =M () $(D)) (5.8)
with the overall objective that includes the prior term being
mgin ,Cssp(9> + ’}/DKL[fg || ]j((lé)] (59)

This variant is denoted as PET-TURTLE (Prior Enforcement Term TURTLE). For completeness,
algorithm pseudocode for PET-TURTLE is provided in Alg. 3. Additionally, Pytorch code is
provided at github.com/javiersc1/pet-turtle for the method.

Algorithm 3 PET-TURTLE

Input: Dataset D, representation model ¢, classes C, and regularization parameters (7, «)
Parameters: Iterations 7" = 6000, learning rate = 102, and inner steps M = 10
Extract latent variables Z = ¢(D)
fort =1toT do

Sample mini-batch representations z ~ Z

// update plane given fixed logits sparsemax(7(z))

wy" <= w" — nzo- [cost function in (5.9)] for 1,..., M

// update classifier given fixed hyperplane w™
Tp < Tp — 778%) [cost function in (5.9)]
if warm-start then
// use latest plane to initialize for next iteration wy
update start point wy < w}!
end for
Output: Cluster labels arg max 74(2)
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Table 5.1: Accuracy results (%) of clustering methods on the CIFAR10-PL dataset at power-law
decay rates.

5.3 Experiments & Results

5.3.1 Experimental Setup

For all of our experiments, CLIP-RN50x64 [139] is used for feature extraction, meaning only
a single representation space is used. We compare PET-TURTLE against TURTLE [142] and
include the K-Means++ algorithm [160] to establish a baseline. Additionally, linear probing [161],
the supervised linear classifier method, is included to determine the highest accuracy possible
assuming the labels are known for the associated latent features. It is worth noting that, in general,
clustering is a harder problem than classification so results can vary greatly depending on the
difficulty of the problem. For all results, the average and standard deviation across 10 trials are
reported, with different model seed initializations where applicable, for transparency. Furthermore,
paired t-tests were conducted between TURTLE and PET-TURTLE trials, and results with p-values

less than 0.01 are indicated with the “*” symbol.

5.3.2 Synthetic Results

We generated a power law imbalanced dataset based on CIFAR10 [162] at various decay rates o €
{0.25,0.50, 1.0, 1.50,2.0} and denote this variant as “CIFAR10-PL”. Since TURTLE and PET-
TURTLE have a regularization parameter -y, cross-validation is used to find the one that leads to
the lowest generalization error in the set of validation values v € {1, 5, 10, 25, 50, 100, 250, 500}.
Because the decay rate « is known in this synthetic experiment, it is fixed for PET-TURTLE. Table
5.1 compares PET-TURTLE against the other methods at different o decay rates. From this result,
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Figure 5.4: Confusion matrices of the TURTLE and PET-TURTLE methods on the Food101-PL
dataset (C' = 101) with fixed decay rate a = 1.0.

itis clear that PET-TURTLE achieves higher clustering accuracy, especially at higher levels of data
imbalance.

Similarly, a synthetic power-law dataset based on Food101 [163] is generated at a fixed o =
1.0, contains C' = 101 classes, and is denoted as “Food101-PL”. In this experiment, only TUR-
TLE and PET-TURTLE are compared to study the effects of over-prediction. Confusion matrices
between the ground truth labels and the predicted cluster labels are generated in Fig. 5.4. The
“Hungarian method” [123] is used to solve the cluster label permutation problem to ensure op-
timal correspondence between the true labels and the cluster labels. In Fig. 5.4, the TURTLE
confusion matrix contains many elements in the upper triangular region, indicating that many sam-
ples that belong in the majority clusters were clustered into the minority clusters, thus leading to
worse clustering. This is in contrast to PET-TURTLE, which not only exhibits fewer off-diagonal
elements but also shows a more accurate color shift from dark blue to light blue in the counts for
each cluster, as expected in an imbalanced data problem.

5.3.3 Real Data Results

Lastly, real data comparisons are made on balanced and imbalanced datasets in Table 5.2. For
the balanced datasets, the following are used: Caltech101 [164], CIFAR10 [162], DTD [165],
EuroSAT [166], and Food101 [163]. For the imbalanced datasets, the following are used: blood
cell microscope (Blood) [167], dermatoscope (Derma) [168], iNaturalist 2017 [169], retinal OCT
(OCT) [170], axial abdominal CT (OrganA) [171], and kidney cortex microscope (Tissue) [172].
The MedMNIST [173] package is used to load medical imaging datasets. The number of classes
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Caltech [164] 101 | 76.6 4.5 85.3+0.9 88.2*+0.5|96.9
?d CIFAR [162] 10 | 61.7+4.2 76.3+0.1 809*+1.6|94.1
£ DTD[165] 47 | 482+18 5H576+09 5944+15 | 825
53 EuroSAT [166] 10 | 60.0+64 77602 804*+1.6|95.2
Food [163] 101 | 63.1+£1.6 &>44+1.1 881*+1.01|94.4
Blood [167] 8 [4494+0.7 481+1.8 56.1*+2.7|96.1
3 Derma [168] 7 1254+07 34.1+03 67.1*¥+0.3|81.8
c% iNaturalist [169] | 13 | 43.6+1.7 55.94+3.7 77.5%+1.0]| 98.1
E OCT [170] 4 1462+09 54.1+07 614*+0.7|934
_E OrganA [171] 11 | 43.5+28 450+1.1 519%¥+24 | 89.9
Tissue [172] 8 126.3+0.2 306+1.8 38.7*+1.2 | 60.5

Table 5.2: Accuracy results (%) of clustering methods on real balanced and imbalanced image
datasets.

C is known for all datasets. Cross-validation is done similarly to before. However, in this instance,

« is unknown and must be estimated. Grid search is used on the data imbalance parameter
a € {0.01,0.05,0.10,0.25,0.50,0.75,1.0,1.25, 1.50, 1.75,2.0} (5.10)

and the pair (7, «) that achieves the lowest validation error is selected. On average, in the bal-
anced data regime, PET-TURTLE achieves a ~3% accuracy improvement over TURTLE, thanks
to the sparse-logit idea used for hyperplane estimation. In the imbalanced regime, on average,
PET-TURTLE achieves a ~15% improvement in accuracy over TURTLE, thanks to the prior en-
forcement term. It is important to note that the imbalanced datasets do not strictly follow a power-
law distribution, so further improvements in clustering quality may be possible. In a way, this tests

the robustness of our method against distribution mismatch.

5.4 Conclusion

In summary, this chapter presents a principled extension to the TURTLE clustering algorithm that

addresses its limitations in imbalanced data settings by introducing a prior distribution term. This
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approach demonstrates robust improvements in clustering accuracy across both synthetic and real-
world scenarios, particularly in settings with significant class imbalance. These empirical gains
highlight PET-TURTLE’s practical relevance for unsupervised clustering applications atop foun-
dation models, paving the way for more reliable clustering methods in the presence of imbalanced
data distributions.

However, this proposed method relies on features extracted from a foundation model trained
in some self-supervised paradigm. Thus, if one applies TURTLE or PET-TURTLE directly to
ambient space data (x € D) that exhibits nonlinear structure, then neither method would work
well since they expect a more linearly separable space, such as one induced by foundation models.
On a related note, this is why kernel SVMs are more powerful than traditional SVMs for nonlinear
settings. It would be interesting to explore an extension to PET-TURTLE in this nonlinear regime.
This could be useful in a foundation model context, since there is likely some nonlinearity in the
latent space (z € ¢(D)), depending on the problem’s difficulty or the training distribution, that
makes it more challenging to find the optimal hyperplane. Further exploration on this topic would

be an interesting direction for future work.

5.5 Impact Statement

The main goal of this chapter is to advance the field of clustering, and the proposed method relies
on the representation spaces of foundation models. It is known that these models inherit biases
embedded in the training data [174]. Because of this, caution is recommended when using PET-

TURTLE in sensitive areas such as medical imaging.
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CHAPTER 6

Alzheimer’s Disease Diagnosis in Functional MRI via

4D Convolutions

IN ,[ TX7X7X7, C H LayerNorm ]—l
A
OUT <—€}+—[ 1x1x1x1, C H GELU H Ix1x1x1, 40]

4D Conv. Block

X1 X1 X3 X1
e ) ) o '
[)
E X X - 4 ()
[0) (&) ] 3] 3] >
— i) o o o © <
& @ @ @ @ ] S = CN
s o) o <) <) < o 5
3 ) ] O O o] © DAT
BOLD data ~ ) o) o) =) i) -
t=T e < < < < O
2
2] — 4 - —
C C Cc Cc

128 256 512 1024
Preprocessing

Spatial = § INU correction, skull striping, normalization, segmentation ?
Functional = { head-motion estimation, slice-timing correction,
(C=1,T,X,Y, 7Z) fieldmap-less susceptibility distortion estimation, boundary-based
co-registration, bandpass filtering 0.01-0.1 Hz }

Figure 6.1: Proposed architecture, consisting of four downsampling stages in a 1-1-3-1 configura-
tion. The final stage outputs 1024 channels, which are globally averaged to yield 1024 features.

6.1 Introduction

Resting-state functional MRI (rs-fMRI) is increasingly recognized as a biomarker for AD, with nu-

merous studies reporting different blood-oxygen-level-dependent (BOLD) activations in specific

This chapter appeared as an abstract in the International Society for Magnetic Resonance in Medicine (ISMRM)
conference during the 2025 annual meeting [16].
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Figure 6.2: Illustration of an LSTM layer used in deep learning models.

brain regions relative to healthy subjects [175] [130]. Feature extraction from this neuroimaging
data typically involves machine learning algorithms applied to either functional connectivity matri-
ces or subcortical surface maps [175] [176]. Conversely, this study focuses on 4-dimensional data
for classification, which is often overlooked due to greater computational demands. Since other ap-
proaches, such as timeseries data or functional connectivity matrices, reduce data dimensionality,
some important information may be lost that is beneficial for diagnosis.

We evaluate three deep learning approaches for handling 4D data. The first approach employs
a 3D convolutional neural network (CNN) using the ConvNeXt [177] architecture, treating time
samples as input channels. The second approach is a hybrid model combining a 3D CNN with a
long short-term memory (LSTM) [178] module to separately capture spatial features and temporal
dynamics. The third approach, our method, introduces a novel 4D CNN model that performs con-
volutions using 4D temporal-spatial kernels. While using a 4D CNN is not entirely unprecedented
[179] [180], this study represents the first application of such a model in fMRI for diagnosing

Alzheimer’s disease.

6.2 Background

6.2.1 Long Short-Term Memory (LSTM)

A Long Short-Term Memory (LSTM) [178] is a type of recurrent neural network (RNN) architec-
ture that is particularly well-suited for modeling sequential data and capturing long-range depen-
dencies. The LSTM addresses the vanishing gradient problem, which can arise during the training
of traditional RNNs. It does this by introducing a more complex, gated architecture. LSTMs are
powerful because they can maintain information across long sequences using the cell state and
multiple gates to control information flow. As a result, they are commonly employed in areas such
as language modeling, time-series prediction, and other applications where capturing temporal
dependencies is critical. The architecture for an LSTM layer is described below.

An LSTM cell comprises several components designed to regulate the flow of information,
namely the cell state C}, the hidden state h;, and the gates f;, i;, and o;. The cell state C; is
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the LSTM cell’s internal memory that carries information across time steps. It is modulated by
various gates to retain essential information over long periods. The hidden state h; is the output of
the LSTM cell at time step ¢, which is used both as output and as input to other model components
at the next time step. The LSTM cell contains three key gates. The first one, forget gate f;,
determines which information from the cell state should be discarded. It uses a sigmoid activation
function to produce values between 0 and 1, which are then applied element-wise to the cell state,
written as

e =Wy - [hiq, ze] + by). (6.1)

The input gate i; decides which new information should be added to the cell state. It also uses a

sigmoid function to serve as a filter for input modulation, as expressed below
iv = o (Wi« [he1, 2] + b). (6.2)

The output gate o; determines which part of the cell state to output as the hidden state at the current
time step. This gate uses sigmoid functions as a gate mechanism before computing the new hidden
state, as indicated

or = 0(Wy [hy_1, ] + by). (6.3)

The cell state is updated using the forget gate and the candidate updates. This layer generates
potential values to add to the cell state, typically using a hyperbolic tangent activation function.
The new cell state is computed along with the hidden state using the output gate and cell state.

Ilustrated in Fig. 6.2, this is mathematically written as

Cy = tanh(We - [hy_1, 2] + be) (6.4)
Ci=f0C_+i,0C (6.5)
ht = 0t @ tanh(Ct). (66)

6.2.2 Global Average Pooling (GAP)

Global Average Pooling (GAP) [181] is a data processing technique that distills a high-dimensional
data representation into a simplified form by computing the average across particular dimensions
of a tensor, in this context used to both temporally and spatially compress the tensor. GAP operates
by aggregating information across the entire specified dimensions, thereby condensing a feature
set into a single representation for each channel or feature dimension. This operation effectively
transforms a multidimensional data array into a lower-dimensional tensor, often reducing the di-

mensions associated with spatial characteristics to a single mean value per feature channel. Since
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our data is size (B, C, Sx, Sy, Sz, St) for B batch size, C' channels after many convolutional lay-
ers with reduced spatial and time dimensions (S, Sy, Sz, St), GAP will reduce the input to size
(B, () by averaging over (Sx, Sy, Sz, Sr) in this context. Note that (S, Sy, Sz, Sr) is very
small in general at the end of any CNN, in our case 3 X 3 x 3 x 4. This process yields a compact
representation, facilitating the use of a linear layer for classification. Unlike many other neural
network operations that require parameter learning, GAP functions independently of learned pa-
rameters. GAP can handle input data of variable sizes because the averaging process is independent
of the absolute dimensions, focusing instead on the mean value across dimensions. This property
is particularly advantageous in this situation, as the original input size may vary depending on the
spatial voxel size and the repetition time (sampling rate).

6.2.3 Layer Normalization

Layer Normalization [182] is a technique used in neural networks to improve training stability
and convergence by normalizing the activations of intermediate layers. It addresses the prob-
lem of internal covariate shift, where the distribution of inputs to a given layer changes during
training, potentially slowing learning. Consider a layer with activations represented by a vector
X = [x1, %9, ..., Ty|, where H denotes the number of hidden units in the layer. For layer normal-

ization, the mean and variance are computed across the layer’s units

1 H
o= ﬁZx (6.7)

1 H
o’ = i Z(:c — )2 (6.8)

(6.9)

T = ——
Vo2 +e
where € is a small constant added for numerical stability to prevent division by zero. Finally,
just like batch normalization, the normalized activations are scaled and shifted using learnable
parameters y (scale) and 3 (shift) by

Yi =y + . (6.10)

Here, v and [ are learned parameters that allow the network to adapt the normalized output to the

desired range of activations.
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Layer normalization normalizes each data point independently across its features, unlike batch
normalization, which normalizes across the batch dimension. This characteristic makes layer nor-
malization particularly useful for recurrent neural networks or scenarios with small batch sizes.
By stabilizing the distribution of inputs to each layer throughout training, layer normalization can
accelerate convergence and potentially improve performance. The additional computational com-
plexity of layer normalization is relatively low, as it involves only computing per-layer statistics

and learning a linear transformation.

6.2.4 Gaussian Error Linear Unit (GELU)

The Gaussian Error Linear Unit (GELU) [183] is an activation function used in neural networks. It
differs from traditional activation functions such as ReLLU (Rectified Linear Unit) by incorporating
stochastic regularization, which has been shown to improve performance across several tasks. The

GELU activation function is defined as
GELU(z) =z - ®(x) (6.11)

where ®(x) is the cumulative distribution function (CDF) of the standard normal distribution. This
can be approximated using either erf(-), the Gaussian error function, or using hyperbolic tangent

as follows

B(z) = = {1 +erf (%)} (6.12)

2
1 2 5
() ~ 5 1 + tanh - (z40.044715 - 2%) | | . (6.13)

Unlike deterministic activations such as ReLU, GELU introduces stochasticity by weighting inputs
based on how they compare to their own normal distributions. This allows GELU to decide which
neurons to activate more gradually than ReLLU’s hard thresholding. Because of this, GELU behaves
smoothly across the input range by preventing zero gradients, a known problem with ReLLU on
negative inputs. By employing a Gaussian-based nonlinear activation function, GELU enables
networks to process input data more smoothly across its activation spectrum, allowing them to

learn more complex decision boundaries and general nonlinear relationships in the data.

6.2.5 4D Kernels

Four-dimensional spatial-temporal convolutions are aimed at processing data that possesses both

spatial and temporal dimensions. Such operations are beneficial when the data evolves over time,
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Figure 6.3: Architecture of the hybrid 3D CNN + LSTM model. Each 3D time sample is processed
individually by the CNN, and the resulting features are aggregated into the matrix S. The LSTM
module captures temporal dynamics between time samples for classification.

necessitating a model capable of capturing dependencies across both spatial and temporal dimen-
sions. Incorporating 4D convolutions extends traditional convolution operations to handle datasets
that are represented in a C' x X x Y x Z x T format. Here, C' denotes the number of input channels,
while X, Y, and Z correspond to spatial dimensions, and 7" signifies the temporal dimension.

In essence, a 4D convolution layer applies a series of learnable filters (or kernels) across the
input data, capturing local patterns not only spatially but also across temporal sections. This oper-
ation simultaneously processes information across these dimensions, leading to a comprehensive
understanding of how spatial features change, remain consistent, or evolve over time or across se-
quences. For instance, in video analysis, understanding the correlation and progression of scenes
is essential. Additionally, in medical imaging, 4D convolutions might be employed to analyze dy-
namic sequences of volumetric data, such as in functional MRI scans, where spatial patterns within
bodily structures need to be interpreted over time to gain further insights. Thus, a 4D CNN is a
robust tool for modeling and understanding datasets with inherent multidimensional relationships,

significantly enhancing neural networks’ capacity to handle temporally rich data structures.
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6.3 Methods

6.3.1 Dataset & Processing

We used the Alzheimer’s Disease Neuroimaging Initiative (ADNI) dataset [2], selecting 3T rs-
fMRI scans (MPRAGE/SPGR pulse sequence data) with spatial resolution 3.3mm and a repetition
time of 3000ms, comprising 140 temporal samples of size 65x77x65. Additionally, structural MRI
scans were used to assist in the normalization process. Recognizing the usually limited size of med-
ical datasets, we augmented the dataset by considering each session as an independent “pseudo-
subject” to mitigate class imbalance and increase dataset size. To prevent cross-contamination
between the train and test sets, scans from the same individual were assigned exclusively to one
set, resulting in class distributions CN (602/50), MCI (210/50), and DAT (147/50) for the train/test
sets. The test set was balanced to ensure that accuracy was a meaningful metric, and the valida-
tion set was a subset of the training set obtained via k-fold cross-validation. Data preprocessing
involved several steps: converting raw DICOM files to the BIDS format [184] and processing with
fmriprep [185]. For structural scans, this included N4 bias field correction, skull stripping, and
spatial normalization to the MNI152 linear space from TemplateFlow [186]. For functional scans,
this entailed slice-timing correction, head-motion estimation, and fieldmap-less susceptibility dis-
tortion correction. Further preprocessing involved bandpass filtering between 0.01-0.1 Hz using
scikit-learn [187], discarding the first 20 temporal samples, and applying Z-score normalization on

each voxel’s time series data.

6.3.2 4D CNN Model

All models were implemented using PyTorch, with data importation facilitated by the NiBabel

[188] package. We addressed class imbalance using a weighted cross-entropy loss function with

959 959 959
6027 2107 147

decay regularization and a cosine decay learning rate scheduler. Training was conducted on a
system equipped with a 32-core CPU, 187GB of RAM, and 1 NVIDIA 4090 GPU with 24 GB of
VRAM. For the 4D CNN model, custom “Conv4D” layers were developed and integrated into our

inverse frequency weights w = | | and used the Adam optimizer [189] with weight

4D convolutional blocks as illustrated in Fig. 6.1. Effectively, both time and space are considered
in the convolution process, and the data is treated as having a single input channel. After the
4D backbone, average pooling is applied across the spatial and temporal dimensions, yielding a

1024-dimensional vector. This vector is provided to a linear layer for classification.
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Figure 6.4: Architecture of the 3D CNN. This approach treats different time samples as channels in
the conventional 3D CNN, with channel sizes increasing in the intermediate representations. The
representation is average-pooled over spatial dimensions, and a linear layer is used for classifica-

tion.

6.3.3 3D CNN + LSTM Model

For the 3D CNN + LSTM model, spatial features for each time sample were separately extracted
and globally averaged. This is done by treating each time sample as part of the mini-batch, which
means a channel size of 1. Then, all of the collected time samples are aggregated in temporal order
into the matrix S. This sequence matrix is provided to the LSTM module, where the last temporal

activation vector, S|:, T, is used for classification by a linear layer, as shown in Fig. 6.3.

6.3.4 3D CNN

For the 3D CNN model, all time samples were treated as separate channel inputs, and the model
goes from an initial 120 channels to 1024 channels by the end of the network. The spatial dimen-

sions are averaged, and the resulting 1024-dimensional vector is the input to the linear layer for

classification.
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Method Accuracy Sensitivity  Specificity

2 class (CN/DAT)
3D CNN 0.68 0.54 0.84
3D CNN + LST™M 0.72 0.58 0.88
4D CNN 0.77 0.62 0.92
2 class (CN/MCI)
3D CNN 0.58 0.66 0.50
3D CNN + LST™M 0.61 0.40 0.82
4D CNN 0.63 0.64 0.62
3 class (CN/MCI/DAT)
3D CNN 0.48 0.48 0.82
3D CNN + LSTM 0.50 0.50 0.78
4D CNN 0.53 0.53 0.83

Table 6.1: Comparative results for the three approaches to handling the time dimension in raw 4D
fMRI data. Accuracy, sensitivity, and specificity are reported for various class settings (binary and
multi-class classification) using the ADNI test dataset.

6.4 Results

6.4.1 Model Comparisons

In Table 6.1, various 2-class and 3-class settings are conducted with the three proposed model
approaches, with reported accuracy, sensitivity, and specificity values. The 4D CNN model better

predicted patient diagnoses than other models.

6.4.2 Model Interpretability

For model interpretability, two analyses were conducted. First, the 4D kernels in the first layer were
plotted against time to visualize features learned by the model in Fig. 6.5. From this, it appears that
some lower-level features include derivative and averaging kernels. Secondly, the Grad-CAM++
method [190] was employed to identify important regions used for diagnosis. Fig. 6.6 presents the
BOLD response in the hippocampus with corresponding Grad-CAM signal, and to the right, spatial
saliency maps at a fixed time point, highlighting significant spatial features such as cerebellum,
prefrontal cortex, and hippocampus. One can observe that saliency changes for each time point for

all regions, and different regions will have a different saliency response.
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Figure 6.5: Temporal kernels from random spatial kernel locations for first layer channels (C=128).
Only a subset of the total channels is shown for illustration simplicity. Moreover, only a few
examples per filter are shown. The proposed model in the first layer extracts low-level features by
using derivative and weighted average filters, among other kernels less interpretable.
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Figure 6.6: Model interpretability figure using the Grad-CAM++ method. The left image shows
the BOLD response in the hippocampus for a DAT-diagnosed subject and the corresponding Grad-
CAM saliency signal over time. The right image shows spatial Grad-CAM maps at a fixed time
sample, illustrating the key regions used for classification.

6.5 Conclusion

This study demonstrates that diagnosis can be predicted using joint temporal-spatial kernels, illus-
trating the efficacy of a 4D CNN. The model outperformed other methods that rely on more conven-
tional modeling assumptions, such as separate spatial and temporal learning modules. Moreover,
saliency maps indicate relevant brain regions used for diagnosis.

Future research directions can focus on extending task-based fMRI data by targeting additional
networks beyond the default mode network with stressors, to provide more insight into cognitive
performance and Alzheimer’s diagnosis. Additionally, the model could be restructured to work on

regression-based tasks, such as score prediction, rather than classification.
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CHAPTER 7

Behavior Score Prediction in Resting-State and
Task-Based Functional MRI
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Figure 7.1: Overview of the proposed NeuroMamba architecture for behavior score prediction
using deep state space modeling. The Mamba++ layer extracts temporal features from each brain
region relevant to prediction. Temporal averaging is subsequently applied to derive a single scalar
summary statistic per region, which is then processed by a linear head.

7.1 Introduction

7.1.1 Background

Functional magnetic resonance imaging (fMRI), which consists of a series of volumetric brain

MRI scans, has been explored in various contexts to provide insights into brain function [191].

The work associated with the resting-state fMRI data will be submitted to IEEE Journal of Biomedical and Health
Informatics [17]. Preliminary results on the task-based fMRI data are included in this chapter, which currently remain
unpublished and require additional work before publication.
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The signal acquired, namely blood-oxygen-level-dependent (BOLD) data, is used as a proxy for
neural activity that impacts hemodynamics at the voxel level. Resting-state fMRI (rs-fMRI) is a
neuroimaging technique that measures spontaneous brain activity by detecting regional differences
in cerebral blood flow while a person is not performing any explicit task under the scanner. It is
important because it reveals patterns of functional connectivity between brain regions, providing
insights into brain organization and various neurological or psychiatric conditions [192]. These
patterns indicate correlated brain activations that can reflect physiological changes in the brain
[9, 193]. Recent work has focused on identifying neurological diseases using machine learning
models based on functional connectivity [194, 195], a technique that measures correlations in
BOLD activity among brain regions. Further, various studies have shown that the default mode
network (DMN), a collection of brain regions active when a person is not performing a specific
task in rs-fMRI, constitutes a baseline state that involves self-referential processing and internally
directed cognition [7, 8]. In this chapter, we explore whether the default mode network plays a
significant role in cognitive impairment by predicting behavior scores.

Alzheimer’s disease (AD) is a progressive neurodegenerative disease that often leads to de-
mentia, characterized by loss of cognitive and memory function. Healthy patients are known
as cognitively normal (CN), and clinicians have classified Alzheimer’s disease into three distinct
stages: the preclinical stage, an intermediate phase known as mild cognitive impairment (MCI),
and, in the later stages, dementia of the Alzheimer’s type (DAT) [26]. Preclinical AD affects the
brain years before any diagnosis is made, and so there is a need to study brain changes in the
early stages to aid detection and treatment methods. Unfortunately, there are often confounders
or mixed pathologies, e.g., depression or Parkinson’s disease [196], that complicate the diagnosis
process. This places high importance on adaptable biomarkers that can differentiate overlapping
pathologies such as fMRI, positron emission tomography (PET), and others. The first and most
viable diagnostic marker, meaning the cheapest and easiest to implement, is one that does not re-
quire any imaging, such as a written cognitive exam that tests for things such as memory, language,
and general cognition. The primary cognitive measure, also called a behavior score, analyzed in
this chapter is the Montreal Cognitive Assessment (MoCA), which is designed for screening MCI
subjects, and is superior to other exams such as the Mini-Mental State Examination (MMSE) [4].
The MoCA exam includes tasks in several areas, such as short-term memory recall, delayed recall,
visual-spatial skills, executive function, sustained attention, language, and time/place orientation.
MoCA can discriminate between MCI and CN subjects with an area under the curve (AUC) of
0.86, indicating the practicality of this metric for early diagnosis [4]. Additionally, in this chapter,
we also compute average memory and language metrics for the prediction task. Incorporating these
average subcategories with the MoCA metric provides finer, detailed information on the subject’s

cognitive performance.
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7.1.2 Related Works

The intersection between behavior score prediction and imaging modalities is not entirely un-
precedented. For example, the brain-behavior relationship has been studied in PET imaging using
standardized uptake value ratio (SUVR) features [197]. More closely to this chapter, the associa-
tion with MoCA and depression subjects has been studied in an rs-fMRI context [198] by using the
functional connectivity predictive modeling (CPM) method [199]. In terms of behavior score pre-
diction and AD subjects, Ref. [200] predicts the ADAS-Cog [201] metric using CPM on subjects
spanning the AD spectrum. Further, Ref. [176, Chapter 2] does something similar with functional
connectivity data using the CPM method in a cohort of purely MCI subjects. The Pearson cor-
relation coefficient (R) for MoCA prediction is 0.07 in Ref. [176, Chapter 2] and 0.15 in Ref.
[198], indicating a fairly weak correlation for MoCA prediction in rs-fMRI. It is worth noting that
this is not a fair comparison, as these works use different rs-fMRI datasets and methodologies.
However, these works consider only functional connectivity data, which collapses the time dimen-
sion and examines only brain region interactions. To the best of the authors’ knowledge, there
are no works that tackle behavior score prediction on the BOLD timeseries data itself, which may
provide a richer context for finding more optimal predictions. Furthermore, these works do not
investigate cognitive subcategories such as memory and language in this prediction problem, only

broad metrics such as MoCA.

7.1.3 Contributions & Motivation

In recent brain stimulation research, Ref. [202] used high-definition transcranial direct current
stimulation (HD-tDCS) to target the left ventrolateral prefrontal cortex exclusively in individuals
with mild cognitive impairment (MCI). This intervention was administered in a double-blind pro-
tocol alongside either mnemonic strategy training or an autobiographical recall control condition
over five consecutive daily sessions. The findings demonstrate pronounced neurophysiological ef-
fects during associative memory encoding in the experimental group relative to controls. These
results underscore the importance of delineating specific brain regions implicated in cognitive im-
pairment, thereby informing the potential of HD-tDCS applications in AD that extend beyond
single-region stimulation paradigms.

In this chapter, we systematically contrast the rs-fMRI modality for predicting behavior scores
in subjects spanning the AD spectrum using MoCA and subcategory metrics. This is done by
exploring both functional connectivity and multivariate timeseries methods for this task, develop-
ing a data-driven deep learning method based on state space models that outperforms the other

approaches, and drawing biological insights related to the brain-behavior relationship.
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Category Total Subjects Scans (RS/FN/OL) Age Education Race (W/B/A) Sex (M/F) MoCA

CN 202 202/276/64 71.6 £6.1 169 +2.1 168/31/3 131/71  27.1 £2.1
aMCI 53 53/74/16 73.3£6.8 16.1+£22 44/8/1 16/37 234 +£35
DAT 26 26/38/6 719+62 159126 25/0/1 12/14 16.6 £5.0

Table 7.1: Distribution of subjects in the MADRC dataset, stratified by disease category.

MoCA Average Memory Average Language

Z-Score Value

cn amci dat cn amci dat cn amci dat

Disease Category

Figure 7.2: Violin plots illustrating the distribution of behavioral scores in z-score space across
different disease categories.

7.2 Data Acquisition & Processing

7.2.1 Dataset

The Michigan Alzheimer’s Disease Research Center (MADRC), in collaboration with the Univer-
sity of Michigan, has collected functional and structural 3T MRI single-session scans, along with
behavioral score metrics, for use in this project as part of the National Institute on Aging (NIA)
grant P30 AG072931. All participants provided written informed consent, and study activities
were approved by the respective parties. Resting-state fMRI scans were completed with eyes open
with a fixation cross. The 3T rs-fMRI data is acquired on a 32-channel Nova medical coil with a
multi-band (MB) echo-planar imaging (MB-EPI) pulse sequence with MB factor of 6 leading to a
30ms echo time (TE), 0.8s repetition time (TR), a flip angle of 52°, a 2.4mm spatial resolution, 60
total slices, and 570 total time samples.

The MADRC subject population consists of 281 subjects across all disease category labels.
Generally, a subject can be cognitively normal (CN), have mild cognitive impairment (MCI), or
dementia of the Alzheimer’s type (DAT). MCI subjects that have memory-related impairment
have the amnestic MCI (aMCI) label, while subjects that exhibit cognitive impairment (without
memory-related impairment) have the non-amnestic MCI (naMCI) label. In the medical literature,
this impairment grouping is common since aMCI subjects are more likely to develop into DAT
subjects in the future. All MADRC MCI subjects used in this study are amnestic. For additional
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details about the subject population, see Table 7.1 for demographic characteristics. Table acronyms
are listed as follows: CN = cognitively normal, aMCI = amnestic mild cognitive impairment, DAT
= Dementia of the Alzheimer’s Type, W = White/Caucasian, B = Black/African American, A =
Asian, M = Male, and F = Female. The behavior score distribution among subjects is illustrated in

Fig. 7.2 by disease category and behavior score subcategories.

7.2.2 Behavior Score Metrics

As stated earlier, the MoCA score is the main cognitive metric used in this work. Additionally,
memory and language submetrics are computed to provide a deeper understanding of cognitive
impairment. In greater detail, a composite memory metric was calculated, averaging the z-scores
of the UDS Benson complex figure recall [203], CRAFT story delayed recall [204], and CRAFT
delayed verbal [204] behavioral tasks. A composite language metric was calculated, averaging the
z-scores of total numbers of named animals [203], total number of named vegetables [203], and
the Multilingual Naming Test (MINT) exam [55]. All metrics are z-score normalized using healthy

population data.

7.2.3 Preprocessing

First, the raw data is processed by converting it to the standard BIDS format [184] for use in
downstream software packages. Secondly, the application fmriprep [185] handles most standard
tasks such as N4 bias field correction, skull stripping, normalization to the MNI152 linear space
provided by the TemplateFlow archive [186], head-motion estimation, susceptibility distortion cor-
rection using fieldmaps, and z-score normalization of each voxel’s timeseries data.

Secondly, the CONN toolbox [205] then applies a 6mm FWHM Gaussian smoothing kernel,
detrending (quadratic), despiking (loess regression smoothing, piecewise cubic interpolation), nui-
sance regression (motion parameters by first derivative and quadratic modeling, cerebral spinal
fluid and white components identified by PCA in masks), outlier scan removal, and bandpass fil-
tering between 0.008-0.09Hz.

Lastly, the BOLD data is parcellated into 264 regions of interest (ROIs) using the Power atlas
[206], with 8 additional ROIs we manually included ourselves to augment the atlas, since some
areas of the amygdala and hippocampus may not be sufficiently covered, giving a total of 272
ROIs used in this project. The MNI coordinates and labels for these additional ROIs are included

in Table 7.2. Please see github.com/javierscl/NeuroMamba for additional information regarding

our specific preprocessing pipeline.
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ROI  MNI (x,, z) Label

265 (-24, -4, -20) Left Amygdala
266 (24, -2,-20) Right Amygdala
267 (28,-12,-20) Right Hippocampus
268 (30,-24,-12) Right Hippocampus
269  (30,-39,-3) Right Hippocampus
270 (-29,-12,-22) Left Hippocampus
271 (-30,-24,-12) Left Hippocampus
272 (-29,-38,-4)  Left Hippocampus

Table 7.2: MNI coordinates and anatomical labels for additional regions of interest (ROIs) incor-
porated alongside the 264 ROIs defined in the Power atlas.

7.3 Formulation & Related Methods

7.3.1 Problem Formulation

For each subject 7, a 3D volume is acquired over time to get BOLD data V' € RT*5x X5y x5z where
T represents time and (S, Sy, Sz) are spatial dimensions. After the preprocessing outlined in
Sec. 7.2, the timeseries data becomes X' € R7*5 where B = 272 refers to the brain region ROIs
and T represents time samples. This timeseries data X® will be the main focus of this work.

The goal then is to find some function g(-) that maps the given input, either X’ or some
derivative of it, to the output s' € R> where s’ represents the MoCA, memory, and language
metrics for the ith subject. All subjects’ scores are collected into a single matrix S = [ s!,... sV |
where N denotes the number of samples. In this section, different methods are introduced that

extract features from X to be used in a ridge regression model setting as discussed in Sec. 7.3.2.

7.3.2 Kernel Ridge Regression (KRR)

In standard ridge regression [207], the objective is to minimize the loss function with a regulariza-

tion term to prevent overfitting by solving

1
in—||S — FW — B3 : 1
min o ||S — FW — Bl +A W] (7.1)
data ?iﬁelity d prevent large values

where || - || is the Frobenius norm, 1/ are the regression weights, B is the bias term, and A > 0 is
the regularization parameter. The input variable /' consists of some features of the timeseries data
X =[XY...,XN]. In(7.1), g(F) = FW + B is the linear model assumption for F'. To extend
this approach, kernel ridge regression (KRR) [208] replaces the inner product of feature vectors

with a kernel function k(-, -), implicitly mapping inputs into a higher-dimensional space defined
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by the kernel. The kernel matrix K € RY*¥ is computed such that K; ; = k(F;., F}.). The KRR

model optimizes the following objective

Kernel Ridge Regression (KRR)

1 2 2
1&1;15”3—KW—BHF—I—)\HKWHF. (7.2)

In our experiments, we use the radial basis function (RBF) kernel, also called the Gaussian
kernel, defined as
k(-F‘i,:a FVJ',:) - eXp(_’YHFi,: - F},“g) (73)

where v > 0 is the kernel hyperparameter that controls the width or spread of the kernel. A larger «y
means the kernel declines rapidly with distance, focusing more on close neighbors, while a smaller
~v makes the kernel smoother and more global. The RBF kernel is the most widely used kernel
function in machine learning because of its versatility and strong performance on a wide variety
of tasks [209]. By using it, the model can capture nonlinear relationships between input features
F' and score metrics S, thereby improving predictive accuracy. From (7.2), it should be clear that
different weights and bias terms are computed for each behavior score metric given the same input

feature matrix F'.

7.3.3 Connectivity-Based Methods
7.3.3.1 Functional Connectivity Matrix (FCM)

One can generate functional connectivity data by forming a Pearson product-moment correlation
matrix from X?. Let C* € RP*P represent the functional connectivity matrix. Mathematically,

this is computed by

Functional Connectivity Matrix (FCM)

cov(Xij,Xik)

. = —— '
Vi k€B, Ciy o(X7;) o(X7,)

(7.4)

where B is the set of brain regions, cov(-) is covariance, and o(-) is standard deviation. These

connectivity values, C?, are used as features in a kernel ridge regression setup by using (7.2).

98



7.3.3.2 Connectome Predictive Modeling (CPM)

Connectome predictive modeling (CPM) [199] is an approach to relate functional network strength
to specific metrics. CPM has been applied in various studies of connectivity, such as predict-
ing attention performance [195], individual identification [210], and fluid intelligence [211]. The
method works by correlating connectivity data and behavioral measures. The resulting correlations
are thresholded at a given level to determine significance. Next, the connectivity values at signif-
icant edges are summed separately for positive and negative correlations. This generates a “brain
score” that is used in a linear regression setup.

LetC' = A(C"?) represent the vectorized functional connectivity for the ith subject by applying
(7.4). Let C; represent a vector that consists of the jth edge values across the population. Let .Sj,
represent a vector of the kth behavioral measure across the population. Then, the CPM method
works by first generating a mask vector M* € R5 that selects the most significantly correlated

edges, and summing the edge values for each subject. Mathematically, this can be expressed as

~ a

Connectome Predictive Modeling (CPM)

Mf = T+/~(corr(C;, Si)), Vj € {1,..., B}
fi = (G © M*,IK5) (7.5)

where corr(-, -) is the correlation function, 7/~ (-) is the operator that constructs a binary mask
that comes from the most significantly correlated positive or negative edges, ® is element-wise
multiplication, }¥ 5 is the ones vector of size B, and f,i is the brain score feature extracted for the
ith subject associated with the kth behavior score. The matrix F' = [ f!,...  fV ] is the input

feature matrix used in ridge regression by solving (7.2).

7.3.4 Model-Based Timeseries Methods
7.3.4.1 Individual Independent Component Analysis (I-ICA)

Independent component analysis (ICA) [212] has become a fundamental tool in fMRI research for
decomposing BOLD timeseries data into spatially independent components representing distinct
functional networks [213]. ICA enables the identification of both task-based and resting-state net-
works without prior knowledge of temporal profiles, making it particularly valuable for exploratory
analyses. To give a few examples, some common applications are the isolation of resting-state net-
works such as the default mode network [213], characterization of brain connectivity changes in

neurological and psychiatric conditions [214], and the separation of physiological noise or motion
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artifacts from true neural signals [215]. In our experiments, we use ICA to extract features from
the multivariate timeseries data X",

ICA, similar to principal component analysis, is a method that finds a low-dimensional feature
space consisting of independent sources/components and mixing coefficients that maximizes the
mutual information between the feature space and the ambient space. The model assumes that
X = MFE where M are the mixing coefficients and F are the independent sources/components.
The goal is to find the inverse mapping W = M~! so that, given the original data X, one can
recover the components by unmixing, i.e., £ = W.X. Mathematically, given timeseries data

X € RT*5 that has zero mean and unit covariance, ICA is associated with the following objective

Independent Component Analysis (ICA)

1 .
mV[1/n§||a(WX)||% st. WW'=1 (7.6)
N——— orthonormal sources

sparsity regularizer

where W contains the inverse mixing coefficients, W X are the components, a is a nonlinear con-
vex function such as log(cosh(-)), and WWW’ = [ is the independent constraint. This is done
independently for each subject to extract components, and we denote this version as individual
ICA (I-ICA). In this work, the components are features used in conjunction with KRR as the re-
gression model by solving (7.2) on the input WX where W is the solution to solving (7.6) and X
is whitened version of X.

7.3.4.2 Group Independent Component Analysis (G-ICA)

In classical ICA for fMRI, labeled here as I-ICA, each subject’s components are extracted inde-
pendently, which can result in inconsistencies across subjects. The classical ICA method does not
generalize to draw inferences about groups of subjects since different subjects will have differ-
ent time courses, so it is not immediately clear how to extend the method for group data [216].
Thus, modifications are required to make the method more meaningful in a group context; many
approaches have been developed for this in the fMRI context [216]. The most widely used group
ICA method is a temporal concatenation approach known as GIFT/MELODIC [217], where a ma-
trix G € RTN*8 is formed from temporally stacked data across all subjects. This ensures common
sources are found across the population. Let 7; represent the set of all time samples associated
with subject ¢ and Wy is the result of solving (7.6) on G, a whitened version of G. Each subject
contains a submatrix W¢, = We[T;,:] in W that contains the unmixing coefficients. Similarly
as before, the components WGZ.X ¢ are extracted from Wy for all subjects and used in KRR as the

regression model by solving (7.2).
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7.3.4.3 Amplitude of Low Frequency Fluctuations (ALFF)

The amplitude of low-frequency fluctuations (ALFF) is a metric derived from BOLD timeseries
data that extracts Fourier coefficients. ALFF quantifies the intensity of activity by measuring
the power spectral density of low-frequency fluctuations for each brain region timeseries signal.
Higher ALFF values indicate greater regional neural activity, providing insights into baseline brain
function and potential alterations associated with neuropsychiatric conditions. To give a few exam-
ples, this method was used to predict mini mental state exam (MMSE) scores for subjects in the AD
spectrum (R = 0.21) [218], predict frequency of migraines in individuals (R = 0.35) [219], and
identify brain regions relevant in schizophrenia subjects [220]. Mathematically, for each subject ¢,

this method computes

Amplitude of Low Frequency Fluctuations (ALFF)

a' = [M(IZ(F(XL))|Y?) forbe {1,...,B}] (7.7)

where M(-) computes the mean, Z(-) extracts the Fourier coefficients associated with frequen-
cies 0.008-0.9Hz, F(-) is the Fourier transform, and | - | computes the magnitude of the complex
coefficients. The ALFF of all subjects is computed to form A = [ay,...,ay]? € R¥*B, This
ALFF-feature matrix, computed using (7.7), is used as the regression model in KRR by solving
(7.2).

7.3.4.4 Fractional ALFF (fALFF)

Fractional ALFF (fALFF) [221] is a variant of ALFF that takes the sum of the low-frequency
fluctuations in ALFF and divides by the total sum of all frequency magnitudes, including low and
high frequencies. The traditional ALFF measure can be more sensitive to physiological noise, so
this variant is known to improve the sensitivity and specificity in detecting brain activity [221].

Mathematically, for each ith subject, this variant computes

s ~

Fractional ALFF (fALFF)

o [suzEagnre
= S(|ZZ(~F(XZ,;))|1/2)f be{l,...,B} (7.8)

\. .

where S(-) computes the sum, Z(-) extracts the Fourier coefficients associated with frequencies
0.008-0.9Hz, and Z,(-) extracts the Fourier coefficients associated with frequencies 0.0-0.25Hz.
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The feature matrix is computed to form F' = [y, ...,ay | € RV*B. The matrix F is the input to

the ridge regression model by solving (7.2).

7.3.5 Data-Driven Timeseries Methods
7.3.5.1 Temporal Convolutional Network (TCN)

Temporal Convolutional Networks (TCNs) [222] are deep models designed specifically for pro-
cessing sequential data. They are based on convolutional neural networks (CNNs), which are
well-known for their efficiency in processing visual data such as images. In TCNs, the convolu-
tional layers are applied along the time dimension of the sequential data. This model is adapted for
regression by changing the head to instead perform global average pooling along the time dimen-
sion and adding a linear layer to predict behavior scores from the number of channels or variates

in this instance.

7.3.5.2 Long Short-Term Memory (LSTM)

Long short-term memory networks (LSTMs) [223] are a specialized type of a recurrent neural
network (RNN) designed to address the vanishing and exploding gradient problems commonly
encountered in standard RNNs. By incorporating gated memory cells, LSTMs can effectively
capture and utilize long-range dependencies in sequential data, making them highly successful
across a variety of tasks. This is due to their use of input, output, and forget gates, which allow the
model to selectively retain relevant information over extended sequences. Since their introduction,
LSTMs have served as a foundational building block for many advances in sequence modeling and
have inspired a range of related architectures. In our experiments, a bidirectional variant [224] of
the LSTM model is used and denoted as “BiLSTM”. This architecture is adapted for regression,
similar to the TCN model.

7.3.5.3 Patch Time Series Transformer (PatchTST)

The Patch Time Series Transformer (PatchTST) [225] adapts the Transformer architecture [226]
for time series tasks by introducing a patch-based input representation. Unlike traditional ap-
proaches that operate on individual time steps, PatchTST partitions the input sequence into over-
lapping patches, enabling the model to capture both local and global patterns efficiently. This
design leverages self-attention mechanisms to model complex temporal dependencies across mul-
tiple variables. PatchTST has achieved excellent performance on multivariate timeseries forecast-
ing tasks [225], demonstrating superior performance compared to classical Transformer models.

This architecture is adapted for regression, similar to the TCN model.
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7.4 Proposed Method

7.4.1 Deep State Space Models (SSMs)

State space models (SSMs) model physical systems using state variables that track how inputs
change system behavior over time and can be written in matrix form for linear, time-invariant
(LTT) systems [227]. Given an input signal =(¢) € R, the SSM will generate an output sequence
y(t) € R using the state h(t) € R” by equations

=
—
=
I
8N
=
=
+
o~
8
=

y(t) = Ch(t) + Dx(t) (7.9)

where A is the state matrix, B is the input matrix, C' is the output matrix, D is the feed-through
matrix, and L is the state size. In well-known physical problems, the matrices { A, B,C, D} are
determined by differential equations or by physics-based modeling of the system. In contrast,
for complex systems, the dynamics are either unknown or difficult to model, so the {A, B,C, D}
matrices are learned in a data-driven way in the deep SSM context. The first popular work that
studies this deep SSM idea and addresses some important challenges, such as matrix initialization
and fast parallelized computation, is the structured SSM (S4) model [228]. Since acquired data is
discrete with some time step A, the recurrence equation in (7.9) is rewritten using zero-order hold
discretization [229] by

S6 Block

A =exp(AA), B=(AA) ' (exp(AA)—1I)-AB,
yp = Chy, hy = Ahy_1 + Buzy. (7.10)

Note that D is dropped since it can easily be implemented as a skip connection in a neural network
context. Note that both (7.9) and (7.10) are for a single sequence, and so to process multiple
variates, multiple independent SSM instances are used in practice.

However, since the SSM modeling in (7.9) and (7.10) are time-invariant, this poses challenges
for certain tasks such as noun selection in language problems. Thus, the S6 layer, named after S4
combined with selective scanning, employs a selective mechanism in which {A, B, C'} are time-
varying, making the SSM content-aware [229, 230]. However, since the system is no longer LTI,
the update rules for {A, B, C'} can no longer be easily parallelized in FFT multiplication form.

Instead, the recurrence equation is used, but it is still efficiently parallelized using parallel scan

103



methods, also known as parallel prefix sum algorithms [231]. Additionally, the S6 layer remains

linear, so in practice the layer is wrapped around a “Mamba block” formalized by

Mamba Layer

H = o(ConviD(Affine(X))), Z = o(Affine(X)),
Y =S6(H), Y = Affine(Y ® Z) (7.11)

\. J

where X is the input, Y is the output, o is SiLU activation, S6(-) is the operation in (7.10), and ®
is element-wise multiplication with the gating mechanism Z. This time-varying S6 layer, wrapped
around nonlinear components, enables a non-LTI SSM formulation that better captures the nuances
of complex systems that do not satisfy linearity or time-invariance. However, this Mamba model
was primarily designed for language tasks and therefore does not leverage domain-specific knowl-
edge, such as multivariate timeseries data. In Sec. 7.4.2, modifications to the Mamba model are
proposed, such as bidirectionality and differential design, to aid with modeling temporal dynamics
in the timeseries data.

7.4.2 NeuroMamba
7.4.2.1 Bidirectionality

To enhance Mamba’s ability to preserve historical information over a longer time range, we gen-
eralize by introducing two Mamba blocks: one to capture forward temporal dynamics and another
to capture backward temporal dynamics. This addresses the limitation of SSMs, which forget past
information at longer horizons [232], by focusing on both recent and past information. We note
that this kind of idea is not novel, as similar ideas have already been proposed for long short-term
memory networks (LSTMs) and others [224]. The Mamba model does not have this functional-
ity because it was designed for language tasks where the goal is to auto-regressively predict the
next token in a left-to-right fashion. However, in this fMRI application, one is more interested in
learning from temporal dynamics to predict behavior scores, and because this is not a model for

real-time use, bidirectionality enables a more predictive model in this offline context.

7.4.2.2 Differential design

Sequence models such as Transformers and RNNs tend to over-allocate attention to irrelevant
context, especially for multi-needle retrieval language tasks where the goal is to answer questions
embedded in a pile of documents. Recent works have focused on differential attention [233] to

calculate the difference between two attention mechanisms, and this was found to cancel noisy
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intermediate representations, similar to differential amplifiers in electrical engineering. This led to
advantages in key areas such as information retrieval, hallucination mitigation, in-context learning,
and the reduction of activation outliers [233]. This idea has been recently extended to RNNs and
SSMs [234]. We incorporate this idea because of similarities to our problem, e.g., finding a few
variates embedded within the entire list that are most impactful for prediction, similar to multi-
needle retrieval. Because this differential design never performed worse than the baseline model
[233], we integrate bidirectionality to instead compute the learnable scaled difference rather than

simply adding the two Mamba blocks.

7.4.2.3 Small Batch Regularization (SBR)

Neural networks with strong performance are almost always over-parameterized, which is why
they are called “deep”. Despite explicit regularization to avoid overfitting, some studies have
found that the implicit regularization of small-batch training tends to converge to minima with
better generalization performance, regardless of whether explicit regularization is used [235, 236,
237]. Specifically, with limited training samples, the regularization effect remains strong [235],
and training with multiple dataset passes, also called epochs, is theoretically optimal relative to
single-pass training [237]. We incorporate small-batch regularization (SBR) to train our model
and achieve better generalization performance while preventing overfitting on our limited-sample

dataset.

7.4.2.4 Model Overview

Putting everything together, the bidirectionality and differential design ideas are integrated to form
an updated “Mamba++" layer utilized in the NeuroMamba model. This layer is described by taking
some input feature /' from the last layer and performing the following

Mamba++ Layer

Fp = Mamba(F), Fg= T (Mamba(T (F)))
Fo = X2 @ RMSNorm(\} ® Fp — Fp) + F (7.12)

. J

where \}, \2 € R® are learnable scaling parameters, RMSNorm(-) is root mean square normaliza-
tion [238], and 7 () is the linear operator for time flipping. Once the sequence has been processed
by the Mamba++ layers, it is temporally averaged to summarize session statistics for every brain
region. This forms a latent vector & € R® that is fed to an affine layer for score prediction. Let

fo(+) denote the NeuroMamba backbone that consists of a stack of Mamba++ layers combined
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with the temporal average pooling linear operator P(-), gs(-) denote the readout function that is
simply an affine layer for linear regression, and # correspond to the set of learnable parameters.

Then, the NeuroMamba model is summarized by

NeuroMamba
fo(-) = P(Mamba++{" () for [ = 1... L]) (7.13)
9o(+) = Wafo(-) + by (7.14)
N
mm25 Is — XN+ [ fo(X) (7.15)
data ﬁdehty sparse braln regions

where (7.15) is the cost function used to find optimal model parameters, s contains the behav-
ior score metrics, and || - ||; is an L1 penalty term to promote a sparse number of brain regions
that are relevant for prediction. See Fig. 7.1 for a pictorial representation of the NeuroMamba
model. The code associated with all of these methods and experiments in this chapter is published

at github.com/javierscl/NeuroMamba. In Sec. 7.5, the experimental setup and results of these

methods are discussed.

7.5 Results & Discussion

7.5.1 Setup

Due to the limited size of our dataset and the need to ensure generalization across the full distribu-
tion, we adopt a leave-one-out approach. Specifically, for each fold, the methods are trained on all
data except one sample, which is held out for testing. This practice is commonly used in related
fMRI prediction studies [176, 200, 198]. The {FCM, CPM, I-ICA, G-ICA, ALFF, fALFF} algo-
rithms perform feature extraction by optimizing a convex cost function, and subsequently employ
kernel ridge regression (KRR), which is also a convex optimization. Consequently, these methods
are run until the optimization process converges. In contrast, the deep learning approaches {TCN,
BiLSTM, PatchTST, NeuroMamba} involve non-convex optimization and are therefore trained for
a fixed number of 50 epochs, as further epochs yield minimal improvements in the cost function at
this stage for all methods. All relevant hyperparameters for the various methods were determined
via cross-validation using a randomly selected training/validation split of 50% /50%, ensuring that
the chosen parameters are representative of the overall dataset. To promote fair assessment of
model generalizability, these parameters remain fixed across all folds and are not re-optimized for

each individual fold.
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Method MoCA Memory Language

FCM + KRR 0.07 0.08 0.10
CPM,,, + KRR 0.06 0.01 0.08
CPM,, + KRR 0.05 0.03 0.11
I-ICA+ KRR  0.147 0.09 0.10%

G-ICA+ KRR 0.18" 0.12* 0.16™
ALFF + KRR  0.20"* 0.13* 0.18*

TCN 0.26"* 0.16™* 0.17*
BiLSTM 0.19** 0.19"  0.18*
PatchTST 0.28= 0.17 0.19™

NeuroMamba  0.36"** 0.24*** 0.25%**

Table 7.3: Pearson correlation coefficients (R) and corresponding p-values (p) by score category
for multiple methods applied to the MADRC rs-fMRI data. Asterisks denote statistical significance
as follows: * = p < 0.1, *x = p < 0.01, * x x = p < 0.001.

7.5.2 Experiments
7.5.2.1 Predictive Accuracy

In this experiment, the accuracy of different approaches is compared by analyzing the Pearson
correlation coefficient () and associated p-values between the predicted and true behavior scores
for each cognitive subcategory. In Table 7.3, the R values are reported for MoCA, average memory,
and average language for each method; for brevity, only the MoCA R values are discussed below.
As demonstrated, FCM achieves @ = 0.07, which closely aligns with published literature values
of R = 0.07 [176] and R = 0.15 [198]. This is not a fair comparison given the different datasets
and methods employed, yet our value appears in line with these works. Further, the CPM method
achieves a similar range with the positive edge model achieving a value of R = 0.06, which is not
too different from FCM.

Regardless, this is where the literature ends, with functional connectivity. Compared to the
timeseries approaches that perform better, this indicates that important temporal dynamics useful
for behavior score prediction are lost. Shifting to model-based timeseries methods, I-ICA improves
over the FCM baseline by learning the distinct sources that compose the BOLD data, leading
to a MoCA value of R = 0.14. However, since the sources are independent across subjects,
this individual approach lacks group-level information that would enable shared sources among
individuals. Thus, the G-ICA method with R = 0.18 provides an advantage in finding shared
sources at the population level. Yet, the ALFF approach turns out to be the best model-based
method, with R = 0.20.

However, these previous approaches use model-based feature extraction that may not be opti-

mally relevant for behavior score prediction. By comparison, the deep learning methods performed
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Method MoCA Memory Language

Mamba 0.23** 0.12* 0.19***
+bidirectionality 0.28"* 0.18™ 0.19**
+differential 0.34™ 0.24™  (0.22"

+SBR = NeuroMamba 0.36"*" 0.24*** 0.25**

Table 7.4: Comparative ablation analysis illustrating the performance differences between Neuro-
Mamba and the standard Mamba architecture.

relatively well with values within R = 0.19—0.28. Shifting to NeuroMamba, our data-driven mul-
tivariate timeseries method, it achieved the highest value R = (.36, indicating superior capability

in learning temporal dynamics.

7.5.2.2 Ablation Study

The ablation analysis, shown in Table 7.4, compares NeuroMamba relative to the standard Mamba
architecture. These results reveal progressive improvements in predictive accuracy across cogni-
tive categories. The bidirectional component with non-causal design leads to a 22% improvement
for MoCA relative to Mamba by better capturing long-range dependencies and patterns in the com-
plex data. Further, the differential component leads to a 11% improvement over the bidirectional
Mamba variant by amplifying “attention” to related brain regions relevant to prediction. Finally,
using small batch regularization (SBR) as a training technique leads to a 10% improvement over
the differential variant, demonstrating its use to prevent overfitting by introducing noisy gradient

updates that improve generalization.

7.5.2.3 Behavior Score Plots

The predicted behavior scores are computed for the entire dataset and plotted against the true be-
havior scores in Fig. 7.3 for the NeuroMamba model with reported (R, p)-values for each behavior
score and disease categories. Across the behavior scores, the highest correlation values are ob-
served in the amnestic MCI group, suggesting its potential as a marker for at-risk populations that
may develop into late-stage dementia of the Alzheimer’s type. For unknown reasons, the correla-

tion values are not as strong for CN and DAT individuals as indicated in Fig. 7.3.

7.5.2.4 Impactful Brain Regions

The NeuroMamba backbone P(fy(X?)) = h' € RP extracts B elements, one element for each
brain region in the list of Power atlas ROIs. This is fed to an affine layer gy(h') = Wyh'+ by to pick

out some sparse combination of brain regions that are useful for prediction. In a standard linear
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Figure 7.3: Correlation scatter plots displaying the relationship between predicted NeuroMamba
scores and true behavioral metrics (rows), across the Alzheimer’s disease spectrum (columns),
presented in z-score normalized space.
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PFI (RMSE) Power ROI MNI (x,y,z)  Nominal System Lobe/Area Talairach Daemon Label
MoCA

1.84 £0.05 77 (-13,-40, 1)  Default Mode Limbic Cortex Parahippocampal Gyrus
0.39 4+ 0.02 170 (6, -81, 6) Visual Occipital Lobe Cuneus
0.21 £0.02 177 (-53, -49,43) Fronto-parietal Task Control Parietal Lobe Inferior Parietal Lobule
0.07+£0.01 212 (-11, 26,25) Salience Limbic Cortex  Anterior Cingulate
0.05 £0.01 93 (15,-63,26) Default Mode Occipital Lobe Precuneus

Memory
1.62 +0.05 77 (-13,-40,1)  Default Mode Limbic Cortex Parahippocampal Gyrus
0.27 + 0.02 177 (-53,-49,43) Fronto-parietal Task Control Parietal Lobe  Inferior Parietal Lobule
0.26 4+ 0.01 111 (-11,45, 8) Default Mode Limbic Cortex  Anterior Cingulate
0.22 £ 0.01 170 (6, -81, 6) Visual Occipital Lobe Cuneus
0.154+0.01 93 (15, -63,26) Default Mode Occipital Lobe Precuneus

Language
0.79 £0.02 7 (-13,-40, 1)  Default Mode Limbic Cortex Parahippocampal Gyrus
0.60 £0.01 221 (2,-24, 30) Emotion/Behavior Limbic Cortex Cingulate Gyrus
0.30 £0.01 170 (6, -81, 6) Visual Occipital Lobe Cuneus
0.26 £0.01 177 (-53,-49,43) Fronto-parietal Task Control Parietal Lobe Inferior Parietal Lobule
0.26 £0.01 19 (13,-33,75) Sensory/Motor Frontal Lobe Precentral Gyrus

Table 7.5: Top five brain regions implicated in behavior score prediction, ranked by importance
using permutation feature importance (PFI) for each score category. Additional columns provide
MNI coordinates, nominal system category, lobe classification, and Talairach Daemon (TD) labels.

regression problem where all features are z-score normalized, one can use the learned magnitude
weights in W to directly rank the most impactful features. However, in the deep learning context,
this condition is not necessarily met, necessitating more advanced approaches to identify impactful
features.

In this work, permutation feature importance (PFI) [239] is used to aid in this problem. PFI
is a method for assessing the significance of features in a black-box model by measuring how
much the prediction error increases when the values of a single feature are randomly shuffled
across samples. If shuffling a feature significantly reduces the model’s accuracy, that feature is
considered important for the prediction task. This is done for each element / € R” independently
across 100 shuffling trials, while holding the other features fixed. The PFI method is applied
for each behavior score category to identify relevant brain regions. The root mean square error
(RMSE) metric is used to measure model performance degradation, and the top 5 brain regions for
each behavior score are shown in Table 7.5. Additionally, the Power atlas ROI index, MNI-space
coordinates, nominal system, lobe/area, and Talairach Daemon labels [240] are included for each

brain region to enhance discussion.
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For brevity, only MoCA-related brain regions are discussed here. The top 5 brain regions se-
lected are the parahippocampal gyrus, cuneus, inferior parietal lobule, anterior cingulate, and pre-
cuneus. The parahippocampal gyrus is important for memory encoding, retrieval, spatial naviga-
tion, and contextual processing [241]. For AD subjects, the parahippocampal gyrus shows atrophy
with decline in episodic memory [242], reduced activation during memory tasks in fMRI [243],
early deposition of amyloid-beta plaques and tau proteins [244], and is considered a key node in
the DMN with disrupted connectivity [30]. Because of this, it is not surprising that this region had
a significant impact. The cuneus, a region of the occipital lobe responsible for higher-order visual
processing, has been implicated in cognitive impairment through atrophy and hypometabolism
associated with deficits in visual processing, spatial navigation, and attentional functions in AD
subjects [46, 245, 246]. The precuneus is a region with many daydreaming-like functions, such
as mental imagery, episodic memory, and self-reflection, and it is an active part of the DMN in
rs-fMRI [247]. Similarly, the precuneus shows reduced metabolism and atrophy in AD subjects
[248, 249]. The inferior parietal lobule (IPL) is involved in various cognitive processes, includ-
ing speech, language, spatial reasoning, working memory, and number processing [250]. The IPL
undergoes changes in thickness of its banks during the transition from healthy to mild impair-
ment [251], and abnormal functional connectivity changes occur relative to other networks, such
as salience, sensorimotor, and executive networks [252]. Lastly, the anterior cingulate (ACC) plays
a major role in emotion regulation and processing, like impulse control, motivation, goal-directed
behavior, and emotional pain perception [253]. For AD subjects, the ACC exhibits reduced thick-
ness [254] and decreased functional connectivity [255], which has connections to high agitation,
irritability, and anxiety in people with AD [256]. To summarize, our findings of relevant brain
regions for behavior score prediction in rs-fMRI closely align with established medical research
on impaired regions in AD, which may be useful for intervention strategies such as multi-region
HD-tDCS applications.

7.5.2.5 Saliency Maps

In deep learning, a saliency map [257] is a visual tool that highlights which parts of the input
signal are most important for a model’s prediction. In this context, given a subject’s timeseries data
X' € RT*B and the predicted MoCA score, one can backpropagate the gradients of the model back
to the input space to analyze which timeseries blocks in 7" were important. In Fig. 7.4, a mildly
impaired subject’s BOLD timeseries data is shown with the top 5 most impactful regions identified
in Sec. 7.5.2.4. The NeuroMamba model predicted a MoCA score that closely aligned with the
true score for this individual. Here, brighter colors such as red and orange indicate timeseries
portions that were useful for score prediction. The model does not enforce a global constraint of

time points to ignore; however, one can see similar time regions selected across brain regions. This
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Figure 7.4: BOLD time series data from a single subject, highlighting a subset of regions identified
by NeuroMamba. Specifically, from top to bottom, the parahippocampal gyrus, cuneus, inferior
parietal lobule, cingulate gyrus, and precuneus. Color represents the strength of saliency and thus
the importance of each time segment for MoCA score estimation.

suggests and supports the idea of spontaneous activity in rs-fMRI, especially in areas associated
with the DMN. However, it is impossible to know, in general, whether a subject was actually
daydreaming/self-referential processing in practice. It would be interesting to compare this result
with task-based fMRI, which provides associated timing information, meaning one knows whether

a subject is performing a task or at rest.

7.5.2.6 Early Biomarker Feasibility

There have been many works that explore classification/diagnosis of subjects in the AD spectrum
using rs-fMRI data [16, 258, 259, 260, 261, 262]. They all follow the same general formula: 1)
introduce the idea that functional changes occur in the brain earlier than structural ones meaning
there is promise for early diagnosis, 2) develop some novelty in the methodology, e.g., going from
a convolutional to a transformer-based network, that performs relatively better for diagnosis, and 3)
reiterate that these results indicate the potential for rs-fMRI data to be used as an early biomarker
for diagnosis. However, these works and many others miss the mark. The more interesting question
is whether rs-fMRI data adds something useful to diagnosis that is not already provided by easily
acquired metrics such as MoCA. In this experiment, we aim to analyze the classification perfor-
mance of {only using MoCA, MoCA with FCM features, MoCA with G-ICA features, and MoCA
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Figure 7.5: Receiver operating characteristic (ROC) curve with area under curve (AUC) values for
diagnosis between cognitively normal and non-normal subjects using MoCA score in conjunction
with rs-fMRI features.

with the proposed NeuroMamba model}. For the model-based approaches, logistic regression is
used to predict the probability of belonging in the positive class (aMCI and DAT) from the negative
class (CN). For NeuroMamba, a variant named NeuroMamba-BCE is created that combines the
backbone model fy with MoCA values s by

NeuroMamba-BCE

fo(-) = P(Mamba++{" () for [ = 1... L)) (7.16)
MoCA
, =
go(+,s") = Wy Concat[fa(-); ' |+ by (7.17)
~—
rs-fMRI features
N
min Y Loce(go(X", 5); ) +A [1fo(X) s (7.18)
=l binary crgs entropy spars;gf reg.

and train the model using the binary cross entropy loss function to learn the mapping between
features { X*, s’} and subject label ¢’. Since it directly predicts probabilities, logistic regression is
not needed here in this deep approach.

The receiver operating characteristic (ROC) curves for these approaches are plotted in Fig. 7.5,

along with the corresponding area under the curve (AUC) values. From these results, there was
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Figure 7.6: Frequency spectrums of resting-state MADRC fMRI data at frequency locations where
sample means between CN and DAT classes are statistically different (p < 0.05).

no improvement in diagnostic ability across connectivity and time series-based methods, including
our proposed model. This negative result indicates that resting-state fMRI is unlikely to provide
additional diagnostic power beyond that already provided by MoCA and other readily available
metrics. However, it is possible that task-based fMRI could provide more complementary infor-
mation, given it is more likely to better “stress” the brain networks. Further research is necessary

to conclusively determine whether fMRI as a whole is beneficial for early diagnosis.

7.5.2.7 Frequency Analysis

Since ALFF performs reasonably well to predict MoCA scores in Table 7.3, one can argue that
there must be some frequencies that reasonably explain increased or decreased activation in certain

brain regions that predict MoCA performance. Taking a closer look across the disease categories,
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Fig. 7.6 shows the frequency spectrum of resting-state fMRI data at frequency locations where the
sample means between the CN and DAT classes are statistically significant (p < 0.05). This is
done for a specific brain region, the parahippocampal gyrus, and averaged over all brain regions
to see if there is a general trend of frequency fluctuations between disease categories. As shown
in Fig. 7.6, in both subplots, DAT subjects exhibit higher magnitudes overall across frequencies,
indicating possible disrupted metabolic activity at these locations. With some ultrasound-focused
brain stimulation techniques, it is possible to excite or inhibit metabolism at localized brain re-
gions depending on the stimulation frequency [263]. Thus, a greater understanding of disrupted

metabolism in AD helps plan brain stimulation design protocols.

7.5.2.8 Out of Distribution (OOD) Generalization

The Alzheimer’s Disease Neuroimaging Initiative (ADNI) [2] began in 2004, with the main goals
of providing data to researchers and improving doctors’ diagnoses of subjects with AD. Part of this
data collection includes the MoCA exam and 3T rs-fMRI EPI data (Flip Angle=90°, TE=30ms,
TR=3.0s, 3.4mm spatial resolution, 192 total time samples), which allows us to explore how these
methods generalize to a different dataset. The ADNI dataset is prepared using a methodology
similar to that in Sec. 7.2.3, with a few key differences. Namely, fieldmap data is inconsistent
and missing for some subjects, so fieldmap-less susceptibility distortion correction is done instead.
Additionally, since the TR is quite high, slice timing correction is needed to ensure that all slices
are treated as if they were acquired simultaneously. The MoCA scores are z-score normalized per
the MADRC normal population. The ADNI data consists of 471 subjects (324 CN, 110 aMCI, 37
DAT) over 860 sessions (579 CN, 220 aMCI, 61 DAT). Care is taken to ensure no leakage during
testing, i.e., a subject’s scans are held out entirely rather than session only.

In this section, we test for two things: zero-shot transfer and all-shot training. Zero-shot
means a method is trained on MADRC and tested on ADNI using the same hyperparameters
from MADRC. All-shot means trained on ADNI directly using the same hyperparameters from
MADRC. The ADNI data contains 192 time samples with a TR = 3.0s, whereas MADRC data
contains 570 time samples with a TR = 0.8s. Therefore, this section explores the effect of tempo-
ral resolution on the predictive accuracy of MoCA and other key differences between the two data
distributions. Similar to Sec. 7.5.2.1, Table 7.6 shows MoCA R values for the ADNI data under
the zero-shot and all-shot settings.

FCM appears unaffected in both scenarios, achieving correlation values of R = 0.12, likely
because it is independent of temporal dynamics. Notably, the CPM positive edge method showed
a higher correlation value R = 0.23 on all-shot in contrast to zero-shot R = 0.07, indicating
some distribution shift between MADRC and ADNI “brain scores”. The model-based timeseries

methods did not exhibit strong zero-shot transfer or all-shot performance, with G-ICA being the
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Method Zero-shot | All-shot
FCM + KRR 0.12%* 0.12%*
CPM,,s + KRR | 0.07* 0.23***
CPM,; + KRR | 0.05* 0.18***
I-ICA + KRR 0.04 0.05*
G-ICA + KRR | 0.03 0.29***
ALFF + KRR | 0.05* 0.01
TCN 0.09** 0.16***
BiLSTM 0.12%* 0.29***
PatchTST 0.08** 0.08**
NeuroMamba 0.17*** 0.36™**

Table 7.6: Out of domain (OOD) generalization on Alzheimer’s Disease Neuroimaging Initiative
(ADNI) dataset where values indicate MoCA Pearson correlation. Asterisks denote statistical sig-
nificance as follows: * = p < 0.1, xx = p < 0.01, x x x = p < 0.001.

NeuroMamba | MoCA
Zero-shot 0.17***
Single-shot 0.22%*
Three-shot 0.30**
Five-shot 0.35%**
All-shot 0.36***

Table 7.7: Domain adaptation on Alzheimer’s Disease Neuroimaging Initiative (ADNI) dataset
where values indicate MoCA Pearson correlation. Asterisks denote statistical significance as fol-
lows: x = p < 0.1, xx = p < 0.01, x x x = p < 0.001.

notable exception, indicating that the ideal hyperparameters are a function of temporal resolution.
Switching to data-driven timeseries methods, PatchTST and TCN showed weak zero-shot and
all-shot performance, likely because the ideal patch size depends on the temporal resolution and
kernel sizes. The BiLSTM model performed relatively well compared to the PatchTST and TCN
methods, with an all-shot score of R = 0.29. The NeuroMamba model exhibited the strongest
zero-shot transfer among all methods, with R = 0.17, and showed the most robustness to temporal
sampling effects, matching literature observations comparing SSMs to other models [228]. When
trained directly on ADNI, NeuroMamba achieved the highest all-shot performance (R = 0.36),
indicating strong generalizability to other datasets.

7.5.2.9 Domain Adaptation

For NeuroMamba, per the results in Sec. 7.5.2.8, there is a gap between zero-shot R = 0.17 and
all-shot R = 0.36 values. This provides an opportunity to study whether it is possible to close
the gap by learning on a tiny subset of ADNI data, using the pretrained MADRC model to adjust
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for any distribution mismatch. In the literature, there are many ways to do this, such as finetuning,
freezing the backbone and updating only the last few layers, or using deep learning approaches such
as correlation alignment (CORAL) [264], designed to minimize covariance differences between
domains. In this setting, we found great success in simply finetuning the pretrained model. As
observed in Table 7.7, with only 5 subjects per class for training data, NeuroMamba achieves an
R = 0.35 value, nearly matching all-shot performance. This finding demonstrates the model’s
ability to adapt to a different domain with very limited training data, which is highly practical for

many fMRI-related applications.

7.6 Conclusion

In this chapter, we sought to advance understanding and prediction of cognitive performance in
AD by leveraging rs-fMRI data alongside behavioral scores, including MoCA, average memory,
and average language metrics. By systematically evaluating the predictive power of both functional
connectivity and multivariate timeseries data, we addressed limitations in prior studies that focused
exclusively on functional connectivity. Our deep learning approach, based on state space model-
ing, demonstrated superior performance in predicting behavioral metrics, underscoring the value
of temporal dynamics present in rs-fMRI data. Furthermore, NeuroMamba achieved a remarkable
few-shot transfer performance on ADNI data, indicating that only a few subjects are needed when
finetuning the MADRC-pretrained model on out-of-domain datasets such as ADNI, which is im-
portant for real-world usability. These results highlight the potential to integrate machine learning
with neuroimaging to support early intervention for cognitive decline, using techniques such as
HD-tDCS, while simultaneously offering deeper biological insights into AD progression.
However, this proposed approach and methodology have limitations. The R values across
the behavior scores are modest, indicating possible limitations with using resting-state fMRI to
analyze cognition scores. Perhaps these results are highly dependent on the parcellation scheme
used. Additionally, it is likely that fask-based fMRI, in which a patient performs a task under
the scanner, could better “stress” brain networks, revealing a stronger relationship between key
regions and behavioral metrics. For future work, one can explore face-name association [265] and
object-location association [266] tasks within a task-based functional MRI framework to compare
with the findings in this work and gain further insights by systematically contrasting resting-state

and task-based functional activity.
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7.7 Preliminary Results on Task-Based Functional MRI

7.7.1 Introduction

Task-based fMRI involves engaging patients in specific cognitive tasks during scanning, allow-
ing researchers to observe how AD pathology impacts brain regions associated with functions
such as memory, attention, or language. Prior studies have focused on resting-state fMRI, mainly
due to abundant data from the Alzheimer’s Disease Neuroimaging Initiative (ADNI), which lacks
task-based fMRI since it is not included in the MRI protocol. Therefore, task-based fMRI as a
modality for behavior score prediction is a relatively underexplored area that warrants investiga-
tion, since it may do a better job at “stressing” the brain through cognitive workloads. In this
section, we use face-name association [265] and object-location association [266] task data, and
present connectivity-based and model-based time series feature extraction methods that directly
leverage the blood-oxygenation-level-dependent (BOLD) time series to learn a sparse collection
of brain regions predictive of behavior scores.

In contrast to resting-state, task-based fMRI (tb-fMRI) involves engaging patients in specific
cognitive tasks during scanning, such as finger tapping to activate regions in the motor cortex.
Generally, it is known that task-based BOLD data can emphasize brain-behavior relationships
[267, 266, 268]. Thus, one of the main topics of this section is to determine whether task-based
fMRI protocols focused on memory and attention can stress relevant brain regions and networks
to better capture relationships compared to resting-state fMRI. The resting-state fMRI scans were
completed with eyes open with a fixation cross. Only a single baseline run is done for each subject
for resting-state data. In this section, the face-name [265] and object-location [266] association
fMRI tasks were performed as published. The face-name and object-location association tasks
used a mixed event block design that consists of 6 active blocks and 7 rest blocks. Active blocks
contain 3 novel and 3 repeated stimuli. Namely, for face-name runs, participants are shown faces
and need to recall the associated name during the cued recall phase. Afterwards, they select the
correct name from three options in the recognition phase. For object-location runs, participants
are shown an object, and in the free recall phase, they must touch its location on a touch screen.
In the cued recall phase, they see the object and its room (without the object) and must indicate
the correct location. Later, in the recognition phase, they choose the object’s location from three
possible choices. The face-name data consists of two runs, while the object-location data is a single

run only.
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7.7.2 Related Works

To the best of the authors’ knowledge, only one work has studied MoCA score prediction in a task-
based fMRI context for AD, but strictly for MCI subjects [176, Chapter 2]. However, this work
only considers CPM and PLS-BETA [269] methods that operate by using functional connectivity
only, with the best results showing a Pearson correlation value of 0.04 for face-name and 0.22 for
object-location tasks, and both of these were found to not be statistically significant (p > 0.05).
It 1s worth noting that this is not a completely fair comparison since these works use different
fMRI datasets and methodologies. However, these works only consider functional connectivity
data, which collapses the time dimension and instead only looks at brain region interactions. To
the best of the authors’ knowledge, there are no task-based fMRI works that tackle behavior score
prediction on the BOLD timeseries data, which may provide a richer context for finding more

optimal predictions.

7.7.3 Setup

Due to the limited size of our dataset and the need to ensure generalization across the full distri-
bution, we adopt a leave-one-out approach. Specifically, for each fold, the methods are trained
on all data except one sample, which is held out for testing. This practice is commonly used in
related fMRI prediction studies [176, 200, 198]. The {FCM, CPM, I-ICA, G-ICA, ALFF, fALFF}
algorithms perform feature extraction by optimizing a convex cost function, and subsequently em-
ploy kernel ridge regression (KRR), which is also a convex optimization. Consequently, these
methods are run until the optimization process converges. All relevant hyperparameters for the
various methods were determined via cross-validation on resting-state fMRI data. To promote fair
assessment of model generalizability, these parameters remain fixed across all folds and are not
re-optimized for each individual fold. Afterwards, the methods were trained on face-name and
object-location association datasets using those resting-state optimal hyperparameters in a leave-

one-out setting.

7.7.4 Experiments
7.74.1 Predictive Accuracy

Table 7.8 contains Pearson correlation values for face-name and object-location association task
data across the mentioned connectivity and timeseries-based methods. Further, the effects of the
CONN Toolbox processing are explored by providing correlation values before and after this pro-
cessing step. Focusing on MoCA specifically, the CPM method performed the best with correlation

values of 0.35 and 0.37 for face-name and object-location tasks. These values are not substantially
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higher than the NeuroMamba model in resting-state data, which has a correlation value of 0.36.
For memory and language metrics, the highest values occurred on CPM using object-location data,
with memory being 0.46 and language being 0.35. These values are higher than NeuroMamba on
resting-state data, with values being around 0.25 for memory and language.

Generally, for the connectivity-based methods, CONN Toolbox processing proved advanta-
geous for predictive accuracy. However, for the timeseries methods, CONN Toolbox processing
was more of a mixed bag. It helped I-ICA and G-ICA methods, but hurt ALFF performance.
It is not entirely clear why this processing helps some methods while hurting others. The only
claim being made is that careful consideration of preprocessing steps is necessary, as it can affect
performance in functional MRI analysis.

For all of the deep learning methods mentioned in this chapter and included in Table 7.3, these
reported lower correlation values in the task-based regime compared to the resting-state regime.
This occurred regardless if the model was pretrained on resting-state data and finetuned on task-
based data, trained jointly with resting-state and task-based data, or only trained on task-based data.
The same event occurred with and without CONN Toolbox processing, and across all behavior
scores. Likely, there is not enough task-based data to do well on this problem. However, many
approaches can be explored to help mitigate performance issues in this task-based domain. Future
work can focus on deep learning techniques such as data augmentation or domain adaptation to

increase predictive power in the task regime.

7.7.4.2 Important Regions

Given the results in Table 7.8, the CPM method performed very well across both face-name and
object-location association tasks. Given the popularity of this method in functional MRI settings,
it would be interesting to learn more about which nodes were useful to compute the “brain score”
for each subject. Since a binary mask is constructed from the functional connectivity data, one can
sum the number of nonzero entries on the columns to derive the degree of each node. Thus, one
can plot the top 10 important nodes that were useful for behavior score prediction. Focusing on
MoCA specifically, Table 7.9 contains the top 10 nodes for the task-based regime.

From this, it seems many regions from the sensory hand motor group were useful for MoCA
prediction. This is not surprising since a subject has to answer multiple-choice questions with
their hand. It is possible that a subject who is unsure about a face-name question tends to move
their hand more often, going back and forth between multiple options. Therefore, in a way, one
is predicting MoCA performance using information about the exam taken under the scanner. This
score-to-score prediction is interesting, but not the scope of the project. We are more interested
in predicting MoCA scores through neural activity, so future work can focus on using a subset

of Power atlas ROIs that do not include the sensory motor group regions. However, the most
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Before CONN [205]

After CONN [205]

Method | MoCA Memory Language | MoCA Memory Language
Face-Name [265]
FC 0.17*  0.09* 0.16** 0.30**  0.27* 0.23*
CPM*" | 0.13*  0.12* 0.16** 0.35"*  0.16™ 0.20"
CpM™ | 0.12  0.13* 0.13** —0.03 0.05 0.03
I-ICA —0.06  —0.09* 0.09* 0.07 —0.05 0.06
G-ICA | 0.24* 0.08 0.16** 0.26*  0.18 0.26**
ALFF | 0.37**  0.29"* 0.34* ] 0.18*  0.18"** 0.24**
fALFF | 0.27*  0.22" 0.26** N/A N/A N/A
Object-Location [266]

FC —-0.01  —-0.02 0.03 0.37*  0.36™* 0.25*
CPM™ | 0.34**  (.39** 0.05 0.34**  0.46™* 0.35"*
CPM™ | —-0.12 0.11 —0.13 0.09 0.16 0.12**
I-ICA 0.04 —0.12 0.16 0.07 —0.10 —0.18"
G-ICA | —0.02 0.19* 0.04 0.21* 0.27* 0.20*
ALFF 0.25* 0.25* 0.31** 0.11 0.13 0.33**
fALFF | 0.28" 0.25* 0.30** N/A N/A N/A

Table 7.8: Pearson correlation coefficients (R) and corresponding p-values (p) by score category
for multiple methods applied to the MADRC rs-fMRI data. Asterisks denote statistical significance
as follows: * = p < 0.1, *x = p < 0.01, * x x = p < 0.001.
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Node Degree Power ROI ~ MNI (x,y,z)  Nominal System Lobe/Area Talairach Daemon Label
Face-Name Association [265]
70 272 (-29, -38,-4) Memory retrieval Temporal Lobe Sub-Gyral
67 268 (30, -24,-12) Memory retrieval Sub-lobar Extra-Nuclear
64 43 (36, -9, 14) Sensory/somatomotor Mouth Sub-lobar Insula
56 215 (0, 30, 27) Salience * *
51 15 (0, -15,47) Sensory/somatomotor Hand Frontal Lobe Paracentral Lobule
51 271 (-30, -24,-12) Memory retrieval Sub-lobar Extra-Nuclear
50 29 (44, -8, 57) Sensory/somatomotor Hand Frontal Lobe Precentral Gyrus
43 203 (11,-39,50) Salience Parietal Lobe Precuneus
42 131 (-49, -42,1)  Default mode Temporal Lobe Sub-Gyral
42 252 (-52,-63,5) Dorsal attention Temporal Lobe Middle Temporal Gyrus
Object-Location Association [266]
60 93 (15,-63,26) Default mode Occipital Lobe Precuneus
54 152 (-18,-68,5)  Visual Occipital Lobe  Cuneus
43 20 (-54, -23,43)  Sensory/somatomotor Hand Parietal Lobe Postcentral Gyrus
42 26 (50, -20, 42)  Sensory/somatomotor Hand Frontal Lobe Postcentral Gyrus
41 33 (-45,-32,47)  Sensory/somatomotor Hand Parietal Lobe Inferior Parietal Lobule
41 61 (32,-26,13) Auditory Sub-lobar Insula
40 155 (-14,-91, 31) Visual Occipital Lobe  Cuneus
39 29 (44, -8,57)  Sensory/somatomotor Hand Frontal Lobe Precentral Gyrus
39 57 (-34,3,4) Cingulo-opercular Task Control = Sub-lobar Claustrum
35 62 (65,-33,20) Auditory Temporal Lobe Superior Temporal Gyrus

Table 7.9: Top ten brain regions implicated in MoCA score prediction, ranked by node degree
using CPM method. Additional columns provide MNI coordinates, nominal system category, lobe
classification, and Talairach Daemon (TD) labels.

important nodes selected across both tasks include regions associated with memory retrieval, the
default mode network, and visual processing areas. This indicates that there is likely neural activity

in these regions that appears to correlate with MoCA prediction.

7.7.4.3 Brain Network Visualizations

Given the results in Table 7.8, the CPM method performed very well across both face-name and
object-location association tasks. Given the popularity of this method in functional MRI set-
tings, it would be interesting to learn more about the binary mask used to compute the “brain
score” for each subject. By loading the mask into Yale Biolmage Suite Connectivity Viewer
(bioimagesuiteweb.github.io/webapp/connviewer.html), one can visualize the most important edge

connections between nodes. For the reported figures, an arbitrary node threshold is set at 50 to
prevent the diagram from appearing overly busy. In Fig. 7.7, the CPM binary mask for MoCA pre-
diction on face-name data is shown in the left, followed by the connectivity diagram on the right
with included network definitions. In Fig. 7.8, the CPM results for MoCA prediction on object-

location data are shown. For both figures, the positive edge variant of CPM is used, given the higher
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Using node definitions from Power Atlas with 272 nodes.
Using Yale network definitions from Noble at al 2018.
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Figure 7.7: Yale Biolmage Connectivity Viewer on face-name association task.

predictive accuracy when compared to the negative edge variant of CPM. From these results, it ap-
pears that connectivity values related to the Limbic cortex and the Occipital lobe were important
for MoCA prediction across both association tasks. However, as mentioned in Sec. 7.7.4.1, vari-
ous connections to the motor strip are included in these diagrams. Thus, it would be interesting to
remove sensory motor regions and visualize the sub-networks that relate to neural activity rather
than task activity.

7.7.4.4 Conclusion

This section explored task-based fMRI for behavioral score prediction using face-name and object-
location association tasks. The CPM method produced the strongest and most consistent results,
with moderate correlations but not substantially higher than values observed in resting-state fMRI
using the NeuroMamba model. CONN Toolbox preprocessing improved connectivity-based pre-
diction but had mixed effects for time-series feature methods, underscoring that preprocessing
choices can substantially change outcomes. Interpretation of CPM masks suggested involvement
of memory, default-mode, and visual regions, but also highlighted strong contributions from sen-

sory motor hand areas, indicating potential issues with score-to-score prediction as opposed to
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Using node definitions from Power Atlas with 272 nodes.
Using Yale network definitions from Noble at al 2018.
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Figure 7.8: Yale Biolmage Connectivity Viewer on object-location association task.

what we want, that being, BOLD-to-score prediction. Additionally, deep learning models under-
performed in the task-based setting across training strategies, likely due to limited sample size, or a
possible incorrect hypothesis that task-based fMRI would lead to stronger correlations for MoCA

prediction from the “brain stressing” task protocols found in face-name and object-location tasks.

7.7.4.5 Towards Publication

As of now, this work, based on preliminary results on task-based functional MRI and behavior
score prediction, remains unpublished. A few key improvements and additions are necessary to
get this work closer to publication. Importantly, the results reported in this section involve the z-
score normalized metrics, but not those that were regressed for age and education. From Table 7.1,
there seems to be a lot of overlap between age and education for all three disease categories, so
there should not be drastic differences in prediction once adjusted. However, for good measure,
the scores should have age and education regressed out to prevent the models from learning age or
education that may possibly be inherent in the BOLD data. Secondly, the brain regions associated
with the sensory motor group, like hands and mouth, should be removed from the BOLD data

to prevent information leakage about the task done in the scanner, as mentioned earlier. Thirdly,
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while the effects of CONN processing are explored for task-based data, this is missing for resting-
state data. For completeness, this publication should include results on resting-state data with and
without CONN Toolbox processing in Table 7.8. Lastly, it would be interesting to add a general
linear model (GLM) and dynamic causal model (DCM) results to Table 7.8 since they rely on
knowing the task and rest intervals, so we can measure the correlation between task activity and
BOLD timeseries.

7.8 Additional Results

7.8.1 Heteroscedastic Motion Modeling with ALPCAH

Chapter 3 presented a heteroscedastic subspace modeling named LR-ALPCAH that can jointly es-
timate a subspace basis and the noise variances associated with each sample. Chapter 7 presented
behavior score prediction in functional MRI. Since some subjects exhibit more motion than others,
an interesting research problem is whether ALPCAH can be used to measure average motion for
each subject as a form of heteroscedastic modeling. Instead of working with the raw timeseries
data, the frequency magnitudes between 0.01-0.30Hz are extracted for each brain region and col-
lected into a single vector for each subject. The frequency magnitudes are better suited for this
motion modeling task because, between multiple subjects, they may show high motion at different
time samples. In contrast, the frequency magnitude information would stay the same, assuming the
physical movement is identical. Once the matrix of frequency magnitudes is formed, the matrix is
demeaned based on the sample mean. Afterwards, the SignFlipPA [79] method is used to compute
an estimate of the rank of the matrix, which gave a value of d = 5. With this information at hand,
LR-ALPCAH is used to compute noise variances for each subject. Interestingly, there are no sub-
stantial differences between noise variance distributions among the disease categories. One may
expect that DAT subjects have higher motion due to Parkinson-like conditions or general symp-
toms from AD, but this does not seem to be the case for our data. However, using fmriprep’s
frame-wise displacement (FD) values, one can compare ALPCAH noise variances to these motion
estimation values, called FD, that are computed during the preprocessing of our data. Fig. 7.9 illus-
trates our findings, and more importantly, shows a correlation value of R = 0.6 between ALPCAH
estimated noise variances and FD values. This shows some utility in heteroscedastic subspace
modeling for motion estimation and correction applications in functional MRI. Future work can
explore this relationship further, potentially illustrating comparisons between motion-corrected
BOLD timeseries using heteroscedastic modeling and raw BOLD timeseries data.
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Figure 7.9: Heteroscedastic subspace learning as a motion estimation/correction model in fMRI.
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CHAPTER 8

Future Work

8.1 ALPCAH: Subspace Learning for Heteroscedastic Data

Chapter 3 explored a PCA-like algorithm that can simultaneously estimate a subspace basis while
estimating data quality via noise variances. However, many extensions and scenarios not consid-

ered in this work would be interesting to explore.

* Doubly Heteroscedastic Models: In this chapter, heteroscedasticity is only considered
across data samples, but it is also possible that the feature space is heteroscedastic. For
example, if air quality data is collected over time, the sensors may become less reliable, re-
quiring recalibration (sample space), while also having sensors of different quality, ranging
from military-grade to commercial products (feature space). There has been work in this
area, such as the Dyson equalizer algorithm [270] that equalizes the noise variance across
both rows and columns via a normalization technique that works on a broad range of noise

distributions. Interested readers should check out this work before exploring this subtopic.

* Deep Heteroscedastic Models: In this chapter, only subspace models are considered, which
are elegantly simple. The reality is that nonlinear models achieve state-of-the-art perfor-
mance in many machine learning applications, thanks to the rise of deep learning and neural
networks. For a network trained to do classification/regression tasks, does the model inher-
ently learn which data samples are more reliable? If not, is there a way to simultaneously
perform the task of interest while estimating data quality and use this information to improve

task performance? These are the questions that would be fascinating to explore.

* Manifold Heteroscedastic Models: Similarly to above, this chapter explored subspace
learning, but for many datasets, the data is more complicated and requires more sophis-
ticated modeling. There are many learning algorithms, such as Multidimensional scaling
(MDS), t-SNE, and UMAP, that also find a lower-dimensional space on manifolds. Given
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that MDS 1is the same as PCA when using the Euclidean norm as the distance metric, is there
a way to adapt ALPCAH using some other metric? This topic is possibly less interesting
because many manifold learning algorithms exist for visualization rather than analysis, so its

utility may be limited.

Heteroscedastic Regression Models: Linear regression and subspace learning are very
similar tasks, with the subtle point that the residual error goes from subspace projection
|ly — UUTy|| to regression error ||y — Ax||. Contrary to the name, linear regression just
means linear with respect to the coefficients. Nonlinear models, such as quadratic equations
and more general polynomials, can be learned with linear regression. From preliminary
searches, there are a few papers already that talk about estimating heteroscedasticity in lin-
ear regression. However, there might be interesting, unexplored directions, such as nonlinear

regression via MLPs in heteroscedastic settings.

General Noise Distribution Models: In many real-world settings, Gaussian noise is a fair
assumption that holds in practice, even when not exactly true. However, there are many
applications, such as SPECT imaging, phase retrieval, and semiconductor metrology analy-
sis, where the noise distribution is known to follow a Poisson distribution. In this chapter,
although the subspace basis coordinates do not follow a Gaussian distribution, we assume
the noise is Gaussian. Therefore, generalizations of ALPCAH for Poisson and other distri-

butions could be fruitful if there are sufficient applications with such distributions.

Heteroscedastic Tensor Models: Subspace models assume a matrix of /N data samples
Y € RP*N of D-dimensional space. This may be too limiting for non-vector data such
as functional MRI that is 4D due to space and time Y € RX*Y*ZxT Reshaping this into
a matrix would lose important spatial relationships, since nearby brain voxels exhibit simi-
lar BOLD activation patterns. Generalizing ALPCAH for tensor objects would be another
direction of future work. For example, 3D CT data from low-dose and high-dose samples
could be seen as heteroscedastic across samples. Perhaps tensor learning would enhance
image quality for low-dose samples better than a union of subspace or dictionary learning

approaches.

Outlier and Heteroscedastic Hybrid Models: This work considered Robust PCA as a
comparison method to LR-ALPCAH, which is focused on heteroscedastic noise specifically.
Future work can consider a hybrid model that adds a matrix to capture outliers in a more
general setting. One possible formulation would be [|(Y — LR’ — E)IT~'/? |24 2 log [IT|+
A E||1,1 where we note that taking A — oo leads to the standard LR-ALPCAH formulation.
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It is unclear if there would be an advantage to adding an outlier model when the outlier can be

treated as a very noisy (heteroscedastic) sample, but experimentation can prove differently.

8.2 ALPCAHUS: Subspace Clustering for Heteroscedastic
Data

Chapter 4 explored a subspace clustering algorithm that can simultaneously estimate multiple sub-
space bases while estimating data quality via noise variances. However, many extensions and

scenarios not considered in this work would be interesting to explore.

* Most topics above from subspace learning: Since subspace clustering is a union of sub-
space models, there are similar things to explore, such as general noise distribution models,

doubly heteroscedastic models, tensor models, and deep clustering models, to name a few.

* Heteroscedastic Dictionary Learning: There are many similarities between subspace clus-
tering and dictionary learning, with the distinction that the dictionary is often more general
than a subspace model. Dictionary learning will solve for dictionary D and atoms Z with
the following

win |Y — DZ|J; + R(Z) (8.1)

where R(-) is a regularizer such as || - |[;;. If you constrain D = Y, then dictionary
learning almost becomes Sparse Subspace Clustering (SSC). Hence, there are interesting
directions to explore that might prove useful since a union of subspace models might be too
limiting for some datasets, especially if the data is heterogeneous. Heteroscedastic modeling
in dictionary learning could be useful for medical applications, such as low-dose and high-
dose CT imaging, where some image patches are noisier than others due to lower radiation
doses.

* Beyond Subspaces: Similar to dictionary learning, a subspace model can be limiting for
some datasets. The kernel trick has been a useful tool for developing methods such as Kernel
PCA and Kernel Support Vector Machines (SVMs). ALPCAHUS could be generalized using
Gaussian kernels for datasets that do not follow a union-of-subspaces model, increasing its
utility to general clustering problems.
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8.3 PET-TURTLE: Deep Unsupervised Support Vector

Machines for Imbalanced Data Clusters

In Chapter 5, a deep clustering algorithm is developed to better handle imbalanced datasets using
the Support Vector Machine (SVM) formulation. It is based on the TURTLE algorithm, which is
meant for foundational model latent variables only. It alternates between finding the max-margin
hyperplane and the classifier, like /-means. Some extensions not considered in this work would

be interesting to explore.

* Joint Encoding & Clustering: Since TURTLE requires latent variables extracted from a
foundational model, it means that one must use a pretrained CLIP-like or contrastive-like
model. However, if the data falls outside the realm of 2D images/text, one is forced to train
a representation-learning model from scratch. For example, 3D structural MRI data would
require training. Because of this, it may be useful to jointly encode and cluster data to im-
prove results, including finetuning pretrained models. This means having a cost function that
combines the contrastive learning equation (pulling similar samples together in latent space
while repelling dissimilar samples) and the TURTLE clustering function (cross-entropy loss)
to promote a well-separated embedded space. Through joint estimation, one would hope that

the clustering accuracy is closer to a linear probe applied to a contrastive model.

* Kernel SVMs: The TURTLE formulation finds the max-margin hyperplane, which assumes
linear separability of the input data. This is fine since the input data comes from foundational
or representation-learning models trained in a CLIP or contrastive fashion. However, this
method will not generalize well to input data that is not linearly separable, for example, when
working with raw data rather than latent data. Thus, there is an opportunity to use Radial
Basis Functions (RBFs) to find a more suitable nonlinear hyperplane that better separates
data clusters. Doing this may be more complicated than expected, since the theory says
that gradient descent with the cross-entropy loss will produce iterates biased towards the
direction of the max-margin hyperplane. Modifying the cost function carelessly could break

this important relation, so additional work is required to mesh both ideas together.

8.4 Alzheimer’s Disease Diagnosis in Functional MRI via 4D

Convolutions

In Chapter 6, a 4D classification model is developed for functional MRI. Many things not consid-

ered here would be interesting to explore.
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* Gray & White Matter Modalities: In our work, we focused on functional MRI, which
captures BOLD activity in gray matter regions. There is interesting and new work by Amaya
Murgia and Andrea Jacobson in the fMRI lab, on using myelin water imaging as a biomarker
for Alzheimer’s disease. This modality examines white matter regions that have important
implications for understanding brain plasticity, as they determine the speed of action po-
tentials. See [271] for an overview of this topic. Thus, using fMRI and myelin imaging
together for diagnosis could prove extremely useful since both gray and white matter data

complement each other in Alzheimer’s disease applications.

* Motion Correction: The datasets used in this project contain functional MRI data from
older patients. Because of this, time samples sometimes exhibit heavy motion. In the fMRI
preprocessing pipeline, one can determine which time samples experience motion by in-
specting the “FD” vector from fmriprep. An interesting direction of work could be to treat
this as missing/masked timeseries data and attempt to impute the values. Ideally, the model
would be robust to both task and resting-state data. As shown in Sec. 7.8.1, there was some
advantage to heteroscedastic subspace learning for motion modeling and correction, so this

would be an interesting direction that merges heteroscedastic learning and functional MRI.

8.5 Behavior Score Prediction in Resting-State and Task-Based
Functional MRI

In Chapter 7, a deep learning model for predicting behavior scores in Alzheimer’s disease is pro-

posed for resting-state functional MRI. There are a few directions worth exploring.

* Task-based Functional MRI: Naturally, an open question remains whether task-based
functional MRI, such as face-name association or object-location association tasks, can bet-
ter help uncover brain-behavior relationships and show stronger correlation between behav-
ior score metrics such as MoCA and functional activity. Some preliminary work in this di-
rection was shown in the chapter. More steps are necessary for publication; refer to Sec. 7.7

for more information.

* Alzheimer’s Disease Progression (Longitudinal Study): In Fig. 7.5, it was shown that
using MoCA in conjunction with rs-fMRI did not produce a meaningful increase in ROC
characteristics and AUC values in our dataset with our specific preprocessing pipeline and
methods. However, it would be interesting to see if one can identify which healthy subjects
are likely to become amnestic MCI (aMCI) or dementia of the Alzheimer’s type (DAT) using
rs-fMRI. This is challenging since only baseline scans exist for these subjects in this current
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timeframe. However, it is possible that, in the future, MADRC will have a small, usable
dataset of subjects who progressed to a different disease category. Predicting cognitive de-
cline and time to conversion given fMRI data would be interesting, as one usually does not

have fMRI data for the same subject when healthy and non-healthy.

Multiple Biomarkers: MADRC has collected blood biomarkers that measure tau protein
levels. An in-depth analysis of diagnosis performance and disease progression using blood
biomarkers, behavior scores such as MoCA, and genetic/family information could be a po-
tential project to investigate whether blood biomarkers provide complementary information.
Determining whether each provides a distinct advantage in diagnosis, rather than redun-
dancy, among these readily available biomarkers would be a potential future topic. Likely,
only classical ML methods would be useful due to limited data, so the innovation would be

on the medical and biomedical implications.

Linking fMRI and Tau Proteins: Instead of predicting behavior scores, an alternative
would be to explore whether tau protein buildup, via blood biomarkers as mentioned above,
has a stronger correlation than MoCA or similar metrics. A model could predict a spatial
map of the brain indicating the level of tau build-up in each region, whose sum of the brain

volume corresponds to the overall level of tau protein in the blood.

Sensitive Feature Removal: One discussion topic raised from this project revolved around
the possibility of removing age, education, sex, and race features from the functional MRI
data. This is a challenging question when working with the 4D spatial-temporal data or
timeseries data. For metrics, this is quite easy to do using linear regression and extracting
the residuals to be the new metrics. However, for high-dimensional functional MRI data,
there is no clear way to regress the features out of it. Thus, there is an open question whether
some method could be applied that works regardless of the input data. One could train a
deep model to predict age or education, assess how correlated the predicted and true values
are, and, from this, remove them in some general way. For example, in image classification,
if input X is classified as being a panda, could one create X + ¢ such that it is no longer a
panda using that trained model? This is an ill-posed problem, since “not a panda” is very
ambiguous. See adversarial networks that add slight noise to the input X to change the class,
yet the image still visually looks like a panda. A challenging problem with many possible

open research directions.
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