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ABSTRACT

We live in a world where imaging systems are ubiquitous. From the cell phones in

our pockets to our cars and doorbells and on to telescopes and medical scanners, imaging

has changed how we share, document, and understand our world. There is an increasing

demand to make these systems more efficient by producing higher-quality images with

fewer and fewer resources. When we need an image that is of higher quality than can

be directly constructed from its measurements, we have an inverse problem and must

rely on reconstruction schemes. These reconstruction algorithms fill the gap between

the measured samples and the desired high-quality images by leveraging a model that

attempts to recover image contents while reducing artifacts.

Diffusion models are trained on large image datasets to learn an underlying prior.

This iterative process, which starts with pure noise and is gradually denoised to eventually

obtain a clean image, can be modified to generate or restore the clean image that is also

enforced to be consistent with the measurement, thereby solving an inverse problem.

However, diffusion models are computationally expensive to train and require large, clean

training datasets.

To tackle these challenges, this thesis develops methods of using diffusion models

to solve inverse problems. In particular, we develop a novel patch-based diffusion prior

that allows for image generation and reconstruction using a memory efficient network

trained on small patches of an image. We later improve this diffusion prior by includ-

ing global image context, allowing for better coherence between patches and accelerated

sampling. We also develop a 3D diffusion prior that learns the joint distribution between

multiple slices of a 3D volume. These methods allow us to solve 3D inverse problems that

would otherwise be computationally infeasible to handle with traditional diffusion mod-

els. Furthermore, we demonstrate the efficacy of patch-based diffusion models for solving

out-of-distribution inverse problems, reducing the need for a large training dataset. This

is done by using a self-supervised loss function that refines the network at reconstruction

time, ensuring the network output is consistent with the measurement. Motivated by the

relative inaccuracy of trained diffusion models for low noise levels, we propose a novel

self-supervised majorizer loss function which is theoretically and empirically shown to

learn the score function at low noise levels better. Coupled with a channel concatenation

operator that allows a network to accept images with differing numbers of channels, our

method enables a single diffusion model to solve inverse problems in multiple modalities.

The proposed methods are applied to problems in computed tomography, magnetic reso-

nance imaging, and deblurring, among others, showing their wide generalizability with

broad scientific and engineering applications.
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CHAPTER 1

Introduction

In the real world, many objects cannot be observed directly and must instead be mea-

sured through a device or system. A doctor who wishes to view the internal anatomy

of a patient can perform a computed tomography (CT) or magnetic resonance imaging

(MRI) scan of the patient. A photographer can use a camera to capture the dynamic view

of a bustling city. An astronomer studying black holes must use advanced telescopes to

capture the desired view. Once the measurement has been obtained by the corresponding

imaging system, onemust then recover the original desired image from themeasurements.

This type of problem is known as an inverse problem.

In all of these cases, the system that is used to capture the image is inherently noisy.

Improving the hardware of the imaging system is one possible solution to mitigate this

problem, but is expensive in practice and can lead to slow acquisition times. When we

wish to perform fast and cheap imaging, the process will naturally be lossy. Hence, the

same measurement will correspond to many possible images. The central problem of com-

putational imaging and this thesis is to develop methods to identify an image close to the

ground truth and obtain a high-quality reconstruction.

Traditionally, inverse problems have been solved by reformulating them as an opti-

mization problem consisting of two terms: a data fidelity term and a regularization term.

The data fidelity term ensures that the image is consistent with the measurement, but that

term alone is not enough to obtain a high-quality reconstruction due to the lossy nature

of the measurement system. Hence, a regularization term, designed to enforce commonly

held beliefs about possible clean images, is crucial. This regularization term ranges from

simple handcrafted cost functions such as total variation loss or sparsity metrics [29] to

complicated data-driven priors that are learned by neural networks [171].

When the measurements are very sparse or the noise level is high, it is especially im-

portant to develop a good prior to obtain a high-quality reconstruction. Generativemodels,

and in particular diffusion models, have risen to popularity in recent years, as they are
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capable of generating realistic clean images from pure noise. Diffusion models firstly in-

volve adding progressively increasing levels of noise to clean images and training a neural

network to denoise them. This process results in a network that has learned the under-

lying distribution of the training image dataset. Next, to generate a clean image using

the trained network, we start with pure noise and use the network to gradually denoise

the image, eventually obtaining a clean image belonging to the data distribution. Since

diffusion models directly learn the image prior, they are particularly useful for solving

inverse problems where the measurements are sparse or noisy, as the prior can be used

to fill in missing information. Many methods have been developed for adapting diffusion

models from their original purpose of sampling from the prior (generating clean images

with no other information) to sampling from the posterior (generating a clean image that

is consistent with a measurement, i.e., solving inverse problems), and these methods have

shown superior performance over traditional methods.

Despite these successes, diffusion models still face several difficulties when solving in-

verse problems. Training whole-image diffusion models requires large quantities of clean

training data that is often unavailable in many applications. Furthermore, as distributions

of images are very high dimensional and complex, deep neural networks with hundreds

of millions of parameters are needed to learn the distributions well, making the training

process a slow and memory-intensive task. Finally, when solving difficult nonlinear in-

verse problems, diffusion models exhibit instability as methods of enforcing data fidelity

often perturbs the image away from the desired noisy image manifold. Consequently, it is

very challenging to apply diffusion models to solve large-scale and 3D imaging problems,

applications where training data is limited, and nonlinear inverse problems. This thesis

will focus on methods that allow diffusion models to overcome these challenges.

1.1 Contributions

In this work, we develop various novel methods targeted at the aforementioned challenges

of diffusion models. These include methods of training and applying different types of dif-

fusion models to solve a large variety of inverse problems, ranging from nonlinear inverse

problems to 2D and 3D medical and natural imaging tasks. We also explore different prob-

lem settings where memory and training data may be limited. The contributions of this

work are summarized as follows:

• Nonlinear inverse problems. We develop a novel algorithm to solve the nonlin-

ear inverse problem of phase retrieval with the presence of Poisson and Gaussian

noise. We show how diffusion models can be used for this problem and apply an

acceleration method to reduce the number of diffusion iterations needed, a crucial
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addition to an algorithm that would otherwise be very slow due to the complicated

Poisson-plus-Gaussian likelihood. Our simulation experiments show that modeling

both types of noise yields better performance than only using one type of noise and

the diffusion prior is a better choice than other traditional methods [115].

• Large-scale diffusion models. We tackle large-scale imaging problems by devel-

oping a novel patch-based diffusion model approach for learning image priors. This

patch-based prior can learn the prior of an entire image from solely the patches

of the image, so that both at training and reconstruction time, it suffices to input

patches of the image into the network. Hence, the method reduces the memory re-

quirement and training time. Extensive experiments show that it exhibits superior

performance over traditional whole-image diffusion models for a variety of medical

and natural inverse problems [82]. We also develop a framework for general patch-

based priors that encompasses several other works and derive convergence guaran-

tees. For 3D image reconstruction, we develop amethod that learns a 3D image prior

by first learning the joint distributions of multiple slices of the 3D volume and then

blending these distributions together. We also improve upon the patch-based prior

model by incorporating global volumetric information, leading to a trained network

that can unconditionally generate high-resolution volumes. We apply our methods

to various problems in CT reconstruction where the measurements are very sparse

and demonstrate that this 3D prior yields higher-quality reconstructions than pre-

vious state-of-the-art (SOTA) methods [162, 199].

• Limited training data. We apply our patch-based diffusion models to the mis-

matched distribution setting via test-time adaptation. In this setting, we are given

a pretrained diffusion model, but the test data belongs to a different distribution

from the training distribution, so we must refine the network at test time. Simula-

tions show that our patch-based model is more easily adaptable to the mismatched

distribution, is less prone to overfitting in the case of very limited data, and yields

better performance at solving inverse problems than whole image models [81]. We

then generalize this method using a channel operator and novel majorizer test-time

adaptation loss function so that we can use a single pretrained network to solve

inverse problems in many modalities [79].

• We raise various avenues of exploration for future work, including extending our

unified framework for patch-based diffusion models, applying diffusion bridges for

faster image reconstruction, and developing other test-time adaptation methods
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that are more generalizable to challenging 3D inverse problems. We also discuss

the possibility of applying video diffusion models to solve 3D image reconstruction.

1.2 Outline

To start, Chapter 2 provides background on the mathematical framework used for mod-

eling inverse problems. It also introduces more specifics of the inverse problems that are

covered in the rest of the work, including phase retrieval, CT reconstruction, and image

enhancement. Next we introduce the relevant background of diffusion models and their

relevance to inverse problems before moving onto mismatched distribution problems.

Chapter 3 details our novel algorithm by which we use diffusion models to solve phase

retrieval under realistic system and noise models [115]. We demonstrate with exhaustive

experiments that the realistic models and score-based image prior yield better reconstruc-

tions.

Chapter 4 provides the patch-based diffusion model framework that will be referenced

in the subsequent chapters [82]. We develop a diffusion model prior that can be applied to

large images by breaking up an image into patches and learning the prior on the patches

separately. We then show that while using less memory and training time, in cases of

limited training data, our patch-based approach outperforms traditional whole-image dif-

fusion models in various inverse problems.

Chapter 5 further looks at large-scale diffusion models by tackling the 3D CT recon-

struction problem with diffusion models [162]. We develop a method to learn 3D diffusion

image priors and use it to solve very sparse-view CT reconstruction problems as well as

limited-angle CT reconstruction.

Chapter 6 develops a fully 3D prior capable of unconditionally generating high-resolution

3D CT volumes. This is done by incorporating downsampled whole volumes into the

patch-based prior developed in Chapter 4 to provide global information into the prior

model. We also empirically demonstrate that this improved prior can be leveraged to ob-

tain higher quality CT reconstructions.

In Chapter 7, we move to problems where the training data and test data have different

distributions [81]. Specifically, we cover two settings: the first in which we are only given

the measurement without any in-distribution training data and must refine the diffusion

network on the fly, and the second in which we are given a very small dataset that can be

used to fine-tune the network. We show that, when using patch-based diffusion models,

desirable performance qualities are achieved compared to whole-image models.
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Chapter 8 generalizes the work of the previous chapter even more by pretraining a

single diffusion network on a mixed dataset of different modalities that can then be used

to solve inverse problems in different modalities such as MRI and natural imaging. Our

novel majorized self-supervised loss function, coupled with a solid theoretical foundation,

is the driving force behind this method’s flexibility.

Finally, Chapter 9 outlines future work that could be follow-up directions based on

this dissertations’s research. Broadly, this consists of extending the theory of patch-based

diffusion models by running a more systematic set of experiments and developing the

theory for more general (and accelerated) sampling methods. Furthermore, we highlight

the potential of diffusion bridges to greatly accelerate inverse problem solving while pre-

serving the generalizability of unconditional diffusion model methods, as well as possible

methods of leveraging pretrained video diffusionmodels to solve 3D image reconstruction

problems.

The appendix provides additional results, both quantitative and visual, ablation stud-

ies, and theoretical derivations. Summarizing, Figure 1.1 provides an overview of the de-

pendencies of the chapters of this thesis and two of the main topics covered, large-scale

imaging and distribution shift problems.
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fig 1.1 – Dependency flowchart for the chapters of this thesis.
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CHAPTER 2

Background

This chapter begins with a mathematical formulation of inverse problems, a broad

range of specific examples of inverse problems, and general frameworks that are com-

monly used to solve these types of problems. Next, we highlight specific inverse problems

that are addressed in detail in the rest of this thesis and existing methods that can be used

to solve them.

2.1 Inverse Problems

Inverse problems are ubiquitous in image processing, and aim to reconstruct an image x

from a measurement y, where y = A(x) + ϵ, A represents a forward operator, and ϵ

represents random unknown noise. In the presence of noise, and particularly when A is

nonlinear or ill-conditioned, the same y can corresponding to multiple possible images x.

Therefore, to obtain a high-quality reconstruction of x, it is necessary to enforce a prior

on x. More precisely, by Bayes’ Rule, p(x|y) is proportional to p(x) · p(y|x). By making

assumptions on the noise ϵ, the distribution p(y|x) is readily derived, so it remains to

establish a prior p(x).

Traditionally, total variation (TV) has been used as a regularizer [35]. This regularizer

has a denoising effect on the image while preserving sharp boundaries. Similarly, wavelet

based methods [52] transform the image to the wavelet domain where it becomes simpler

to denoise the image without distorting its main features. More recently, plug and play

methods involve alternating between using a denoiser to denoise the image and a data

fidelity update step to ensure that the image conforms with the measurement [34]. Block

matching 3D (BM3D) is a fast and effective general purpose denoising algorithm, so its

use in inverse problems has been studied [136].

In recent years, data-driven methods have risen in popularity in signal and image pro-

cessing [122, 118, 80, 194, 196]. In particular, for solving inverse problems, when large
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amounts of training data is available, a learned prior can be much stronger than the hand-

crafted priors used in traditional methods. For instance, plug and play and regularized by

denoising methods [172, 197, 123, 83, 121, 33, 156] that involve pretraining a denoiser and

applying it at reconstruction time have shown superior performance over using fixed de-

noisers. These methods have the advantage over supervised deep learning methods such

as [89, 104, 169, 187] that the same denoiser may be applied to solve a wide variety of

inverse problems.

The next subsections summarize several inverse problems investigated in this thesis.

2.1.1 Phase Retrieval

Phase retrieval (PR) is a nonlinear inverse problem, where the goal is to recover a signal

from the (square of) magnitude-only measurements that are corrupted by noise [85]. This

problem has applications in astronomy [50], X-ray crystallography [137], optical imaging

[157], Fourier ptychography [17, 208, 193, 176] and coherent diffractive imaging (CDI) [106].

For example, in holographic CDI, a coherent beam source illuminates a sample of interest

and a reference. When the beam hits the sample, it generates secondary electromagnetic

waves that propagate until they reach a detector. By measuring the photon flux, the de-

tector can capture and record a diffraction pattern. This pattern is roughly proportional

to the square of Fourier transform magnitude of electric field associated with the illumi-

nated objects [13, 14]. Recovering the structure of the sample from the diffraction pattern

generated by the mix of sample and reference is a nonlinear inverse problem known as

holographic PR. One approach to this problem is maximum a posteriori (MAP) estimation:

x̂ = argmaxx∈RNp(x|y, b̄,A, r) = argminx∈RNg(x;A,y, b̄, r) + h(x), (2.1)

where x denotes a real latent image to recover, y is the recorded measurement vector,

b̄ denotes the mean of background measurements, and A ∈ CM×N
denotes the system

matrix in holographic PR, whereM denotes the number of measurements andN denotes

the dimension of x. The known reference image r provides additional information to

reduce the ambiguity of x̂; using an extended reference is a common technique in holo-

graphic CDI [155, 70]. Following Bayes’ rule, we denote g(x) = − log p(y,A, r|x) and
h(x) = − log p(x) as the data fidelity term and the regularization term, respectively. For

simplicity we assume x is real, so ∇g(x) denotes the real component of the gradient of

log-likelihood. Hence, all priors are trained with real-valued datasets and are applied to

the real components of x as well. The method can be extended to complex images.
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The term g(x) depends on the noise model, which is generally chosen to be either

Gaussian or Poisson. For methods that assume the elements of y follow independent

Gaussian distributions y ∼ N (|Ax|2 + b̄,Σ), where Σ = σ2I , the data fidelity term

g(x) in (2.1) becomes gGau(x) ≜ ∥y − b̄ − |Ax|2∥22. To solve the corresponding MAP

optimization problem, a popular method is Wirtinger flow (WF) [28, 88, 26, 161] using the

Wirtinger gradient: ∇gGau(x) = 4A′ diag{|Ax|2 − y + b̄}Ax. To determine an appro-

priate step size for the Wirtinger gradient, one can use its Lipschitz constant or methods

such as empirical trial and error, backtracking line search, or observed Fisher information

[117]. To further accelerate WF, one can use Nesterov’s momentum methods [139] or opti-

mized gradient methods [97], leading to the accelerated Wirtinger flow (AWF) [193, 21, 58,

63] that is commonly used in solving PR problems. Apart from WF, other methods such

as matrix-lifting [30, 27, 157], error reduction (ER) [64], hybrid input-output (HIO) [62],

majorize-minimize (MM) [146] and alternating direction method of multipliers (ADMM)

[119] have also been proposed.

On the other hand, the Poisson ML model assumes y ∼ Poisson(|Ax|2 + b̄), so that

g(x) in (2.1) has the form: gPois(x) ≜ 1′(|Ax|2 + b̄)− y′ log
(
|Ax|2 + b̄

)
. Similar to the

Gaussian case, one can also applyWF [116]with∇gPois(x) = 2Ax⊙
(
1− y ⊘ (|Ax|2 + b̄)

)
,

where ⊙ and ⊘ denote element-wise multiplication and division, respectively.

2.1.2 CT Reconstruction

Computed tomography (CT) is a medical imaging technique that allows a 3D object to be

imaged by shooting X-rays through it [59]. Themeasurements consist of a set of 2D projec-

tion views obtained from setting up the source and detector at different angles around the

object. By definition, y is the (known) set of projection views, A is the (in most cases as-

sumed to be) linear forward model of the CT measurement system, and x is the unknown

image. The CT reconstruction problem then consists of reconstructing x given y. To re-

duce the radiation dose delivered to the patient, sparse-view CT uses a smaller fraction

of X-rays compared to the full-view CT [159]. Additionally, limited-angle CT is useful in

cases where patients may have mobility issues and cannot use full-angle CT scans [24]. In

these cases, y contains far less information than x, so this becomes a challenging inverse

problem.

Traditional methods for solving this include regularization-based methods that en-

force a previously held belief on x and likelihood based methods [59, 175, 192, 37]. Data-

driven methods have shown tremendous success in signal and image processing in recent

years [122, 118, 80, 194]. In particular, for solving inverse problems, when large amounts of
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training data is available, a learned prior can be much stronger than the hand-crafted pri-

ors used in traditional methods [197, 123]. For past few years, many deep learning-based

method have been proposed for solving the 3D CT reconstruction problem [89, 104, 169,

195]. These methods train a convolutional neural network, such as a U-Net [89], that maps

the partial-view filtered backprojection (FBP) reconstructed image to the ground truth im-

age, that is, full-view CT reconstruction. However, these methods often generate blurry

images and generalizes poorly for out-of-distribution data [4].

2.1.3 MRI Reconstruction

Magnetic resonance imaging (MRI) is another medical imaging technique that uses mag-

netic fields to obtain images of organs, tissues, and other structures [75]. MRI scanners

acquire the Fourier components of the image of interest, called the k-space. However,

this acquisition procedure is slow, so acceleration methods such as undersampling the

Fourier components have been developed, which can lead to aliasing in reconstructed

images. To solve this problem, modern MRI scanners use multiple coils to acquire the

Fourier components, providing additional spatial information [145, 67]. Additionally, com-

pressed sensing (CS) MRI [132, 133] improves the quality of the reconstructed images by

using suitable sampling patterns. Similar to CT reconstruction and other inverse problems,

methods of solving CS MRI reconstruction problems include classical optimization based

methods [132], plug and play methods [1], and diffusion model methods [46]. Notably, for

deep learning methods, one often represents the complex MRI data using two separate

channels consisting of the real and imaginary parts [41].

2.2 Diffusion Models

Diffusion models consist of defining a forward stochastic differential equation (SDE) that

adds noise to a clean image [168]: for t ∈ [0, T ], x(t) ∈ Rd
, we have

dx = −(β(t)/2)x dt+
√
β(t) dw, (2.2)

where β(t) is the noise variance schedule of the process. The distribution of x(0) is the

data distribution and the distribution of x(T ) is (approximately) a standard Gaussian.

Then, image generation is done through the reverse SDE [3]:

dx = (−β(t)/2− β(t)∇xt log pt(xt)) dt+
√
β(t)dw. (2.3)
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To train a network to approximate the score function ∇xt log pt(xt), it is necessary

to first discretize the SDE into a sequence of positive noise scales (for white Gaussian

N (0, σ2
k)): σ1 > σ2 > · · · > σK , with σK being small enough so that noise of this level

does not visibly affect the image, and σ1 depending on the application. Score matching

can be used to train a noise conditional score network (NCSN) [179, 166] as follows:

θ̂ = argminθ

K∑
k=1

Ex,x̃

[(
sθ(x, σk)−

x− x̃

σ2
k

)2
]
,

where x ∼ p(x), x̃ ∼ x+N (0, σ2
kI). (2.4)

With enough data, the neural network sθ(x, σ) is expected to learn the distribution pσ(x) =∫
p(x)pσ(x̃|x)dxwhere pσ(x̃|x) = N (x, σ2I). Once the neural network has been trained

to approximate the score function, one can start with noise and run the reverse SDE to

obtain samples from the learned data distribution.

2.2.1 Diffusion Inverse Solvers

Diffusion models serve as a strong image prior as they can generate entire images from

pure noise. Most methods that use diffusion models to solve inverse problems involve

writing the problem as a conditional generation problem [53, 120, 40] or as a posterior

sampling problem [43, 39, 31, 181, 95]. In the former case, the network requires the mea-

surement y (or an appropriate resized transformation of y) during training time. Thus, for

these task-specific trained models, at reconstruction time, that network is useful only for

solving that specific inverse problem. In contrast, for the posterior sampling framework,

the network learns an unconditional image prior for x that can help solve any inverse

problem related to x without retraining.

More specifically, methods that use an unconditionally trained diffusionmodel to solve

inverse problems generally involve alternating between updating the image using the

trained score network and updating the image to be consistent with the measurement.

These two steps are generally detached, so many choices of sampling methods and SDE

solvers are possible for the former step while changing the method by which data fidelity

is enforced. For example, [166] uses Langevin dynamics with a simple gradient descent

step toward the measurement. Recognizing that the image lies on a noisy data manifold

(as opposed to the clean data manifold) during intermediate timesteps, [39] improves on

this method by performing gradient descent with respect to the expectation of the clean

image at each iteration. As these methods require a large number of iterations, DDIM

[165] was developed as an acceleration method that relies on estimating the clean image
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at each iteration to guide the noisy image toward the clean image manifold. Building off

this method, [181] and [95] rely on hard constraint enforcement via projection onto the

manifold where data consistency is satisfied while using DDIM as the sampling method,

greatly reducing the number of sampling steps needed when solving inverse problems. Fi-

nally, conjugate gradient descent has proven to be useful for enforcing data fidelity when

used in conjunction with DDIM when the measurements are assumed to be compressed

but noiseless [41]. However, even when the number of sampling steps is large, these meth-

ods all struggle to truly sample from the posterior, as they all rely on approximations to the

posterior distribution at intermediate timesteps. More recently, [87] proposed a method

using resampling and Monte Carlo methods to estimate the posterior distribution at each

timestep which was theoretically shown to sample from the posterior distribution when

the number of particles is large.

2.2.2 Large-scale Diffusion Models

To reduce the computational burden, latent diffusion models [150] have been proposed,

aiming to perform the diffusion process in a much smaller latent space, allowing for

faster training and sampling. However, that method requires a pretrained encoder and

decoder [57] for a fixed dataset, so it must be retrained for different datasets, and it still re-

quires large amounts of training data. Furthermore, solving inverse problems in the latent

space is difficult due to the nonlinearity of the encoder and decoder, so existing methods

are slow and unstable, particularly for nonlinear inverse problems [163].

Patch-based diffusion models [183, 55] focus on image generation while training only

on patches, reducing the memory requirement by only requiring patch inputs to the score

network. However, for high-quality image generation, [183] still requires inputting the

entire image into the network at inference time. Furthermore, [55] only allows for uncon-

ditional image generation, and it is unclear how to extend this method to solve inverse

problems. Supervised patch-based diffusion methods [189, 142] are task specific and do

not learn an unconditional image prior that can be applied to all inverse problems. Other

patch-based methods [18, 130, 144] learn an unconditional image prior but require the

whole image as an input during inference time. Finally, work has been done to perform

sampling faster [165, 93, 128], which is unrelated to the training process.

Other strategies for reducing computational costs of diffusion models include multi-

level diffusion models that train networks on progressively higher resolution images and

employ a similar strategy at inference time to generate high resolution images [69, 9].

Alternative network architectures that reduce the number of parameters have also been
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proposed in both the pixel space and latent space [72, 144], but these networks are still

difficult to scale up to very large images or 3D images.

2.2.3 3D Diffusion Models

Although diffusion-based methods have shown great performance for solving inverse

problems for 2D images in different domains, there are fewmethods that are able to tackle

inverse problems for 3D images because of the infeasible computational and data require-

ments. Training a network that learns the score function of a 3D volume directly would

require a prohibitively large amount of memory and training data. Thus, previous works

have focused on learning the distribution of 2D slices of a 3D volume and combining the

slices in a coherent way at reconstruction time. Specifically, for 3D CT reconstruction, Dif-

fusionMBIR [42] trains a diffusion model on the axial slices of volumes; at reconstruction

time, it uses the total variation (TV) regularizer with a posterior sampling approach to

encourage consistency between adjacent slices. Similarly, DDS [41] builds on this work

by using accelerated methods of sampling and data consistency to greatly reduce the

reconstruction time. However, although the TV regularizer has shown some success in

maintaining smoothness across slices, it is not a data-driven method and does not prop-

erly learn the 3D prior. TPDM [109] addresses this problem by training a separate prior

on the coronal slices of volumes with a conditional sampling approach, which serves as a

data-driven method of maintaining slice consistency at reconstruction time, but requires

that all the volumes have the same cubic shape. In exchange, this method sacrifices the

speed gains made by DDS, requiring alternating updates between the two separate priors,

and is also twice as computationally expensive at training time.

2.3 Distribution Mismatch Problems

Training diffusion models well requires vast amounts of clean training data [168, 73],

which is infeasible to collect in many applications such as medical imaging [44, 167, 86],

black hole imaging [61, 60], and phase retrieval [115, 188]. In particular, for very challeng-

ing inverse problems such as black hole imaging [61] and Fresnel phase retrieval [71], no

ground truth images are known and one only has a single measurement y available. In

other applications such as dynamic CT reconstruction [147] and single photo emission

CT [118], obtaining a high-quality measurement that can lead to a reconstruction that

closely approximates the ground truth can be slow or potentially harmful to the patient,

so only a very small dataset of clean images are available. Thus, in Chapter 7 we consider
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two settings: the single measurement setting in which we are given one measurement y

whose corresponding x belongs to a different distribution from the training dataset, and

the small dataset setting in which we are only given a small number of samples x that

belong to the same distribution as the test dataset.

When no in-distribution data is available, one approach is to use traditional meth-

ods that do not require any training data, such as total variation (TV) [112] or wavelet

transform [52] regularizers that encourage image sparsity. More recently, plug-and-play

(PnP) methods have risen in popularity [170, 77, 75, 76]; these methods use a denoiser

to solve general inverse problems. Although these methods often use a trained denoiser,

[154] found that using an off-the-shelf denoiser such as block matching 3D [49] can yield

competitive results. Nevertheless, with the rise of deep learning in image processing ap-

plications, methods that harness the power of these tools may be desirable.

The deep image prior (DIP) is an extensively studied self-supervised method that is

popularwhen no training data is available and reconstruction from a singlemeausurement

y is desired. The method consists of training a network using the loss function

L(θ) = ∥y −A(fθ(z))∥22, z ∼ N (0, I), (2.5)

so that fθ(z) produces the reconstruction. Although the neural network acts as an im-

plicit regularizer whose output tends to lie in the manifold of clean images, DIP is prone to

overfitting [177]. Various methods have been proposed involving early stopping, regular-

ization, and network initialization [122, 90, 11]. Nevertheless, the method is very sensitive

to parameter selection and implementation and can take a long time to train [90].

Most diffusion inverse solving (DIS) methods learn a prior from a large collection of

clean in-distribution training images, but recently [10] and [47] proposed self-supervised

diffusion model methods that are based off the DIP framework. These methods involve

alternating between the usual reverse diffusion update step to gradually denoise the image

and a network refining step in which the score network parameters are updated via the

loss function

L(θ) = ∥y −A(CG(x̂0|t(xt; θ)))∥22 (2.6)

where conjugate gradient (CG) descent is used to enforce data fidelity. This CG step con-

sists of solving an optimization of the form

argminx

γ

2
∥y −A(x)∥22 +

1

2
∥x− x̂0|t∥22, (2.7)
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where γ is a tradeoff parameter controlling the strength of the prior versus the measure-

ment. Crucially, these methods introduce an additional LoRA module [78] to the network

and the original network parameters are frozen when backpropagating the loss, which

helps to avoid overfitting the whole-image model. Nevertheless, many technical tricks

are required [47] involving noisy initializations and early stopping to obtain good results

and avoid artifacts. Our patch-based model of Chapter 4 avoids this overfitting issue.

In the small dataset setting, various fine-tuning methods exist to shift the underlying

prior learned by a score network away from a mismatched distribution and toward a

target distribution. Given a pretrained diffusion network on a mismatched distribution,

[138], [207], and [209] among others have studied ways to fine-tune the network to the

desired dataset. These methods generally involve freezing certain layers of the original

network, appending extra modules that contain relatively few weights, or modifying the

loss function to capture details that differ greatly between distributions. However, these

methods usually still require thousands of images from the desired distribution and focus

on image generation. When solving inverse problems, the reconstructed image should

be consistent with the measurement y, reducing the number of degrees of the freedom

for the image compared to generation, so with proper fine-tuning the data requirement

should be lower.
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CHAPTER 3

Accelerated Wirtinger Flow with Score-based

Image Priors for Holographic Phase Retrieval

in Poisson-Gaussian Noise Conditions

3.1 Motivation

Existing algorithms for Poisson-Gaussian holographic phase retrieval are limited in the

literature. Handcrafted regularization-based algorithms such as total variation (TV) and

higher order generalizations including total generalized variation (TGV) [22, 23] and the

L1-norm of coefficients of wavelet transform [52] have been studied extensively. More

recently, deep learning (DL)-integrated algorithms for solving inverse problems in com-

putational imaging have been reported to be the state-of-the-art [141]. A trained network

can serve as an object prior for regularizing the reconstructed image so it remains near

a learned manifold [20]. Incorporating a trained denoising network as a regularizer h(·)
led to methods such as plug-and-play (PnP) [34, 204, 92] and regularization by denoising

(RED) [149]. In contrast to training a denoiser using clean images, there is growing inter-

est in self-supervised image denoising approaches that do not require clean data as the

training target [110, 15, 182].

In addition to training a denoiser as regularizer, generative model-based priors have

also been proposed [7, 186]. Recently, diffusion models have gained significant traction for

image generation [166, 73, 54, 168]. These probabilistic image generation models start with

a clean image and gradually increase the level of noise added to the image, resulting in

white Gaussian noise. Then in the reverse process, a neural network is trained to learn the

noise in each step to generate or sample a clean image as in the original data distribution.

This chapter based on [115]. Equal contribution with Zongyu Li.
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fig 3.1 – Illustration of Poisson and Gaussian noise statistics in Fourier transform holo-

graphic phase retrieval.

The score-based diffusion models estimate the gradients of data distribution and can be

used as plug-and-play priors for inverse problems [66] such as image deblurring and MRI

and CT reconstruction [108, 86, 46, 48, 127, 167].

However, the realm of using score-basedmodels to perform phase retrieval is relatively

unexplored; previous relevant works [158, 66] applied denoising diffusion probabilistic

modeling (DDPM) to PR but with less realistic system models and under solely Gaussian

or Poisson noise statistics.

In summary, our contributions are as follows:

• We present our proposed algorithm known as accelerated Wirtinger flow with a

score-based image prior (i.e.,∇h(x) in (2.1)) to address the challenge of holographic
phase retrieval (PR) problem in the presence of Poisson and Gaussian (PG) noise

statistics.

• Theoretically, we derive a Lipschitz constant for the holographic PR’s PG log-likelihood

and provide a guarantee that sequences generated by the proposed algorithm con-

verge to critical points of the cost function.

• We perform a series of simulation experiments which demonstrate that: 1) Algo-

rithms using the PG likelihood model yield superior reconstructions compared to

those relying solely on either the Poisson or Gaussian likelihood models. 2) With

the proposed score-based prior as regularization, the proposed approach generates

higher quality reconstructions and is more robust to variations of noise levels (with-

out any parameter tuning) than alternative state-of-the-art methods.
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3.1.1 Poisson-Gaussian Log-likelihood for PR

Based on the physical model as demonstrated in Fig. 3.1, we model the systemmatrixA by

the (oversampled and scaled) discrete Fourier transform applied to a concatenation of the

sample x, a blank image (representing the holographic separation condition [107]) and a

known reference image r, so that y follows the Poisson plus Gaussian distribution:

y ∼ N (Poisson
(
|A(x)|2 + b̄

)
, σ2I),

A(x) ≜ αF{[x,0, r]}. (3.1)

Here σ2
denotes the variance of Gaussian noise, and α denotes a scaling factor (quan-

tum efficiency, conversion gain, etc.) after applying the Fourier transform. Plugging the

negative log-likelihood of (3.1) into (2.1) leads to

gPG(x) =
M∑
i=1

gi(x), gi(x) ≜ − log

 ∞∑
n=0

e−(|a
′
ix|2+b̄i) ·

(
|a′

ix|2 + b̄i
)n

n!
· e

−
(

(yi−n)2√
2σ

)
√
2πσ2

 .

Here a′
i denotes the ith row ofA (sinceA is linear). We opt to use WF for estimating

x because it is commonly used in practice due to its simplicity and efficiency [28]. The

WF algorithm is based on the gradient of (3.2):

∇gPG(x) = 2A′ diag{ϕi(|a′
ix|2 + bi; yi)}Ax, (3.2)

ϕ(u; v) ≜ 1− s(u, v − 1)

s(u, v)
, s(a, b) ≜

∞∑
n=0

an

n!
e
−
(

b−n√
2σ

)2

.

Lemma 1. The function ϕ(u) is Lipschitz differentiable and the Lipschitz constant for

its derivative ϕ̇(u) is:

max{|ϕ̈(u)|} ≜ µ =
(
1− e−1/σ2

)
e

2ymax−1

σ2 , (3.3)

whereymax ≜ maxi∈{1,...,M}yi.

The proof of Lemma 1 is given in [38].

To facilitate choosing step sizes, the following Theorem provides a Lipschitz constant

for the gradient of the log-likelihood (3.2).
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Theorem 1 Assume |xj| is bounded above byC for each j, a Lipschitz constant of∇gPG(x)
is

L(∇gPG) ≜ 4C2∥A∥22 ∥A∥2∞
(
1− e−

1
σ2

)
e

2ymax−1

σ2

+ 2∥A∥22
∣∣∣1− C2 ∥A∥2∞

(
1− e−

1
σ2

)
e

2ymax−1

σ2

∣∣∣. (3.4)

where ymax ≜ ∥y∥∞.

Proof: Let gPG(x) denote a function that maps a vector x ∈ RN
to a scalar; it is the

sum of each gi(x) ≜ ϕi(|a′
ix|2 + bi; yi) over i = 1, . . . ,M . Let g(x) denote a function

that maps a vector x ∈ RN
to the measurement space RM

; it is the concatenation of each

gi(x). So ∇gPG(x) ∈ RN
, ∇2gPG(x) ∈ RN×N

, and ∇g(x) ∈ RM×N
.

By the chain rule, the Hessian of gPG is

∇2gPG(x) = 2A′ (diag{Ax}∇g(x) + diag{g(x)}A) . (3.5)

Assume |xj| ≤ C for each j. Then it follows that ∥ diag{Ax}∥2 ≤ C∥A∥∞ by the con-

struction of matrix-vector multiplication, leading to a Lipschitz constant for ∇gPG(x):

L(∇gPG) = 2C∥A∥2 ∥A∥∞ ∥∇g(x)∥2 + 2∥A∥22 ∥ diag{g(x)}∥2. (3.6)

Here L(∇gPG) denotes a Lipschitz constant for ∇gPG, not necessarily the best one. To

compute ∥∇g(x)∥2, we substitute the Lipschitz constant of ϕ̇(u) into (3.2) and apply

Lemma 1, leading to

∥∇g(x)∥2 ≤ 2C∥A∥2∥A∥∞
(
1− e−

1
σ2

)
e

2ymax−1

σ2 . (3.7)

To compute ∥ diag{g(x)}∥2, let

t ∈ [b,maxi{|a′
ix|2}+ b] ⊆ T ≜ [b, C2∥A∥2∞ + b]. (3.8)

From the fact that ϕ̇(t) ≤ 1 by its construction, one can show:

∥ diag{g(x)}∥2 = ∥g(x)∥∞ ≤ maxt∈T {|ϕ̇(t)|} (3.9)

≤
∣∣∣1− C2∥A∥2∞max{|ϕ̈(t)|}

∣∣∣.
Combining (3.6), (3.7) and (3.9) completes the proof of Theorem 1.

Theorem 1 extends [38] by considering a a nonlinear transformation (Ax → |Ax|2)
and a different system matrixA.
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In the practical implementation we approximate (3.2), with a finite sum following [38]:

s(a, b) ≈
n+∑
n=0

an

n!
e
−
(

b−n√
2σ

)2

, n+ = ⌈n∗ + δσ⌉, (3.10)

with n∗
given by

n∗ = σW
( a

σ2
eb/σ

2
)

≈ σ

(
b

σ2
log
( a

σ2

)
− log

(
b

σ2
log
( a

σ2

)))
=

b

σ
log
( a

σ2

)
− σ log

(
b

σ2
log
( a

σ2

))
, (3.11)

where W(·) denotes the Lambert function. The accuracy of this approximation is con-

trolled by δ. Reference [38] provides a comprehensive analysis on the maximum error

value of the truncated sum (3.10), finding that the infinite sum is well-approximated by

taking a manageable number of terms. In particular, we found that for our problem speci-

fications, taking 100 terms was sufficient to ensure an approximation with error less than

0.1 percent.

3.1.2 Accelerated Wirtinger Flow with Score-based Image Prior

For accelerating the WF algorithm, we followed the implementation of [111] as its conver-

gence guarantee was proved. Assuming that the true score function can be learned prop-

erly, when we have a trained score function sθ(x, σ) by applying (2.4), the gradient de-

scent algorithm forMAP estimation (2.1) has the form:xt+1 = xt−µ(∇g(xt)+sθ(xt, σk)).

Algorithm 1 summarizes our proposed AWFS algorithm. (Supplement shows the vanilla

versionwithout acceleration.) Similar to Langevin dynamics, we choose σk to be a descend-

ing sequence of noise levels. In practice, we generally use each noise level a fixed number

of times, with geometrically spaced noise levels between some lower and upper bound.

The step size factor β in Algorithm 1 can be selected empirically, but we show that the

Lipschitz constant of the gradient ∇gPG(xt) + sθ(xt, σk) exists as demonstrated in The-

orem 2 (see proof in Supplement); hence with sufficiently small step size β, the sequence

generated by Algorithm 1 will converge to a critical point of the posterior distribution in

(2.1).

We assume that the data allows the neural network to learn the score function well,

i.e., sθ(x, σ) ≈ ∇ log(pσ(x)), where pσ(x) = p(x)⊛N (0, σ2), where⊛ denotes (circular)

convolution. Supplement shows that ∇ log(pσ(x)) is Lipschitz continuous on [−C,C]N .
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Algorithm 1 Proposed AWFS method for PR: accelerated WF with score-based image

prior.

Require: Measurement y, system matrix A, momentum factor η0 = 1, step size factor

β, truncation operator PC(·)→ [0, C]; initial image x0, initial auxiliary variables z0 =
w0 = v0 = x0, initialize σ1 > σ2 > · · · > σK .

for k = 1 : K do

for t = 1 : T do

Set step size µ = βσ2
k.

Set ∆zt,k =
ηt−1,k

ηt,k
(zt,k − xt,k).

Set ∆xt,k =
ηt−1,k−1

ηt,k
(xt,k − xt−1,k).

Set wt,k = PC (xt,k +∆zt,k +∆xt,k).
Compute sθ(xt,k, σk) and sθ(wt,k, σk).
Set zt+1,k = wt,k − µ (∇gPG(wt,k) + sθ(wt,k, σk)).
Set vt+1,k = xt,k − µ (∇gPG(xt,k) + sθ(xt,k, σk)).

Set ηt+1,k =
1
2

(
1 +

√
1 + 4η2t,k

)
.

Choose weight factor γt,k (see Theorem 2).

Set xt+1,k = PC (γt,kzt+1,k + (1− γt,k)vt+1,k).
end for

end for

Return xT,K .

Using pσ(x), we define the smoothed posterior as

pσ(x|A,y, b̄, r) ∝ p(y|A,x, b̄, r)pσ(x). (3.12)

Theorem 2 For a smooth density function pσk
(x) that has finite expectation with σk > 0,

the Lipschitz constant of ∇gPG(xt,k) + sθ(xt,k, σk) exists when each element in xt,k sat-
isfies 0 ≤ |xj| ≤ C for each j. Furthermore, if the weighting factor γt,k is set to 0 if
pσk

(vt+1|y,A, b) ≤ pσk
(zt+1|y,A, b) and 1 otherwise, then with sufficiently small β, the

inner iteration sequence {xt,k}Tt=1 generated by Algorithm 1 is bounded, and any accumula-
tion point of that sequence as t→∞ is a critical point of the smoothed posterior distribution
pσk

(x|y,A, b̄, r) in (3.12).

Sketch of Proof: By Lipschitz continuity of log(pσ(x)), and from the design of Al-

gorithm 1, xt,k and wt,k are both bounded between [−C,C] for all t, k, so the Lipschitz

constant L∗
of∇gPG(·) + sθ(·) exists. With the stepsize µ satisfying 0 < µ < 1

L∗ , and the

weighting factor γt,k ∈ {0, 1} being chosen according to the higher posterior probabil-

ity between pσk
(z|A,y, b̄, r) and pσk

(v|A,y, b̄, r) (see [111]), we satisfy all conditions in
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Theorem 1 of [111], which establishes the critical-point convergence of the sequence xt,k

generated by Algorithm 1 for any σk, k = 1, . . . , K . Hence the sequence xt,k generated

by Algorithm 1 converges as t → ∞ to a critical-point of the posterior pσk
(x|A,y, b̄, r)

for any σk. Supplement shows the full proof of Theorem 2.

Theorem 2 states that at each iteration, we should choose γt,k ∈ {0, 1} according to the
higher posterior probability to ensure convergence. However, we found empirically that

setting γt,k = 0.5 also led to convergent sequences (see Fig. 3.9), so we use this practical

version for all the results in Section 3.2. An alternative to our score-based image prior

approach would be to alternate data fidelity updates with the sampling step of a diffusion

model based on the denoising diffusion probabilistic models (DDPM) framework [158].

Here, we implement and present the results of a slightly altered version (details shown

in the Supplement). There are two main changes for this version: first, we initialize with

the result of a baseline reconstruction method (in this case, the unregularized Poisson

method), rather than pure noise; second, we use the PG likelihood to enforce data fidelity

as opposed to the Gaussian likelihood. The former change enables the latter change to be

feasible, as it reduces the required number of sampling steps by a factor of 30, allowing

for the expensive computation of the PG likelihood each step.

3.2 Experiment

3.2.1 Experiment Settings

Data. We tested all algorithms on three datasets: 162 histopathology images related to

breast cancer [2] (train/val/test is 122/20/20); 920 images from CelebA dataset [125]

(train/val/test is 800/100/20); and 720 images from a homemade CT-density dataset

(train/val/test is 600/100/20). The CT-density dataset was generated from single-photon

emission computerized tomography (SPECT)/CT images for Yttrium-90 radionuclide ther-

apy after applying the CT-to-density calibration curve [114]. Although the size of training

datasets are relatively small compared to typical datasets such as ImageNet or LSUN [73,

168] that have millions of images, we do not require the score functions to learn image

priors strong enough to generate realistic images from white Gaussian noise; rather, it

suffices for the priors to be able to denoise moderately noisy images.

System Model. The system matrix is based on the discrete Fourier transform of the

concatenation of the true image x, a blank image 0 and a reference image r with scaling

and oversampling. We set the scaling factor α to be in the range [0.02, 0.035] so that the
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fig 3.2 – Reconstructed images by unregularized methods (Gaussian, Gaussian-

Amplitude, Poisson and Poisson-Gaussian) on Histopathology dataset [2], celebA dataset

[125] and CT-density dataset. The bottom left/right subfigures correspond to the zoomed

in area and the error map for each image. We used α = 0.035 and σ = 1.

average counts per pixel range from 6 to 25; the oversampled ratio is set to 2. We set r to

be a binary random image similar to what was used in [107]. The standard deviation of

the Gaussian read noise added to the measurements y was set as σ ∈ [0.5, 1.5].

Algorithms. For unregularized algorithms, we implemented Gaussian WF [28], Pois-

son WF [12] and Poisson-Gaussian WF. For regularized algorithms, we implemented

smoothed total variation (TV) based on the Huber function [84, p. 184] and PnP/REDmeth-

ods with the DnCNN denoiser [205]: PnP-ADMM [178], PnP-PGM [91], and RED-SD [149].

We also implemented the RED-SD algorithmwith “Noise2Self" zero-shot image denoising

network [15] (RED-SD-SELF). For diffusion models, we implemented DOLPH [158] and

our proposed AWFS. Supplement shows the implementation details of each algorithm.

We used spectral initialization [131] for the Gaussian PR and Poisson PR methods; we

then used the output results from Poisson PR to initialize other algorithms. We ran all

algorithms until the normalized root mean squared error (NRMSE) between consecutive

iterations differed by less than 0.01 percent or reached the maximum number of iterations

(e.g., 50).
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To evaluate the robustness and limitation of these algorithms, we first tuned the pa-

rameters for each algorithm at the noise level when α = 0.030 and σ = 1, and then held

them fixed throughout all experiments (Table 3.1, Table 3.2, Fig. 3.7 and Fig. 3.8). In prac-

tice the ground truths are unknown, so oracle tuning of test datasets is infeasible (though

some form of cross validation may be possible). Though the numbers reported could fluc-

tuate after careful refinement, e.g., by performing grid search on tuning parameters, such

techniques would potentially impede the algorithm’s practical use.

Network Training. For PnP denoising networks, we trained all denoisers on differ-

ent noise levels σ ∈ {9, 11, 13, 15} and found that σ = 15 worked the best on our data.

We also used the denoiser scaling technique from [196] to dynamically adjust the per-

formance of all PnP methods. To perform score matching, we applied 20 geometrically

spaced noise levels between 0.005 and 0.1 on each of the training images. All networks

were implemented in PyTorch and trained on an NVIDIA Quadro RTX 5000 GPU using

the ADAM optimizer [99] for 1000 epochs with the best one being selected based on the

mean squared error (MSE) validation loss.

fig 3.3 – Reconstructed images on dataset [2]. The bottom left/right subfigures corre-

spond to the zoomed in area and the error map for each image. We used α = 0.02 and

σ = 1.

3.2.2 Results

We compared all implemented algorithms both qualitatively, by visualizing the recon-

structed images and residual errors, and quantitatively, by computing the NRMSE and
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structural similarity indexmeasure (SSIM) [184]. Due to the global phase ambiguity, i.e., all
the algorithms can recover the signal only to within a constant phase shift due to the loss

of global phase information, we corrected the phase of x̂ by x̂corrected ≜ sign(⟨x̂,xtrue⟩) x̂.

fig 3.4 – Reconstructed images on celebA dataset [125]. The bottom left/right subfigures

correspond to the zoomed in area and the error map for each image. We used α = 0.035
and σ = 1.

fig 3.5 – Reconstructed images on CT-density dataset. The bottom left/right subfigures

correspond to the zoomed in area and the error map for each image. We used α = 0.035
and σ = 1.
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fig 3.6 – Reconstructed images by Gaussian, Poisson and Poisson-Gaussian log-

likelihood model with AWFS image prior. Tested on Histopathology dataset [2], celebA

dataset [125] and CT-density dataset. The bottom left/right subfigures correspond to the

zoomed in area and the error map for each image. α and σ were set to 0.025 and 1, respec-

tively.

Fig. 3.2 shows experiments of running unregularized methods based on different noise

models on the histopathology, CelebA, and CT density datasets. For comparison, we ran

the unregularized methods with a Gaussian only noise model, Poisson only, and PG noise

model.

Fig. 3.3, Fig. 3.4 and Fig. 3.5 visualize reconstructed images generated by algorithms

mentioned in the previous section. The WF with PG likelihood outperforms WF with

Poisson likelihood with a consistently higher SSIM and lower NRMSE. Of the regularized

algorithms with PG likelihood, our proposed AWFS had less visual noise and achieved

greater detail recovery compared to other methods, as evidenced by the zoomed-in area

in these figures. Fig. 3.6 shows that for a variety of datasets, when combined with the

AWFSmethod, while the Poisson only and Gaussian only models lead to reasonable recon-

structions, the PG noise model leads to the highest quality image. For all three datasets
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tbl 3.1 – SSIM and NRMSE for Poisson and Poisson-Gaussian likelihoods. Results were

averaged across 7 different noise levels by varying α ∈ 0.02 : 0.005 : 0.035 in (3.1), with

σ = 1.

Likelihood Unregularized (SSIM/NRMSE) DOLPH (SSIM/NRMSE) AWFS (SSIM/NRMSE)

DataSet: Histopathology [2]

Gaussian [28] 0.52 ± 0.18 41.2 ± 25.3 0.76 ± 0.07 18.0 ± 3.0 0.84 ± 0.06 16.2 ± 3.7

Poisson [12] 0.54 ± 0.18 31.7 ± 10.2 0.72 ± 0.13 19.5 ± 6.1 0.83 ± 0.06 16.2 ± 3.7

Poisson-Gaussian 0.57 ± 0.18 28.9 ± 9.0 0.80 ± 0.06 16.0 ± 2.9 0.85 ± 0.05 15.4 ± 3.7

DataSet: CelebA [125]

Gaussian [28] 0.31 ± 0.09 55.6 ± 13.9 0.70 ± 0.12 14.5 ± 17.4 0.72 ± 0.16 15.3 ± 11.8

Poisson [12] 0.39 ± 0.10 24.5 ± 11.4 0.61 ± 0.12 15.6 ± 10.6 0.72 ± 0.16 15.2 ± 11.8

Poisson-Gaussian 0.42 ± 0.10 21.8 ± 9.1 0.71 ± 0.11 13.7 ± 11.1 0.74 ± 0.15 14.8 ± 11.9

DataSet: CT-Density

Gaussian [28] 0.29 ± 0.09 50.5 ± 8.0 0.51 ± 0.12 22.4 ± 3.9 0.82 ± 0.11 19.1 ± 4.8

Poisson [12] 0.19 ± 0.06 48.9 ± 13.1 0.38 ± 0.11 25.6 ± 7.5 0.84 ± 0.08 17.8 ± 4.3

Poisson-Gaussian 0.24 ± 0.06 40.8 ± 9.5 0.55 ± 0.08 20.0 ± 3.3 0.88 ± 0.05 16.4 ± 3.7
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(a) SSIM varying α. σ was set to 1.
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(b) NRMSE varying α. σ was set to 1.

0.5 0.75 1 1.25 1.5
0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

AWFS
DOLPH
RED-SD
TV
PnP-PGM

(c) SSIM varying σ; α was set as 0.02.
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(d) NRMSE varying σ;αwas set as 0.02.

fig 3.7 – Comparison of SSIM and NRMSE varying scaling factor α ∈ [0.02, 0.035] and
STD of Gaussian noise σ ∈ [0.25, 1.5] defined in (3.1).
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tbl 3.2 – SSIM and NRMSE using Poisson Gaussian likelihood with different regular-

ization/image prior approaches. Results were averaged across 7 different noise levels by

varying α ∈ 0.02 : 0.005 : 0.035 in (3.1). WFS
∗
runs the same number of iterations as

AWFS whereas WFS
†
runs more iterations until convergence.

Dataset Histopathology [2] CelebA [125] CT-Density

Methods SSIM NRMSE (%) SSIM NRMSE (%) SSIM NRMSE (%)

Unregularized 0.57 ± 0.18 28.9 ± 9.0 0.42 ± 0.10 21.8 ± 9.1 0.24 ± 0.06 40.8 ± 9.5

RED-SD-SELF [15] 0.66 ± 0.13 21.9 ± 4.5 0.60 ± 0.09 15.9 ± 10.6 0.34 ± 0.04 28.1 ± 4.1

PnP-ADMM [178] 0.71 ± 0.11 20.7 ± 4.2 0.56 ± 0.08 16.7 ± 8.1 0.55 ± 0.03 31.2 ± 2.7

TV regularizer 0.72 ± 0.11 18.2 ± 3.9 0.64 ± 0.07 14.4 ± 8.6 0.41 ± 0.03 23.7 ± 2.8

RED-SD [149] 0.76 ± 0.09 16.8 ± 3.6 0.69 ± 0.11 13.9 ± 10.9 0.38 ± 0.04 25.9 ± 4.0

PnP-PGM [91] 0.78 ± 0.11 16.5 ± 4.5 0.74 ± 0.14 13.5 ± 11.3 0.42 ± 0.07 24.6 ± 4.4

DOLPH [158] 0.80 ± 0.06 16.0 ± 2.9 0.71 ± 0.11 13.7 ± 11.1 0.55 ± 0.08 20.0 ± 3.3

WFS
∗

0.76 ± 0.12 18.2 ± 5.5 0.63 ± 0.16 16.9 ± 11.8 0.53 ± 0.17 21.3 ± 7.6

WFS
†

0.83 ± 0.06 16.2 ± 4.0 0.70 ± 0.16 15.7 ± 11.8 0.74 ± 0.13 17.3 ± 4.8

AWFS (Proposed) 0.85 ± 0.05 15.4 ± 3.7 0.74 ± 0.15 14.8 ± 11.9 0.88 ± 0.05 16.4 ± 3.7

shown, when used in conjunction with our AWFS method, including both Poisson and

Gaussian likelihoods results in the highest quality reconstruction both in terms of quan-

titative metrics as well as visually. Thus, although the score function provides a useful

prior for recovering an image when the measurement is very noisy, a proper noise model

is also crucial to a high quality reconstruction.

For quantitative evaluations, Table 3.1 illustrates the effect of using our proposed PG

likelihood as compared to the simpler Poisson likelihoods. We did not run the Gaussian

likelihood with DOLPH or AWFS due to the abysmal performance with this likelihood. In

all cases, usage of the PG likelihood results in improved image quality in terms of both

metrics. Table 3.2 consists of experiments using the PG likelihood and shows the efficacy

of the proposed AWFS method over other methods. In particular, our AWFS had superior

quantitative performance over all other compared methods on the histopathology and CT-

density datasets; in contrast, the PnP-Prox showed the lowest NRMSE on celebA dataset.

This is likely due to higher randomness in celebrity faces because the effectiveness of

generative models can vary depending on the dataset used. Thus, when provided with a

small amount of training data with high randomness, image denoising models (DnCNN)

may be more effective than generative models.

We also tested the robustness of the leading algorithms in Table 3.2, by varying both

scaling factor α and STD of Gaussian noise σ. Fig. 3.7 and Fig. 3.8 illustate results, where
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fig 3.8 – Reconstructed images by DOLPH [158] and our proposed AWFS method under

different σ values, for α = 0.02.

our AWFS algorithm had the highest SSIM and lowest NRMSE. In Fig. 3.8, AWFS demon-

strated minimal variations in SSIM and NRMSE metrics than DOLPH as evidenced by the

smaller discrepancies in SSIM (0.17 vs. 0.23) and NRMSE (12.6% vs. 18.2%) when σ varies

from 0.75 to 1.5. Fig. 3.9 compares the convergence rate of AWF vs. WF for the Poisson and

PG likelihood, respectively. Under a variety of noise levels, AWF consistently converged

faster than WF in terms of number of iterations.

It is a known property of diffusion models that they can produce images with halluci-

nated features if the measurements are insufficiently informative. In the case of low-count

phase retrieval with serious corruptions of both Poisson and Gaussian noise, as is investi-

gated here, the measurement is highly corrupted and contains magnitude-only measure-

ments of the original signal. Thus, it may be difficult for the diffusion models to avoid

some otherwise realistic hallucinations if the data consistency is not strong enough to

guide the model away from such hallucinations. On the other hand, if the measurements

are less corrupted, then the data consistency should be strong enough to avoid such hal-

lucinations. Fig. 3.10 provides examples of this for the CT image dataset via a comparison

of the reconstruction quality of the AWFS method over a range of count levels. With the

lowest scaling factor, e.g., α = 0.02, the measurements were seriously corrupted with

noise, and the method may hallucinate some features. However, at higher count level, e.g.,
α = 0.05, there is enough information in the measurement to enforce consistency and

avoid noticeable hallucinations. We performed the same experiment twice with different

noisy initializations and all other parameters held equal to demonstrate robustness of the

method under different initializations.
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(a) Histopathology dataset:

α = 0.02.
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(b) Histopathology dataset:

α = 0.0275.
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(c) Histopathology dataset:

α = 0.035.
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(d) CelebA dataset: α = 0.02.
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(e) CelebA dataset:

α = 0.0275.
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(f) CelebA dataset: α = 0.035.
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(g) CT-density dataset: α =
0.02.
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(h) CT-density dataset: α =
0.0275.
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(i) CT-density dataset: α =
0.035.

fig 3.9 – Comparing AWF vs. WF with NRMSE vs. number of iterations under different

noise levels. The curves and shadows represent the mean and standard deviation, respec-

tively.

3.3 Discussion

PR has a long-standing history in the field of signal processing and imaging. Pioneering

works such as the error reduction (ER) and hybrid input-output (HIO) algorithms by Ger-

chberg Saxton [64] and Fienup [62] have been proposed to address this problem. These it-

erative algorithms involve constraints imposed on evaluations between the image domain

and frequency domain. However, these methods have limitations in terms of the quality of

reconstructed images and their convergence remains uncertain [201]. Another approach

to solving PR problems is through compressed sensing and optimization techniques like
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fig 3.10 – Reconstructed images by the unregularized Poisson method (the second col-

umn) as well as with the AWFS method for different scaling factors α (third to fifth

columns). The top and bottom rows show reconstructions from different measurement

realizations.

Wirtinger flow (WF) [28], matrix lifting [30, 27, 157], MM [146] andADMM [119]. This chap-

ter focuses on the WF algorithm due to being straightforward to incorporate with the DL

regularizer for the image prior. The likelihood modelling of the noise statistics existing

in the measurement is also critical. Previous studies have primarily focused on modelling

either Gaussian or Poisson likelihood only, but in practical scenarios, both types of noise

are often encountered. Therefore, this chapter contributes to a more practical perspective

of addressing the holographic PR problem by using a PG likelihood and incorporating

state-of-the-art deep learning image priors. In the case where the measurement is con-

taminated with Poisson and Gaussian noise, the speedup in reconstruction is crucial, as

the bottleneck of our algorithm is in computing the PG likelihood. Additionally, though

it is viable to perform a large number of neural network evaluations to perform image re-

construction, it is unrealistic to compute a similarly large number of PG likelihoods. Thus,

we perform acceleration in WF algorithm following [111], which guarantees convergence

to a critical point for the Holographic PR problems.

In our evaluation of three datasets, we consistently observed that the use of PG like-

lihood yielded superior performance compared to using either Poisson or Gaussian like-

lihood alone, as expected. Additionally, the results obtained from the CT-density dataset

were generally of lower quality than those from the other two datasets. This can be at-

tributed to lower average counts per pixel (many zero pixels near the image borders).

Using a DL image prior can be considered from two perspectives: training a denoiser
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or training to learn the density distribution of images. In our work, we applied both ap-

proaches and observed that the effectiveness of these methods differed depending on the

dataset tested. Specifically, in the Histopathology dataset [2] and the CT-density dataset,

where the images share similar structures, the generative models performs better even

when trained with limited data. In the case of the CelebA dataset [125], which includes a

wide variety of celebrity faces, generative models did not exhibit as strong performance as

denoiser methods when trained on limited data. This is likely due to the fact that generat-

ing high-quality images is generally more challenging than removing noise from existing

images and may necessitate a larger training dataset. The effectiveness of accelerated WF

compared to vanilla WF is due to the non-convexity of the PR problem. Although recent

advances in geometric landscape analysis of PR can guarantee that all local minimizers

are global even with random initialization [25], in practice the measurements are contam-

inated by noise so that many more measurements are required for the cost function to

have a benign geometric landscape.

Despite the promising results achieved with our proposed AWFS approach, there are

several limitations of our work. First, the approximate calculation of the infinite sum in

(3.2) is accurate but computationally expensive. Future work should seek ways to acceler-

ate this calculation while maintaining accuracy. Second, we did not implement and test

the accelerated WF applied on the diffusion posterior sampling (DPS) method [39], for

which the network is fine-tuned from a pretrained state-of-the-art diffusion model. This

approach has the potential to advance current methods in PR problem and we will in-

vestigate it in the future. Another limitation of the proposed method is that it has been

demonstrated onmeasurements that are based on simulations. To further demonstrate the

efficacy of the method in a real-world setting, future work should consist of evaluating the

accuracy of the methods when run on real measurement data. Finally, our experiments are

limited to real-valued images, however, our method can be extended to handle complex-

values images by splitting real and imaginary components into separate reconstruction

routines with different pretrained neural networks [211]. Addressing these limitations will

be the future direction of this work.

3.4 Conclusion

We proposed a novel algorithm based on Accelerated Wirtinger Flow and Score-based

image prior (AWFS) for Poisson-Gaussian holographic phase retrieval. Simulation exper-

iments demonstrate that the proposed AWFS method produced the best reconstruction

quality both qualitatively and quantitatively and was more robust to various noise levels,
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compared to other state-of-the-art methods. Furthermore, we proved that our proposed

algorithm has a critical-point convergence guarantee. Therefore, after the method is ex-

tended to accommodate complex-valued images, it should have much promise for real-

world PR applications.
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CHAPTER 4

Learning Image Priors through Patch-based

Diffusion Models for Solving Inverse

Problems

4.1 Motivation

Diffusion models require large quantities of training data and vast computational power

to be able to generate high resolution images; Song et al. [168] and Ho et al. [73] used

several days to weeks of training on over a million training images in the ImageNet [153]

and LSUN [200] datasets to generate 256 × 256 images. This high cost motivates the

research on improved training efficiency for diffusion models, such as fine-tuning an ex-

isting checkpoint on a different dataset [138, 42] to reduce the required training time and

data. However, this strategy restricts the range of usable network architectures and re-

quires the existence of a pretrained network, which limits the range of applications. Be-

sides the demanding training data and computational cost, diffusion models also struggle

in very large-scale problems, such as very high-resolution or 3D images.

Our proposed method tackles these challenges in a unified way by training diffusion

models on patches of images, as opposed to whole images (see Fig. 4.1). We provide the

location of the randomly extracted patch to the network to help it learn global image prop-

erties. Since each training image contains many patches, the required size of the training

This chapter based on [82]. The related code is at https://github.com/jasonhu4/PaDIS.
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fig 4.1 – Training the proposed Patch Diffusion Inverse Solver (PaDIS) method. Different

sized patches are used in each training iteration. The X and Y position arrays have the

same size as the patch and consist of the normalized X and Y coordinates of each pixel of

the patch.

fig 4.2 – Overview of reconstruction process for the proposed Patch Diffusion Inverse

Solver (PaDIS) method. Starting at t = T , at each iteration we choose a random partition

of the zero-padded image and use the neural network trained on patches to get the score

function of the entire image. Due to the shifting patch locations, the output image has no

boundary artifacts.
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dataset is greatly reduced, from the millions usually needed to generate high-quality im-

ages to only a couple thousand or even several hundred. The required memory and train-

ing time is also reduced because it is never necessary to backpropagate the whole image

through the network. Our proposed method allows for a flexible network architecture and

only requires it to accept images of any size, a property true of many UNets [73], so there

is much more flexibility in the architecture design than fine-tuning methods.

At inference time (see Fig. 4.2), by first zero padding the image, the proposed approach

partitions it into patches in many different ways (see Fig. 4.3), eliminating the boundary

artifacts between patches that would appear if non-overlapping patches were used. We

develop a method to express the distribution of the whole image in terms of the patch

distribution that is learned by the proposed patch-based network. By incorporating posi-

tional information of patches, this framework allows us to compute the score function of

the whole image without ever inputting the whole image into the network. Unlike previ-

ous patch-based works that may be task-specific [190, 191, 142], the prior defined by our

approach may be treated in a black box manner and then paired with any other stochastic

differential equation (SDE) solver to sample from the prior, or with any general-purpose

inverse problem solver to perform image reconstruction. We conduct experiments on mul-

tiple datasets and different inverse problems and demonstrate that the proposed method

is able to synthesize the patches to produce reasonably realistic images and very accurate

reconstructions for inverse problems. Furthermore, PaDIS provides a promising avenue

for which generation and inverse problem solving of very large and high-dimensional

images may be tackled in the future. (See Ch. 6.)

In summary, our main contributions are as follows:

• We provide a theoretical framework whereby a score function of a high-resolution

high-dimensional image is learned purely through the score function of its patches.

• The proposed method greatly reduces the amount of memory and training data

needed compared to traditional diffusion models.

• The trained network has great flexibility and can be used with many existing sam-

pling algorithms and is the first patch-based model that can solve inverse problems

in an unsupervised manner.

• We perform experiments on a variety of inverse problems to show superior image

quality over whole image diffusion model methods while being far less resource

heavy.
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4.2 Methods

To be able to solve large 2D imaging problems as well as 3D and 4D inverse problems,

our goal is to develop a model for p(x) that does not require inputting the entire image

x into any neural network. We would like to simply partition x into nonoverlapping

patches, learn the distribution of each of the patches, and then piece them together to

obtain the distribution of x. However, this would result in boundary artifacts between the

patches. Directly using overlapping patches would result in sections of the image covered

by multiple patches to be updated multiple times, which is inconsistent with the theory of

diffusion models. Ideally, we would like to use nonoverlapping patches to update x, but

with a variety of different patch tiling schemes so that boundaries between patches do not

remain the same through the entire diffusion process.

To accomplish this task, we zero pad x0 and learn the distribution of the resulting

zero padded image. More precisely, consider an N ×N image x0 and let 1 ≤ P < N be

an integer denoting the patch size and let k = ⌊N/P ⌋. Then x0 could be covered with

a (k + 1) × (k + 1) nonoverlapping patch grid but that would result in (k + 1)P − N

additional rows and columns for the patches. Hence, we zero pad x0 on all four sides by

M = (k+1)P−N to form a new imagewithN+2M rows and columns.With slight abuse

of notation, we also denote this larger image by x. Let i, j be positive integers between

1 and M inclusive. Fig. 4.3 illustrates that we may partition x into (k + 1)2 + 1 regions

as follows: (k + 1)2 of the regions consist of evenly chopping up the square consisting of

rows i through i+N+P and columns j through j+N+P into a k+1 by k+1 grid, with

each such partition being P × P , and the last region consists of the remaining bordering

part of x that is not included in the first (k + 1)2 regions. This last region will always be

entirely zeros, and the (k + 1)2 square patches fully cover the central N ×N image.

Each pair of integers i and j correspond to one possible partition, so when we let i

and j range through all the possible values, our proposal is to model the distribution of x

as the following product distribution:

p(x) =

i,j=M∏
i,j=1

pi,j,B(xi,j,B)

(k+1)2∏
r=1

pi,j,r(xi,j,r)/Z, (4.1)

where xi,j,B represents the aforementioned bordering region of x that depends on the

specific values of i and j, pi,j,B is the probability distribution of that region, xi,j,r is the

rth P × P patch when using the partitioning scheme corresponding to the values of i

and j, pi,j,r is the probability distribution of that region, and Z is an appropriate scaling
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fig 4.3 – Schematic for zero padding and partitioning image into patches

factor. Generative models based on products of patch probabilities have a long history in

the Markov random field literature; see S A.1.5.

The score function of the entire image follows directly from (4.1):

∇ log p(x) =
∑i,j=M

i,j=1

(
si,j,B(xi,j,B) +

∑(k+1)2

r=1
si,j,r(xi,j,r)

)
. (4.2)

Thus, we have expressed the score function of the whole image x as sums of scores of

patches xi,j,r and the border xi,j,B . The former can be learned through score matching as

in S 4.2.1. For the latter, by construction, if x is a zero padded image then xi,j,B is every-

where zero. Thus, for all x, D(xi,j,B) = E[xi,j,B, t = 0|xi,j,B, t = T ] is everywhere zero,

where D represents the denoiser function. Then the computation of its score function is

trivial by Tweedie’s formula [56].

Importantly, unlike previous papers like [183] and [55], our method can compute the

score function of the entire image through only inputs of patches to the neural network.

This makes it possible to learn a black box function for score functions of large images,

where directly training a diffusion model would be infeasible due to memory and time

constraints. Furthermore, S 4.4 shows that in the case of limited data, the large number

of patches present in each training image allows the patch-based model to learn a model

for the underlying distribution that performs better than whole image models.

4.2.1 Patch-wise training

Following the work in [183] and [93], we train a denoiser using the score matching ap-

proach. Our neural networkDθ(x, σt) accepts the noisy image x and a noise level σt, and
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is trained through the following loss function:

Et∼U(0,T )Ex∼p(x)Eϵ∼N (0,σ2
t I)
∥Dθ(x+ ϵ, σt)− x∥22. (4.3)

By Tweedie’s formula [56], the score function is given by sθ(x, σt) = (Dθ(x, σt)−x)/σ2
t .

Here, we want to learn the score function of patches xi,j,r, so we apply (4.3) to patches of

x instead of the entire image. Following [183], we extract patches randomly from the zero-

padded image x. To incorporate the positional information of the patch, we first define

the x positional array as the size N + 2M 2D array consisting of the x positions of each

pixel of the image scaled between -1 and 1; the y positional array is similarly defined. We

then extract the corresponding patches of these two positional arrays and concatenate

them along the channel dimension of the noisy image patch as inputs into the network,

nothing that noise is not added to the positional arrays.

When directly applying (4.3), it would suffice to fix the patch size P and then train

using size P patches exclusively. However, [183] found that by training with patches of

varying sizes, training time can be reduced and the neural network learns cross-region

dependencies better. Hence, we train both with patches of size P and also patches of

smaller size, where the size is chosen according to a stochastic scheduling scheme. By

using the UNet architecture in [73], the same network can take images of different sizes

as input. The Appendix provides details of the experiments.

4.2.2 Sampling and reconstruction

The proposed patch-based method for learning p(x)may be paired with any method that

would otherwise be used for sampling with a full image diffusion model, such as Langevin

dynamics [166] and DDPM [73], as well as acceleration methods such as second-order

solvers [93] and DDIM [165]. At training time, the network only receives patches of the

image as input, along with the positional information of the patch. Nevertheless, we show

that when the number of sampling iterations is sufficiently large, the proposed method

is still capable of generating reasonably realistic appearing entire images. However, our

main goal is solving large-scale inverse problems, not image generation.

Computing s(x) via (4.2) would require summing over the score functions of all (k +

1)2 patches a total of M2
times (corresponding to the M2

different ways of selecting i

and j). This method would be prohibitively slow due to the size of M2
; instead, for each

iteration we randomly choose integers i and j between 1 andM and estimate s(x) using

just that corresponding term of the outer summation.
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Algorithm 2 Patch Diffusion Inverse Solver (PaDIS)

Require: σ1 < σ2 < . . . < σT , ϵ > 0, ζi > 0, P,M,y
Initialize x ∼ N (0, σ2

TI)
for t = T : 1 do

Sample z ∼ N (0, σ2
t I)

Set αt = ϵ · σ2
t

Randomly select integers i, j ∈ [1,M ]
For all 1 ≤ r ≤ (k + 1)2, extract patch xi,j,r

Compute Di,j,r = Dθ(xi,j,r, σt)
Set si,j,r = (Di,j,r − xi,j,r)/σ

2
t

Apply (4.2) to get s = s(x, σt)
Set x to x− ζt∇xt∥y −A(D)∥22
Set x to x+ αt

2
s+
√
αtz

end for

For solving inverse problems with diffusion models, there are general algorithms e.g.,

[46] and [39], as well as more model-specific algorithms, e.g., [95] and [181]. Here, we

demonstrate that our method applies to a broad range of inverse problems, and opt to

use generalizable methods that do not rely on any special properties (such as the singular

value decomposition of the system matrix as in [95], [181]) of the forward operator. We

found that DPS [39] in conjunction with Langevin dynamics generally yielded the most

stable and high quality results, so we use this approach as our central algorithm. Similar

to [39], we chose the stepsize to be ζi = ζ/∥y − A(D(x))∥2. To the best of our knowl-

edge, this is the first work that learns a fully patch-based diffusion prior and applies it to

solve inverse problems; we call our method Patch Diffusion Inverse Solver (PaDIS). Com-

puting the score functions of the patches at each iteration is easily parallelized, allowing

for fast sampling and reconstruction. Alg. 2 shows the pseudocode for the main image

reconstruction algorithm; the appendix shows the pseudocode for the other implemented

algorithms.

Finally, we comment on some high-level similarities between our proposed method

and [109]; in both cases, the image in question is partitioned into smaller parts in multiple

ways. In [109], one of the partitions consists of 2D slices in the x-y direction, and the

other partition consists of 2D slices in the x-z direction, whereas for our method, each

of the partitions consists of (k + 1)2 square patches and the outer border region. For

both methods, the score functions of each of the parts are learned independently during

training. Then for each sampling iteration, both methods involve choosing one of the

partitions, computing the score functions for each of the parts independently, and then
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updating the entire image by updating the parts separately. For our approach, the zero-

paddingmethod allows for many possible partitions of the image and eliminates boundary

artifacts between patches.

4.3 A Unified Theory of Patch-based Diffusion Models

4.3.1 Motivation

Although patch-based diffusion models have demonstrated success in solving inverse

problems [81, 82], certain aspects of the training and reconstruction process lack theoret-

ical justification. Furthermore, multiple other works that appear to use a different frame-

work turn out to share the same framework as these previous two works. This section
1

provides a theoretical justification for much of the training and reconstruction process of

several works in the field, as well as a series of experiments that deepen our understand-

ing of the impacts of different types of patch-based diffusion models on inverse problem

solving.

4.3.2 Methods

We begin by formulating a unified patch framework that encapsulates variousmethods for

combining patch scores into the score of an entire image. To start, let the entire (possibly

zero padded) image be denoted by x. Then a general patch-based model for a denoiser of

x is given by

D(x) =

(∑
c

G′
cD(Gcx)

)
⊘

(∑
c

G′
cGc1

)
, (4.4)

where the sums iterate over all (possibly overlapping) patches c, ⊘ denotes element-wise

division, and the 1 represents an image of all ones. This model states that to denoise an

entire image, we can denoise the patches individually, add together the contributions from

each of the patches to the whole image, and then perform pixel-wise division to account

for the number of patches that contribute to each pixel. We will show later how PaDIS

and [142] fall under this framework.

We start by showing that there is a straightforward equivalence between this equation

for denoisers and a similar equation for score functions. For convenience, define M =∑
c G

′
cGc1. By Tweedie’s formula, s(x) = (D(x) − x)/σ2

. Then by using the fact that

1
This section is not in the paper [82] that forms the basis for the rest of this chapter.
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(
∑

cG
′
cGcx)⊘M = x, one can readily use algebra to derive the relationship

s(x) =

(∑
c

G′
csV (Gcx)

)
⊘M , (4.5)

where sV is the score function of a patch.

Following this, ifM is a constantM times the matrix of all ones, then the probability

distribution of the entire image takes the following form:

p(x) =
1

Z

(∏
c

pc(Gcx)

)1/M

, (4.6)

where Z is a scaling constant.

Unfortunately, in the general case whereM is not a constant matrix, this “score" func-

tion need not correspond to any probability distribution, as illustrated by the following

example. Firstly, score functions are the gradient of the (log of a) function, so to simplify

things we rewrite (4.5) as

∇f(x) =

(∑
c

G′
c∇fc(Gcx)

)
⊘M , (4.7)

for the patch functions fc and overall function f . Now we take the specific example of x

containing just three pixels in a row, which we represent as x = [u v w]. Then we define

the first patch as the first two pixels and the second patch as the next two pixels. The

functions that operate on these two patches are defined as f1([u v]) = uv and f2([v w]) =

v2 + 2w2
; their gradients are ∇f1 = (v, u) and ∇f2 = (2v, 4w). Only the second pixel

in x is overlapping, so M = [1 2 1]. Putting it all together gives ∇f(x) = (v, 1
2
u +

v, 4w). However, the curl of this vector field is readily computed to be (0, 0,−1/2). As
this is nonzero, this is not a conservative vector field, meaning it cannot be equal to the

gradient of a function. Hence, a “score function" written in the form (4.7) need not have a

corresponding probability distribution.

In the general case, this “score" function may not correspond to a probability distribu-

tion; nevertheless, we show how the training process can be simplified from the loss from

entire image training. By incorporating the positional encoding c∗ of patches as an input
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to the network, the denoising score matching loss is given by

L(θ) = Et∼U(0,T )Ex∼p(x)Eϵ∼N (0,σ2
t I)
∥sθ(x+ ϵ, σt) + ϵ/σ2

t ∥22 (4.8)

= Et∼U(0,T )Ex∼p(x)Eϵ∼N (0,σ2
t I)
∥
∑
c

G′
csV (Gcx, c

∗; θ)⊘M + ϵ/σ2
t ∥22. (4.9)

Note that (
∑

c G
′
cGcϵ)⊘M = ϵ. So we rewrite the norm inside the expectation as

L = ∥
∑
c

G′
csV (Gcx, c

∗; θ)⊘M +
∑
c

G′
cGcϵ⊘M/σ2

t ∥22 (4.10)

= ∥(
∑
c

G′
c(sV (Gcx, c

∗; θ) +Gcϵ/σ
2))⊘M∥22. (4.11)

Assuming that the patches collectively cover the entire image, each element of M is at

least 1. Thus we have

L ≤ ∥
∑
c

G′
c(sV (Gcx, c

∗; θ) +Gcϵ/σ
2)∥22. (4.12)

Now we have a term of the form ∥X1 + X2 + · · · + Xn∥22, which we can bound using a

similar derivation as (6.6) in Ch. 6 (derived in the appendix of Ch. 5):

L ≤ K
∑
c

∥G′
c(sV (Gcx, c

∗; θ) +Gcϵ/σ
2)∥22, (4.13)

whereK is a constant independent of x. Finally, sinceG′
c is an operator restoring a patch

to its location in a full image, it is invariant under the Euclidean norm. Putting everything

together, we have

L(θ) ≤ K · Et∼U(0,T )Ex∼p(x)Eϵ∼N (0,σ2
t I)

Erandom c∥sV (Gcx, c
∗; θ) +Gcϵ/σ

2
t ∥22. (4.14)

This loss function indicates that (perhaps surprisingly!) regardless of the method by

which the patches are used to tile the image, the method of training the patch-based net-

work is the same: extract patches randomly fromwhole images in the training dataset, and

then perform score matching on the resulting patches. This principle extends to overlap-

ping patches and even patches of different sizes. The following subsections demonstrate

how various patch-based diffusion models fall under this framework.
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Stochasticity Method Evaluation. For certain probability models, it is too computa-

tionally expensive to evaluate the score functions of all the patches involved, so we in-

stead stochastically select some patches and perform an update according to them. We

show next that using stochastic updates leads to convergence to the same distribution as

if we used the entire score function.

Theorem. Suppose s(x) = 1
N

∑N
i=1 si(x). When sampling using Langevin dynamics

[166], instead of using s(x), we use si(x) for a randomly chosen i. Then under certain

regularity conditions, the sampling algorithm will lead to an image that is drawn from the

distribution p(x).

Proof. The update step that uses the full score function is

∆xt =
ϵt
2
· 1
N

N∑
i=1

si(xt) +
√
ϵtz, (4.15)

whereas the update step in the stochastic algorithm is

∆xt =
ϵt
2
· sj(xt) +

√
ϵtz. (4.16)

We wish to show that the distribution of random vectors in sequence {xt} generated by

the stochastic algorithm converge to samples drawn from the same distribution as the

algorithm using the full score function.

The crux of the proof is the following idea. We first fix some ϵ0 ∈ (0, 1). By the in-

finite sum properties on ϵt, there is a subsequence t1 < t2 < · · · such that

∑ts+1

t=ts+1 ϵt

approaches ϵ0 as s approaches infinity. Now we collectively consider the ti+1 − ti update

steps belonging to one term of the subsequence. Across these steps, there are mainly two

sources of randomness: the stochasticity of choosing which score function to use, and the

added Gaussian noise. We will show that the amount of deviation induced by the stochas-

tic score functions is O(ϵ0) while that of the Gaussian noise is O(
√
ϵ0). Thus, taking the

limit as ϵ0 approaches 0 shows that almost all the variance will be due to the Gaussian

noise. Hence, these ti+1 − ti update steps are equivalent to a single Langevin update step

using the full score function with step size ϵ0. Thus, the stochastic algorithm converges

to the same distribution as the algorithm using the full score function.

To show this, first, define g(x) = 1
N

∑N
i=1 si(x) and ht(x) = sjt(x)− g(x). Then the

stochastic gradient at time t is g(x) + ht(x). The total update due to gradients between

steps ts and ts+1 is
ts+1∑

t=ts+1

ϵt
2
(g(xt) + ht(xt)). (4.17)
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We analyze the two terms of this sum separately. First,

ts+1∑
t=ts+1

ϵt
2
g(xt) =

ts+1∑
t=ts+1

ϵt
2
g(xts) +

ts+1∑
t=ts+1

ϵt
2
(g(xt)− g(xts)). (4.18)

The first term here is just
ϵ0
2
g(xts), which is an update step using the gradient of the full

score function. Therefore we need to bound the standard deviation of the error term:

E =

∣∣∣∣∣
ts+1∑

t=ts+1

ϵt
2
(g(xt)− g(xts))

∣∣∣∣∣ ≤
ts+1∑

t=ts+1

ϵt
2
|g(xt)− g(xts)|. (4.19)

Assuming that g has a local Lipschitz constant L,

E ≤
ts+1∑

t=ts+1

ϵtL

2
∥xt − xts∥2 ≤

ϵ0L

2
maxts<t≤ts+1∥xt − xts∥2. (4.20)

Now it suffices to note that as ϵ0 goes to 0, so do all the step sizes within the subsequence.

Hence, ∥xt − xts∥2 goes to 0 (at a rate that is unknown but not crucial to the analysis).

Therefore, we can write

E ≤ ϵ0L

2
o(1) ≤ O(ϵ0). (4.21)

In summary we have shown that

ts+1∑
t=ts+1

ϵt
2
g(xt) =

ϵ0
2
g(xts) +O(ϵ0). (4.22)

Now we analyze the second term which is:

ts+1∑
t=ts+1

ϵt
2
ht(xt) =

ts+1∑
t=ts+1

ϵt
2
ht(xts) +

ts+1∑
t=ts+1

ϵt
2
(ht(xt)− ht(xts)). (4.23)

Similar to the derivation for g, the second term is readily bounded by O(ϵ0) assuming

that ht is Lipschitz. For the first term, note that each ht(xts) is an iid random variable.

Furthermore, the variance of each such random variable is bounded by the maximum

values taken by si(x) along the trajectory of x, which in turn is assumed to be bounded.

Hence, we get a weighted average of iid random variables with bounded variance. In

particular, the sum of the weights isO(ϵ0), so the average deviation due to the entire term

is O(ϵ0).
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Putting everything together,

ts+1∑
t=ts+1

ϵt
2
(g(xt) + ht(xt)) =

ϵ0
2
g(xts) +O(ϵ0). (4.24)

Now the variance due to the added Gaussian noise is simple: at each step, the noise

has variance ϵt and it is independent. Thus the total noise has variance ϵ0, which means

the average deviation due to this noise is O(
√
ϵ0). Hence, as ϵ0 approaches 0, the random

error from the stochastic gradient is negligible compared to the addedGaussian noise. This

shows that across the steps ts to ts+1, the expected value of the update is
ϵ0
2
g(xts) and the

variance of the added Gaussian noise is ϵ0. This variance aligns exactly with a Langevin

update step using the full score function with a step size of ϵ0. Hence, we have shown

that the samples generated by the stochastic algorithm converges to the same probability

distribution as using the full score function.

4.3.3 Examples

Next, we provide specific examples of works that fall under this framework.

Image restoration in adverse weather conditions. The work of [142] uses a super-

vised diffusion model to perform image restoration for images taken in adverse weather

conditions. In this paper, the learned patch prior is conditioned on a degraded version

of the clean image. We can readily apply this method for learning an unsupervised prior

by removing the condition during training. Then the restoration algorithm consists of the

stepΩt = Ωt+Pd ·ϵθ(x(d)
t , t), whereΩt is the noise of the whole image at the tth timestep,

d is an iterator over the overlapping patches, Pd is an operator that maps a patch to its

location in the whole image, and x
(d)
t is an image patch. This step is followed by the step

M = M + Pd · 1. At the end of each diffusion timestep, the noise is scaled accordingly

with the step Ωt = Ωt ⊘M . This definition ofM is consistent with our definition ofM

and the update steps follow (4.4). Finally, the training process outlined in [142] involves

selecting a random patch of a clean image and performing denoising score matching, con-

sistent with (4.14).

PaDIS. Our proposed method of using patch shifts with nonoverlapping patches falls

under this general framework [82]. We start with the score function model in (4.2) and

rewrite it using denoisers as follows:

D(x) =
1

M2

∑i,j=M

i,j=1

(
Di,j,B(xi,j,B) +

∑(k+1)2

r=1
Di,j,r(xi,j,r)

)
, (4.25)
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where we include an additional 1/M2
factor for consistency with later derivations. We

drop theG′
c terms that map the denoised patches back to thewhole image for convenience.

By definition, the denoised border Di,j,B(xi,j,B) is everywhere zero. Note that for each

of the M2
random patch shifts corresponding to a pair of indices i and j, the resulting

partition of the zero padded image consists of nonoverlapping patches. Interpreting each

such shift as containing (k+ 1)2 + 1 patches, the sum in total contains ((k+ 1)2 + 1)M2

patches. Furthermore, each pixel is included in exactlyM2
of the patches. Hence, we may

rewrite (4.25), this time with all the patch extracting operators as

D(x) =

(∑
c

G′
cD(Gcx)

)
⊘ (M2 · 1), (4.26)

where 1 is the matrix of all ones. Now we are iterating over all ((k+ 1)2 + 1)M2
patches

using a single iterator c. This sum encapsulates both of the sums in (4.25) so that M2

of the terms consists of denoising the image border while the remaining (k + 1)2M2

terms consist of denoising square patches. Finally, with this tiling scheme, it is clear that∑
c G

′
cGc1 = M21. Hence, we have shown how the score model for PaDIS follows (4.4).

Strictly speaking, when using (4.4) to update the image, it would be necessary to com-

pute the score function of every patch in the sum.

TPDM. Used for solving 3D inverse problems, the probability distribution model used

in TPDM [109] is given by

p(x) =

(
N∏
i=1

qθ(x[:, :, i])
α

)(
N∏
j=1

qϕ(x[j, :, :])
β

)
/Z, (4.27)

whereα and β are fixed constants andZ is a scaling constant. Thismodel uses a total of 2N

patches used to cover the volume, whereN of them are along the first indexing dimension

andN of them are along the third indexing dimension. Each voxel in the volume is covered

by exactly two such patches, soM = 2 ·1. Therefore, by setting α = β = 1/2, we recover

the form of (4.6). Furthermore, training is done separately on the 2D slices in the two

perpendicular directions of the volumes. Similar to PaDIS, while it would be necessary

to use both the distributions qθ and qϕ to update the volume at each step of the diffusion

process during reconstruction, the TPDM approach instead takes a stochastic approach

of choosing one of the two possible ways.
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DiffusionBlend++. The probability distribution model used in DiffusionBlend++ (see

Ch. 5) is given by

s(x) = |S|−1
∑

S=S1∪...∪Sr

∑r

i=1
∇ log p(x[:, :,Si]), (4.28)

where the outer sum runs over (possibly a subset of) all possible ways to partition the N

slices of the volume into r sets of N/r elements each. This is very similar to PaDIS:M is

simply a constant times the matrix of all ones, assuming that each slice is included in the

same number of partitions. Furthermore, at reconstruction time, DiffusionBlend++ again

uses a stochastic approach to avoid computing the entire score function in (4.28).

In conclusion, we have provided a general framework for patch-based diffusion mod-

els and identified several recent works that fall under this framework. Furthermore, we

have shown some theoretical justifications and insights that enhance our understanding

of thesemodels. In the future, this sectionwould benefit from a series of carefully designed

experiments that verify the theoretical results and examine differences in results between

possible design choices for patches.

4.4 Experiments

Experimental setup. For the main CT experiments, we used the AAPM 2016 CT chal-

lenge data [135] that consists of 10 3D volumes. We cropped the data in the Z-direction

to select 256 slices and then rescaled the images in the XY-plane to have size 256 × 256.

Finally, we used the XY slices from 9 of the volumes to define 2304 training images, and

used 25 of the slices from the tenth volume as test data. For the deblurring and superres-

olution experiments, we used a 3000 image subset of the CelebA-HQ dataset [126] (with

each image being of size 256×256) for training to demonstrate that the proposed method

works well in cases with limited training data. We preprocessed the data by dividing all

the RGB values by 255 so that all the pixel values were between 0 and 1. The test data was a

randomly selected subset of 25 of the remaining images. In all cases, we report the average

metrics across the test images: peak SNR (PSNR) in dB, and structural similarity metric

(SSIM) [185]. For the colored images, these metrics were computed in the RGB domain.

For the main patch-based networks, we trained mostly with a patch size of 56 × 56

to allow the target image to be completely covered by 5 patches in each direction while

minimizing the amount of zero padding needed. We used the network architecture in [93]

for both the patch-based networks and whole image networks. All networks were trained
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on PyTorch using the Adam optimizer with 2 A40 GPUs. The Appendix provides full

details of the hyperparameters.

Image generation. Our proposed method is able to learn a reasonable prior for whole

images, despite never being trained on anywhole images. Fig. 4.4 shows generation results

for the CT dataset using three different methods. The top row used the network trained

on whole images; the middle row used the method of [183] except that the entire image is

never supplied to the network either at training or sampling time; the bottom row used

the proposed method. The middle row shows that the positional encoding does ensure

reasonably appropriate generated patches at each location. However, simply generating

each of the patches independently and then naively assembling them together leads to

obvious boundary artifacts due to lack of consistency between patches. Our proposed

method solves this problem by using overlapping patches via random patch grid shifts,

leading to generated images with continuity throughout. However, some of these images

still appear asymmetric or have otherwise unrealistic global structure. This is expected as

the network is not trained on regions of the image that are far apart and thus cannot learn

long range correlations; in a later chapter, we will develop an improved method that can

mitigate this issue.

fig 4.4 – Unconditional generation of CT images. Top row: generation with a network

trained on whole image; middle row: patch-only version of [183]; bottom row: proposed

PaDIS method.

Inverse problems. We tested the proposed method on a variety of different inverse

problems: CT reconstruction, deblurring, and superresolution. For the forward and back-

ward projectors in CT reconstruction, we used the implementation provided by [173]. We

performed two sparse view CT (SVCT) experiments: one using 8 projection views, and
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one using 20 projection views. Both of these were done using a parallel-beam forward

projector where the detector size was 512 pixels. For the deblurring experiments, we used

a uniform blur kernel of size 9× 9 and added white Gaussian noise with σ = 0.01 where

the clean image was scaled between 0 and 1. For the superresolution experiments, we

used a scaling factor of 4 with downsampling by averaging and added white Gaussian

noise with σ = 0.01. DPS has shown to benefit significantly from using a higher number

of neural function evaluations (NFEs) [39], so we use 1000 NFEs for all of the diffusion

model experiments.

For the comparison methods, we trained a diffusion model on entire images using the

same denoising score matching method shown in Section 4.2.1. The inference process was

identical to that of the patch-based method, with the exception that the score function of

the image at each iteration was computed directly using the neural network, as opposed

to needing to break up the zero-padded image into patches. We also compared with two

traditional methods: applying a simple baseline and reconstructing via the total variation

regularizer (ADMM-TV). For CT, the baseline was obtained by applying the filtered back-

projection method to the measurement y. For deblurring, the baseline was simply equal

to the blurred image. For superresolution, the baseline was obtained by upsampling the

low resolution image and using nearest neighbor interpolation. The implementation of

ADMM-TV can be found in [74]. We also implemented two plug and play (PnP) methods:

PnP-ADMM [196] and regularization by denoising (RED) [83].We trained denoising CNNs

on each of the datasets following [151] and then used them to solve the inverse problems.

For further comparison of diffusion model methods, we implemented different sam-

pling and data consistency algorithms and applied them in conjunction with our patch-

based prior. In particular, we compared with Langevin dynamics [166], predictor-corrector

sampling [46], and variation exploding DDNM (VE-DDNM) [181]. For all these sampling

methods, we used the variation exploding framework for consistency and to avoid retrain-

ing the network. We also compared with two other ways of assembling priors of patches

to form the prior of an entire image: patch averaging [142] and patch stitching [152].

Table 4.1 shows the main inverse problem solving results. The best results were ob-

tained after training the patch-based models for around 12 hours, while the whole image

models needed to be trained for 24-36 hours, demonstrating a significant improvement in

training time. Furthermore, when averaging the metrics across the test dataset, our pro-

posed method outperformed the whole image method in terms of PSNR and SSIM for all

the inverse problems. The score functions of all the patches can be computed in parallel

for each iteration, so the reconstruction times for these methods were very similar (both
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around 5 minutes per image). The whole-image results could be more favorable if more

training data were used.

We also ran ablation studies examining the effect of various parameters of the pro-

posedmethod. Namely, we studied the usage of different patch sizes during reconstruction,

varying dataset sizes, importance of positional encoding for patches, and different sam-

pling and inverse problem solving algorithms. The results of these studies are in App. A.1.1.

tbl 4.1 – Comparison of quantitative results on three different inverse problems. Results

are averages across all images in the test dataset. Best results are in bold.

Method

CT, 20 Views CT, 8 Views Deblurring Superresolution

PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑
Baseline 24.93 0.595 21.39 0.415 24.54 0.688 25.86 0.739

ADMM-TV 26.82 0.724 23.09 0.555 28.22 0.792 25.66 0.745

PnP-ADMM [196] 26.86 0.607 22.39 0.489 28.82 0.818 26.61 0.785

PnP-RED [83] 27.99 0.622 23.08 0.441 29.91 0.867 26.36 0.766

Whole image diffusion 32.84 0.835 25.74 0.706 30.19 0.853 29.17 0.827

Langevin dynamics [166] 33.03 0.846 27.03 0.689 30.60 0.867 26.83 0.744

Predictor-corrector [46] 32.35 0.820 23.65 0.546 28.42 0.724 26.97 0.685

VE-DDNM [181] 31.98 0.861 27.71 0.759 - - 26.01 0.727

Patch Averaging [142] 33.35 0.850 28.43 0.765 29.41 0.847 27.67 0.802

Patch Stitching [152] 32.87 0.837 26.71 0.710 29.69 0.849 27.50 0.780

PaDIS (Ours) 33.57 0.854 29.48 0.767 30.80 0.870 29.47 0.846

In addition to the main inverse problems shown in Table 4.1, we also ran experiments

on three additional inverse problems to demonstrate the effectiveness of our method on

a wide variety of inverse problems: 60 view CT reconstruction, fan beam reconstruction

using 180 views, and deblurring with a uniform kernel of size 17× 17. For the deblurring

experiment, we again added Gaussian noise with level σ = 0.01 to the measurement.

Table 4.2 shows the quantitative results of these experiments and Figure A.6 shows the

visual results.

In the bottom of Figure 4.5, some artifacts are present in the reconstructions obtained

by the diffusion model methods, although they are more apparent in the whole image

model than with PaDIS. The measurements are very compressed in this case, so it is very

difficult for any model to obtain diagnostic-quality reconstructions; the baselines perform
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tbl 4.2 – Extra inverse problem experiments. Results are averages across all images in

the test dataset. Best results are in bold.

Method

CT, 60 Views CT, Fan Beam Heavy Deblurring

PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑
Baseline 25.89 0.746 20.07 0.521 21.14 0.569

ADMM-TV 30.93 0.833 25.78 0.719 26.03 0.724

Whole image diffusion 35.83 0.894 26.89 0.835 28.35 0.808

PaDIS (Ours) 39.28 0.941 29.91 0.932 28.91 0.818

1200

800
1

0

Ground truthADMM-TV Whole image PaDISFBP

fig 4.5 – Results of CT reconstruction. 60 views are used for the top two rows, 20 views are

used for the bottom two rows. To better show contrast between organs, we use modified

Hounsfield units (HU) in the top figure, while we use the same scale the images were

trained on in the bottom figure.

significantly worse in terms of quantitative metrics and exhibit severe blurring. In clinical

settings, patient diagnosis are typically performed with CT scans consisting of hundreds
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of views. The top of Figure 4.5 shows that when 60 views are used, our proposed method

yields a much better reconstruction without artifacts. Nevertheless, we show the potential

of our proposed methods to reconstruct images from very sparse views with a decent

image quality, which could be potentially used for applications such as patient positioning.

Measurement ADMM-TV Whole image PaDIS Ground truth

fig 4.6 – Results of deblurring with Gaussian noise (σ = 0.01).

Measurement ADMM-TV Whole image PaDIS Ground truth

fig 4.7 – Results of superresolution with Gaussian noise (σ = 0.01).

Finally, since the original AAPM dataset contained CT images of resolution 512×512,

we ran 60 view CT reconstruction experiments with these higher resolution images. Due

to the lack of data, we did not train a whole-image model on these higher resolution

images. We used a zero padding width of 64 and largest patch size of 64× 64 for training.

Figure 4.8 shows the visual results of these experiments. Hence, our proposed methods
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can obtain high quality reconstructions for both different inverse problems and also for

different image sizes.

tbl 4.3 – Results of 60 viewCT reconstructionwith 512×512 images. Results are averages

across all images in the test dataset. Best results are in bold.

Method FBP ADMM-TV PaDIS

PSNR ↑ 28.38 29.48 36.93

SSIM ↑ 0.699 0.788 0.899

1400

800

FBP ADMM-TV PaDIS Ground truth

fig 4.8 – Results of 60 view CT reconstruction on 512× 512 images using modified HU

units.

4.5 Conclusion

In this work, we presented a method of using score-based diffusion models to learn image

priors through solely the patches of the image, combined with suitable position encoding.

Simulation results demonstrated how the method can be used to solve a variety of inverse

problems. Extensive experiments showed that under conditions of limited training data,

the proposed method outperforms methods involving whole image diffusion models. In

the future, more work could be done on higher quality image generation using a multi-

scaled resolution approach [68, 72], using acceleration methods for faster reconstruction,

and higher dimensional image reconstruction. Image priors like those proposed in this

chapter have the potential to benefit society by reducing X-ray dose in CT scans. Genera-

tive models have the risk of inducing hallucinations and being used for disinformation.
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CHAPTER 5

DiffusionBlend: Learning 3D Image Prior

through Position-aware Diffusion Score

Blending for 3D Computed Tomography

Reconstruction

5.1 Motivation

Learning efficient 2D image priors using diffusion models is already computationally ex-

pensive, which requires large-scale of training data, training time, and GPU memory. For

example, previous works [168, 73] require training for several days to weeks on over a

million training images in the ImageNet [153] and LSUN [200] datasets to generate high-

quality 2D natural images of size 256×256. Hence, directly learning a 3D diffusion prior on

the entire CT volume would be practically infeasible or prohibitively expensive due to the

demanding requirements of training data and computational cost. In addition, real clinical

CT data is usually limited and scarce and often has a resolution larger than 256×256×400,
which makes directly training the data prior very challenging. The problem of tackling

3D image inverse problems, especially for medical imaging remains a challenging open

research question.

A few recent works [42, 109, 41] have discussed and proposed to solve 3D image re-

construction problems either through employing some hand-crafted regularization to en-

force consistency between 2D slices when reconstructing 3D volumetric images [41, 42],

or through training several diffusion models for 2D images on each plane (axial, coronal,

This chapter based on [162]. Equal contribution with Bowen Song.
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fig 5.1 – Overview of DiffusionBlend++ compared to previous 3D image reconstruction

works. Previous work used a hand-crafted TV term to “regularize” adjacent slices, whereas

the proposed approach uses learned diffusion score blending between groups of slices.

Here i is the slice index, and t is the reconstruction iteration.

and sagittal), and performing reverse sampling with each model alternatively [109]. How-

ever, all of these works only learn the distribution of a single 2D slice via the diffusion

model, while having not yet explored the dependency between slices that is required to

better model the real 3D image prior.

To overcome these limitations, we propose a novel method, called DiffusionBlend, that

enables learning the distribution of 3D image patches (a batch of nearby 2D slices), and

blends the scores of patches to model the entire 3D volume distribution for image recon-

struction. Specifically, we firstly propose to train a diffusion model that models the joint

distribution of 3D image patches (nearby 2D slices) in the axial plane conditioning on

the slice thickness. Then, we introduce a random blending algorithm that approximates

the score function of the entire 3D volume by using the trained 3D-patch score function.

Moreover, we can either directly use the trained model to predict the noise of a single 2D

slice by taking its corresponding 3D patch as input, or applying a random blending algo-

rithm that firstly randomly partitions the volume into different 3D patches at each time

step and then computes the score of each 3D patch during reverse sampling. Through

either way, we can output the predicted noise of the entire 3D volume. In this way, our

proposed method is able to enforce cross-slice consistency without any hand-crafted reg-

ularizer. Our method has the advantage of being fully data-driven and can enforce slice

consistency without the TV regularizer as demonstrated in Fig. 5.1. Through exhaustive

experiments of ultra-sparse-view and limited-angle 3D CT reconstruction on different

datasets, we validate that our proposed method achieves superior reconstruction results

for 3D volumetric imaging, outperforming previous state-of-the-art (SOTA) methods. Fur-

thermore, our method achieves better or comparable inference time than SOTA methods,

and requires minimum hyperparameter tuning for different tasks and settings.
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fig 5.2 – Overview of slice blending process during reconstruction for DiffusionBlend++.

At each iteration, we partition the slices of the volume in a different way; slices of the

same color are inputted into the network independently. Positional encoding (PE) is also

inputted to the network as information about the separation between the slices.

In summary, our main contributions are as follows:

• We propose DiffusionBlend(++): a novel method for 3D medical image reconstruc-

tion through 3D diffusion priors. To the best of our knowledge, our method is the

first diffusion-based method that learns the 3D-patch image prior incorporating the

cross-slice dependency, so as to enforce the consistency for the entire 3D volume

without any external regularization.

• Specifically, instead of independently training a diffusion model only on separated

2D slices, we propose a novel method that first trains a diffusion model on 3D image

patches (a batch of nearby 2D slices) with positional encoding, and at inference time,

employs a new approach of random partitioning and diffusion score blending to

generate an isotropically smooth 3D volume.

• Extensive experiments validate our proposed method achieves state-of-the-art re-

construction results for 3D volumetric imaging for the task of ultra-sparse-view and

limited-angle 3D CT reconstruction on different datasets, with improved inference

time efficiency and minimal hyperparameter tuning.

5.2 Methods

Instead of modeling the 2D slices of the 3D volume as independent data samples during

training time, and then applying regularization between slices at reconstruction time, we
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propose incorporating information from neighboring slices at training time to enforce

consistency between slices. More precisely, our first approachmodels the data distribution

of a 3D volume with H slices in the z dimension as follows:

p(x) =
∏H

i=1
p(x[:, :, i] |x[:, :, i− j : i− 1],x[:, :, i+ 1 : i+ j])/Z, (5.1)

where j is a positive integer indicating the number of neighboring slices above and below

the target slice that are being used as conditions to predict the target slice, and Z is a

normalizing constant. To deal with boundary conditionswhere the third indexmay exceed

the bounds of the original volume, we apply repetition padding above and below the main

volume.

For training, we simply concatenate each of the conditioned slices with the target slice

along the channel dimension to serve as an input to the neural network. Then we apply

denoising score matching to predict the noise of the target slice as the loss function of the

neural network:

Et∼U(0,T )Ex∼p(x)Ey∼N (x,σ2
t I)

Ei∈[1,H]

∥∥∥∥Dθ(y[:, :, i− j : i+ j], σt)− x[:, :, i]

σ2
t

∥∥∥∥2
2

. (5.2)

At reconstruction time, the score function of the entire volume decomposes as a sum

of score functions of each of the slices:

∇ log p(x) =
∑H

i=1
∇ log p(x[:, :, i] |x[:, :, i− j : i− 1],x[:, :, i+ 1 : i+ j]). (5.3)

In this way, we have rewritten the score of the 3D volume as sums of the scores of the 2D

slices learned by the network. This means that we can now apply any algorithm that uses

diffusion models to solve inverse problems to solve the 3D CT reconstruction problem.

Furthermore, this method of blending together information from different slices allows

us to learn a prior for the entire volume that combines information from different slices.

We call this method DiffusionBlend.

To learn an even better 3D image prior, instead of learning the conditional distribution

of individual target slices, we can learn the joint distribution of several neighboring

slices at once, which we call a 3D patch. Letting k be the number of slices in each patch, we

can partition the volume into 3D patches and approximate the distribution of the volume

as

p(x) = (
∏H/k

i=1
p(x[:, :, (i− 1)k + 1 : ik]))/Z, (5.4)
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where Z is a normalizing constant. Comparing this with (5.1), the main difference is in-

stead of conditioning on neighboring slices, we are now incorporating the neighboring

slices as a joint distribution. This allows for much faster reconstruction, as k slices are

updated simultaneously according to their score function. However, this method faces

similar slice consistency issues as in [42], since certain pairs of adjacent slices (namely,

pairs whose slice indices are congruent to 0 and 1 modulo k) are never updated simulta-

neously by the network.

To deal with this issue, we propose two additional changes. Firstly, instead of using

the same partition (updating the same k slices) at once for each iteration, we can use a

different partition so that the previous border slices can be included in another partition.

For example, we can randomly sample the end index of the first 3D patch for adjacency

slices. Letm be uniformly sampled from 1, 2, ..., k, we can use the partition

S = {1, 2, . . . , H} = {1, . . . ,m}∪{m+1, . . . ,m+1+k}∪. . .∪{H−k+1, . . . , H}, (5.5)

instead of S = {1, 2, . . . , H} = {1, . . . , k}∪ {k+1, . . . , 2k}∪ . . .∪{H − k+1, . . . , H},
wherem is the offset index number in the new partition. We can then compute the score

on the new partition. More generally, we can choose an arbitrary partition of S intoH/k

sets, each containing k elements for each iteration, updating each slice in the small set

simultaneously for that iteration.

Secondly, to better capture information between nonadjacent slices, we apply relative

positional encoding as an input to the network. More precisely, if a 3D patch has a slice

thickness (the distance between two slices) of p, then we let p be input of the positional

encoding for that 3D patch. The positional encoding block consists of a sinusoidal encod-

ing module and several dense connection modules, which has the same architecture as

the timestamp embedding module of the same diffusion model. In this manner, the net-

work is able to learn how to incorporate information from nonadjacent slices and captures

more global information about the entire volume. Recall that for 3D patches of adjacent

slices, the border between patches may have inconsistencies. To address this, we can con-

catenate each border as a new 3D patch, and then compute the score from it. If there

are k slices in an adjacency-slice 3D patch, then the new 3D patch has the relative po-

sitional encoding of k, and also has a size of k. For instance, if the previous partition is

(1,2,3),(4,5,6),(7,8,9), the new partition is (1,4,7),(2,5,8),(3,6,9). Here we are forming a new

partition with jumping slices. In practice, since we need a pretrained natural image check-

point due to scarcity of medical image data, we set k = 3 for facilitating fine tuning from

natural image checkpoints.
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We call the partitioning by 3D patch with adjacent slices as Adjacency Partition,

and the partitioning by 3D patch with jumping slices as Cross Partition. Letting r =

H/k be the number of 3D patches, with a random partition, this method is stochastically

averaging the different estimations of the ∇ log p(x) by different parititions. Specifically,

the estimation of score by a single partitionS1∪. . .∪Sr is given by
∑r

i=1∇ log p(x[:, :,Si]).
Ideally, we want to compute

|S|−1
∑

S=S1∪...∪Sr

∑r

i=1
∇ log p(x[:, :,Si]). (5.6)

Similar to [42, 39, 109], we can share the summation in (5.6) across different diffusion steps

since the difference between two adjacent iterations xi and xi+1 is minimal.

In summary, we have shown how the score function of the entire volume can be writ-

ten in terms of scores of the slices of the volume. Hence, similar to DiffusionBlend, this

method can be coupled with any inverse problem solving algorithm. The scores of the

slices can be approximated using a neural network. Training this network consists of

randomly selecting k slices from a volume and concatenating them along the channel di-

mension to get the input to the network (along with the positional encoding of the slices),

and then using denoising score matching as in (5.2) as the loss function.

Sampling and reconstruction. With Eq. 5.6, each reconstruction step would require

computing the score functions corresponding to each of the partitions of S , and then sum-

ming them to get the score function s(x). We propose the variable sharing technique for

this method, and only need to compute the score of one partition per time step. Hence,

each iteration, we instead randomly choose one of the partitions of S and update the vol-

ume of intermediate samples by the score function. Finally, we use repetition padding if

H is not a multiple of k. This method incorporates a similar slice blending strategy as Dif-

fusionBlend, but allows for significant acceleration at reconstruction time as k slices are

updated at once. Furthermore, it allows the network to learn joint information between

slices that are farther apart without requiring the increase in computational cost associ-

ated with increasing k. We call this method DiffusionBlend++. The pseudocode of the

algorithm can be found in Alg. 3.

In practice, we choose not to select from all possible partitions, but instead select from

those where the indices in each Si are not too far apart, as the joint information between

slices that are very far apart is hard to capture. Table A.11 summarizes the different 3D

image prior models. The appendix provides more details about the partition selection

scheme.
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Krylov subspace methods. Following the work of [41], we apply Krylov subspace

methods to enforce data consistency with the measurement. At each timestep t, by us-

ing Tweedie’s formula [56], we compute x̂t = E[x0|xt], and then apply the conjugate

gradient method

x̂′
t = CG(A∗A,A∗y, x̂t,M), (5.7)

where in practice, the CG operator involves runningM CG steps for the normal equation

A∗y = A∗Ax. We combine this method with the DDIM sampling algorithm [165] to de-

crease reconstruction time. To summarize, we provide the algorithm for DiffusionBlend++

below. The Appendix provides the training algorithms for our proposed method as well

as the reconstruction algorithm for DiffusionBlend.

Algorithm 3 DiffusionBlend++

Require: Forward modelA, sinogram y, hyperparameter k
Initialize xT ∼ N (0, σ2

TI)
for t = T : 1 do

Randomly select a partition S = S1 ∪ . . . ∪ Sr
if t mod k = 0 then use cross partition, else use random adjacency partitions

Compute the relative positional encoding PEt

For each i, compute ϵθ(xt[:, :,Si], PEt)
Compute s = ∇ log p(xt) using (5.6)
Compute x̂t = E[x0|xt] using Tweedie’s formula

Set x̂′
t = CG(A∗A,A∗y, x̂t)

Sample xt−1 using x̂′
t and s via DDIM sampling

end for

Return x

5.3 Experiments

Experimental setup. Weused the public CT dataset from the AAPM 2016 CT challenge

[135] that consists of 10 volumes.We rescaled the images in the XY-plane to have size 256×
256without altering the data in the Z-direction and used 9 of the volumes for training data

and the tenth volume as test data. The training data consisted of approximately 5000 2D

slices and the test volume had 500 slices. We also performed experiments on the LIDC-

IDRI dataset [6]. For this dataset, we first applied data preprocessing by setting the entire

background of the volumes to zero. We rescaled the images in the XY-plane to have size

256× 256, and, to compare with the TPDM method, only took the volumes with at least
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fig 5.3 – Results of CT reconstruction with 4 views on AAPM dataset, axial view.

fig 5.4 – Results of DiffusionBlend++ reconstruction with multiple views on AAPM

dataset, axial view.
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256 slices in the Z-direction, truncating the Z-direction to have exactly 256 slices. This

resulted in 357 volumes which we used for training and one volume used for testing.

We performed experiments for sparse view CT (SVCT) and limited angle CT (LACT).

The detector size was set to 512 pixels for all cases. For SVCT, we ran experiments on 4,

6, and 8 views. We also ran additional experiments on 20, 40, 60, 80, and 100 views and

report the quantitative results in the Appendix. For LACT, we used the full set of views

but only spaced around a 90 degree angle. In all cases, implementations of the forward

and back projectors can be found in [42].

For a fair comparison between DiffusionBlend and DiffusionBlend++, we selected

j = 1 for DiffusionBlend and each Si to contain 3 elements for DiffusionBlend++. In

this manner, both methods involve learning a prior that involves products of joint distri-

butions on 3 slices. To train the score function for DiffusionBlend, we started from scratch

using the LIDC dataset. Since this dataset consisted of over 90000 slices, the network was

able to properly learn this prior. We then fine tuned this network on the much smaller

AAPM dataset. For DiffusionBlend++, the input and output images both had 3 channels

from stacking the slices, so we fine-tuned the existing checkpoint from [73]. All networks

were trained on PyTorch using the Adam optimizer with A40 GPUs. For reconstruction,

we used 200 neural function evaluations (NFEs) for all the results. The appendix provides

the full experiment hyperparameters. We observe that DiffusionBlend++ can reconstruct

very high quality images that are free of artifacts as demonstrated in Fig.5.4 and Fig.5.3.

Comparisonmethods. We compared our proposed method with baseline methods for

CT reconstruction and state of the art 3D diffusion model methods. We used the filtered

back projection implementation found in [42]. For the other baseline, we used FBP-UNet

[89] which is a supervised method that involves training a network for each specific task

mapping the FBP reconstruction to the clean image. Since this is a 2D method, we learned

a mapping between 2D slices and then stacked the 2D slices to get the final 3D volume.We

also compared with classical CT reconstruction techniques such as SBTV, SIRT, and CGLS

[65] to benchmark our algorithm against traditional methods. Results for these methods

are reported in the Appendix. For DiffusionMBIR [44], we fine-tuned the score function

checkpoints on our data and used the same hyperparameters as the original work. We

did the same for TPDM [109]; however, we ran TPDM only on the LIDC dataset because

TPDM requires cubic volumes. Finally, we ran two variants of DDS [41]: one in which all

the hyperparameters were left unchanged (DDS), and another in which no TV regularizer

between slices was enforced (DDS 2D). Both of these methods were run with 200 NFEs.

The appendix provides the experiment parameters.
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Method

Sparse-View CT Reconstruction on AAPM Sparse-View CT Reconstruction on LIDC

8 views 6 views 4 views 8 Views 6 Views 4 Views

PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑
FBP 14.66 0.359 13.65 0.293 11.94 0.222 14.79 0.217 14.11 0.191 13.18 0.169

FBP-UNet 26.00 0.849 24.15 0.782 23.37 0.761 28.58 0.848 26.48 0.781 25.19 0.731

DiffusionMBIR 26.30 0.863 24.99 0.827 23.66 0.789 32.67 0.922 31.18 0.901 29.02 0.863

TPDM - - - - - - 27.51 0.816 25.60 0.776 21.99 0.695

DDS 2D 32.89 0.946 31.40 0.934 28.77 0.906 30.82 0.897 29.38 0.867 27.54 0.826

DDS 33.19 0.945 31.94 0.942 29.22 0.916 31.65 0.915 30.12 0.888 27.20 0.808

DiffusionBlend (Ours) 34.29 0.955 33.26 0.949 31.84 0.944 33.34 0.933 30.94 0.905 27.96 0.849

DiffusionBlend++ (Ours) 35.69 0.966 34.68 0.960 32.93 0.952 34.46 0.947 33.03 0.932 30.98 0.912

tbl 5.1 – Comprehensive comparison of quantitative results on Sparse-View CT Recon-

struction on Axial View for AAPM and LIDC datasets. Best results are in bold.

Method

Sparse-View CT Reconstruction on AAPM Sparse-View CT Reconstruction on LIDC

8 views 6 views 4 views 8 Views 6 Views 4 Views

PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑
FBP 12.30 0.345 10.14 0.277 6.78 0.204 14.88 0.234 14.30 0.207 13.43 0.187

FBP-UNet 26.13 0.860 24.14 0.798 23.47 0.779 28.56 0.848 26.52 0.783 25.29 0.732

DiffusionMBIR 26.64 0.869 25.08 0.834 23.71 0.789 32.79 0.922 31.30 0.900 28.98 0.862

TPDM - - - - - - 27.66 0.819 25.57 0.784 21.87 0.708

DDS 2D 33.22 0.949 31.69 0.937 29.39 0.909 30.98 0.894 29.40 0.862 27.54 0.819

DDS 33.43 0.945 32.18 0.947 29.86 0.924 31.80 0.915 30.13 0.889 27.26 0.818

DiffusionBlend (Ours) 35.09 0.958 33.97 0.952 32.38 0.943 33.73 0.934 31.16 0.907 27.93 0.855

DiffusionBlend++ (Ours) 36.48 0.968 35.38 0.963 33.22 0.954 34.86 0.946 33.20 0.932 30.97 0.913

tbl 5.2 – Comprehensive comparison of quantitative results on Sparse-View CT Recon-

struction on Sagittal View for AAPM and LIDC datasets. Best results are in bold.

Sparse-view CT. The results for different numbers of views and across different slices

are shown in Tables 5.1, 5.2, and 5.3. DiffusionBlend++ exhibits much better performance

over all the previous baseline methods (usually by a few dB) and outperforms Diffusion-

Blend. The second best method for each experiment is underlined and was, in most cases,

DiffusionBlend. The exceptions are when the second best method is DiffusionMBIR, but

this method was run with 2000 NFEs and took about 20 hours to run compared to 1-2

hours for both of our methods. The two DDS methods required similar runtime as our

methods but in all cases exhibited inferior reconstruction results. Furthermore, DDS 2D

generally performed worse than DDS. Thus, DDS failed to properly learn a 3D volume

prior and still relied on the TV regularizer. Additionally, although TPDM should learn

a 3D prior, the results were very poor compared to the other baselines. Our proposed
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Method

Sparse-View CT Reconstruction on AAPM Sparse-View CT Reconstruction on LIDC

8 views 6 views 4 views 8 Views 6 Views 4 Views

PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑
FBP 14.64 0.325 13.18 0.268 11.16 0.236 14.78 0.206 14.10 0.181 13.10 0.165

FBP-UNet 27.34 0.878 25.12 0.827 24.10 0.810 28.87 0.858 26.59 0.793 25.37 0.744

DiffusionMBIR 29.86 0.908 28.12 0.875 25.68 0.843 33.29 0.922 31.69 0.903 29.21 0.868

TPDM - - - - - - 28.12 0.833 25.78 0.804 22.29 0.735

DDS 2D 33.64 0.950 32.33 0.939 30.25 0.916 31.60 0.898 29.99 0.871 28.03 0.830

DDS 33.97 0.934 32.95 0.930 30.89 0.932 32.51 0.920 30.83 0.898 27.61 0.828

DiffusionBlend (Ours) 36.45 0.958 35.23 0.952 33.98 0.944 34.47 0.934 31.48 0.908 28.24 0.859

DiffusionBlend++ (Ours) 37.87 0.968 36.66 0.963 34.27 0.955 35.66 0.947 33.97 0.935 31.38 0.913

tbl 5.3 – Comprehensive comparison of quantitative results on Sparse-View CT Recon-

struction on Coronal View for AAPM and LIDC datasets. Best results are in bold.

Method

AAPM Dataset LIDC Dataset

Axial Sagittal Coronal Axial Sagittal Coronal

PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑
FBP 16.36 0.643 16.36 0.524 15.62 0.531 18.79 0.672 19.84 0.675 20.01 0.676

FBP-UNet 27.38 0.910 27.81 0.918 28.44 0.930 29.42 0.885 29.50 0.884 29.54 0.887

DiffusionMBIR 25.98 0.872 27.14 0.877 27.74 0.903 30.52 0.906 30.57 0.906 30.68 0.907

TPDM - - - - - - 14.44 0.141 14.06 0.141 14.54 0.313

DDS 2D 28.05 0.916 27.99 0.916 28.82 0.922 27.92 0.843 27.89 0.835 27.96 0.842

DDS 28.20 0.918 28.17 0.926 29.03 0.934 28.12 0.865 28.06 0.869 28.13 0.879

DiffusionBlend (Ours) 35.38 0.971 35.85 0.972 37.62 0.972 30.43 0.917 31.24 0.920 31.02 0.924

DiffusionBlend++ (Ours) 35.86 0.975 36.03 0.976 37.45 0.976 34.33 0.957 34.48 0.957 34.64 0.956

tbl 5.4 – Comprehensive comparison of quantitative results on Limited-Angle CT Recon-

struction on All Views for AAPM and LIDC datasets. Best results are in bold.

method learned a fully 3D prior and achieved the best results in the sagittal and coronal

views.

Limited-angle CT. Table 5.4 shows all results for limited angle CT reconstruction for

both the AAPM and LIDC datasets. Our DiffusionBlend++ method obtains superior per-

formance over all the baseline methods and DiffusionBlend obtains the second best results.

Similar to the SVCT experiments, DiffusionMBIR performed the best out of the baseline

methods, but took approximately 40 hours to run. FBP-UNet performed reasonably well,

but is a supervised method where the network must be retrained for each specific task.

DDS is the most directly comparable to our method in runtime and methodology, but

performed much worse quantitatively.
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fig 5.5 – Results of CT reconstruction with 8 views on AAPM dataset, coronal view. Dif-

fusionPatch refers to Algorithm 1 with the same partition for every timestsep, and Diffu-

sionBlend+ refers to Algorithm 1 only with partitions of adjacency slices.

Algorithm TV value Difference with gt

DDS 2D 0.0104 0.0044

DDS 0.0031 -0.0034

DiffusionBlend++ (Ours) 0.0043 -0.0022

Ground Truth 0.0065 -

tbl 5.5 – TV values of different reconstruction algorithms on the AAPM test set

Inter-slice smoothness We demonstrate that DiffusionBlend++ learns the 3D prior in-

ternally, and achieves consistency and smoothness between 2D axial-plane slices without

any external regularizations. In Table 5.5, we present the total variation (TV) value of

the reconstructed images of different reconstruction algorithms on the test set of AAPM

dataset, given by
1

C×W×H
||Dz(x)||1, where x is the image, Dz is the total variation op-

erator in z direction, and C , W , H are number of channels, width, and height. We find

that both DiffusionBlend++ and DDS have TV less than the ground truth image, which

implies that the reconstructed images are smooth in the z direction. However, we observe

that DDS over-smooths the images as demonstrated in Fig. 5.5, which is represented by

a much lower TV value than the ground truth. On the other hand, DiffusionBlend++ has

smoothness level close to the ground truth without sacrificing sharpness of images.

Effectiveness of adjacency-slice blending and cross-slice blending Wedemonstrate

that both the adjacency-slice blending and the cross-slice blending module are instrumen-

tal to a better reconstruction quality. Table 5.6 demonstrates the effectiveness of adding

blending modules to the reverse sampling. Given the pretrained diffusion prior over slice

66



Adjacency Cross PSNR ↑ SSIM ↑
34.85 0.954

✓ 36.02 0.965

✓ ✓ 36.48 0.968

tbl 5.6 – Effectiveness of Blending Modules, Sagittal view performance on AAPM

patches, we observe that adding the adjacency-slice blending module improves the PSNR

over a fixed partition by 1.17dB, and adding an additional cross-slice blending module

further improves the PSNR by 1.63dB. Fig. 5.5 demonstrates that adding the cross-slice

blending module removes artifacts and recovers sharper edges.

Ablation Studies We investigated the performance gain due to individual compo-

nents. Details can be found in Appendix A.3.

5.4 Conclusion

In this work, we proposed two methods of using score-based diffusion models to learn pri-

ors of three dimensional volumes and used them to perform CT reconstruction. In both

cases, we learn the distributions of multiple slices of a volume at once and blend the distri-

butions together at inference time. Extensive experiments showed that our method sub-

stantially outperformed existing methods for 3D CT reconstruction both quantitatively

and qualitatively in the sparse view and limited angle settings. In the future, more work

could be done on other 3D inverse problems and acceleration through latent diffusion

models. Image reconstruction methods like those proposed in this chapter have the po-

tential to benefit society by reducing X-ray dose in CT scans.
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CHAPTER 6

Local Patches Meet Global Context: Scalable

3D Diffusion Priors for Computed

Tomography Reconstruction

6.1 Motivation

Diffusion models have emerged as a powerful class of generative model for image genera-

tion [168, 140, 144, 150], modeling the underlying image distribution p(x) through learned

denoising processes across progressively varied noise levels. The trained network approx-

imates the score function of image distribution s(x) = ∇ log p(x). At inference time,

starting from the initialization of Gaussian noise image, the noise signal is iteratively re-

moved using the trained denoiser network, ultimately resulting in clean image samples

drawn from the learned distribution prior p(x).

Inverse problems can be formulated as y = A(x) + n, where y is a known mea-

surement, A is the forward operator, x is the unknown image to be recovered, and n is

random noise. Specifically, computed tomography (CT) reconstruction can also be formu-

lated as an inverse problem that aims to reconstruct a 3D volumex from the measurement

y, containing projection views of x acquired from different angles [59]. Furthermore, to

minimize patient radiation exposure, it is desirable to reduce the number of acquired pro-

jection views, typically on the order of 100-1000 views, to substantially fewer [162, 42],

which is called sparse-view CT reconstruction. In this case, the inverse problem becomes

ill-posed, as there are many potential images x that could correspond to a measurement

y. Hence, it is necessary to impose prior knowledge on x to obtain a reasonable recon-

struction, such as [101, 104] in previous works.

This chapter based on [199]. Equal contribution with Taewon Yang.
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fig 6.1 – Training the 3D patch diffusion model. Noisy 3D patch Gcxt (local details),

downsampled volumeDxt (global context), and positional encoding are concatenated as

inputs to the denoiser networkDθ in each training iteration, to predict the noise ϵθ in the

input noisy 3D patch. Positional encoding consists of voxel-based coordinates in x, y, z
that are normalized to [−1, 1].

Given that diffusion models can learn powerful generative priors over image data, it

is natural to leverage these priors to address sparse-view CT reconstruction problem. Pre-

vious works [39, 95, 181, 115, 45] have proposed various approaches leveraging diffusion

models to solve different inverse problems, including 2D CT reconstruction. These ap-

proaches generally consist of, at inference time, interweaving the original diffusion model

steps with data fidelity enforcement steps that push the image to be consistent with the

measurements.

However, challenges emerge when directly applying these existing approaches to real-

world sparse-view CT tasks, where the images are inherently three-dimensional volumes.

Standard clinical CT images have the full size of 512 × 512 × 512, making it almost in-

feasible to fit the entire image into the network training due to memory constraints. Fur-

thermore, training diffusion models typically requires large-scale datasets [203], often

comprising hundreds of thousands of images such as ImageNet [153] or LSUN [200]. For

CT reconstruction, there is a lack of high-quality volumetric CT data in such scale. Finally,
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training time of diffusion models on 3D images would be prohibitively expensive. Thus,

the high computational costs in memory, time, and data pose significant challenges to

directly train diffusion models on 3D CT images.

To address these challenges, prior works have proposed leveraging 2D image priors,

either by combining themwith hand-crafted external regularization terms [42] or by train-

ing an additional 2D image prior along a perpendicular plane [109]. However, these ap-

proaches tend to produce blurry artifacts due to sensitivity to the hand-crafted regular-

ization term, or require long inference times due to the use of two perpendicular 2D CT

priors. Recently, [162] introduced a new solution to learn the joint distribution over a

small set of 2D slices simultaneously, but the underlying network remains a 2D architec-

ture with multiple channels, needing significant reconstruction time comparable to that

of [41]. However, these methods do not fully realize and exploit the generative capacity

of diffusion models for high-resolution 3D volumetric images. Recent work by Teng et

al. [174] trained a 3D convolutional UNet with 256 × 256 × 30 slabs and used DPS to

reconstruct 256× 256× 120 CT volumes. No 3D image generation was shown.

To overcome these limitations, we propose a novel approach that learns scalable 3D dif-

fusion priors by representing 3D volumes as position-encoded local patches. To ensure

high-quality 3D image generation, our study emphasizes the importance of incorporating

global context. Specifically, by jointly modeling the distribution of local patches alongside

a downsampled version of the entire volume, our method effectively unifies global con-

textual information with local image statistics, to obtain improved global-aware patch

priors. Beyond image generation, the resulting fully 3D prior demonstrates superior per-

formance in large-scale inverse problem solving, such as high-resolution 3D CT recon-

struction. Overall, our contributions are three-fold.

• We propose a novel 3D patch-based diffusion model that learns a fully 3D diffusion

prior, enabling the scalable generation of high-resolution 3D images, and offering

an unprecedentedly efficient and accurate solution to address high-resolution 3D

inverse problems.

• Our key technical contribution is a framework that models the joint distribution of

position-aware 3D local patches and a downsampled 3D volume, enabling scalable

learning of a global-contextual 3D patch-based prior by effectively integrating local

and global information to achieve high-quality 3D image generation.

• Extensive experiments on different datasets and different-sized images show that

our proposed method achieves SOTA performance for 3D sparse-view CT recon-

struction in various settings.
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fig 6.2 – Schematic illustration for zero padding and partitioning image into 3D patches.

Each index i represents one of P 3
possible ways to choose a patch offset tuple.

6.2 Methods

6.2.1 Global-Aware Patch Prior

We begin by following the formulation of learning patch-based priors as described in [82],

but generalized for 3D images. In patch-based diffusion models, one needs first to zero pad

each Nx ×Ny ×Nz image by an amount P on each side. Slightly recycling notation, we

let x denote the resulting padded image. We partition x into many square patches, with

one bordering region of zeros by first choosing the ith patch offset tuple (o1, o2, o3) ∈
{0, . . . , P − 1}3 according to Figure 6.2. The number of patches needed in the x direction

to perfectly tile the image is k1 = Nx/P , and define k2 = Ny/P and k3 = Nz/P as the

number of patches to perfectly tile the image in the y and z directions, respectively. Thus,

the total number of patches needed to cover the image with an offset is l = (k1 + 1)(k2 +

1)(k3 + 1). Hence, our model for the data distribution has the form

p(x) =
1

Z

(
P 3∏
i=1

pi,B(xi,B)
l∏

r=1

pi,r(xi,r)

)1/P 3

, (6.1)

where xi,B represents the bordering region of x that depends on the specific value of i,

pi,B is the probability distribution of that region, xi,r is the rth P × P × P patch when

using the partitioning scheme corresponding to the ith patch offset, pi,r is the probability

distribution of that region, and Z is a normalizing factor. This model takes a product over

all possible patch offsets, eliminating boundary artifacts that would occur if a fixed patch

offset was used.
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Crucially, however, the model (6.1) does not account for global structure within the

whole image or correlation between two distant patches. This can lead to reasonable local

structure within each generated local patches, but a lack of coherent and realistic longer

range details. At the same time, memory constraints in 3D preclude inputting the entire

image into the network that approximates any part of the score function. Motivated by

these considerations, we develop an improved patch-based prior with global context

as follows:

p(x) =

(
P 3∏
i=1

pi,B(xi,B)
l∏

r=1

pi,r(xi,r,Dx)

)1/P 3

/Z, (6.2)

so that now pi,r represents a joint distribution between the local patch xi,r and the down-

sampled imageDx, withD representing an operator that downsamples the whole image

to a smaller image size. (Note that in practice, D may require pixel interpolation if the

whole image dimension is not a multiple of the downsampled image.) Then

log p(x) =
1

P 3

( P 3∑
i=1

(log pi,B(xi,B) +
∑
c

log pc(Gcx,Dx))
)
, (6.3)

where for convenience we reindex the patches with c and Gc denotes the same patch

grabbing operator as aforementioned. To take the gradient of this model, first define u =

Gcx and v = Dx. Then

∇ log p(x) =
1

P 3

(
P 3∑
i=1

∑
c

(G′
c∇u log pc(Gcx,Dx) + D′∇v log pc(Gcx,Dx)) , (6.4)

where we dropped the gradient of the bordering term since it is known to be zero, and we

applied the chain rule. Hence, we can approximate the score functions∇u log pc(Gcx,Dx)

and∇v log pc(Gcx,Dx) with the neural networks su and sv respectively. The denoising

score matching loss is then

L(θ) =
1

P 3
Eϵ∼N (0,σ2

t I)

∥∥∥∥∥
P 3∑
i=1

∑
c

(G′
csu(u,v;θ) +D′sv(u,v;θ))− P 3ϵ/σ2

t

∥∥∥∥∥
2

2

. (6.5)

Note that x̂ = x+ ϵ and now u = Gcx̂,v = Dx̂, and x is sampled from the clean image

distribution but we dropped these terms from the expectation for simplicity.
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Unfortunately, due to the double summation inside of the norm, it is computationally

infeasible to train the network using this loss function. Hence, we first use the inequality

∥X1 + . . .+Xn∥22 ≤ n · (∥X1∥22 + . . .+ ∥Xn∥22), (6.6)

to upper bound the loss (6.5) without the expectation to get

L ≤ C
P 3∑
i=1

∥
∑
c

G′
c∇u log pc(u,v) +D′∇v log pc(u,v)− ϵ/σ2

t ∥22, (6.7)

for a constant C > 0. Therefore, during training we can choose a random i and then

minimize the inner sum. For fixed i, we usually choose each of the patches c in a non-

overlapping way. Unfortunately, theD′
operator upscales the∇v patch-sized term into a

whole image sized term, so the sum over c will contain contributions from each patch for

every pixel. However, the part that is outside the patch c is difficult to learn as the only

contribution is from the upscaled part involving D′
. Thus we instead focus on learning

the patch-specific part inside of the loss. Rewriting the norm part of the loss, this is

Lc ≈ ∥
∑
c

GcG
′
c∇u log pc(u,v) +GcD

′∇v log pc(u,v)−Gcϵ/σ
2
t ∥22. (6.8)

When factoring out the Gc term, we observe that each term in this sum indepen-

dently contributes to one of the non-overlapping patches of the entire image. Hence, when

training the network, we do not have to perform denoising score matching across the

entire image: we need only add noise to the entire image, provide one of the patches

and the downsampled image to the network, and have the network learn to denoise

just the patch Gcϵ. In practice, to represent the joint score functions of Gcx and Dx,

we input Gcx and Dx to the network via concatenation along the channel dimension

(where D is chosen appropriately such that Gcx and Dx are the same size), and repre-

sent ∇u log pc(Gcx,Dx) + ∇v log pc(Gcx,Dx) using single channels of the network

output.

To facilitate the network to learn different prior distributions of 3D local patches at dif-

ferent locations, it is desirable to incorporate the positional information of the 3D patches.

We do this by defining the x positional array as a 3D array representing the x coordinates

of each pixel in the image, and normalizing to be scaled between -1 and 1. Similarly, y

and z positional arrays are defined for y and z coordinates of the pixels, respectively. To

enable the network to learn patch distributions that vary based on location within the im-

age, we extract patches from these positional arrays corresponding to the image patches.
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As shown in Figure 6.1, these positional patches are also concatenated along the channel

dimension withGcx andDx.

In summary, we use a 3DUNet with five input channels: the noisy patch, the downsam-

pled (noisy) image, and the three positional arrays. The network has one output channel,

used to approximate ∇u log pc(u,v) and ∇v log pc(u,v), and is trained according to the

loss (6.8). Most importantly, the spatial dimensions of the input are only in the 3D patch

size of P ×P ×P as shown in Figure 6.1 Therefore, we never need to input the whole 3D

image into the network. The appendix shows the pseudocode for the training algorithm.

6.2.2 Sampling and Reconstruction Algorithm

Diffusion models are inevitably slow, as they typically require hundreds or thousands of

steps to sample one image. Prior works have explored accelerating the diffusion sampling

stage [165, 93, 128], For example, to expedite the sampling process, DDIM [165] proposed

the following update rule

xt−1 =
√
ᾱt−1 x̂t +

√
1− ᾱt−1 − σ2

t ϵ̂t + σtϵt (6.9)

where ϵt ∼ N (0, I), ᾱt−1 is the noise schedule at timestep t− 1, ϵ̂t is the predicted noise

and x̂t is the denoised estimate

x̂t =
1√
ᾱt

(xt −
√
1− ᾱt ϵ̂t). (6.10)

In [165], the stochasticity is controlled by σt that is defined as

σt = η
√

(1− ᾱt−1)/(1− ᾱt)
√
1− ᾱt/ᾱt−1 (6.11)

where η ∈ [0, 1] so that η = 0 leads to fully deterministic sampling. Alternatively, [41]

considers

σt = η
√
1− ᾱt−1, (6.12)

for which (6.9) becomes

xt−1 =
√
ᾱt−1x̂t +

√
1− ᾱt−1(

√
1− η2 · ϵ̂t + ηϵt). (6.13)

Assuming the estimated ϵ̂t and the stochastic ϵ ∼ N (0, I) are independent Gaussians,

ϵ̃ =
√

1− η2 · ϵ̂t + ηϵt is also a Gaussian. Hence, ϵ̃ can equivalently be represented as
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a sample from ϵ̃ ∼ N (0, I). This preservation of noise variance ensures that the model

samples xt−1 from the marginal distribution q(xt−1|x0).

For the underlying sampling algorithm, we choose DDIM [165] as a fast and reliable

sampler that many other works [181, 95, 47] have also used as the backbone for solving

inverse problems. During the sampling step, each update uses (6.13).

The score function model (6.4) allows for estimation of the score of the whole image

from the trained network. However, it requires averaging over P 3
terms in the outer loop,

which would be prohibitively expensive. To address this issue, [82] proposed a method

that, instead of taking the average, chooses one of the terms at random and uses that as

the approximation of the score.

However, when the number of sampling steps is limited, this approach becomes inap-

plicable, introducing boundary artifacts between patches. Also, the sampling process on

one initial point does not consider the joint distribution of pixels across different patches

at the same time step. Here, we propose a novel recurrent noising strategy to further mit-

igate the boundary artifacts when reducing the sampling steps for improving sampling

efficiency. Specifically, at each iteration of DDIM, we denoise and renoise the image forK

times, where in each time a different randomly chosen patch location, and finally average

the results over K times to obtain the sample. The sampling equation is

xt−1 =
√
ᾱt−1x̂

avg
t +

√
1− ᾱt−1 − σ2

t · ϵ̂t + σtϵt (6.14)

where σt is equal to (6.12), x̂avg
t is the averages of {x̂iw,t}Kw=1 and ϵ̂t is the scaled sum of

{ϵiw,t}Kw=1, computed overK randomly chosen patch locations iw. Here, noise variance is

preserved similar to (6.13), allowing this method to sample from q(xt−1|x0).

Previous works [41, 162] showed that conjugate gradient method allows the model

to apply data consistency with measurement much faster. At each timestep t, using the

denoised estimate (6.10) we apply conjugate gradient method on the following forward

operatorA:

x̂′
t = CG(A∗A,A∗y, x̂t,M) (6.15)

where the CG operator runs M CG steps for the equation A∗y = A∗Ax. We apply

this data consistency term afterK iterations and then apply DDIM sampling to solve the

inverse problem. To summarize, our proposed sampling algorithm is shown in 4.
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Algorithm 4 3D Patch Diffusion Sampling with Recurrent Noising

Require: Recurrent noising number K ,A, y, P
1: Initialize xT ∼ N (0, I)
2: for t = N : 1 do
3: for w = 1 : K do

4: Randomly select integer iw ∈ [1, P 3]
5: For 1 ≤ r ≤ l, extract 3D patches xi,r,t

6: for r = 1 : l do
7: x̂iw,r,t, ϵiw,r,t ←Dθ(xiw,r,t, σt)
8: end for

9: Concatenate all x̂iw,r,t to entire volume x̂iw,t

10: Concatenate all ϵiw,r,t to entire volume ϵiw,t

11: ϵ ∼ N (0, I)
12: xt ←

√
ᾱtx̂iw,t +

√
1− ᾱtϵ

13: end for

14: x̂avg
t =

K∑
w=1

x̂iw,t/K , ϵ̂t =
K∑

w=1

ϵiw,t/
√
K

15: Set x̂′
t = CG(A∗A,A∗y, x̂avg

t )
16: Sample xt−1 via DDIM using (6.9)

17: end for

6.3 Results

6.3.1 Experimental Setup

Dataset preparation. We conducted experiments using the LIDC-IDRI dataset [6]. The

original dataset has a spatial resolution of 512× 512 in the XY-plane, with varying sizes

along the Z-axis. In our experiments, we selected the first 256 slices along the Z-axis and

filtered out samples with inconsistent shapes. To ensure comparability with contempo-

rary comparison methods, we initially rescaled each XY-plane to 256× 256. This prepro-

cessing resulted in 90 volumes for training and 1 volume for testing. We also performed

experiments on the AAPM dataset [135] that contains only 10 CT volumes, to evaluate

our method’s performance with a limited amount of data. This dataset was preprocessed

in the same manner as the LIDC-IDRI dataset. To demonstrate that our approach can be

extended to larger volumes, we additionally prepared a version of the LIDC-IDRI dataset

with clinically relevant dimensions of 512× 512× 256.

Baseline setting. For the LIDC-IDRI dataset, the model was trained for approximately

8 days with a batch size of 64 and a patch size of 32 × 32 × 32. For the AAPM dataset,

which contains only 9 volumes, we trained the model from scratch for 5 days using the

76



same batch and patch sizes. For the larger LIDC-IDRI dataset, the model was trained for

28 days with a batch size of 16 and a patch size of 64 × 64 × 32. All training was done

on a single NVIDIA A100 GPU. We applied our proposed sampling method using K = 2

and η = 0.8 for both 256× 256× 256 and 512× 512× 256 volumes. The total number of

model parameters is 68.59 million.

6.3.2 Unconditional 3D Image Generation

Our proposed method is able to learn a fully 3D prior on 256 × 256 × 256 sized CT vol-

umes, allowing it to generate high quality volumes.We used (6.13) withK = 1 and η = 0.4

and 200 steps for unconditional sampling. Figure 6.3 shows unconditional volume sam-

ples from LIDC-IDRI prior, visualized across axial, coronal, and sagittal slices. The top

row shows slices from an unconditionally sampled volume, while the bottom row shows

the nearest-neighbor volume from the training dataset. These results indicate that the

proposed prior does not simply memorize from the training dataset and is capable of

generating realistic high-resolution 3D CT volumes with fine-grained details of anatomic

structure. Further generation results on different prior are in the appendix.

fig 6.3 – Unconditional 3D image generation results using the LIDC-IDRI prior. The

top row shows axial, coronal, and sagittal slices from a generated volume, and the bot-

tom row shows the corresponding slices from its nearest-neighbor volume in the training

dataset. The slice indices for the axial, coronal, and sagittal views are [30, 80, 130, 180, 230],
[70, 100, 130, 160, 190], and [60, 130, 160, 190, 210], respectively

6.3.3 Solving Inverse Problems

We conduct experiments of sparse-view CT (SVCT) reconstruction from 8, 20, and 60

views on one of the test volumes. The results in Table 6.1 and Figure 6.4 demonstrate that

our method is able to reconstruct high-quality images. Furthermore, we compared our

proposed method with various classical methods and diffusion model methods for 3D CT

reconstruction. We used the filtered back projection method with a ramp filter, whose

implementation is found in [42]. We also used the total variation (TV) regularizer and
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tbl 6.1 – PSNR (dB) comparison of various methods for CT reconstruction on different

datasets and resolutions with best results in bold.

Dataset / Method LIDC (256× 256× 256) LIDC (512× 512× 256) AAPM (256× 256× 256)

Views 8 20 60 8 20 60 8 20 60

FBP 15.08 20.21 29.37 14.46 20.05 28.02 13.81 18.39 27.71

ADMM-TV 21.15 24.12 29.43 22.47 25.39 29.38 23.71 26.75 31.28

FBP-UNet [89] 22.60 27.77 32.78 26.09 30.32 35.34 25.93 30.06 36.93

DDS [41] 23.23 29.92 35.79 24.37 27.33 28.61 30.18 34.94 38.87

DiffusionBlend [162] 30.43 35.89 40.87 31.69 35.94 39.32 – – –

Blend + FT [162] 32.94 37.05 42.72 33.01 36.44 39.31 32.25 37.21 42.21

Proposed 33.06 38.56 43.70 33.17 37.33 40.16 32.96 38.47 42.66

solved the optimization problem using ADMM (ADMM-TV) with the implementation in

[74]. For the other baseline, we implemented FBP-UNet [89] which is a supervised method

that involves training a UNet that maps FBP reconstruction to the clean image. Since FBP-

UNet is a 2D method, we learned a mapping between 2D slices and then stacked the 2D

slices to get the final 3D volume.

For diffusion model methods, we ran DDS [41] and DiffusionBlend [162]. To obtain

the best possible results for DiffusionBlend, we used the trick in the original work that

involved taking a network that was pretrained on ImageNet and then finetuning it on the

relevant CT dataset. Thus, we specifically ran DiffusionBlend++ with the prior trained

on groups of 3 slices. To illustrate the effect of using the pretrained network, we show

experiments both with the finetuning method (Blend+FT) and with networks that were

trained from scratch on the CT datasets. Since our proposed method does not rely on a

pretrained network, the most fair comparison is with [162] without a pretrained network;

nevertheless we showed both results to illustrate how our proposed method can obtain

superior results. Both of these methods were run with 200 sampling steps. The appendix

provides the experiment parameters.

6.3.4 Ablation studies

We conducted ablation studies to analyze the factors that may influence the performance

of our 3D patch diffusion model.
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tbl 6.2 – Per volume runtimes of different methods for 8 view CT recon.

Method Runtime (minutes) ↓

FBP 0.1

ADMM-TV 6

FBP-UNet 1

DDS 64

DiffusionBlend 55

Proposed 20

1200

800

ADMM-TV FBP-UNet Blend+FT Proposed Ground truth

fig 6.4 – Results of our proposed method and comparison methods for 20 view CT recon

on LIDC 256 × 256 × 256 dataset. Images are shown in modified Hounsfield units. The

top row shows the axial slice and the bottom row shows the sagittal slice from the recon-

structed volume.

Impact of downsample channel. Downsample channel plays a critical role in our

method, allowing the model to learn the global structure. Without the downsample chan-

nel the model will only learn the local relationship between patches, failing to generate

realistic CT images. To validate this, we compared the generation quality of the 3D patch-

based diffusion model with and without the downsample channel using the Fréchet Incep-

tion Distance (FID), as shown in Fig. 6.3.

Impact of patch size. Consider an extreme case where the patch size is 1×2. According
to ourmodeled prior distribution in (6.1), using such small patches is theoretically valid but

unlikely to fully capture image statistics. To better understand this behavior, we examined

how patch size affects the model’s performance on inverse problem tasks. We trained
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tbl 6.3 – FID comparison with and without downsample channel

Method w. downsample w.o. downsample

FID ↓ 40.80 112.12

models with varying patch sizes, which is feasible due to the input-size-agnostic property

of U-Net architectures. Patch sizes were chosen by dividing the full volume size by a

scaling factor. For example, a scaling factor of 8 on a 256×256×256 volume corresponds

to patches of size 32 × 32 × 32. Since the data are volumetric, doubling the patch size

in each dimension reduced the batch size by a factor of 8. As a result, smaller patches

train faster in wall-clock time: the factor-16 setting converges within 3 days, whereas the

factor-8 setting requires approximately 8 days on 256× 256× 256 volumes.

Experimental results indicate that as the patch size decreases, the model failed to

capture meaningful semantic structure, leading to reduced PSNR on the sparse-view CT

(SVCT) task. As shown in Table 6.4, model performance degrades as the scaling factor in-

creases. This observation suggests that when patches become too small relative to the full

image, they behave more like individual pixels. Consequently, the model can no longer

learn a coherent image-level prior, causing (6.1) to describe a less effective model.

tbl 6.4 – PSNR in dB of different patch and volume size

Factor 256× 256× 256 512× 512× 256

8 33.06 33.17

16 27.87 31.71

Impact of recurrent noising during sampling process. This section explores how

recurrent noising affects the reconstruction quality. To understand how the number of

iterations K affects the reconstructed images, we tested on the 8-view SVCT task with

200 sampling steps. Table 6.5 shows that recurrent noising during sampling (K > 1)

yielded higher PSNR than reconstruction without any recurrent noising (K = 1). The

PSNR peaked at K = 2 and gradually decreased as K increased. We conjecture that this
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tbl 6.5 – PSNR in dB of different K , with best results in bold

K 8 view 20 view 60 view

1 32.53 38.18 43.46

2 33.06 38.56 43.70

3 32.97 38.43 43.52

4 32.74 38.15 43.44

is because the estimated ϵ̂t is not strictly sampled from a Gaussian distribution, causing

error accumulation as K increases.

6.4 Conclusion

In this chapter, we propose a novel 3D patch-based diffusion model that is conditioned

with downsampled volume and coordinates to enable learning the 3D CT image prior in

an efficient way. By learning from the local patches coupledwith global context, ourmodel

is able to generate high-resolution 3D images. Experiments across different volume sizes

and CT datasets showed that our method achieve SOTA results on SVCT reconstruction

while reducing inference time bymore than 2×. One of the limitations is that our approach

assumes the data is well aligned to a consistent coordinate, whichmay reduce applicability

to less structured image domains. In the future, we plan to investigate alternative methods

that allow the model to learn the positional information of the patch, thereby improving

robustness in less structured data.
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CHAPTER 7

Test-Time Adaptation Improves Inverse

Problem Solving with Patch-Based Diffusion

Models

7.1 Motivation

In imaging, inverse problems are important and consist of reconstructing an imagex from

ameasurement y = A(x)+ϵ. Here,A represents a forward operator and ϵ represents ran-

dom unknown noise. By Bayes’ rule, log p(x|y) is proportional to log p(x) + log p(y|x),
so obtaining a good prior p(x) is crucial for recovering x when y contains far less infor-

mation than x. Diffusion models obtain state-of-the-art results for learning a strong prior

and sampling from it, so competitive results can be obtained when using them to solve

inverse problems [43, 39, 162, 181, 96, 115].

However, these diffusion inverse solvers (DIS) require well-trained diffusion models,

which in turn require large amounts of clean training data [168, 73]. It may be infeasible

to collect large training data sets in many applications such as medical imaging [43, 167,

86], black hole imaging [61, 60], and phase retrieval [115, 188]. For example, in practical

applications such as dynamic CT reconstruction [147] and single photon emission CT

[118], obtaining high quality measurements, which can lead to reconstructions closely

approximating the ground truth, can be slow or potentially harmful to patients, so only

very small datasets of clean images are available. Moreover, for very challenging inverse

problems such as black hole imaging [61] and Fresnel phase retrieval [71], no ground truth

images are known, so one must obtain a reconstruction from only a single measurement

y.

This chapter based on [81].
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In these practical applications with extremely limited or even nonexistent available

data (measurement-only), it can be difficult or even impossible to train a diffusion model

to approximate the underlying distribution well. Therefore, it is desirable to develop a

method that can be applied regardless of dataset limitations. In this paper, we investi-

gate applying a self-supervised loss at reconstruction time that allows the network to be

adapted to the test data. Specifically, we investigate three different settings with various

data availability ranging from nonexistent, limited, and abundant training data: (1) the

dataless setting in which no training data is available and we are only given measurement

y, (2) the small dataset setting in which we are only given a small number of samples x

that belong to the same distribution as the test dataset, (3) and the in-distribution setting

in which we have sufficient training data of the same distribution as the test dataset. Our

goal is to develop methods that can be used to adapt the trained model to testing data in

these settings with varying training data availability.

Recently, some previous works have aimed to address these problems by demonstrat-

ing that diffusion models have a stronger generalization ability than other deep learning

methods [86], and that slight distribution mismatches between the training data and test

data may not significantly degrade the reconstructed image quality. However, in cases

of particularly sparse or noisy measurements, as well as when the test data is severely

out of distribution (OOD) with a significant domain shift, an improper choice of training

data leads to an incorrect prior that causes substantial image degradation and hallucina-

tions [61, 10]. To address these challenges in the dataless setting, recent works first train

a network on a large sample of synthetic data that may differ greatly from the test data.

Then, at reconstruction time, the trained diffusion network is updated based on the mea-

surement y [10, 47]. This adaptation aims to shift the underlying prior learned by the net-

work towards the appropriate prior corresponding to the test data distribution. However,

with the large number of network parameters, a parameter-sensitive network adaptation

approach is required at test time to avoid overfitting to the measurement. Furthermore,

these methods have not been tested in the small dataset setting, and in the in-distribution

setting, excessive network refining yields inconsistent improvement and degradation in

the reconstructed image [10, 47].

Patch-based diffusion models have shown success both for image generation [183, 55]

and for inverse problem solving [82]. In particular, the method of [82] involves training

networks that take in only patches of images at training and reconstruction time, learning

priors of the entire images from only image patches based on positional encoding. In cases

of limited training data, [82] shows that patch-based diffusion models outperform whole

image models for solving certain inverse problems. These works motivate our key insight
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that patch-based diffusion priors potentially obtain stronger generalizability than whole-

image diffusion priors for both the dataless setting and the small dataset setting, given

a severe lack of data. Inspired by this, we propose to use patch-based diffusion models

to tackle the challenges arising from data limitations and mismatched distributions in a

unified way. We first develop a test-time adaptation method to take a network trained on

patches from a mismatched distribution and adapt it on the fly at reconstruction time. We

then show that this method can improve image quality consistently in all three settings
with varying data availability ranging from abundant, to limited and nonexistent.

In summary, our contributions are as follows:

• We integrate the patch-based diffusionmodel with the deep image prior (DIP) frame-

work to take a network trained on a mismatched distribution and adapt it at recon-

struction time towards the test-time distribution using a self-supervised loss.

• Experimentally, we find this approach of test-time diffusion adaptation leads to im-

proved image quality both in terms of quantitative and qualitative metrics, outper-

forming using whole-image diffusion models under the same setting. In particular,

even when the diffusion model was trained in-distribution, test-time adaptation of-

fers an additional improvement.

• Theoretically, we show that in certain cases, using the self-supervised loss with

a patch-based prior leads to a beneficial form of data augmentation compared to

whole-image diffusion prior, providing further justification for the superior gener-

alizability of adapting the patch-based prior.

7.2 Methods

This section extends the patch-based diffusion model framework of [82] so that it can be

applied with the self-supervised loss for test-time adaptation.

7.2.1 Patch-based prior

We first zero pad theN ×N image by an amount P on each side and model the resulting

padded image x. When choosing the ith patch offset tuple (o1, o2) ∈ {0, . . . , P − 1}2 in
Figure 7.1, we partition x into many square patches and one bordering region consisting

of all zeros. Since k = N/P patches are needed in one direction to perfectly cover the
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N+2P

N+2P

i-th Patch 
Offset

fig 7.1 – Schematic for zero padding and partitioning image into patches. Each index i
represents one of P 2

possible ways to choose a patch offset tuple.

image, our model for the data distribution has the form

p(x) =
1

Z

P 2∏
i=1

pi,B(xi,B)

(k+1)2∏
r=1

pi,r(xi,r), (7.1)

where xi,B represents the bordering region of x that depends on the specific value of i,

pi,B is the probability distribution of that region, xi,r is the rth P × P patch when using

the partitioning scheme corresponding to the value of i, pi,r is the probability distribution

of that region, and Z is a normalizing factor. This model uses many possible tilings of the

image, eliminating boundary artifacts that would occur if only one tiling was used.

For training, we use a neural network Dθ(x, σt) that accepts a noisy image x (or a

patch of that image) and the noise level σt. For each patch, we define the x positional

array as the 2D array consisting of the x positions of each pixel of the image, scaled

between -1 and 1, and the y positional array is similarly defined for the y positions. To allow

the network to learn different patch distributions at different locations in the image, we

extract the corresponding patches of these positional arrays and concatenate them along

the channel dimension of the noisy image patch and treat the entire array as the network

input. Since we are using a patch-based prior, we perform denoising score matching on

patches of an image instead of the whole image. Hence, the training loss is given by

argmin
θ

Et∼U(0,T )Ex∼p(x)Eϵ∼N (0,σ2
t I)
∥Dθ(x+ ϵ, σt)− x∥22, (7.2)
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where here x ∼ p(x) represents a patch drawn from a sample of the training dataset, σt

is a predetermined noise schedule, and U denotes the uniform distribution. See [82] and

Appendix A.4.3 for more details about the patch-based training process.

7.2.2 Diffusion self-supervision

We first review how to apply the self-supervised loss in conjunction with diffusion mod-

els. For each specific measurement y, the original DIP framework optimizes the network

parameters θ via the self-supervised loss (2.5) from the predicted reconstructed image. Dif-

fusion models provide a prediction of the reconstructed image at each timestep: namely,

the expectation of the clean image E[x0|xt] is approximated by the denoiser Dθ(xt) via

Tweedie’s formula. Then the expectation conditioned on themeasurementE[x0|xt,y] can

be obtained through one of many methods of enforcing the data fidelity constraint. That

conditional expectation should be used in test-time adaptation of diffusion models.

We begin with the unconditional expectation by leveraging the patch-based prior. Fol-

lowing (7.1), we apply Tweedie’s formula to express the denoiser of x solely in terms of

denoisers of the patches of x. Because the outermost product is computationally very ex-

pensive, in practice we approximate Dθ(x) using only a single randomly selected value

of offset index i for each denoiser evaluation:

Dθ(x) ≈ Di,B(xi,B) +

(k+1)2∑
r=1

Di,r(xi,r). (7.3)

By definition, Di,B(xi,B) = 0 and we compute each Di,r(xi,r) with the network. Note

that (7.3) provides an unconditional estimate of the clean image; to obtain an approximate

conditional estimate Dθ(xt|y) of the clean image, we run C iterations of the conjugate

gradient descent algorithm for minimizing ∥Ax−y∥2, initialized with the unconditional

estimate [41].

The image that is being reconstructed might not come from the distribution of the

training images. Hence, the estimate Dθ(xt|y) may be far from the true denoised image.

Thus, we use y to update the parameters of the network such that Dθ(xt|y) becomes

more consistent with the measurement:

θ ← argmin
θ
∥y −ADθ(xt|y)∥22. (7.4)

Previously, additional LoRA parameters [78] were used as an injection to the network

to leave the original parameters unchanged during this process [10, 47]. However, the
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Algorithm 5 Test-time Adapted Diffusion Inverse Solver

Require: σ1 < σ2 < . . . < σT , ϵ > 0, P,C,y, K
Initialize x ∼ N (0, σ2

TI)
for t = T : 1 do

if t mod K = 0 then
Compute Dθ(xt) using (7.3) with a random index i
Run C iterations of CG initialized with Dθ(xt) to obtain Dθ(xt|y)
Define L(θ) = ∥y −ADθ(xt|y)∥22
Update θ by backpropagating L(θ)

end if

Sample z ∼ N (0, σ2
t I)

Set αt = ϵ · σ2
t

Compute D(xt) using (7.3) with a random index i
Run C iterations of CG for (2.7) initialized with D(xt)
Set st = (D − xt)/σ

2
t

Set xt−1 to xt +
αt

2
st +

√
αtz

end for

effect of using different ranks for LoRA versus other methods of network fine-tuning on

DIS has not been studied extensively, so we opt to update all the weights of the network

in this step. Appendix A.4.1 shows results from using the LoRA module.

Crucially, iterative usage of CG for computing the conditional denoiser allows for sim-

ple and efficient backpropagation through this loss function, a task that would be much

more computationally challenging if another DIS such as [39] or [181] were used. Further-

more, because the number of diffusion steps is large and the change in xt is small between

consecutive timesteps, we apply this network refining step only for certain iterations of

the diffusion process, reducing the computational burden.

After this step, we apply the refined network to compute a new estimate of the score of

xt and then use it to update xt. Similar to the network refining step, we use the stochastic

version of the denoiser given by (7.3) rather than the full version. Ref. [82] showed that for

patch-based priors, Langevin dynamics [166] worked particularly well as a sampling algo-

rithm, so we used it here in conjunction with CG steps to enforce data fidelity. Algorithm

5 summarizes the entire test-time adapted method for solving inverse problems.

7.2.3 Patch-based training

In the small dataset and in-distribution settings, we are provided clean training images

that can be used to train the patch-based network. In the small dataset setting, the dataset

87



is too small to directly train a diffusion model from scratch, so we initialize the training

process with a checkpoint trained on a different large dataset and then fine-tune this

checkpoint on the small dataset. Works such as [138] and [207] found that this fine-tuning

process allows diffusion models to be trained with a much smaller dataset than would

otherwise be required. On the other hand, for the in-distribution setting, we initialize the

weights of the network randomly and train on the large in-distribution dataset.

Ref. [183] found that training with varying patch sizes improved image generation

performance compared to fixing the patch size to that used during inference. Here, we also

applied a varying patch size scheme during fine-tuning as a method of data augmentation.

We used the UNet architecture in [73] that can accept images of different sizes. Hence, the

loss becomes

argmin
θ

Et∼U(0,T )Ex∼pd(x)Eϵ∼N (0,σ2
t I)
∥Dθ(x+ ϵ, σt)− x∥22, (7.5)

where x ∼ pd(x) represents drawing a patch of random size and location from an image

belonging to the fine-tuning dataset. Appendix A.4.3 provides full details of the training

process.

7.2.4 Theoretical Analysis

1200

800

FBP ADMM-TV PnP-ADMM Whole image

Patches Whole+SS Patches+SS Ground truth

fig 7.2 – Dataless setting: Results of 60 view CT reconstruction using self supervised (SS)

loss. The display uses modified HU units to show more contrast between organs.
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This section provides a rough sketch of why Algorithm 5 should work better for the

patch-based model compared to a whole-image model. Firstly, rewrite (7.3) as follows:

D(x) =
∑
c

G′
cDθ(Gcx, c), (7.6)

where c denotes the patch location, Gc denotes a patch extracting operator that extracts

the patch corresponding to location c from the whole imagex. ThusG′
c is an operator that

takes a patch and returns a whole image with the corresponding patch filled in (and the

rest of the entries are zeros). Note that c is input to the patch-based network Dθ through

positional encoding.

Now we analyze (7.4) using this framework. The loss function for self-supervision is

given by:

L(θ) =

∥∥∥∥y −A
∑
c

G′
cDθ(Gcx, c|y)

∥∥∥∥2
2

. (7.7)

For inverse problems such as superresolution and CT reconstruction,A is a wide ma-

trix that has full row rank. Hence, even when the measurement y is noisy, there exists

some x0 with y = Ax0. Then we have

L(θ) =

∥∥∥∥A(x0 −
∑
c

G′
cDθ(Gcx, c|y))

∥∥∥∥2
2

(7.8)

L(θ) ≤ ∥A∥22
∥∥∥∥x0 −

∑
c

G′
cDθ(Gcx, c|y)

∥∥∥∥2
2

(7.9)

= ∥A∥22
∥∥∥∥∑

c

G′
cGcx0 −

∑
c

G′
cDθ(Gcx, c|y)

∥∥∥∥2
2

, (7.10)

where in the last step, we have used the fact that at each diffusion iteration, the patches

are nonoverlapping. Thus,

L(θ) ≤ ∥A∥22
∥∥∥∥∑

c

G′
c(Gcx0 −Dθ(Gcx, c|y))

∥∥∥∥2
2

. (7.11)

Nowwe have a sum of the form ∥z1+. . .+zn∥22, which [162] showed to be upper bounded
byK(∥z1∥2+ . . .+∥zn∥22) for a fixed constantK . Applying this inequality and absorbing
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∥A∥22 into the constant, we have

L(θ) ≤ K
∑
c

∥G′
c(Gcx0 −Dθ(Gcx, c|y))∥22 (7.12)

= K
∑
c

∥Gcx0 −Dθ(Gcx, c|y)∥22 (7.13)

A similar derivation for the whole image model shows that the loss in that case is

bounded by

Lw(θ) ≤ K∥x0 −Dθ(x|y)∥22. (7.14)

Table A.18 shows that performance is improved by using more backpropagation iter-

ations for the loss function; hence, although in practice we only perform a fixed number

of iterations for speed, optimally we should aim to reduce the loss L(θ) to zero. Observe

that (7.13) has the same form as the loss that would be used for refining the network with a

whole image model (7.14). However, now instead of a loss of a single image, we now have

individual losses of many patches of an image. For example, the experiments of Table 7.1

used 25 patches to tile each image for each diffusion iteration, so we had 25 losses. This

method of data augmentation helps explain why the patch-based model obtains better

performance than the whole-image model when performing test-time adaptation. We ad-

ditionally note that although the positional encoding input into the network is different

for each patch, the network does not separately learn a distribution for each position, as

the weights are shared across these different positions. This is analogous to the analysis of

[54], where a single diffusion model was trained on the 1000 classes of ImageNet with the

class label of the image being included as an additional input to the network. Since each

class only had around 1000 images, it would have been very difficult to train a diffusion

model on only one of the classes, but by training across all the classes at once, a much

better network can be trained.

7.3 Experiments

This section reports empirical results on sparse-viewCT reconstruction, image deblurring,

and image super-resolution. For each computational imaging application, we illustrate the

benefits of using the self supervised (SS) loss in all three of the settings described in the

introduction: dataless (zero-shot SS), small dataset (fine tuning followed by SS), and in-
distribution (where one might expect SS to be counter-productive).
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Measurement ADMM-TV PnP-ADMM Whole image

Patches Whole+SS Patches+SS Ground truth

fig 7.3 – Dataless setting: Results of deblurring using test-time adaptation via the self

supervised (SS) loss and several comparison methods.

Experimental setup. For the CT experiments, we used the AAPM 2016 CT challenge

data from [135].We applied the same data processingmethods as in [82]with the exception

that we used all the XY (transaxial) slices of size 256 × 256 from the 9 training volumes

to train the in distribution networks, yielding a total of 5936 slices. For the deblurring

and superresolution experiments, we used the CelebA-HQ dataset [126] with each image

having size 256 × 256. The test data was a randomly selected subset of 10 of the images

not used for training. In all cases, we report the average metrics across the test images:

peak SNR (PSNR) in dB, and structural similarity metric (SSIM) [185].

In the dataless and small dataset settings, since there is insufficient data from the test

distribution to train the diffusion model well, we first trained the network using gener-

ated synthetic data. This data consisted of phantom images consisting of randomly placed

ellipses of different shapes and sizes. See Fig. A.37 for examples. These phantoms can be

generated on the fly in large quantities. We used networks trained on grayscale phantoms

for the CT experiments and networks trained on RGB phantoms for the deblurring and

superresolution experiments. Appendix A.4.2 contains precise specifications of the phan-

toms. Then in the small dataset setting, we fine-tuned the network (originally trained

on the phantom images) on the small dataset. The small dataset consisted of 10 images

randomly selected from the in-distribution training set; we also ran ablation studies us-

ing different quantities of in-distribution data in Appendix A.4.1. In contrast, for the in-

distribution setting, there was sufficient data to directly train a diffusion model on the

in-distribution data, so we initialized the network weights randomly and trained only on

the in-distribution dataset.
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We trained the patch-based networks with 64 × 64 patches and used a zero padding

value of 64, so that 5 patches in both directions were used to cover the target image. We

used the network architecture in [93] for both the patch-based networks and whole-image

networks. All networks were trained on PyTorch using the Adam optimizer with 2 A40

GPUs.

Diffusion test-time adaptation. To evaluate the effectiveness of test-time adapta-

tion, we applied Algorithm 5 to solve each of the inverse problems. For the forward and

backward projectors in CT reconstruction, we used the implementation provided by the

ODL [173]. We performed two sparse-view CT (SVCT) experiments: one using 20 projec-

tion views, and one using 60 projection views. Both of these used a parallel-beam forward

projector where the detector size was 512 pixels. For the deblurring experiments, we used

a uniform blur kernel of size 9× 9 and added white Gaussian noise with σ = 0.01 where

the clean image was scaled between 0 and 1. For the superresolution experiments, we

used a scaling factor of 4 with downsampling by averaging and added white Gaussian

noise with σ = 0.01.

For the comparison methods, we ran experiments that directly used the diffusion

model without test-time adaptation. In particular, we used the network trained only on

phantoms for the dataless setting, the fine-tuned network in the small dataset setting,

and the in-distribution network in the last setting. We used the same sampling algorithm

(Langevin dynamics) and inverse problem solving method (conjugate gradient descent) as

Algorithm 5, but removed the test-time adaptation step. Additionally, for these diffusion

model methods, we implemented both the patch-based version as well as the whole-image

version. The whole-image networks were trained with the loss function in (4.3) and used

the same network architecture as the patch-based models, but the input of the network

was the entire image and did not contain positional encoding information.

We also compared with more traditional methods: applying a simple baseline, recon-

structing via the total variation regularizer (ADMM-TV), and two plug and play (PnP)

methods: PnP-ADMM [196] and PnP-RED [83]. For CT, the baselinewas obtained by apply-

ing the filtered back-projectionmethod to themeasurementy. For deblurring, the baseline

was simply equal to the blurred image y. For superresolution, the baseline was obtained

by upsampling the low resolution image y using nearest-neighbor interpolation. The im-

plementation of ADMM-TV is in [74]. Finally, since we assume we do not have access

to a large sample of clean training data, we used the off-the-shelf denoiser BM3D [49].

Appendix A.4.3 contains the values of all the parameters of the algorithms.

Tables 7.1, 7.3, and 7.4 show the main results for the dataless, small dataset, and in-

distribution settings, respectively. In the latter two settings, we chose to redisplay only
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tbl 7.1 – Comparison of quantitative results on four different inverse problems in the

dataless setting with the self-supervised loss (SS). Results are averages across all images

in the test dataset. Best results for practical use are in bold.

Method

CT, 20 Views CT, 60 Views Deblurring Superresolution

PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑
Baseline 24.93 0.613 30.15 0.784 23.93 0.666 25.42 0.724

ADMM-TV 26.81 0.750 31.14 0.862 27.58 0.773 25.22 0.729

PnP-ADMM [196] 30.20 0.838 36.75 0.932 28.98 0.815 27.29 0.796

PnP-RED [83] 27.12 0.682 32.68 0.876 28.37 0.793 27.73 0.809

Whole image 28.11 0.800 33.10 0.911 25.85 0.742 25.65 0.742

Patches [82] 27.44 0.719 33.97 0.934 26.77 0.782 26.12 0.759

Whole+SS [10] 33.19 0.861 40.47 0.957 29.50 0.831 27.07 0.701

Patches+SS (Ours) 33.77 0.874 41.45 0.969 30.34 0.860 28.10 0.827

the results of the best baseline out of the baseline, ADMM-TV, PnP-ADMM, and PnP-RED

shown in Table 7.1 and labeled that row "Best baseline." Particularly for the dataless set-

ting, applying the test-time adaptation method yields much higher quantitative results

when averaged across the test dataset than simply using the pretrained diffusion model

in all the inverse problems. However, we observe that even when the pretrained diffusion

model was trained on the large in-distribution dataset, including the test-time adapta-

tion step still resulted in further improvement in image quality. Thus, in contrast with

many other self-supervised methods such as DIP, our method can avoid overfitting to

the measurement and even benefit from test-time refinement. Appendix A.4.1 further ana-

lyzes overfitting and shows that by increasing the number of network refining iterations

done per diffusion iteration, the image quality does not drop, indicating that overfitting

is avoided. We further note that in all three settings, when using the self-supervised loss,

the patch-based prior outperformed the whole image prior, which is consistent with our

theoretical analysis of Algorithm 5. Lastly, Fig. 7.2 shows that some artifacts appear in the

whole-image SS method that are absent in our patch SS method.

We also ran ablation studies to examine the effect of various parameters on the pro-

posed method. [10] and [47] used the LoRA module for solving single-measurement in-

verse problems with diffusion models. We tested this method for CT reconstruction and

93



deblurring with different rank adjustments and found this method to be inferior to mod-

ifying the weights of the entire network. We also ran experiments using networks with

different numbers of weights. Appendix A.4.1 shows the results of these experiments.

The initial motivation of using patch-based diffusion models was partially to solve

high resolution imaging problems [82]. To show that our method scales to larger images,

we ran experiments on 60 view CT reconstruction and deblurring with 512× 512 images

in the dataless setting. For the CT experiments, we still used the AAPM dataset [135]

processed in the same way as for Table 7.1, but kept the slices in their original size of

512× 512. For deblurring, we used the FFHQ dataset [94] which contains images of size

512 × 512. We scaled each of the RGB channels to between 0 and 1. We used a uniform

blur kernel of size 17× 17 and added noise with σ = 0.01. We used the same patch-based

networks trained for Table 7.1 as initializations for these out of distribution experiments.

Since the patch size at reconstruction time was kept to be 64 × 64 as before, we used 9

patches in both directions (for 81 total) to tile each image. Table 7.2 shows results of these

experiments, where our method obtained the highest quality reconstruction. Although

the improvement is modest, note that we trained the patch-based model on phantoms

images of size 256× 256, which is extremely far out of distribution from the test dataset.

tbl 7.2 – Results of inverse problem solving in dataless setting for 512× 512 images.

Method CT, 60 views Deblur

PSNR↑ SSIM ↑ PSNR↑ SSIM ↑

Baseline 28.33 0.700 24.11 0.649

ADMM-TV 29.36 0.788 28.14 0.760

PnP-ADMM 37.48 0.910 29.77 0.812

Patch, naive 29.32 0.793 26.58 0.749

Patch, SS 37.82 0.919 30.35 0.825

Small dataset fine-tuning. We further examined the effects of fine-tuning the net-

works using the small dataset with the patch-based model and the whole image model.

Figures 7.6 and 7.7 further investigate the effect of overfitting. For different amounts of

training time using the small in-distribution dataset, we ran the reconstruction algorithm

for 60-view CT. While the whole-image model exhibited substantial image degradation

when the network was fine-tuned for too long, the patch-based model retained relatively
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FBP ADMM-TV PnP-ADMM Patches Patches+SS Ground truth

fig 7.4 – Results of 60 view reconstruction on 512 × 512 images in dataless setting dis-

played in Hounsfield units.

Measurement ADMM-TV PnP-ADMM Patches Patches+SS Ground truth

fig 7.5 – Results of deblurring on 512× 512 images in dataless setting.

stable performance throughout the entire training process. This illustrates that whole-

image diffusion models exhibits severe overfitting problems when only a small amount of

training data is unavailable, similar to the original DIP method. Furthermore, patch-based

diffusion models assist greatly with this problem and the results are evident for solving

inverse problems.

To look at the priors learned by the different models from fine-tuning, we uncondition-

ally generated images from the checkpoints obtained by fine-tuning on the 10 image CT

dataset. Figure 7.9 shows a subset of the generated images where we used the checkpoints

obtained after 4 hours of training. The top two rows consist of images generated by the

whole-image model and the bottom two rows consist of images generated by the patch
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tbl 7.3 – Comparison of results for using self-supervised (SS) diffusion models in small

dataset setting. The diffusion model is first trained on ellipse phantoms and then fine-

tuned with the small dataset. Best results are in bold.

Method

CT, 20 Views CT, 60 Views Deblurring Superresolution

PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑
Best baseline 30.20 0.838 36.75 0.932 28.98 0.815 27.73 0.809

Whole image 33.09 0.875 40.54 0.964 28.41 0.812 27.29 0.775

Patches 33.44 0.875 41.21 0.965 29.25 0.840 28.10 0.827

Whole image+SS 34.57 0.881 41.34 0.962 30.16 0.852 27.72 0.814

Patches+SS 36.43 0.914 42.42 0.971 30.56 0.867 28.60 0.834

tbl 7.4 – Comparison of results for using diffusion models trained on thousands of in-

distribution images to solve inverse problems. Best results are in bold. Self-supervised

refinement of network weights is beneficial even in this setting.

Method

CT, 20 Views CT, 60 Views Deblurring Superresolution

PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑
Best baseline 30.20 0.838 36.75 0.932 28.98 0.815 27.73 0.809

Whole image 33.99 0.886 41.67 0.969 29.87 0.851 28.33 0.801

Patches 34.02 0.889 41.70 0.967 30.12 0.865 28.49 0.835

Whole image+SS 35.38 0.897 41.68 0.966 30.31 0.854 27.96 0.797

Patches+SS 36.82 0.923 42.33 0.970 30.78 0.875 28.72 0.842

diffusion model. To emphasize the memorization point, we grouped together similar look-

ing images in the top two rows: it can be seen that the images in each group look virtually

identical, despite the fact that the pure white noise initializations for each sample was

different. On the other hand, while the samples generated by the patch diffusion model

also show some unrealistic features, they all show some distinct features, which implies

that this model has much better generalization ability.

Finally, to demonstrate that our method also works well even when the mismatched

distribution is closer to the true distribution, we also ran an experiment where the net-

works were initially trained on the LIDC-IDRI dataset of CT scans [6]. We extracted 10000

2D slices from the 3D volumes and rescaled all the images so that the pixel values were

between 0 and 1. We then ran Algorithm 1 to perform CT reconstruction where the test
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fig 7.6 – Comparison of PSNR be-

tween patch-based model and whole-

image model for overfitting in small

dataset setting.

fig 7.7 – Comparison of SSIM between

patch-based model and whole-image

model for overfitting in small dataset set-

ting.

1200

800

Best baseline Whole image Patches Whole+SS Patches+SS Ground truth

fig 7.8 – Small dataset setting: Results of inverse problem solving. Top row is 60 view

CT recon, middle row is deblurring, and bottom row is superresolution.

dataset was the same as the one used in Table 7.1. Table 7.5 shows the results of this ex-

periment. Our method achieved better quantitative results than the whole-image method

and even outperformed the reconstructions using the in distribution network but without

any test-time adaptation.
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fig 7.9 – Unconditional generation of CT images from networks fine-tuned in the small

dataset setting. Top two rows were generated with the whole image model; bottom two

rows were generated with the patch-based model.

7.4 Conclusion

This paper presented a method of using patch-based diffusion models with test-time adap-

tation to solve inverse problemswhen the data distributionmight be mismatched from the

trained network. In particular, we conducted experiments in setting when no data is avail-

able, when a small dataset of training images is available, and when a large in-distribution

dataset is available. In all the settings, applying the self-supervised loss improved image

quality, even for a well-trained network. Furthermore, the patch-based method outper-

formedwhole-imagemethods in a variety of inverse problems andwe provided theoretical

justifications to explain this improvement. In the future, more work could be done on us-

ing acceleration methods for faster reconstruction, exploring other less computationally

expensive methods of fine-tuning the network geared toward inverse problem solving,

and methods of refining the prior when a set of measurements are available [198]. Limita-

tions of the work include a slow runtime for the test-time adapted algorithm and a lack of

theoretical guarantees for dataset size requirements. Providing uncertainty quantification

is also an open problem for such self-supervised methods.
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tbl 7.5 – CT reconstruction results where the initial checkpoint was trained on LIDC

dataset and refined on the fly with the AAPM measurement.

Dataset CT, 20 views CT, 60 views

size PSNR↑ SSIM ↑ PSNR↑ SSIM ↑

Whole image 33.04 0.874 40.43 0.949

Patches 33.88 0.886 40.96 0.955

Whole image+SS 35.01 0.894 41.95 0.967

Patches+SS (Ours) 36.34 0.918 42.32 0.972
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CHAPTER 8

SPAR: Refine a Single Pretrained Diffusion

Model to Solve Inverse Problems in Many

Modalities

8.1 Motivation

Inverse problems arise in real-world settings where an object cannot be observed directly

and indirect measurements are obtained. Such inverse problems commonly occur in many

imaging applications, for example, deblurring and super-resolution with natural images;

as well as in medical imaging, such as computed tomography (CT) and magnetic reso-

nance imaging (MRI) reconstruction. Many real-world inverse problems are highly ill-

posed and difficult to solve because the solution may not be unique and the measurement

noise can further complicate the reconstruction process. Furthermore, in practical appli-

cations, imaging modalities and resolutions can vary significantly, complicating the re-

construction process. Generally, the measurement acquisition process is represented as

y = A(x) + ϵ, where y is the unknown measurement, x is the unknown clean image to

be recovered, A is an operator representing the measurement system, and ϵ is unknown

random noise.

A common approach to solving inverse problems is to enforce prior knowledge about

x to obtain a high-quality reconstruction, such as sparsity in compressed sensing [148]. Re-

cently, diffusionmodels have become state-of-the-art methods for generating high-quality

image data from randomnoise samples [73, 166] and, as such, can be integrated as a learned

prior into many inverse problem solvers. Since diffusion models were proposed to be

This chapter is based on a paper currently under review [79]. Code at https://github.com/
jasonhu4/SPAR.
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DM (CT)

Previous Works: Pre-training models and datasets need to 

match the imaging modality in each inverse problem.

Medical Image Reconstruction Natural Image Restoration

Pre-Training

Inverse Problem Solving

DM (MRI) DM (Celeb) DM (Place) DM (Dog)

Ours: Pre-training models and dataset can be 

completely off-the-shelf.

Pre-Training

Run-time domain adaptation 

through self-supervised loss

fig 8.1 – Comparison of traditional domain-specific diffusion models (DM) versus the

proposed SPAR method. Left: previous works require separate pre-training for each do-

main/modality (CT, MRI, CelebA, Places, Dogs). Right: The proposed method enables do-

main adaptation at testing time through self-supervised learning, avoiding the need for

domain-specific pre-training.

trained unconditionally on natural images [73, 168], the key challenge in many diffusion

inverse solvers (DIS) [181, 95, 39, 163, 115] is enforcing consistency with observed mea-

surements while simultaneously leveraging the image prior learned by the unconditional

diffusion model. Owing to the strong learned prior, diffusion models provide excellent

performance for various inverse problems, especially when the measurements are very

compressed or noisy [39, 42, 41, 115, 51, 5, 143].

Nevertheless, separate diffusion models are usually trained for different imaging ap-

plications, including different modalities or for various anatomic sites e.g., contrast CT,
low-dose CT, brain MRI, knee MRI, natural RGB images, etc. Training diffusion models

from scratch is very computationally expensive and typically requires large-scale high-

quality training datasets and substantial GPU resources [73, 168], which may be infeasible

inmany practical scientific ormedical application domains having only scarce data. There-

fore, on-the-fly network fine-tuningmethods have been developed to tackle this challenge.

Specifically, [47] and [10] first train a diffusion model on a dataset with constrained dis-

tribution, then perform network refining on the fly to solve an inverse problem where

the clean image corresponds to a different data distribution but the same modality (e.g.,
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training with brain MRI and then reconstructing knee MRI). This network refining relies

on a self-supervised loss that enforces the clean image (and by extension, the output of

the denoiser learned by the diffusion network) to be consistent with the measurement.

By enforcing measurement consistency as a constraint, the pretrained diffusion model

weights are updated as part of the reconstruction process, adapting the diffusion prior

to out-of-distribution (OOD) test samples that were unseen during the original diffusion

training phase. A patch-based prior [81] enhances these methods, improving robustness

to overfitting to the measurement y. However, these methods still exhibit instability at

the tail ends of the noise scale [47], which requires technical tricks such as truncating

the diffusion process to resolve. Furthermore, although existing methods have explored

how to generalize across different distributions within the same imaging modalities (such

as different CT datasets), they still require training multiple networks for applications of

different modalities (e.g., CT and MRI), as the image contents, pixel sizes and data types

(e.g., real and complex valued) differ across these modalities.

Our proposed Single Pretrain Always Refine (SPAR) method tackles these chal-

lenges as follows. First, we developed a unified model architecture based on a channel-

wise conditioning mechanism that accommodates images of different modalities, includ-

ing grayscale CT images, complex-valued MRI images, and RGB colored images. This ver-

satile framework enables the diffusion network to be pretrained on a mixture of images

from diverse modalities, thereby ensuring that the learned distribution captures a broad

range of image types that can be reconstructed with test-time refinement. To further en-

hance the model flexibility, we adopt a patch-based diffusion prior that handles images

of different sizes. Furthermore, motivated by the observation that diffusion sampling be-

havior varies across timesteps (i.e., noise levels), we propose a novel majorizer-based self-
supervised loss function for a more effective test-time adaptation, especially at lower noise

levels, while mitigating the risk of overfitting. Overall, our proposed method provides a

unified framework that enables a single versatile pretrained diffusion model to address

a wide range of inverse problems across different imaging modalities through test-time

domain adaptation, as illustrated in Fig. 8.1. Our key contributions are as follows:

• We introduce SPAR, a novel test-time adaptation framework for solving diverse

inverse problems using a single, pretrained patch-based diffusion model. A core in-

novation is a channel-wise conditioning mechanism that allows the pretrained dif-

fusion network to process different image modalities (e.g., grayscale, RGB, complex-

valued) within a unified architecture.
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i-th Patch 
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fig 8.2 – Schematic illustration for zero padding and partitioning image into patches.

Each index i represents one of P 2
possible ways to choose a patch offset tuple.

• To address the distributional mismatch between training and test data, we propose

a novel self-supervised loss function to continuously refine the model during recon-

struction. We provide theoretical justification to show that, at lower noise levels,

this loss function is less prone to errors that arise from imperfect denoising score

matching at training time.

• With the proposed modality- and resolution-agnostic framework, we experimen-

tally validate that SPAR achieves improved image qualitiy across a wide spectrum

of inverse problems across imaging modalities and resolutions, even with only a

single pretrained model.

8.2 Methods

8.2.1 Patch-based Prior

Previous works show that patch-based diffusion models achieve consistent performance

in a wide variety of inverse problems where the amount of training data varies signifi-

cantly [82, 81]. The patch-based diffusion models exhibit generalization capabilities espe-

cially under data-constrained conditions, whichmotivates our adoption of this framework

as the foundation for our method.

In patch-based diffusion models, one firsts zero pads each N × N training image by

P pixels on each side. Slightly recycling notation, we let x denote the resulting padded

image. We partition x into many square patches, with one bordering region of zeros, by

first choosing the ith patch offset tuple (o1, o2) ∈ {0, . . . , P − 1}2 according to Figure 8.2.

103



Since k = N/P patches are needed in one direction to perfectly tile the image, our model

for the data distribution has the form

p(x) =
1

Z

P 2∏
i=1

pi,B(xi,B)

(k+1)2∏
r=1

pi,r(xi,r), (8.1)

where xi,B represents the bordering region of x that depends on the specific value of

i, pi,B is the probability distribution of that region, xi,r is the rth P × P patch when

using the partitioning scheme corresponding to the ith patch offset, pi,r is the probability

distribution of that region, and Z is a normalizing factor. This model takes a product over

all possible patch offsets, eliminating boundary artifacts that would occur if a fixed patch

offset was used. However, when computing the denoiser of x using Tweedie’s formula

[56] in practice, we use a stochastic version of (8.1) corresponding to selecting a random

index i for each denoiser evaluation:

Dθ(x) ≈ Di,B(xi,B) +

(k+1)2∑
r=1

Di,r(xi,r). (8.2)

8.2.2 Model Pretraining

For pretraining, we use a neural networkDθ(x, σt) that takes as input a noisy image x (or

a patch of that image) along with the noise level σt. To incorporate positional information,

we define the x positional array as a 2D array representing the x coordinates of each

pixel in the image, scaled between -1 and 1. Similarly, the y positional array is defined for

the y coordinates of the pixels. To enable the network to learn patch distributions that

vary based on location within the image, we extract patches from these positional arrays

corresponding to the image patches. These positional patches are concatenated along the

channel dimension of the noisy image patch, forming a unified input array for the network.

(The network output is just the image patch, not the position channels.) As our approach is

based on patch-based priors, we apply denoising score matching on image patches rather

than the whole image. The training loss is:

argmin
θ

Et∼U(0,T )Ex∼p(x)Eϵ∼N (0,σ2
t I)
∥Dθ(x+ ϵ, σt)− x∥22, (8.3)

where x ∼ p(x) represents a patch drawn from an image in the training dataset, σt

is a predetermined noise schedule, and U denotes the uniform distribution. Training on

patches of varying sizes can reduce training time and improve the network’s generation
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capability [183]. Thus, we use a UNet architecture as the backbone [73] to take in patches

of different sizes, which is trained with varying patch sizes [183, 82].

Channel-wise conditioningmechanism.Real-world images span awide range ofmodal-

ities and types, so our aim is to train a diffusion model that can be adapted to the different

possible images that may be required at reconstruction time. However, grayscale images

only have 1 channel, whereas natural images have 3 channels. We handle both types of

images with a single network that inputs and outputs 3-channel images by concatenat-

ing the image with itself. Specifically, we duplicate each grayscale image three times and

concatenate it along the channel dimension so it becomes a 3-channel image that can fit

as inputs to the network. We add the same random Gaussian noise to each channel; Ap-

pendix A.5.2 justifies this process over the alternative approach of using different noises

across channels. Thus, the network should learn to denoise all 3 identical channels of this

image.

Finally, we include an additional class label [93] as a network input to inform the

networkwhether the image input was a grayscale or a colored image. References [140] and

[93], among others, have shown that including class labels to delineate between different

image distributions can improve training and inference results. Appendix A.5.2 provides

a theoretical derivation that shows this method of performing denoising score matching

for grayscale images is equivalent to training diffusion models for grayscale images in

the traditional way (with single-channel networks) under certain regularity assumptions.

Appendix A.5.4 provides the pseudocode for the pretraining stage of SPAR.

8.2.3 Self-Supervised Model Finetuning

To refine a diffusion model for OOD testing samples at reconstruction time, we use the

measurement-consistency constraints to update the model weights (in a similar manner

as [47]) by

θ ← argmin
θ

L(θ;xt), L(θ;xt) ≜ Ψ(Dθ(xt|y)) (8.4)

Ψ(x) ≜
1

2
∥y −Ax∥22. (8.5)

We replace (8.5) with a quadratic majorizer of the form:

ϕ(x; x̃) = Ψ(x̃) + ⟨∇Ψ(x̃),x− x̃⟩+ L
2
∥x− x̃∥22, (8.6)
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whereL denotes a Lipschitz constant of∇Ψ and x̃ can be any point. Appendix 8.2.4 shows

that ϕ(x; x̃) ≥ Ψ(x). When applying this majorizer with the self-supervised loss L(θ, x̃),

the majorizer of the network refining loss is

Ľ(θ; x̃) ≜ ⟨A′(Ax̃− y),xθ⟩+
L
2
∥xθ − x̃∥22, (8.7)

where xθ = Dθ(xt|y),A′
denotes the (Hermitian) transpose ofA, and we set x̃ to be the

denoised image from the previous diffusion iteration with a detached gradient. We drop

constants that do not depend on xθ. In practice, we treat L as a tunable parameter.

The benefit of using this surrogate loss lies in the observation of [98] that diffusion

models tend to have problems learning the score function at low levels of added noise.

Section 8.2.4 shows that for low noise levels, (8.7) is less sensitive to inaccuracies in the

learned score function than (8.4). However, for high noise levels, (7.4) is more accurate

because the majorizer is an upper bound for the true loss function, with ϕ(x; x̃) = Ψ(x)

only when x = x̃. At high noise levels, x̃ is likely to change significantly from one

iteration to the next, because each diffusion iteration could substantially alter the image

with significant added noise. Hence, the gap between the true loss (7.4) and the majorizer

loss will be large. Motivated by such observations, we propose a novel noise-varying self-

supervised loss function for test-time diffusion model adaptation, which is designed to

use (7.4) for the higher noise levels while using (8.7) for lower noise levels. Section 8.2.4

provides a more rigorous theoretical analysis to justify the benefit of this new proposed

self-supervised loss. In the implementation, we used a parameter search to find the optimal

threshold σ′
in Algorithm 6; Appendix A.5.3 compares the results of using different values

of σ′
.

Finally, though the original network is trained on 3-channel images, we also wish to

also perform reconstruction on 1-channel images (grayscale images) and 2-channel images

(MRI images with the real and imaginary parts separated and concatenated along the

channel dimension). Therefore, when using (8.2) to denoise these images, we need to first

expand the image to 3 channels, e.g., by repeating one of the channels. We then process

the resulting 3-channel output by using appropriate channel averaging to get a denoised

1- or 2-channel image. Mathematically, this is defined as follows:

• When x has 1 channel, we define the operator

H : R1×M×M → R3×M×M
that concatenates xwith itself along the channel dimen-

sion 3 times. In essence:H =
[
1
1
1

]
⊗ IM2 .
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• When x has 2 channels, we define the operator

H : R2×M×M → R3×M×M
that concatenates an additional copy of the first channel

of x with itself before the second channel. In essence:H =
[
1 0
1 0
0 1

]
⊗ IM2 .

• Denoting by D̃θ the denoising network trained on 3-channel images, the denoiser

of x is given by

D(x) =

1
3
H ′D̃θ(Hx), x ∈ R1×M×M ,

H ′D̃θ(Hx)⊘ [2 1], x ∈ R2×M×M ,
(8.8)

where ⊘ denotes channel-wise division.

We can express (8.8) succinctly as D(x) = H†D̃θ(Hx), where H†
denotes the pseu-

doinverse of the operatorH . In general, we haveH† = (K⊗ I)† = K†⊗ I† = K†⊗ I .

In particular: 
1

1

1


†

=
1

3
· [1 1 1],


1 0

1 0

0 1


†

=

0.5 0.5 0

0 0 1

 . (8.9)

The first case corresponds to taking an average across all 3 channels to obtain a single-

channel image, which is consistent with the first part of (8.8). The second case corresponds

to averaging the first 2 channels to obtain the first output channel and setting the third

channel to be the second output channel, which is consistent with the second part of

(8.8). Hence, we have shown that we convert a 3-channel denoiser D̃θ to a 1- or 2-channel

denoiser using D(x) = H†D̃θ(Hx).

Algorithm 6 summarizes the entire proposed algorithm with self-supervised diffusion

model refining at reconstruction time. Because [47] observed irregularities at the high

noise levels when using similar self-supervised diffusion algorithms, we adopt a similar

approach as [45] where we initialize the image using a simple baselineA†y and choose a

much lower value for σT than would otherwise be optimal.

8.2.4 Theoretical Analysis of Majorizer Loss

This section shows that the majorizer loss is less sensitive to inaccuracies in the estimated

score function for low noise levels. We return to the specific majorizer given by (8.6). Pre-

vious works analyzed theoretical properties of diffusion models assuming that the prior

is a mixture of Gaussians [180, 113]. Each component of the mixture may represent one
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Algorithm 6 SPAR Image Reconstruction

Input: σ1 < σ2 < . . . < σT , ϵ > 0, T,y, K, σ′

Initialize x ∼ N (A†y, σ2
TI)

Initialize x̃ ∼ N (0, I)
for t = T : 1 do

if t mod K = 0 then
Compute Dθ(xt) using (8.2) with a random index i
and apply (8.8) if x has fewer than 3 channels.

Compute Dθ(xt|y) using Dθ(xt) and (2.7).

if σt > σ′
then

Define L(θ) = ∥y −ADθ(xt|y)∥22.
else

Define L(θ) = ⟨A′(Ax̃− y),xθ⟩+ L
2
∥xθ − x̃∥22,

where xθ = Dθ(xt|y).
end if

Update θ by backpropagating L(θ).
end if

Sample z ∼ N (0, σ2
t I).

Set αt = ϵ · σ2
t .

Compute D(xt) using (8.2) with a random index i
and apply (8.8) if x has fewer than 3 channels.

Solve (2.7) for D(xt|y) and set it to x̃.
Set st = (D(xt|y)− xt)/σ

2
t .

Set xt−1 to xt +
αt

2
st +

√
αtz.

end for

image class in the dataset. When solving inverse problems, the measurements lack fine

details but provide global information about the ground truth image structure that can

help identify the image class. Thus, the mixture of Gaussians approximately reduces to

a single Gaussian from which the ground truth belongs with high probability. As such,

the following analysis assumes that the clean image distribution p(x) follows a Gaussian

with mean µ and covarianceΣ. Furthermore, Algorithm 6 uses the majorizer loss only for

small σt, so we assume σt ≪ 1 for the remainder of the analysis. Finally, since the num-

ber of diffusion iterations is large, σt does not change significantly between consecutive

sampling steps.
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We begin by analyzing the following problem setup: supposeX ∼ N (µ,Σ) and Y =

X + σz, where z ∼ N (0, I). BecauseX and Y are jointly Gaussian:

E[X|Y ] = µ+ Cov(X,Y ) Cov(Y )−1(Y − µ)

Cov(X,Y ) = Cov(X,X + σz) = Cov(X) = Σ

Cov(Y ) = Cov(X) + Cov(σz) = Σ+ σ2I

E[X|Y ] = µ+Σ(Σ+ σ2I)−1(Y − µ).

Expanding out the inverse with a geometric series and assuming σ is small, this simplifies

to

E[X|Y ] ≈ Y − σ2Σ−1(Y − µ). (8.10)

Returning to the problem at hand, assume the measurement is noiseless so that y =

Ax0. For small σt, E[x0|xt,y] is approximately a projection of E[x0|xt] onto the affine

subspace defined by y = Ax0; past diffusion inverse solvers [41, 181] have made similar

assumptions. Using X ≜ x0 and Y ≜ xt = x0 + σtz in (8.10) yields E[x0|xt] = xt +

O(σ2). Thus,

E[x0|xt,y]− E[x0|xt] ≈ P (xt +O(σ2
t )− x0), (8.11)

where P is a linear operator that represents orthogonally projecting onto the row space

ofA. Since xt − x0 = σtz = O(σt), we have E[x0|xt,y]− E[x0|xt] = O(σt).

Further assume that the trained denoiser satisfies Dθ(xt) = E[x0|xt] +∆, where ∆

is a small error term. If this denoising neural network were simply the identity function,

the error∆ would be xt−x0, which is O(σt); hence, a well trained denoiser should have

∆ < O(σt). In conclusion, the difference between Dθ(xt) and E[x0|xt,y] is O(σt).

Next we analyze the majorizer loss. From the setup above, we have X ≜ x0, Y ≜

x0 + σtz, x̃ = Dθ(xt+1|y) = E[X|Y ] + O(σt), using the conclusion from the pre-

vious paragraph in the final equality as well as assuming the noise scale is changing

consecutively in small steps σt ≈ σt+1. Note that xt = x0 + σtz. Then x̃ − x0 =

σtz − σ2
tΣ

−1(x0 + σ2
t z − µ) + O(σt). This shows that x̃ − x0 is approximately O(σt),

when σt is small. Now we rewrite (8.7) as

L(θ) = (x̃− x0)
′A′Ax+

L

2
∥(x− x0) + (x0 − x̃)∥22. (8.12)

Note that x = Dθ(xt|y) (before any network refining) is the current prediction of x0

from a noisy version of x0. We assume the noise level σt does not change significantly

between consecutive sampling steps, so we can follow the same derivation above to get
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that x−x0 isO(σt). This shows that the entire term inside of the squared Euclidean norm

in (8.12) is O(σt), so the term itself is O(Lσ2
t ). In contrast, the linear term in this loss is

only O(∥A∥22σt), where typically L is chosen to be on the same order as ∥A∥22. Hence,
when σt is small, the linear term dominates the loss.

Nextwe look at the gradients of the loss functions. For convenience, setxθ = Dθ(xt|y)
so that (7.4) becomes L(θ) = (1/2)∥Ax0 − Axθ∥22. Hence, the backpropagation step

through the network uses the gradients

∂L

∂θ
=

∂L

∂x

∂x

∂θ
= A′A(xθ − x0)

∂x

∂θ
. (8.13)

The gradient for the quadratic majorizer loss is

∂L

∂θ
= (A′A(x̃− x0) + L (xθ − x̃))

∂x

∂θ
. (8.14)

The inaccuracies in the approximate score function arise in xθ, and hence xθ − x0 in

(8.13) and xθ− x̃ in (8.14). Crucially, we showed earlier that the dominant term in (8.14) is

A′A(x̃−x0). Therefore, while errors in the score function fully propagate themselves to

the gradient when using the original loss (8.13), those errors have much less effect on the

gradient of the majorizer (8.14). This analysis provides a theoretical justification why the

majorizer loss is less sensitive to errors in the score function than the original loss when

σ is small, and guided the design of Alg. 6.

8.3 Experiments

The pretraining used a small set of CT images and human face images only. For the CT im-

ages, we used the AAPM 2016 CT challenge data from [135]. We preprocessed the data [82]

to get a total of 2304 training slices of size 256× 256. For the natural images, we used the

CelebA-HQ dataset [126] with each image having size 256 × 256. We then randomly se-

lected a small subset of 3000 CelebA images for pre-training. We trained the patch-based

network with patch sizes from 16 × 16 to 64 × 64, and used a zero padding value of 64.

The network architecture follows from [93] for both the patch-based networks and whole-

image networks. All networks were trained on PyTorch using the Adam optimizer with

two NVIDIA A40 GPUs.

110



tbl 8.1 – Comparison of quantitative results on four different medical imaging inverse

problems. Results are averages across all images in the test dataset. Best results for prac-

tical use are in bold.

Method

PBCT, 60 Views FBCT, 40 Views 512× 512 CT CS-MRI, 7×
PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑

Baseline 30.15 0.784 17.86 0.381 28.33 0.700 33.94 0.894

ADMM-TV 31.14 0.862 24.20 0.628 29.36 0.788 36.74 0.924

PnP-ADMM [196] 36.75 0.932 28.86 0.747 37.48 0.910 35.77 0.907

PaDIS+FC [82] 39.16 0.942 27.91 0.796 33.11 0.831 35.17 0.904

SCD [10] 41.16 0.962 21.28 0.463 – – – –

Ours (SPAR) 42.72 0.972 36.11 0.918 38.81 0.929 39.15 0.949

Ideal
∗

42.82 0.973 36.34 0.923 38.94 0.930 39.42 0.953

*not available in practice with a single diffusion model

tbl 8.2 – Comparison of quantitative results on different natural imaging inverse prob-

lems: deblurring and super-resolution. The second column indicates whether the method

can handle images from different modalities. Best results for practical use are in bold.

Method Diff. Modality Deblur, LSUN Deblur, FFHQ Superresolution

PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑

Baseline ✓ 22.03 0.602 24.10 0.649 25.42 0.742

ADMM-TV ✓ 27.01 0.801 28.44 0.772 25.22 0.729

PnP-ADMM [196] ✓ 28.28 0.847 30.79 0.829 27.29 0.796

DPIR [204] × 28.96 0.857 – – 28.98 0.825

DiffPIR [210] × 28.11 0.798 – – 27.68 0.796

DDRM [95] × 27.19 0.803 – – 28.60 0.811

PaDIS+FC [82] ✓ 27.17 0.809 28.91 0.774 27.23 0.782

SCD [10] × 28.57 0.842 – – 26.15 0.635

Ours (SPAR) ✓ 29.49 0.877 31.43 0.843 29.10 0.842

Ideal
∗ ✓ 29.57 0.879 31.55 0.848 29.26 0.848

*not available in practice with a single diffusion model.

To evaluate our proposed SPAR method, we ran experiments on a wide variety of

datasets with many different imaging applications, particularly on images that are out
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fig 8.3 – Results of our proposed method and comparison methods for various inverse

problems. MRI images are complex-valued so we show the pixel magnitudes.

of the training data distribution. We benchmarked the algorithm performance on: LIDC-

IDRI dataset [6], fastMRI brain dataset from [100], the LSUN dataset [200], the FFHQ-512

dataset [94], in addition to the AAPM and CelebA datasets that we used for pre-training.

For the LIDC-IDRI dataset, we first applied data preprocessing by setting the entire back-

ground of the volumes to zero. We rescaled the images in the XY-plane to have size

256 × 256. For the fastMRI brain dataset, we took the complex-valued image space data

and rescaled it so that the real parts had a maximum value of 1, and applied the same scale

factor to the imaginary parts. We also resized the images and coil maps (provided in the

dataset) to 256 × 256. We also ran 512 × 512 CT experiments on the AAPM dataset by

taking the original data from [135] without downsampling. For all experiments, we set

aside 10 images in each dataset to use as test images and reported quantitative metrics

that were averaged across these test images.
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For CT imaging, we performed sparse-view reconstruction with both a parallel-beam

projector (PBCT) and a fan-beam projector (FBCT), using 60 projection views in the for-

mer and 40 views in the latter. In both cases, we used a detector with size 512 pixels, with

the forward and backward projectors implemented by the ODL package [173]. We also

performed PBCT reconstruction experiments on the 512 × 512 sized CT images with 60

projection views. The PBCT experiments were performed with the AAPM dataset and the

FBCT experiments were performed with the LIDC dataset.

For the MRI experiments, we performed compressed sensing MRI (CS-MRI) recon-

struction. The sampling mask was chosen in a Cartesian pattern where each horizontal

line within the center 10% of the image width was sampled, and all other horizontal lines

were sampled with probability 0.03. Hence, the acceleration factor was 6.9×. We used

12 coils with the implementation for the forward and back projectors being the same as

those in [75].

For the natural images, we ran deblurring and superresolution experiments. For the

256× 256 images, we used a uniform blur kernel of size 9× 9 and added white Gaussian

noise with σ = 0.01 where the clean image was scaled between 0 and 1. We used the

same settings but with a blur kernel of size 17 × 17 for the 512 × 512 images. For the

superresolution experiments (only done on 256 × 256 images), we used a scaling factor

of 4 with downsampling by averaging and added white Gaussian noise with σ = 0.01.

Appendix A.5.5 contains additional experiments with noise level σ = 0.05.

For comparison, we applied the same patch-based diffusion network trained on the

mixed dataset to solve the inverse problems, but without self-supervision. Hence, the

checkpoint weights were held constant throughout the reconstruction process, similar

to PaDIS [82]. We denote this method as PaDIS+FC (flexible channel) to clarify that in

addition to [82], we applied (8.8) to handle images of different modalities. Previous work

[81] showed that using conjugate gradient descent to enforce data fidelity yielded better

results than DIS methods such as DDNM [181] and DPS [39]. Thus, we ran experiments us-

ing steerable controlled diffusion (SCD) [10] which also uses conjugate gradient descent;

since this method does not support using a single network to reconstruct images of differ-

ent modalities, we separately trained networks for it on the AAPM and CelebA datasets.

For a more thorough comparison, we also compared with other SOTAmethods for natural

imaging: DPIR [204], DiffPIR [210], and DDRM [95]. Although these methods usually use

a diffusion model trained for each dataset, for fair comparisons with SPAR we trained the

networks on the CelebA dataset only.

We also compared our method with traditional image reconstruction methods: ap-

plying a non-iterative baseline, reconstructing using the total variation (TV) regularizer
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tbl 8.3 – Comparison between diffusion inverse solvers using the same network for CT

reconstruction and image deblurring.

Solver FBCT (40 Views) Deblur (LSUN)

PSNR↑ SSIM↑ PSNR↑ SSIM↑

Langevin [166] 26.11 0.798 26.67 0.790

VE-DDNM [181] 18.05 0.424 26.40 0.777

VE-DPS [39] 23.03 0.714 28.36 0.847

Proposed (SPAR) 36.11 0.918 29.49 0.877

and solving the optimization problem using ADMM (ADMM-TV), and plug and play via

ADMM (PnP-ADMM) [196]. The baseline methods for each of the inverse problems is as

follows: applying the filtered back-projection (FBP) method to the measurement y for CT,

taking A′y for CS-MRI, taking the blurred image y for deblurring, and upsampling the

low resolution image y using bilinear interpolation for superresolution. The implemen-

tation of ADMM-TV is in [74]. Finally, since our proposed method does not require a

clean dataset for each type of image, we used the off-the-shelf denoiser BM3D [49] for

PnP-ADMM. Appendix A.5.6 reports the values of all the parameters of the algorithms.

Tables 8.1 and 8.2 show the quantitative results of the medical and natural image exper-

iments, respectively. In Table 8.1, the second column indicates whether or not the method

directly supports using a single network to handle images of different modalities. For ref-

erence, we also show the results of the ideal case, where we trained a patch-based diffusion

model on a large clean dataset of the same distribution as the test images and still applied

themajorizer loss during reconstruction. Our proposedmethod outperformed the state-of-

the-art benchmarks that do have access to a large training dataset in all the inverse prob-

lems across different modalities. Notably, our SPAR method performed well in CS-MRI re-

construction even though the diffusion network was not trained on any complex-valued

or 2-channel images. Figure 8.3 shows the visual results of the experiments. Appendix

A.5.5 reports LPIPS scores and runtimes for the comparison methods.

We further investigated the benefit of using the majorizer loss function (8.7). We ran

a “simplified” version of Algorithm 6 with σ′ = 0 (i.e., always using the loss in (7.4))

and evaluated the PSNR of the intermediate image throughout the CS-MRI reconstruc-

tion process. Figure 8.4 shows the results of this experiment compared with using the

proposed Algorithm 6 that uses the majorizer loss (8.7). Both reconstruction algorithm

versions consist of running the diffusion process in reverse, so the image quality improves
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fig 8.4 – PSNR over time for different loss types in CS-MRI.

as the timestep decreases. Although the diffusion process has 1000 steps, we truncated the

graph at t = 500 to better illustrate the divergence in PSNR between the two different

self-supervised loss functions. When using the simpler loss (7.4), due to inaccuracies in

the learned score function, when the timestep (and hence the noise level of the image)

becomes small, the improvement in image quality is lower compared to using the pro-

posed majorizer loss (8.7). This experimentally reinforces the theoretical findings shown

in Section 8.2.4 that the majorizer loss is less sensitive to inaccuracies in the learned score

function.

We also investigated various other diffusion inverse solvers that leverage an uncon-

ditional prior. These methods assume that a diffusion model has been trained properly

on a large sample of training images that belong to the same distribution as the test data.

Therefore, subpar performance is expected when the test images belong to a different dis-

tribution from the training data. Since we trained our patch-based diffusion model on a

mixture of AAPM CT images and CelebA images, we performed experiments on LIDC CT

images and LSUN images to illustrate this point. In particular, we ran fan-beam CT with

40 projection views using the LIDC dataset and deblurring on the LSUN dataset.

Table 8.3 shows the results of these experiments. We compared Langevin dynamics

with gradient descent for data fidelity [166], variance exploding DDNM [181] (as opposed

to variance preserving, which would have required a differently trained network), and

variance exploding DPS [39]. These results show that since the other inverse solvers do

not account for a distribution shift, the results are substantially worse than our proposed

method. Appendix A.5.3 contains more details as well as visualizations of these experi-

ments. Finally, Appendix A.5.5 contains a discussion with some results about applying

acceleration methods in conjunction with our method.
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8.4 Conclusion

This chapter proposes SPAR (Single Pretrain Always Refine), a method that significantly

reduces the pre-training overhead by leveraging adaptive self-supervision to refine the

network at reconstruction time in many modalities. This flexibility allows SPAR to tackle

inverse problems even in modalities absent from the initial training dataset. Extensive ex-

periments demonstrated that using a single pretrained network, our SPARmethod achieved

consistently better image quality than existing methods. Limitations of this work include

a lack of demonstration on nonlinear inverse problems as well as 3D and video inverse

problems. The memory efficiency of patch-based modeling should facilitate such exten-

sions. Additionally, for inverse problems such as impainting with a large missing area,

the proposed method may not be effective, as the pretrained image prior does not have

any information from the measurement to guide the reconstruction in the missing area.

This is in contrast to impainting with random missing pixels, for which the proposed

method should be more effective. Image priors such as the ones used in this paper have

the potential to benefit society by reducing the scan time of MRI scans and the dose of CT

scans.

116



CHAPTER 9

Future Work

Diffusionmodels have shown outstanding performance for various inverse problems span-

ning several modalities, but are limited by their computational and data requirements.

This thesis covered several works that improve the flexibility of diffusion models and al-

low them to overcome these shortcomings. This chapter outlines some future directions

and potential projects that build off this thesis. These projects advance our overall goal

of developing diffusion models that can be used to solve large-scale image reconstruction

problems, possibly with limited training data.

9.1 Improving Existing Works

9.1.1 Generalizing Patch-Based Diffusion Models

Chapter 4 described a general framework for patch-based diffusion models via (4.4) and

proved that under certain conditions, a stochastic version of Langevin dynamics can be ap-

plied to sample from the prior. We also identified some previous works, as well as our own

works which use prior models that fall under this framework. However, a few questions

remain to be answered which could be the subject of future research.

• It was shown that regardless of the method by which patches are used to tile the

whole image, provided the size of the patch is unchanging, the samemethod of train-

ing the network via performing denoising score matching on individual patches can

be applied. However, different patch tiling methods do affect reconstruction results

even when the same network is used, as shown in Chapter 4. A natural question

then arises: which patch tiling methods are optimal and how does the application

as well as diffusion inverse solver affect the results?
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• The stochastic sampling theorem applies only for Langevin dynamics as the number

of sampling steps tends to infinity. Are there analogous results for other sampling

methods such as DDPM, DDIM, or other acceleration methods?

• Even when global information is utilized as in Chapter 6, for complex datasets such

as natural imaging datasets, unconditional image generation can often lead to un-

realistic results. This suggests the existence of a gap between the true whole-image

prior and the patch-based image prior. How can the patch-based prior be improved

to better reflect real-world image priors?

• More generally, one can not only learn the unconditional priors of patches but a

prior of patches conditioned on other randomly chosen patches. In this case, the

training process would consist of choosing a patch at random to denoise, while con-

ditioning on some number of other randomly selected patches. This process could

also help the model learn global context, reduce overfitting, and improve robustness.

9.1.2 Test-time Adaptation for 3D Problems

Chapters 7 and 8 tackled the problem of refining a diffusion network according to a mea-

surement at reconstruction time for 2D images. Chung et al. [47] applied a similar method

as Chapter 7 to perform test-time adaptation for 3D CT reconstruction. Since parallel-

beam CT was used, different z-slices of the volume do not interfere with each other, and

it is possible to choose slices of the volume (instead of the entire volume) and their corre-

sponding CT projections to perform test-time adaptation. However, for more complicated

forward models, such as cone-beam CT or spatiotemporal deblurring in dynamic imaging,

it would be necessary to perform network backpropagation with the entire volume, which

is computationally infeasible using either the loss of [47] or Chapter 8. Future work could

consist of developing an alternative way to refine the network during reconstruction time

which does not require backpropagating through the entire forward model and volume.

Separately, a natural question that arises during test-time adaptation is the charac-

teristics of the network after reconstruction and hence finetuning. In the 2D setting, we

have observed that for CT reconstruction, this finetuned network does not have the abil-

ity to unconditionally generate meaningful images. It may not be reasonable to expect

the network to generate a fully diverse set of images from the measurement of only a

single in-distribution image; nevertheless, [164] shows that under deterministic sampling

via DDIM, small perturbations to the initial noise result in small perturbations in the gen-

erated image which still result in a realistic image. Hence, it may be possible to obtain a

refined network that can regenerate the clean image and local variants of it.
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9.1.3 Diffusion Bridge Network Refining

Diffusion bridges are a generalization of the traditional diffusion model framework.While

the traditional diffusion model framework involves learning a neural network that can

transform an image from the pure white Gaussian noise distribution to some target data

distribution [73, 166], diffusion bridges use a network to transform an image between

two arbitrary distributions. We use p0 to denote the distribution of images degraded in

some fashion (i.e., blurry images, low resolution images, etc.) and p1 to denote the clean

image distribution [120, 40]. Hence, the forward process consists of adding noise in a

controlled fashion to go from the clean image to the degraded image, while the reverse

process consists of recovering the clean image from the degraded image.

When using diffusion bridges to solve inverse problems, a separate network must be

trained for each inverse problem. For example, for deblurring, the degraded image distri-

bution consists of blurry images, and a network trained for this cannot then be applied to

perform image superresolution. This is a disadvantage of diffusion bridge methods com-

pared to traditional diffusion model approaches, where the unconditionally trained image

prior can be used to solve any inverse problem on that image dataset. The advantage of

diffusion bridge methods is that since they start from a distribution that is closer to the

clean image than pure noise, the number of NFEs (neural function evaluations) needed at

reconstruction time is much lower than traditional diffusion models. In practice, compet-

itive performance has been observed using only around 10 NFEs with diffusion bridges

[120] compared to 100-1000 for traditional diffusion models. Furthermore, the number

of NFEs used can be freely changed at reconstruction time, and leads to an observable

tradeoff between FID and PSNR that pushes the Pareto boundary [40].

Future work could consist of one possible solution that achieves the best of both

worlds: solving many different inverse problems using one pretrained neural network

in a small number of sampling steps. We achieve this by starting with a diffusion bridge

network that is trained specifically for some inverse problem. Next, in a similar way as

Chapter 7, if the inverse problem or the dataset differs from that of the pretrained net-

work, we include a data consistency loss function to adapt the network to the different

dataset and inverse problem. Table 9.1 summarizes properties of different DIS methods.

Notably, this method would only require training a network for each modality. If we were

to combine the ideas of patch-based diffusion models and channel operators from SPAR,

it could even be possible to use a single neural network in conjunction with a diffusion

bridge. Furthermore, the number of required diffusion iterations would be far smaller than

previous unconditional DIS methods, significantly improving the reconstruction speed.
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Training Patches? Sampling speed

DPS/DDNM/standard DIS For each dataset Optional Slow (2 min)

SPAR Once Yes Very slow (3 min)

Diffusion bridge: I2SB, CDDB For each inverse problem No Fast (5 sec)

Bridge + refine For each modality Optional Somewhat fast?

tbl 9.1 – Comparison of different diffusion-based methods

9.1.4 Provable Posterior Sampling

There are various diffusion inverse solvers that leverage an unconditionally trained prior

model; Chapter 4 uses DPS [39] and Chapters 5 and 6 use the conjugate gradient descent

method of [41]. However, all of these methods only approximately sample from the pos-

terior p(y|x) and in particular, approximate the intractable ∇ log p(y|xt) during the re-

construction process. Methods that can perform exact posterior sampling have various

limitations: Monte Carlo methods [32, 36] are only exact when the number of particles

used tends to infinity, and are thus computationally expensive. Diffusion bridges [120,

40] provably sample from the posterior in fewer steps than traditional diffusion models,

but require training a network specific to each inverse problem, limiting their flexibility.

Finally, variational methods [60, 8] directly train a second network (in addition to the un-

conditional prior network) to approximate the posterior distribution and use this second

network to quickly sample from the posterior, but the additional training step is costly.

Future work could involve developing a method that still only uses a single unconditional

diffusion model, yet can provably sample from the posterior reasonably quickly.

9.2 Leveraging Video Diffusion Models

Video diffusion models have recently risen to popularity, showing the ability to gener-

ate high quality videos [129, 124]. By treating the temporal dimension of videos as the

third spatial dimension for 3D imaging problems, one can hope to use pretrained video

diffusion models (possibly with finetuning) to solve 3D inverse problems. However, there

are two primary difficulties with this approach. Firstly, video diffusion models generally

use a network that consists of two modules: a spatial module that batchifies the temporal

dimension and processes the spatial dimensions using a typical diffusion UNet or trans-

former, and a temporal module that batchifies the two spatial dimensions but applies an
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attention layer in the temporal dimension [134, 202]. As a result, the network must pro-

cess the entire video at once, which constrains the number of frames in the videos, usually

to fewer than 40 even with modern GPUs. This is prohibitively limiting for CT and MRI

reconstruction, where the third spatial dimension can often have size 256 or greater. Sec-

ondly, video generation papers frequently do not have a simple black box network whose

input is solely the noisy video and whose output is the denoised video or its score func-

tion [160, 19], instead relying on a conditioning mechanism on lower resolution videos

or previous frames to guide the generation process. This makes it less straightforward to

leverage these models in conjunction with diffusion inverse solvers.

Existing works on video inverse problems often instead leverage a 2D diffusion model,

but add similar noise across different frames during the reconstruction process so as to

preserve temporal continuity [102, 103]. These methods generally outperform 3D image

reconstruction methods, as the pretrained 2D diffusion models are expressive and pow-

erful, capturing a diverse range of modes in natural videos. However, these methods still

do not learn a data driven prior that captures the relationship between different frames.

Bai et al. [8] uses a pretrained video prior and trains a network approximating the poste-

rior distribution for a specific inverse problem using a variational approach. Furthermore,

the frames are processed in batches with a shifting window, which allows the network

to learn a prior across multiple frames while also bypassing the memory requirements

of processing the entire video at once. Although this method is able to perform recon-

struction of videos of 30 frames in only a second, it requires training separate posterior

networks for each inverse problem. Future work would consist of developing a method

that can achieve the following objectives:

• Leverage a pretrained video diffusionmodel, such as stable video diffusion [19], with

only a relatively cheap network finetuning step for each dataset

• Learn correlations between different slices in a data-driven way

• Process volumes of varying numbers of slices in the z direction

• Have a direct black box representation of the score of the volume which can then

be applied in conjunction with a wide range of diffusion inverse solvers
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APPENDIX A

Appendix

This section contains the appendices for Chapters 3-8.

A.1 Appendix for "Learning Image Priors through

Patch-based Diffusion Models for Solving Inverse

Problems"
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A.1.1 Ablation studies

We performed four ablation studies to evaluate the impact of different parameters on the

performance of our proposed method. Similar to Table 4.1, we ran the experiments on

all the images in the test dataset and computed the average metric. Section A.1.2 shows

visualizations of these studies.

Effect of patch size. We investigated the effect of the patch size P used at reconstruc-

tion time for the 20-view CT reconstruction problem. We continued to augment the train-

ing with smaller patch sizes when possible so as to be consistent with the main experi-

ments (patch size of 56 but also trained with patch sizes of 32 and 16), while using the same

neural network architecture. Different amounts of zero padding were needed for each of

the experiments per (4.1). App. A.4.3 provides the full details. At reconstruction time, the

same patch size was used throughout the entire algorithm. Using a “patch size” of 256

corresponds to training a diffusion model on the whole image (without zero padding).

Table A.1 shows that careful selection of the patch size is required to obtain the best

results for a given training set size. If the patch size is too small, the network has trouble

capturing global information across the image. Although the positional information helps

in this regard, there may be some inconsistencies between patches, so the learned image

prior is suboptimal although the patch priors may be learned well. At the other extreme,

very large patch sizes and the whole image diffusion model require more memory to train

and run. The image quality drops in this case as limited training data prevents the network

from learning the patch prior well.

tbl A.1 – Effect of patch size P
on CT reconstruction

P PSNR↑ SSIM ↑

8 32.57 0.844

16 32.57 0.829

32 32.72 0.853

56 33.57 0.854

96 33.36 0.854

256 32.84 0.835

tbl A.2 – Dataset size effect on CT reconstruction

Dataset Patches Whole image

size PSNR↑ SSIM ↑ PSNR↑ SSIM ↑

144 32.28 0.841 29.12 0.804

288 32.43 0.837 31.09 0.829

576 33.03 0.846 31.81 0.835

1152 33.01 0.849 31.36 0.834

2304 33.57 0.854 32.84 0.835
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Effect of training dataset size. A key motivation of this work is large-scale inverse

problems having limited training data. To investigate the effects of using small datasets on

our proposedmethod, compared to standard whole imagemodels, we trained networks on

random subsets of the CT dataset. Table A.2 summarizes the results. Crucially, although

the reconstruction quality tends to drop as the dataset size decreased for both the patch-

based model and the whole image model, the drop is much more sharp and noticeable

for the whole image model, particularly when the dataset is very small. This behavior

is consistent with the observations of previous works where large datasets consisting of

many thousands of images were used to train traditional diffusion models from scratch.

Effect of positional encoding. High quality image generation via patch-based models

that lack positional encoding information would be impossible, as no global information

about the image could be learned at all. We demonstrate that positional information is also

crucial for solving inverse problems with patch-based models. We examined the results

of performing CT reconstruction for trained networks without positional encoding as an

input compared to networks with positional encoding. According to [45], when solving

inverse problems in some settings, it can be beneficial to initialize the image with some

baseline image instead of with pure noise (as is traditionally done). To allow the network

that did not learn positional information to possibly use a better initializationwith patches

roughly in the correct positions, we also ran experiments by initializing with the baseline.

Table A.3 shows that in both cases, the network completely failed to learn the patch-based

prior and the reconstructed results were very low quality. Hence, positional information

is crucial to learning the whole image prior well.

Sampling methods. One benefit of our proposed method is it provides a black box

image prior for the entire image that can be computed purely through neural network

operations on image patches. We demonstrate the versatility of this method by pairing

a variety of different sampling and inverse problem solving algorithms with our patch-

based image prior, along with comparisons with a whole-image prior. The implemented

sampling methods include Langevin dynamics [166] with a gradient descent term for en-

forcing data fidelity step and the predictor-corrector method for solving SDEs [46]. Since

we observed better stability and results with Langevin dynamics, we also combined this

sampling method with nullspace methods that rely on hard constraints [181] and DPS [39].

To use the same neural network checkpoint across these implementations, we used the

variance exploding SDE [168] method as the backbone for both training and reconstruc-

tion. DPS [39] and DDNM [181] were originally implemented with networks trained under
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the VP-SDE framework; here, we implemented those methods with the VE-SDE frame-

work. Table A.4 shows that generally, VE-DPS performed the best and that the patch-based

method consistently outperformed the whole image method. However, the patch-based

method still obtained reasonable results for all the implemented methods, showing that

the learned image prior is indeed flexible enough to be paired with a variety of sampling

algorithms. App. A.4.3 provides more details about the implemented algorithms.

tbl A.3 – Positional encoding effect for CT reconstruction

PSNR↑ SSIM↑

no position enc. 23.25 0.459

no position+init 24.51 0.518

with position 33.57 0.854

tbl A.4 – Dataset size effect on CT reconstruction

Method Patch-based Whole image

Metric PSNR↑ SSIM↑ PSNR↑ SSIM↑

Langevin dynamics 33.03 0.846 30.92 0.813

Predictor-corrector 32.35 0.820 18.95 0.149

VE-DDNM 31.98 0.861 29.49 0.830

VE-DPS 33.57 0.854 32.84 0.835
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A.1.2 Ablation study images

Figure A.1 shows the results of applying PaDIS to two example test images with different

patch sizes. The main results, i.e., those shown in Table 4.1, used P = 56. For some of the

other patch sizes, some artifacts can be seen in the images. Namely, the smooth parts of

the image become riddled with "fake" features for small patch sizes and some of the sharp

features become more blurred. The fake features in the right half of the image in the

top row are especially apparent when applying the whole-image model. The runtime for

different patch sizes were fairly similar, with P = 8 taking notably longer than the others

due to the large number of patches required. The image size for these experiments was

small enough so that the score function of all the patches could be computed in parallel;

however, for larger scale problems such as high resolution 2D images or 3D images, large

patch sizes become infeasible due to memory constraints.

fig A.1 – Results of PaDIS for 20 view CT reconstruction with different sized patches.

Figure A.2 shows the results of applying our proposed method and the whole image

diffusion model to 20-view CT reconstruction for varying sizes of the training dataset.

The image quality for PaDIS remains visually consistent as the size of the training dataset

shrinks, as each image contains thousands of patches which helps avoid overfitting and

memorization. However, the drop in quality for the whole image model is much more

visible: in particular, the sharp features of the image are lost and the image becomes blurry.

Hence, for applications where data is even more limited, such as medical imaging, our

method can potentially have a greater benefit.
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fig A.2 – Results for 20 view CT reconstruction with different dataset sizes. Top row

shows recon performed by PaDIS; bottom row shows recon performed with the whole-

image model.
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Figure A.3 demonstrates the importance of adding positional encoding information

into the patch-based network on two different images. When positional information is

not included, the network simply learns a mixture of all patches, resulting in a very blurry

image with many artifacts resulting from the data fidelity term. Even when a better ini-

tialization of the image is provided, the same blurriness remains.

figA.3 – Results of PaDIS for 20 view CT reconstruction for different positional encoding

methods.
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Figure A.4 shows the results of using our proposed method compared with the whole-

image diffusion model with different sampling and inverse problem solving algorithms.

The predictor-corrector algorithm fails completely when using the whole-image model,

indicating that this model could not be well-trained in this limited data setting. Quanti-

tatively, DPS performs the best for PaDIS; visually, all of the methods obtain reasonable

results, although some more minor artifacts are present in the first four methods. Never-

theless, this shows that the patch-based prior is flexible and can be used with a variety of

existing algorithms.

fig A.4 – Results of PaDIS for 20 view CT reconstruction using different sampling and

inverse problem solving algorithms. Top row is with PaDIS and bottom row is with the

whole-image model.

A.1.3 Experiment parameters

We trained the patch-based networks and whole-image networks following [93]. Since

images were scaled between 0 and 1, we chose a maximum noise level of σ = 40 and

a minimum noise level of σ = 0.002. We used the same UNet architecture for all the

patch-based networks consisting of a base channel multiplier size of 128 and 1, 2, 2, and

2 channels per resolution for the four layers. We also used dropout connections with a

probability of 0.05 and exponential moving average for weight decay with a half life of

500K patches to avoid overfitting. Finally, the learning rate was chosen to be 2 · 10−4
and

the batch size for the main patch size was 128, although batch sizes of 256 and 512 were

used for the two smaller patch sizes. The entire model had around 60 million weights. For

the whole image model, we kept all the parameters the same, but increased the number of
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channels per resolution in the fourth layer to 4 so that the model had around 110 million

weights. The batch size in this case was 8.

For image generation and solving inverse problems, we used a geometrically spaced

descending noise level that was fine tuned to optimize the performance for each type of

problem. We used the same set of parameters for the patch-based model and whole image

model, as follows:

• CT with 20 views: σmax = 10, σmin = 0.002

• CT with 8 views: σmax = 10, σmin = 0.003

• Deblurring: σmax = 40, σmin = 0.005

• Superresolution: σmax = 40, σmin = 0.01.

The ADMM-TV method for linear inverse problems consists of solving the optimiza-

tion problem

argmaxx

1

2
∥y − Ax∥22 + λTV(x), (A.1)

where TV(x) represents the L1 norm total variation of x, and the problem is solved with

the alternating direction method of multipliers. For CT reconstruction, deblurring, and

superresolution, we chose λ to be 0.001, 0.002, and 0.006 respectively.

Ablation study details. For each patch size, we trained with the main patch size along

with smaller patches whenever possible. However, since we did not modify the network

architecture, and the architecture consists of downsampling the image 3 times by a fac-

tor of 2, it was necessary for the input dimension to be a multiple of 8. Furthermore, we

followed a patch scheduling method similar to that of the main experiments unless other-

wise noted. Finally, to avoid excessive zero padding, for larger patch sizes, we used patch

sizes that were smaller than the next power of 2 such that the main image could still be

fully covered by the same number of patches. The details are as follows.

• P = 8: This was trained only with this patch size as no smaller sizes could be used.

• P = 16: Trained with patch sizes of 8 and 16 with probabilities of 0.3 and 0.7 respec-

tively.

• P = 32: Trained with patch sizes of 8, 16, and 32 with probabilities of 0.2, 0.3, and

0.5 respectively.

• P = 56: Trained with patch sizes of 16, 32, and 56 with probabilities of 0.2, 0.3, and

0.5 respectively. Zero padding width was set to 5 · 56− 256 = 24.
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• P = 96: Trained with patch sizes of 32, 64, and 96 with probabilities of 0.2, 0.3, and

0.5 respectively. Zero padding width was set to 3 · 96− 256 = 32.

A.1.4 Comparison algorithms

This section provides pseudocode for the implemented alternative sampling algorithms

whose results are shown in Table A.4. Here, for brevity, we show the versions using the

whole-image diffusion model; the versions with our proposed method are readily imple-

mented by computing s = s(x, σi) through the procedure illustrated in Alg. 2.

Algorithm 7 Image Recon via Langevin Dynamics

Require: σ1 < σ2 < . . . < σT , ϵ > 0, ζi > 0, y
Initialize x ∼ N (0, σ2

TI)
for i = T : 1 do

Sample z ∼ N (0, σ2
i I)

Set αi = ϵ · σ2
i

Apply neural network to get D = Dθ(x, σi)
Set s = (D − x)/σ2

i

Set x to x+ ζiAT (y −A(x))
Set x to x+ αi

2
s+
√
αiz

end for

Return x.

Algorithm 8 Image Recon via Predictor-Corrector Sampling

Require: σ1 < σ2 < . . . < σT , ϵ > 0, ζi > 0, r,y
Initialize x ∼ N (0, σ2

TI)
for i = T : 1 do

Set x to x+ (σ2
i+1 − σ2

i )sθ(x, σi+1)
Set x to x+ ζiAT (y −A(x))
Sample z ∼ N (0, I)
Set x to x+

√
σ2
i+1 − σ2

i z
Sample z ∼ N (0, I)

Set ϵi = 2r ∥z∥2
∥sθ(x,σi)∥2

Set s = sθ(x, σi)
Set x to x+ ϵis+

√
2ϵiz

Set x to x+ ζiAT (y −A(x))
end for

Return x.
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Algorithm 9 DDNM

Require: σ1 < σ2 < . . . < σT , ϵ > 0, ζi > 0, y
Initialize x ∼ N (0, σ2

TI)
for i = T : 1 do

Sample z ∼ N (0, σ2
i I)

Set αi = ϵ · σ2
i

Apply neural network to get D = Dθ(x, σi)
Set D = A†y +D −A†A(D)
Set s = (D − x)/σ2

i

Set x to x+ αi

2
s+
√
αiz

end for

Return x.

In all cases, we used the same noise schedule as the main 20 view CT reconstruction

experiment. For Langevin dynamics and DDNM, we set ϵ = 1; the final results were not

sensitive with respect to this parameter. For Langevin dynamics and predictor-corrector

sampling, we took ζi = 0.3/∥y − A(x)∥2, similar to the step size selection of DPS. Fol-

lowing the work of [46], we chose r = 0.16 for PC-sampling. The same parameters were

used for the patch-based and whole image methods.

Table A.5 shows the average runtimes of each of the implemented methods when av-

eraged across the test dataset for 20 view CT reconstruction.

tbl A.5 – Average runtimes of different methods across images in the test dataset for 20

view CT recon.

Method Runtime (s) ↓

Baseline 0.1

ADMM-TV 1

PnP-ADMM 8

PnP-RED 22

Whole image diffusion 172

Langevin dynamics 98

Predictor-corrector 189

VE-DDNM 105

PaDIS (VE-DPS) 195
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A.1.5 Markov random field interpretation

Markov random fields (MRF) are a tool used to represent certain image distributions and

are particularly applicable to patch-based diffusion models. Describing the connection

between MRF and this work requires some notation: let x = {xs : s ∈ S} denote the

random field, where the index S denotes the sites. The neighborhood systemN is defined

asN = {Ns : s ∈ S}. A model forx ∈ X is a MRF on S with respect to the neighborhood
system N if

p(xs|xS−{s}) = p(xs|xNs), ∀x ∈ X , ∀s ∈ S. (A.2)

Therefore, the distribution of each site (normally chosen to be a pixel) conditioned on the

rest of the pixels depends only on the neighboring pixels.

By the Hammersley-Clifford theorem [16], such a MRF satisfying p(x) > 0 every-

where can also be rewritten as p(x) = 1
Z
e−U(x)

, where Z is a normalizing constant. In

this case U(x) is called the energy function and has the form U(x) =
∑

c∈C Vc(x), which

is a sum of clique potentials Vc(x) over all all possible cliques. Thus, the score function

for a MRF model is:

s(x) = ∇ log p(x) = −∇U(x) = −
∑
c

∇Vc(x). (A.3)

If we let the neighborhood system be the patches of the image, then Vc corresponds to the

clique potential for the cth patch of an image, and−∇Vc(x) denotes the score function of

that patch. Denoting byGc the wide binary matrix that extracts the pixels corresponding

to the cth patch from the whole image, we define Vc(x) = V (Gcx, c
∗), where c∗ denotes

the positional encoding method used for the cth patch, and now we simply have one

(patch) clique function V . Finally, the overall score function under this model becomes

s(x) =
∑
c

G′
csV (Gcx, c

∗), (A.4)

where sV (v, c
∗) ≜ −∇vV (v, c∗) is the shared score function of each of the patches with

a positional encoding input.
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In this work, we approximate sV with a neural network parameterized by θ, and we

use denoising score matching to train the network via the loss function

L(θ) = Et∼U(0,T )Ex∼p(x)Eϵ∼N (0,σ2
t I)
∥sθ(x+ ϵ, σt) + ϵ/σ2

t ∥22 (A.5)

= Et∼U(0,T )Ex∼p(x)Eϵ∼N (0,σ2
t I)

∥∥∥∥∥∑
c

G′
csV (Gcx, c

∗; θ) + ϵ/σ2
t

∥∥∥∥∥
2

2

. (A.6)

This derivation makes no assumptions on the patches; in particular, this method to train

the score function would still hold if the patches overlapped for each iteration. However,

such overlap would make it costly to train the network, as the loss function would need to

be propagated through the sum over all patches every training iteration. We circumvent

this problem by using non-overlapping patches (within a given reconstruction iteration;

i.e., our approach only uses patches that “overlap” only across different iterations). For

non-overlapping patches, the sum can be rewritten as follows:

L(θ) = Et∼U(0,T )Ex∼p(x)Eϵ∼N (0,σ2
t I)

∥∥∥∥∥∑
c

G′
csV (Gcx, c

∗; θ) +G′
cGcϵ/σ

2
t

∥∥∥∥∥
2

2

(A.7)

= Et∼U(0,T )Ex∼p(x)Eϵ∼N (0,σ2
t I)

Erandom c∥sV (Gcx, c
∗; θ) +Gcϵ/σ

2
t ∥22. (A.8)

This loss function is much easier to compute, as we can now randomly select patches and

perform denoising score matching on the individual patches, as opposed to considering

the entire image at once, and is equivalent to (A.5).
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A.1.6 Acceleration methods

Although diffusion models are capable of generating high quality images, the iterative

generative process typically requiring around 1000 neural function evaluations (NFEs)

[73, 168] is a major disadvantage. In recent years, significant work has been done to im-

prove sampling speed of diffusionmodels [165, 93, 128]. To reuse the same trained network,

one can first derive an algebraic relationship between the score function s(x, σ) (readily

computed using the denoiser networkD(x, σ) trained via (4.3)) and the residual function

ϵ(x, t) which is approximated with a neural network in papers such as [73]. The score

matching network sθ(x, θ) learns to map x + σϵ to x, whereas the residual network

learns to map xt =
√
αtx0 +

√
1− αtϵ to ϵ where ϵ ∼ N (0, I). Hence, we may input

xt√
αt

= x0+
√
1−αt√
αt

ϵ as the noisy image into the denoising score matching network so that

the correct output becomes x0. Then the corresponding noise level is σt =
√
1−αt√
αt

. Finally,

the outputs of the network must be scaled via sθ(x) = −ϵ(x)/σ. Thus, by using this

transformation, the network trained via (4.3) may also be applied to sampling algorithms

requiring ϵθ.

Using these ideas, we implemented the EDM sampler, a second-order solver for SDEs,

according to [93], which can produce high fidelity images in 18 iterations (equating to 36

NFEs as each iteration requires two NFEs). We also implemented DDIM [165] using 50

sampling steps. Figure A.5 shows the results of using these methods with the proposed

patch-based prior along with Langevin dynamics with 300 NFEs. The EDM sampler pro-

duces images that have clear boundary artifacts and the images from the DDIM method

also have some discontinuous parts. This behavior is due to the stochastic method of com-

puting the patch-based prior: according to Algorithm 2, we randomly choose integers i

and j with which to partition the zero padded image and compute the score function ac-

cording to this partition. Hence, accelerated sampling algorithms that attempt to remove

large amounts of noise at each step tend to fare worse at removing boundary artifacts.

This limitation of our method makes it difficult to run accelerated sampling algorithms,

so is a direction for future research.
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fig A.5 – Generation of CT images with various acceleration algorithms. Top row shows

generation with the EDM sampler [93], middle row uses DDIM [165], bottom row is our

proposed method.

136



A.1.7 Additional figures

Figure A.6 shows the visual results of the extra inverse problems in Table 4.2.

1200

800

fig A.6 – Results of extra inverse problem experiments. From top to bottom: 60 view

CT, fan beam CT, heavy deblurring. From left to right: baseline, ADMM-TV, whole image

diffusion, PaDIS, ground truth.

To further explore the different methods of assembling patches to form the whole

image, we looked at unconditionally generated CT images according to the methods of

[142] and [152]. Unlike with our proposed method, for these two methods, the patch loca-

tions are fixed throughout all of the timesteps. Furthermore, overlapping patches must be

used to avoid boundary artifacts. The main difference is the way in which the methods

handle the overlapping pixels: [152] overrides the overlapped areas with the new patch up-

date while [142] averages over the overlapped area. We use the same network checkpoint

trained on CT images as the main experiments and a patch size of 56 with overlap of 8

for the experiments. Figure A.7 shows the generated images: while both methods are able

to avoid boundary artifacts, the overall structure of the generations are of lower quality

than the images generated by our proposed method (see Table 4.4). This suggests that our

proposed method most effectively combines the patch priors to form a prior for the entire

image.
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fig A.7 – Unconditionally generated CT images using patch stitching [152] for the top

row and patch averaging [142] for the bottom row. Compare this to the images generated

by our proposed method in Figure 4.4.

Figures A.8 and A.9 show the PSNR of each individual image in the test dataset when

using thewhole-imagemodel versus our proposedmethod. The plots show that ourmethod

exhibited reasonably consistent performance improvements over the test dataset.

fig A.8 – Comparison between PSNR of deblurring between whole-image model and

proposed method for each image in the test dataset.
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fig A.9 – Comparison between PSNR of superresolution between whole-image model

and proposed method for each image in the test dataset.

A.2 Appendix for "DiffusionBlend: Learning 3D

Image Prior through Position-aware Diffusion

Score Blending for 3D Computed Tomography

Reconstruction"

A.2.1 Score matching derivations for DiffusionBlend++

We show how the score matching method described in [166] can be simplified in the case

of assumptions such as the ones described in Table A.11.

Product of distributions. Suppose first that the distribution of interest can be ex-

pressed as p(x) = q(x)ar(x)b/Z for density functions q and r, constant positive scalars a

and b, and a scaling factorZ . Following [166], to learn the score function, we can minimize

the loss function

Et∼U(0,T )Ex∼p(x)Ey∼N (x,σ2
t I)
∥sθ(y, σt)−

y − x

σ2
t

∥22, (A.9)
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where sθ represents a neural network. Denoting the score functions of p, q, and r by s,

sp, and sq, we have s(x) = asq(x)+ bsr(x). Hence, if we instead use neural networks to

learn sp and sq, we could minimize the loss function

L1 = Et∼U(0,T )Ex∼p(x)Ey∼N (x,σ2
t I)
∥asq,θ(y, σt) + bsr,θ(y, σt)−

y − x

σ2
t

∥22. (A.10)

However, this loss function is computationally expensive to work with, as backpropaga-

tion through both networks is necessary. Thus, it would be ideal to derive a simpler form

of this loss function.

Toward these ends, for simplicity we define X = asq,θ(y, σt) − a
a+b
· y−x

σ2
t

and Y =

bsr,θ(y, σt)− b
a+b
· y−x

σ2
t
, where all images have been vectorized. Now

∥X − Y ∥22 = ∥X∥22 + ∥Y ∥22 − 2⟨X, Y ⟩ ≥ 0. (A.11)

Thus, rearranging the inequality and adding ∥X∥22+∥Y ∥22 to both sides yields ∥X+Y ∥22 ≤
2∥X∥22 + 2∥Y ∥22.

Returning to the original loss function, we have

L1 = Et∼U(0,T )Ex∼p(x)Ey∼N (x,σ2
t I)
∥X + Y ∥22. (A.12)

By applying the inequality proven above, we get

L1 ≤ 2Et∼U(0,T )Ex∼p(x)Ey∼N (x,σ2
t I)
∥a · sq,θ(y, σt)−

a

a+ b
· y − x

σ2
t

∥22 (A.13)

+ 2Et∼U(0,T )Ex∼p(x)Ey∼N (x,σ2
t I)
∥b · sr,θ(y, σt)−

b

a+ b
· y − x

σ2
t

∥22. (A.14)

For the special case of a = b = 1
2
, this inequality is rewritten as

L1 ≤ Et∼U(0,T )Ex∼p(x)Ey∼N (x,σ2
t I)
∥sq,θ(y, σt)−

y − x

σ2
t

∥22 (A.15)

+ Et∼U(0,T )Ex∼p(x)Ey∼N (x,σ2
t I)
∥sr,θ(y, σt)−

y − x

σ2
t

∥22. (A.16)

Note that each of the two individual terms in the sum precisely represents the scorematch-

ing equation for learning the score functions sp and sq. Hence, to train the networks sq,θ

and sr,θ by minimizing L1, we may instead minimize the upper bound of L1 by separately

training these two networks.
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In practice, wemay opt to use the same network for sq,θ and sr,θ but with an additional

input specifying which distribution between q and r to use. In this case, at each train-

ing iteration, we randomly choose from one of the two distributions and perform back-

propagation using this distribution. More precisely, we redefine our network sθ(x, σt, v)

with v being either 0 or 1. When v = 0, sθ(x, σt, v) = sq,θ(x, σt) and when v = 1,

sθ(x, σt, v) = sr,θ(x, σt). Thus the loss bound becomes

L1 ≤ Et∼U(0,T )Ex∼p(x)Ey∼N (x,σ2
t I)

Ev∈{0,1}∥sθ(y, σt, v)−
y − x

σ2
t

∥22. (A.17)

Finally, this derivation easily extends to the more general case where the distribution

of interest can be expressed as

p(x) =
k∏

i=1

pi(x)
1/k/Z. (A.18)

In this case, the similarly defined score matching loss function L1 can be upper bounded

by an expression similar to (A.17), but with v being randomly selected from k possible

values.

In summary, we have shown that for the case of a decomposable distribution p(x), the

score function of p(x) can be learned simply through the score function of the individual

components pi(x). In the special case when each of the components have equal weight, it

suffices to randomly choose one of the components and backpropagate through the score

matching loss function according to that component.

Separable distributions. Next, we show how the score matching method is simplified

for distributions of the form p(x) =
∏r

i=1 p(x[:, :,Si])/Z , where the same notation as

Table A.11 is used and S = S1 ∪ . . . ∪ Sr denotes an arbitrary partition of {1, 2, . . . , H}.
The score function of p(x) can be written as

s(x) =
H∑
i=1

∇ log p(x[:, :,Si]) =
H∑
i=1

si(x[:, :,Si]), (A.19)

where si represents the score function of the slices of x corresponding to Si. Then (A.9)

becomes

L = Et∼U(0,T )Ex∼p(x)Ey∼N (x,σ2
t I)

∥∥∥∥∥
H∑
i=1

sθ,i(x[:, :,Si])−
y − x

σ2
t

∥∥∥∥∥
2

2

. (A.20)
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Since each of the Si’s are disjoint, this can be broken up and rewritten as

L =
H∑
i=1

Et∼U(0,T )Ex∼p(x)Ey∼N (x,σ2
t I)

∥∥∥∥sθ,i(x[:, :,Si])− y[:, :,Si]− x[:, :,Si]
σ2
t

∥∥∥∥2
2

. (A.21)

Thus, after replacing the outer sum with an expectation over i, this is equivalent to ran-

domly choosing one of the partitions Si and performing denoising score matching on only

x[:, :,Si].
A very similar derivation holds for the general case where the 3D volume x can be

partitioned into an arbitrary number of smaller volumes of any shape x = x1∪x2∪ . . .∪
xH and p(x) =

∏H
i=1 p(xi)/Z . For this case, training consists of randomly selecting one

of the partitions at each iteration and performing score matching on that partition. For

example, when xi = x[:, :, i], it is common to select 2D slices from the training volumes

and learn a two dimensional diffusion model on those slices [42, 109].

Applying to DiffusionBlend++. When p(x) follows the distribution in

DiffusionBlend++ we can combine the results of the previous two sections to show how

to perform score matching. In the first part of this section, we showed how to perform

score matching for a distribution expressed as a product of “simpler” distributions by

performing score matching on the individual distributions. DiffusionBlend++ follows this

assumption where

pi(x) =

(
r∏

j=1

p(x[:, :,Sj])

)
/Zi. (A.22)

Here, i represents an index that can iterate through the ways of partitioning S = S1 ∪
. . .∪Sr. The input v to the network specifying which of the simpler distributions is used

is embedded as the relative position encoding for each of the partitions as described in

Section 3. Finally, to learn the score function of pi(x), we can use the loss function in

(A.21).

A.2.2 Additional Algorithms

The reconstruction algorithm for DiffusionBlend is provided below.

The training algorithms for DiffusionBlend and DiffusionBlend++ are provided below.
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Algorithm 10 DiffusionBlend

Require: A,M , ζi > 0, j,y
Initialize xT ∼ N (0, σ2

TI)
for t = T : 1 do

For each i compute ϵθ(xt[:, :, i]|xt[:, :, i− j : i− 1],xt[:, :, i+ 1 : i+ j])
Compute s = ∇ log p(xt) using (5.3)
Compute x̂t = E[x0|xt] using Tweedie’s formula

Set x̂′
t = CG(A∗A,A∗y, x̂t)

Sample xt−1 using x̂′
t and s via DDIM sampling

end for

Return x.

Algorithm 11 DiffusionBlend training

repeat

Select x ∼ p(x)
Select t ∼ Uniform[1, T ]
Set y ∼ N (x, σ2

t I)
Select i ∼ Uniform[1, H]
Take gradient descent step on ∇θ∥(Dθ(y[:, :, i− j : i+ j], σt)− x[:, :, i])/σ2

t ∥22
until converged

Return Dθ

Algorithm 12 DiffusionBlend++ training

repeat

Select x ∼ p(x)
Select t ∼ Uniform[1, T ]
Set y ∼ N (x, σ2

t I)
Select a partition S = S1 ∪ . . . ∪ Sr
Select i ∼ Uniform[1, r]
Take gradient descent step on ∇θ∥(Dθ(y[:, :,Si], σt)− x[:, :,Si])/σt

2∥22
until converged

Return Dθ

143



A.2.3 Ablation studies

Adjacency Cross PSNR ↑ SSIM ↑

34.85 0.954

✓ 36.02 0.965

✓ ✓ 36.48 0.968

tbl A.6 – Effectiveness of Blend-

ing Modules, Sagittal view perfor-

mance on AAPM

We run the following ablation studies to examine

each of the individual components of our Diffusion-

Blend++ method. Firstly, we examine the perfor-

mance gain of adding adjacency slicue blending (Dif-

fusionBlend+) and adding cross-slice blending. Next,

we examine the effect of including the positional en-

coding as an input to the network. Then we look at

the quantitative metrics of the reconstructed images

when applying different numbers of NFEs for the comparison methods. Finally, we exam-

ine the effect of choosing different slices for each partition.

Effectiveness of adjacency-slice blending and cross-slice blending Wedemonstrate

that both the adjacency-slice blending and the cross-slice blending module are instrumen-

tal to a better reconstruction quality. Table A.6 demonstrates the effectiveness of adding

blending modules to the reverse sampling. Given the pretrained diffusion prior over slice

patches, we observe that adding the adjacency-slice blending module improves the PSNR

over a fixed partition by 1.17dB, and adding an additional cross-slice blending module

further improves the PSNR by 1.63dB. Fig. 5.5 demonstrates that adding the cross-slice

blending module removes artifacts and recovers sharper edges.

Robust performance with low NFEs. Since DDS and DiffusionBlend++ both use the

DDIM sampler for acceleration, we performed experiments with both of these methods

using different NFEs. The left of Fig. A.10 shows graphs of these two methods and Table

A.7 shows the quantitative results. DDS is very sensitive to the number of NFEs used and

there is a sharp dropoff in PSNR if too few or too many NFEs are used. On the other

hand, DiffusionBlend++ performs the best for the highest number of NFEs due to the slice

blending strategy while still obtaining superior results for 50 NFEs. Also, this method is

much more robust to varying NFEs, displaying only 1.4dB of variance in the shown results

compared to 2.4dB of varaince for DDS. For fair comparisons, we use 200 NFEs for all the

main experiments.

Frequency of applying slice jumps. To demonstrate the use of jump slice partitions at

reconstruction time, we performed experiments varying the frequency of applying these

jump slices. For instance, for a frequency of 8, the reconstruction algorithm consisted of

144



tbl A.7 – Axial PSNR for 8 view SVCT recon for different NFEs

Method 50 100 200 334

DDS 30.8 32.2 33.2 32.7

DiffusionBlend++ 34.5 35.0 35.7 35.9

fig A.10 – Quantitative results (axial view) of CT reconstruction with 8 views on AAPM

dataset for different NFEs and slice blending methods.

updating the volume using jump slices for iteration numbers that are a multiple of 8 and

updating using adjacent slices for all other iterations. The right of Fig. A.10 shows a graph

of the results for different frequencies and the quantitative results are presented in Table

A.8. The best results are obtained when the frequency is 2, corresponding to alternating

updates with adjacent slices and jump slices, and the PSNR decreases monotonically as the

frequency increases. This indicates that the jump slices capturemore nonlocal information

across a volume and help to improve the image quality.

tbl A.8 – Axial PSNR for 8 view SVCT recon for different slice jump frequencies

Frequency 2 4 8 12 16 32

PSNR 35.69 35.62 35.50 35.45 35.37 35.28
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tbl A.9 – Wall times of various methods for 8 view 3D CT reconstruction

Method NFEs Wall time (min)

DiffusionMBIR 2000 1400

TPDM 2000 1200

DDS 200 48

DiffusionBlend 200 70

DiffusionBlend++ 200 32

fig A.11 – Left: Performance of DiffusionBlend++ on more angles, Right: Reconstruction

of DiffusionBlend++ with low-dose noise

A.2.4 Additional Results

Classical Baselines andmore Projection Angles We provide additional results with

classical baselines (without deep learning) such as SIRT, SBTV, and CGLS for the LDCT

dataset. Results show that our method outperforms the baselines significantly for every

angle we evaluated on. DiffusionBlend++ starts to reconstruct images very close to the

ground truth with 20 projections or more, but other baselines such as SIRT and CGLS

fig A.12 – Comparison of DiffusionBlend++ with classical methods
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Method

Sparse-View CT Reconstruction on AAPM Sparse-View CT Reconstruction on LIDC

8 views 6 views 4 views 8 Views 6 Views 4 Views

PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑
FBP 2.64 0.16 2.88 0.26 2.91 0.20 2.57 0.17 2.78 0.21 2.84 0.16

FBP-UNet 3.46 0.30 3.34 0.28 3.04 0.31 3.42 0.31 3.23 0.29 3.14 0.27

DiffusionMBIR 1.93 0.08 1.48 0.13 1.28 0.11 1.89 0.09 1.56 0.12 1.31 0.14

TPDM - - - - - - 2.32 0.14 2.02 0.16 2.52 0.19

DDS 2D 1.76 0.07 2.04 0.10 2.73 0.11 1.85 0.09 2.13 0.13 267 0.18

DDS 2D 1.76 0.07 2.04 0.10 2.73 0.11 1.85 0.09 2.13 0.13 2.67 0.18

DDS 2D 1.68 0.06 1.96 0.09 2.65 0.11 1.84 0.09 2.10 0.12 2.64 0.18

DiffusionBlend (Ours) 1.67 0.06 1.78 0.08 1.98 0.09 1.70 0.07 2.03 0.11 2.54 0.16

DiffusionBlend++ (Ours) 1.50 0.06 1.65 0.08 1.71 0.10 1.60 0.09 1.68 0.10 1.82 0.11

tbl A.10 – Standard Deviation of Performance on Sparse-View CT Reconstruction on

Sagittal View for AAPM and LIDC datasets. Best results are in bold.

still struggle to get a satisfying reconstruction with 60 views or more. Fig. A.11 shows the

reconstruction performance on the coronal plane of different methods. We observe that

DiffusionBlend++ (ours) has a significant margin above baselines for every view. Note that

DiffusionBlend++ still outperforms DDS2D significantly with >40 views, which demon-

strates that our 3D prior is still very useful even with much more views. We also simulate

low-dose noise to the reconstruction, which showing our algorithm is robust to noise by a

minor decrease in reconstruction performance. Our method (DiffusionBlend++) is shown

to outperforms all baselines at every angle as in Fig. A.12.

Error Bars We demonstrate the standard deviation of the results with sparse-view CT

reconstruction on AAPM and LIDC dataset here to demonstrate that the result is statisti-

cally sigificant.

Fig. A.13 shows the visual results for SVCT reconstruction with 8 views on the LIDC

dataset.

Fig. A.14 shows the visual results for SVCT reconstruction with 6 views on the LIDC

dataset.

Fig. A.15 shows the visual results for SVCT reconstruction with 4 views on the LIDC

dataset.

Fig. A.16 shows the visual results for LACT reconstruction on the LIDC dataset.
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fig A.13 – Results of 3D CT reconstruction with 8 views on LIDC dataset. Top row is axial

view, middle row is sagittal view, bottom row is coronal view.

fig A.14 – Results of 3D CT reconstruction with 6 views on LIDC dataset. Top row is axial

view, middle row is sagittal view, bottom row is coronal view.
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fig A.15 – Results of 3D CT reconstruction with 4 views on LIDC dataset. Top row is axial

view, middle row is sagittal view, bottom row is coronal view.

fig A.16 – Results of limited angle 3D CT reconstruction on LIDC dataset. Top row is

axial view, middle row is sagittal view, bottom row is coronal view.
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tbl A.11 – 3D prior modeling methods

Method Distribution Model

DiffusionMBIR [42]

∏H
i=1 p(x[:, :, i])/Z

TPDM [109]

(∏N
i=1 qθ(x[:, :, i])

α
)(∏N

j=1 qϕ(x[j, :, :])
β
)
/Z

DiffusionBlend

∏H
i=1 p(x[:, :, i]|x[:, :, i− j : i− 1],x[:, :, i+ 1 : i+ j])/Z

DiffusionBlend++

∏r
i=1 p(x[:, :,Si])/Z

A.2.5 Experiment parameters

Since axial slices belonging to the same volume that are far apart have limited correlation,

DiffusionBlend++ selects only partitions of S for training where slices belonging to the

same partition are fairly close to one another. Then the same range of possible partition

schemes are used during reconstruction time. More precisely, we take the size of each Si
to be 3 and first repetition pad the volume so that the number of axial slices is a multiple

of 9. Then we consider the following partitions:

• S1 = {1, 2, 3}, S2 = {4, 5, 6}, S3 = {7, 8, 9}. Furthermore, for all integers k >

1, Sk = Sk−3

⊕
9⌊(k − 1)/3⌋, where

⊕
represents adding the same number to

each element of the set. For example, S4 = {10, 11, 12}, S5 = {13, 14, 15}, S6 =

{16, 17, 18}.

• S1 = {1, 4, 7}, S2 = {2, 5, 8}, S3 = {3, 6, 9}. Furthermore, for all integers k > 1,

Sk = Sk−3

⊕
9⌊(k − 1)/3⌋.

A.2.6 Comparison experiment details

FBP-UNet. We used the same neural network architecture as the original paper [89].

Individual networks were trained for each of the 8 view, 6 view, 4 view, and LACT exper-

iments for each of the datasets. Each of the networks were trained from scratch with a

batch size of 32 for 150 epochs.

DiffusionMBIR. We separately trained networks for the AAPM and LIDC datasets by

fine-tuning the original checkpoint provided in [42] for 100 and 10 epochs, respectively.

The batch size was set to 4. For reconstruction, we used the same set of hyperparameters
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for all of the experiments: λ = 0.04, ρ = 10, and r = 0.16 for the sampling algorithm.

2000 NFEs were used for the diffusion process.

TPDM. We fine-tuned the axial and sagittal checkpoints provided in [109] on the LIDC

dataset for 10 epochs. For reconstruction, we used 2000 NFEs and alternated between

updating the volume using the axial checkpoint and sagittal checkpoint, with each check-

point being used equally frequently. The DPS step size parameter was set to ζ = 0.5.

DDS. We separately trained networks for the AAPM and LIDC datasets by fine-tuning

the original checkpoint provided in [41] for 100 and 10 epochs, respectively. We used 100

NFEs at reconstruction as this was observed to give the best performance. The reconstruc-

tion parameters were set to η = 0.85, λ = 0.4, and ρ = 10. Five iterations of conjugate

gradient descent were run per diffusion step. For DDS 2D, the parameters were left un-

changed with the exception of using ρ = 0 to avoid enforcing the TV regularizer between

slices.

SBTV. We implement this algorithm with variables splitting of 3D anisotropic TV regu-

larization (Dz, Dx, and Dy).We first check number of iterations, note that the performance

converges with around 30 iterations. We did a grid search of hyperparameters on 9 vali-

dation images (not in the test set) for every projection angles.

SIRT. This algorithm iteratively updates the reconstruction based on the residual be-

tween projection of the reconstruction and the GT. It only has the number of iterations as

its hyper-parameter. We note that during inference, PSNR increases with more iterations,

but saturates later. So we set the total number iterations to be 1000, with an early stopping

threshold of 1e-6 between two consecutive iterations.

CGLS. This algorithm uses conjugate gradient for solving least square problems. In our

case, we useCG(ATA+ρxTx,ATy), ρ is set to be 1e-4 based on grid search for numerical

stability. We tune the number of iterations on validation set, and find that performance

saturates at around 25 iterations.
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A.3 Appendix for Local Patches Meet Global Context:

Scalable 3D Diffusion Priors for Computed

Tomography Reconstruction

A.3.1 Training Algorithm

Algorithm 13 summarizes the training algorithm for 3D patch diffusion.

Algorithm 13 Training 3D patch diffusion model

Require: image size Nx ×Ny ×Nz , patch size P
1: repeat

2: t ∼ Uniform({1, ...T})
3: c ∼ Uniform({0, ...(Nx + P )(Ny + P )(Nz + P )})
4: ϵ ∼ N (0, I)
5: xt =

√
ᾱtx+

√
1− ᾱtϵ

6: u = Gcxt ▷ Patchify
7: v = Dxt ▷ Downsample

8: Apply gradient descent on ∇θ||Dθ(u,v)−Gcϵ||2
9: until converged

A.3.2 Experiment Parameters

For the network used in the proposed method, we extended the 2D UNet architecture used

in [165] to 3D by replacing all 2D operators with their 3D counterparts. The model was op-

timized by Adam, and we used an exponential moving average with a decay rate of 0.999

to stabilize the training. The diffusion process used 1000 timesteps with a linearly increas-

ing noise variance schedule from 0.0001 to 0.02. All of our proposed models were trained

with the same architecture. Table A.12 summarizes the architecture and hyperparameter

settings.

A.3.3 Limitations

Limitation on reducing sampling steps In Eq. 6.2, we model our 3D prior as the

product of all non-overlapping patches for a given initial point, and then take the product

over all possible initial points. However, during each sampling step, we approximate the

3D prior as the product of all non-overlapping patches from one random initial point [82]
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tbl A.12 – Model hyperparameters.

Base channel width 64

Channel multipliers [1, 2, 4, 4]

# of input channel 5

# of output channel 1

Attention resolution [8, 8]

# of residual block 2

Learning rate 2× 10−5

to reduce the computation cost. Consequently, the model cannot be sampled with smaller

step sizes, as it relies on a random initial point at each step to reduce the boundary artifacts.

Figure A.17 shows that with smaller sampling steps, the boundary artifacts of patches still

remains.

10 50 100 200

fig A.17 – Sagittal slices of generated 3D volumes for different numbers of different sam-

pling steps. Generated image quality degrades if the number of steps is reduced too much.

Limitation on boundary region of volume Our 3D prior model zero pads each 3D

volume. The zero padding can create unwanted artifacts in the top few and bottom few

slices of generated volumes. Figure A.18 shows the first and last four axial slices of a

representative generated volume. Future work could consider other padding approaches.
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fig A.18 – Top row shows the first four axial slices, and the bottom row shows the last

four axial slices of the generated volume

Low generation quality on large volume Although our proposed method achieves

SOTA performance on reconstructing 512×512×256 CT volume, it fails to generate fine-

grained details as shown in Figures A.25, A.26, A.27.We speculate that because the number

of model parameters remains the same when training priors on 256 × 256 × 256 and

512×512×256 sized volumes, it is difficult to achieve comparable generative performance

for the larger volume size.

A.3.4 Trade-offs

In this section, we discuss the trade-offs between the different patch sizes. All experiments

were conducted on the 256× 256× 256 LIDC-IDRI prior for the 8-view SVCT task. Here,

the patch size plays a critical role in training efficiency: when the patch size doubles, then

the batch size decreases by a factor of eight. However, if we reduce the patch sizes too

much, the performance drops drastically, as shown in Figure A.13. Therefore, we choose

a patch size that is a factor of eight of the full image resolution as our baseline, balancing

training efficiency and reconstruction quality.
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tbl A.13 – Trade-offs on different patch sizes

Patch size (factor) PSNR ↑ training time sampling time

64× 64× 64 (4) 31.74 8 days 30 min

32× 32× 32 (8) 33.06 8 days 20 min

16× 16× 16 (16) 27.87 3 days 10 min

155



A.3.5 Additional Figures

Figure A.19 shows visual results of 8-view CT reconstruction on the AAPM dataset with

our proposed method and some comparison methods. Compared to the result with Dif-

fusionBlend (fine-tuned from a checkpoint pretrained on natural images), our method is

able to preserve more details, such as bone artifacts and blood vessels of a lung.

1

0

ADMM-TV FBP-UNet Blend+FT Proposed Ground truth

PSNR: 23.71 PSNR: 25.93 PSNR: 32.25 PSNR: 32.96

fig A.19 – Results of our proposed method and comparison methods for 8-view 3D CT

reconstruction on AAPM dataset. The top row shows an axial slice and the bottom row

shows a sagittal slice from each reconstructed volume.

Figure A.20 shows visual results of 60-view CT reconstruction on the 256 × 256 × 256

LIDC dataset with our proposed method and some comparison methods. We see that even

in this fairly sparse setting, the proposed method is able to obtain a very high quality

reconstruction that is absent of any hallucinations or artifacts.
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1200

800

ADMM-TV FBP-UNet Blend+FT Proposed Ground truth

PSNR: 43.70PSNR: 42.72PSNR: 32.78PSNR: 29.43

fig A.20 – Results of our proposed method and comparison methods for 60 view CT

recon on 256× 256× 256 LIDC dataset. Plots are shown in Hounsfield units. The top row

shows the axial slice and the bottom row shows the sagittal slice from the reconstructed

volume.
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Figure A.21, A.22 shows visual results of 20-view and 60-view CT reconstruction on the

512× 512× 256 LIDC dataset with our proposed method and some comparison methods.

To the best of our knowledge, we are the first work to leverage unconditional diffusion

priors to perform CT reconstruction on CT volumes of size 512.

1200

600

ADMM-TV FBP-UNet Blend+FT Proposed Ground truth

PSNR: 37.33PNSR: 25.39 PSNR: 30.32 PSNR: 36.44

figA.21 – Results of our proposedmethod and comparisonmethods for 20 view CT recon

on 512×512×256 LIDC dataset. Plots are shown in Hounsfield units. The top row shows

the axial slice and the bottom row shows the sagittal slice from the reconstructed volume.
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fig A.22 – Results of our proposed method for 60 view CT recon on 512×512×256 LIDC
dataset. Plots are shown in Hounsfield units. The top row shows our proposedmethod and

the bottom row shows the ground truth. All slices are axial slices from the same volume.
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Figure A.23, A.24 shows the selected slice of unconditionally sampled volume from 256×
256 × 256 LIDC-IDRI prior and 256 × 256 × 256 AAPM prior. We calculated its near-

est neighbor from the training dataset and showed the corresponding slices below. This

further solidifies that our model could generate volumes instead of memorizing from the

training dataset.

fig A.23 – Unconditional sampling result on 256 × 256 × 256 LIDC-IDRI prior and its

nearest neighbor from the training dataset sliced by axial, coronal, and sagittal view.
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fig A.24 – Unconditional sampling result on 256×256×256 AAPM prior and its nearest

neighbor from the training dataset sliced by axial, coronal, and sagittal view.
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Figures A.25, A.26, A.27 show unconditional sampling results of 512× 512× 256, 256×
256× 256 LIDC-IDRI prior and 256× 256× 256 AAPM prior. Here, our proposed method

is capable of generating realistic volumes, even from the 256× 256× 256 AAPM dataset

that consists of only 9 training volumes.
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fig A.25 – Unconditional sampling examples for three different priors (axial slices of 3D

volumes).
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fig A.26 – Unconditional sampling examples for three different priors (coronal slices of

3D volumes).
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fig A.27 – Unconditional sampling examples for three different priors (sagittal slices of

3D volumes).
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Figure A.28, A.29, A.30 shows the continuous axial, coronal and sagittal slices of a volume

that is unconditionally sampled from 256× 256× 256 LIDC-IDRI prior.

fig A.28 – Continuous axial slice of a volume sampled from 256× 256× 256 LIDC-IDRI
prior; every fourth slice is shown
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A.4 Appendix for "Test-Time Adaptation Improves

Inverse Problem Solving with Patch-Based

Diffusion Models "

A.4.1 Ablation studies

We performed four ablation studies to evaluate the impact of various parameters on the

proposed methods. Similar to the main text, all quantitative results are averaged across

the test dataset.

Low-rank adaptation. To avoid overfitting to the measurement when using the self-

supervised loss, [10] proposed using a low-rank adaptation to the weights of the neural

network, reducing the number of weights that are adjusted during reconstruction by a

factor of around 100. Here we investigate the effect of using different ranks of adaptations

on two inverse problems: 60 view CT reconstruction and deblurring. Consistent with [10]

and [47], we only used the LoRA module for attention and convolution layers. We also

allowed the biases of the network to be changed.

Tables A.14 and A.15 show the quantitative results of these experiments, where a rank

of “full" represents fine-tuning all the weights of the network. In all cases, using LoRA

for this fine-tuning process resulted in worse reconstructions than simply fine-tuning the

entire network. The visual results are especially apparent in Figure A.32: the reconstructed

image became oversmoothed when using LoRA and artifacts became present when using

the whole-image model. This is likely due to the large distribution shift between the initial

distribution of images and target distribution of faces: the low-rank adaptation of the

mismatched network is not sufficient to represent the new distribution and thus the self-

supervised loss function results in smoothed images.

Effect of network size. When applying the self-supervised loss, another potential

method to avoid overfitting is to use a smaller network. We trained networks with differ-

ing numbers of base channels (but no other modifications) on the ellipse phantom dataset

and then used Algorithm 5 to perform 60-view CT reconstruction with test-time adapta-

tion. Table A.16 shows the quantitative results of this experiment. For both the patch-based

model and the whole image model, the network with 128 base channels obtained the best

result, so we used this network architecture for all the main experiments. Figure A.33
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tbl A.14 – Performance of 60 view CT recon using self-supervised network refining with

LoRA module. Best results are in bold.

Rank Parameters (%) Patches Whole image

PSNR↑ SSIM ↑ PSNR↑ SSIM ↑

2 1.1 40.37 0.963 39.25 0.952

4 2.0 40.32 0.963 39.10 0.951

8 3.8 40.33 0.963 39.18 0.951

16 7.2 40.32 0.963 39.33 0.953

Full 100 41.45 0.966 40.47 0.957

tbl A.15 – Performance of deblurring using self-supervised network refining with LoRA

module. Best results are in bold.

Rank Parameters (%) Patches Whole image

PSNR↑ SSIM ↑ PSNR↑ SSIM ↑

2 1.1 29.31 0.830 29.19 0.811

4 2.0 29.31 0.829 29.35 0.817

8 3.8 29.38 0.831 29.19 0.810

16 7.2 29.31 0.830 29.33 0.815

Full 100 30.34 0.860 29.50 0.831

again shows evidence of overfitting in the form of artifacts in the otherwise smooth re-

gions of the organs when using the network with 256 base channels. These artifacts are

less obvious in the patch-based model.

Fine-tuningwith a larger dataset.To examine the effect of fine-tuning the networks

on differing sizes of in-distribution datasets, we started with the same checkpoint trained

on ellipses and fine-tuned them using various sizes of datasets consisting of CT images.

Each small dataset consisted of randomly selected images from the entire 5000 image

AAPM dataset. Next we used these checkpoints to perform 60 view CT reconstruction

(without the self supervised loss). Table A.17 shows the results of these experiments, where

we also included the results of using the in-distribution network trained on the entire 5000
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tbl A.16 – Performance of 60 view CT recon using test-time adaptation with networks

of different sizes. Best results are in bold.

Base Parameters Patches Whole image

Channels (Millions) PSNR↑ SSIM ↑ PSNR↑ SSIM ↑

32 3.4 39.73 0.958 39.69 0.957

64 14 40.37 0.961 40.07 0.958

128 60 41.45 0.966 40.47 0.957

256 217 40.29 0.959 39.28 0.954

image dataset. This shows that for a wide range of different fine-tuning dataset sizes our

proposed method obtained better metrics than the whole-image model.

We emphasize the difference between the results of [82], which showed that patch-

based models outperform whole image models in cases of limited data, and the results

here. Since the networks in [82] were trained from scratch, more data was required: the

smallest datasets used in [82] contained 144 images. In constrast, we are able to fine-tune

networks in our work using only 10 images. Consequently, the training time is also much

lower for our work: Figure 7.6 shows that we fine-tuned a patch-based model in only

about 2 hours, whereas [82] required 12-24 hours to train the patch-based models from

scratch. Thus, our results complement the work of [82] by showing that, compared to

whole-image models, patch-based diffusion models easier to train from scratch in settings

of limited data, and they are also easier to fine-tune when data is very limited.

tbl A.17 – Performance of fine-tuning on 60 view CT using checkpoints fine-tuned from

different dataset sizes. Best results are in bold.

Dataset Patches Whole image

size PSNR↑ SSIM ↑ PSNR↑ SSIM ↑

3 40.93 0.964 40.45 0.964

10 41.21 0.965 40.54 0.964

30 41.31 0.966 40.66 0.967

100 41.46 0.967 40.96 0.968

5000* 41.70 0.967 41.67 0.969
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Backpropagation iterations for the self-supervised loss. In the single measure-

ment setting, the self-supervised loss is crucial to ensuring that the OOD network output

is consistent with the measurement. Backpropagation through the network is necessary

to minimize this loss, but too much network refining during this step could lead to over-

fitting to the measurement and image degradation. We ran experiments examining the

effect of the number of backpropagation iterations during each step for the patch-based

model and the whole image model. Figures A.35 and A.36 show that in both cases, per-

formance generally improved when increasing the number of backpropagation iterations

and overfitting is avoided. Additionally, the patch-based model always outperformed the

whole image model and exhibited more improvement as the number of backpropagation

iterations increased. For our main experiments, we used 5 iterations as the improved per-

formance became marginal compared to the extra runtime.

tbl A.18 – Performance of Algorithm 5 for 60 view CT reconstruction in single mea-

surement setting with different numbers of backpropagation iterations. Best results are in

bold.

Backprop Patches Whole image

iterations PSNR↑ SSIM ↑ PSNR↑ SSIM ↑

0 33.97 0.934 33.10 0.911

1 40.35 0.964 39.81 0.958

2 40.96 0.966 40.45 0.961

5 41.45 0.966 40.47 0.957

10 41.65 0.968 40.54 0.958

20 41.92 0.970 40.71 0.959

50 42.18 0.971 40.90 0.961

A.4.2 Phantom dataset details

We used two phantom datasets of 10000 images each: one consisting of grayscale phan-

toms and the other consisting of colored phantoms. The grayscale phantoms consisted of

20 ellipses with a random center within the image, each with minor andmajor axis having

length equal to a random number chosen between 2 and 20 percent of the width of the

image. The grayscale value of each ellipse was randomly chosen between 0.1 and 0.5; if
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two or more ellipses overlapped, the grayscale values were summed for the overlapped

area with all values exceeding 1 set to 1. Finally, all ellipses were set to a random angle of

rotation. The colored phantoms were generated in the same way, except the RGB values

for each ellipse were set independently and then multiplied by 255 at the end. Figure A.37

shows some of the sample phantoms.

A.4.3 Experiment parameters

We applied the framework of [93] to train the patch-based networks and whole image

networks. Since images were scaled between 0 and 1 for both grayscale images and RGB

channels, we chose a maximum noise level of σ = 40 and a minimum noise level of

σ = 0.002 for training.We used the sameUNet architecture for all the networks consisting

of a base channel multiplier size of 128 and 2, 2, and 2 channels per resolution for the

three layers. We also used dropout connections with a probability of 0.05 and exponential

moving average for weight decay with a half life of 500K images to avoid overfitting.

The learning rate was chosen to be 2 · 10−4
when training networks from scratch and

was 1 ·10−4
for the fine-tuning experiments. For the patch-based networks, the batch size

for the main patch size (64 × 64) was 128, although batch sizes of 256 and 512 were used

for the two smaller patch sizes of 32 × 32 and 16 × 16. The probabilities of using these

three patch sizes were 0.5, 0.3, and 0.2 respectively. For the whole image model, we kept

all the parameters the same, but used a batch size of 8.

For image generation and inverse problem solving, we used a geometrically spaced

descending noise level that was fine tuned to optimize the performance for each type of

problem. We used the same set of parameters for the patch-based model and whole image

model. The values without the self-supervised loss are as follows:

• CT with 20 and 60 views: σmax = 10, σmin = 0.005

• Deblurring: σmax = 40, σmin = 0.005

• Superresolution: σmax = 40, σmin = 0.01.

The values with the self-supervised loss are as follows:

• CT with 20 and 60 views: σmax = 10, σmin = 0.01

• Deblurring: σmax = 1, σmin = 0.01

• Superresolution: σmax = 1, σmin = 0.01.
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Finally, for generating the CT images we used σmax = 40, σmin = 0.005.

When running Algorithm 5, we set K = 10 for all experiments and M = 5 for CT

reconstruction andM = 1 for deblurring and superresolution. We ran 5 iterations of net-

work backpropagation with a learning rate of 10−5
. When using the LoRA module as in

the ablation studies (see Tables A.15 and A.14), we ran 10 iterations of network backprop-

agation with a learning rate of 10−3
.

The ADMM-TV method for linear inverse problems consists of solving the optimiza-

tion problem

argmaxx

1

2
∥y − Ax∥22 + λTV(x), (A.23)

where TV(x) represents the L1 norm total variation of vx, and the problem is solved with

the alternating direction method of multipliers. For CT reconstruction, deblurring, and

superresolution, we chose λ to be 0.001, 0.002, and 0.006 respectively.

The PnP-ADMM method consists of solving the intermediate optimization problem

argmaxxf(x) + (ρ/2)∥x− (z − u)∥22, (A.24)

where ρ is a constant. The values for ρ we used for CT reconstruction, deblurring, and

superresolution were 0.05, 0.1, and 0.1 respectively. We used BM3D as the denoiser with a

parameter representing the noise level: this parameter was set to 0.02 for 60 view CT and

0.05 for the other inverse problems. A maximum of 50 iterations of conjugate gradient

descent was run per outer loop. The entire algorithm was run for 100 outer iterations at

maximum and the PSNR was observed to decrease by less than 0.005dB per iteration by

the end.

The PnP-RED method consists of the update step

x← x+ µ (∇f − λ(x−D(x))), (A.25)

where D(x) represents a denoiser. The stepsize µ was set to 0.01 for the CT experiments

and 1 for deblurring and superresolution. We set λ to 0.01 for the CT experiments and

0.2 for deblurring and superresolution. Finally, the denoiser was kept the same as the

PnP-ADMM experiments with the same denoising strength.

Table A.19 shows the average runtimes of each of the implemented methods when

averaged across the test dataset for 60 view CT reconstruction.
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tbl A.19 – Average runtimes of different methods across images in the test dataset for 60

view CT recon.

Method Runtime (s) ↓

Baseline 0.1

ADMM-TV 1

PnP-ADMM 73

PnP-RED 121

Whole diffusion 112

Whole SS 248

Whole LoRA 329

Patch diffusion 123

Patch SS 289

Patch LoRA 377

A.5 Appendix for "SPAR: Refine a Single Pretrained

Diffusion Model to Solve Inverse Problems in

Many Modalities"

A.5.1 Bound of majorizer loss

We begin by showing that the quadratic majorizer loss (8.6) is indeed a majorizer. We

prove a slightly more general version of this fact, stated in the following theorem.

Theorem: Suppose Ψ(x) : FN → R is smooth and its gradient is S-Lipschitz contin-

uous, for an invertible N ×N matrix S, i.e.,

∥S−1(∇Ψ(x)−∇Ψ(z))∥2 ≤ ∥S′(x− z)∥2, ∀x,z ∈ RN , (A.26)

where F is either R or C. Then the majorizer for Ψ(x) defined as

ϕk(x) = Ψ(xk) + real{⟨∇Ψ(xk),x− xk⟩}+
1

2
∥S′(x− xk)∥22 (A.27)

satisfies ϕk(x) ≥ Ψ(x) for all x. Clearly ϕk(xk) = Ψ(xk) by construction. Thus ϕk is a

majorizer of Ψ [105].
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Proof: Expanding Ψ(x) around z and applying Taylor’s theorem gives

Ψ(x) = Ψ(z) + real

{∫ 1

0

⟨∇Ψ(z + τ(x− z)),x− z⟩ dτ
}

= Ψ(z) + real {⟨∇Ψ(z),x− z⟩}+ real{∫ 1

0

⟨∇Ψ(z + τ(x− z))−∇Ψ(z),x− z⟩ dτ
}

= Ψ(z) + real {⟨∇Ψ(z),x− z⟩}+ real(

∫ 1

0〈
S−1

(
∇Ψ(z + τ(x− z))−∇Ψ(z)

)
,S′(x− z)

〉
dτ).

Thus we have

|Ψ(x)−Ψ(z)− real{⟨∇Ψ(z),x− z⟩}| =
∣∣∣real (A.28){∫ 1

0

⟨S−1(∇Ψ(z + τ(x− z))−∇Ψ(z)),S′(x− z)⟩ dτ
}∣∣∣ (A.29)

≤
∫ 1

0

∣∣∣⟨S−1(∇Ψ(z + τ(x− z))−∇Ψ(z)),S′(x− z)⟩
∣∣∣ dτ (A.30)

≤
∫ 1

0

∥S−1(∇Ψ(z + τ(x− z))−∇Ψ(z))∥2 ∥S′(x− z)∥2 dτ (A.31)

= ∥S′(x− z)∥2
∫ 1

0

∥S−1(∇Ψ(z + τ(x− z))−∇Ψ(z))∥2 dτ (A.32)

≤ ∥S′(x− z)∥2
∫ 1

0

∥τS′(x− z)∥2 dτ (A.33)

= ∥S′(x− z)∥22
∫ 1

0

τ dτ =
1

2
∥S′(x− z)∥22, (A.34)

where we used the triangle inequality in going from the second to the third line, the

Cauchy-Schwarz inequality in going from the third to the fourth line, and S-Lipschitz

continuity in going from the fifth to the last line. Thus:

Ψ(x)−Ψ(z)− real{⟨∇Ψ(z),x− z⟩} ≤ 1

2
∥S′(x− z)∥22, (A.35)

=⇒ Ψ(x) ≤ Ψ(z) + real{⟨∇Ψ(z),x− z⟩}+ 1

2
∥S′(x− z)∥22. (A.36)

Finally, setting z = xk yields the desired result.

The most common use of this theorem is with S = (1/
√
L)I , where L is the Lipschitz

constant of the gradient of the cost function Ψ.
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When applying this majorizer with the self-supervised loss (7.4), the network refining

loss

L(θ; x̃) = ⟨A′(Ax̃− y),xθ − x̃⟩+ L

2
∥xθ − x̃∥22, (A.37)

where xθ = Dθ(xt|y). We choose x̃ to be the denoised image from the previous diffusion

iteration, and we let L be a tunable parameter. We drop the constants that do not depend

on xθ.

A.5.2 Analysis of Channel Operator

This section provides a theoretical justification for the denoising score matching proce-

dure in Section 8.2.2 used to learn the score function of single-channel images with a 3-

channel network. Recall that, as described in Section 8.2.2, the operatorH : R1×M×M →
R3×M×M

consists of stacking a grayscale image three times along the channel dimension.

We first derive a useful property about this operator. From the equality H = K ⊗ I it

follows that the spectral norm of H (and thus of H ′
) is the same as that of K =

[
1
1
1

]
which is

√
3.

Next, let x ∈ R1×M×M
be a grayscale image. Then the denoising score matching

(DSM) loss is given by L̂ = ∥D(z)− x∥22, where z is the clean image x with some added

Gaussian noise. Following (8.8), we have

L̂ =

∥∥∥∥13H ′D̃θ(Hz)− x

∥∥∥∥2
2

=

∥∥∥∥13H ′D̃θ(Hz)− 1

3
H ′Hx

∥∥∥∥2
2

≤ 1

9
∥H ′∥22

∥∥∥D̃θ(Hz)−Hx
∥∥∥2
2
=

1

3

∥∥∥D̃θ(Hz)−Hx
∥∥∥2
2
,

where we have applied the spectral norm ofH to get the inequality.

BecauseK andH have full column rank,H†H = I , so more generally:

L̂ =
∥∥∥H†D̃θ(Hz)− x

∥∥∥2
2
=
∥∥∥H†

(
D̃θ(Hz)−Hx

)∥∥∥2
2

≤
∥∥H†∥∥2

2

∥∥∥D̃θ(Hz)−Hx
∥∥∥2
2
=
∥∥(K ′K)−1

∥∥
2

∥∥∥D̃θ(Hz)−Hx
∥∥∥2
2
,

where ∥(K ′K)−1∥2 = 1/3 for the grayscale case.

In particular, the final loss on the RHS implies that we can input Hz (the noisy

grayscale image stacked three times) into the network that accepts three-channel images,

and then enforce a loss function that allows this network to denoise all three channels si-

multaneously to obtainHx. Then since the original DSM loss L̂ is upper bounded by the
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modified loss on the RHS, by minimizing the modified loss and observing that it becomes

small in practice, we have also obtained a small upper bound for the original loss.

A.5.3 Ablation studies

We performed several ablation studies to evaluate the effect of different components of

our method.

Training dataset diversity. We examined the effect of pretraining the network on

the dataset consisting of amixture of CelebA images andAAPMCT images. An alternative

is to pretrain the network on only CelebA images and use the same channel concatenation

strategy in (8.8) at reconstruction time to handle grayscale images. Table A.20 shows the

results of this experiment for three different CT settings. Note that the FBCT experiments

were performed on the LIDC CT images and the mixed dataset only contained 256× 256

AAPM CT images. Therefore, both the FBCT and 512×512 experiments use test data that

belongs to a different distribution than the training data when using the mixed dataset.

Nevertheless, for all three cases, pretraining with the mixed dataset resulted in better

image quality.

tbl A.20 – Comparison of using the proposed SPAR method while training only with

CelebA images versus using a mixed dataset. Best results are in bold.

Method

PBCT, 60 views FBCT, 40 views 512× 512 CT

PSNR↑ SSIM↑ PSNR↑ SSIM↑ PSNR↑ SSIM↑
CelebA only 41.93 0.969 33.67 0.869 38.57 0.927

Mixed dataset 42.72 0.972 36.11 0.918 38.81 0.929

Diffusion Inverse Solvers. Table 8.3 showed that previous DIS methods that do not

account for distribution shift between training and test data performed significantlyworse

than methods that account for this shift. Figure A.38 shows the visual results of these ex-

periments. Particularly, artifacts are visible for the CT experiments because the pretrained

network did not have access to the LIDC CT dataset that was used at reconstruction time.

Majorizer Loss Threshold. We showed experimentally in Figure 8.4 and theoreti-

cally in Section 8.2.4 that using the majorizer self-supervised loss for small noise levels

improved image quality. We perform an additional study to evaluate the impact of differ-

ent threshold values σ′
in Algorithm 6. Table A.21 shows the results of this experiment for
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parallel beam CT with 60 views. Since a threshold of σ′ = 0.02 gave the best results, we

chose this value for all our main experiments as well.

tbl A.21 – Comparison between different thresholds σ′
when using SPAR image recon-

struction. Best results are in bold.

σ′
PBCT, 60 Views

PSNR↑ SSIM ↑

0 41.92 0.967

0.01 42.41 0.971

0.02 42.72 0.972

0.05 42.39 0.971

0.1 42.36 0.970

0.2 42.35 0.970

Effect of Majorizer Loss. Figure 8.4 shows the benefit of using the majorizer loss for

MRI reconstruction; we analyzed the effect of using this majorizer loss for all the inverse

problems. Table A.22 shows that for each of the inverse problems examined in this paper,

the majorizer loss increased the reconstructed image quality.

tbl A.22 – Comparison of using the traditional loss versus the proposed majorizer loss

for each of the inverse problems.

Inverse No Majorizer Majorizer

Problem PSNR↑ SSIM ↑ PSNR↑ SSIM ↑

PBCT, 60 views 41.92 0.967 42.72 0.972

FBCT, 40 views 35.84 0.913 36.11 0.918

512× 512 CT 37.54 0.909 38.81 0.929

CS-MRI, 7× 37.54 0.927 39.15 0.949

Deblur, LSUN 29.15 0.861 29.49 0.877

Deblur, FFHQ 30.89 0.819 31.43 0.843

Superresolution 28.10 0.827 29.10 0.842

Frequency of Network Finetuning. In Algorithm 6, the parameter K represents

the frequency at which the network is finetuned during the reconstruction process. We
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performed an ablation study on the effect of K on the reconstruction results for 60 view

parallel-beam CT reconstruction. Table A.23 shows that K = 10 yielded the best result

and thus we used this value for all the main experiments.

tbl A.23 – Comparison of using differentK for 60 view parallel beam CT recon. Average

runtime for each image is also shown.

K PSNR (dB) SSIM Runtime (s)

3 41.62 0.964 697

5 42.07 0.968 465

10 42.72 0.972 288

20 42.44 0.970 197

50 42.04 0.969 146

A.5.4 Algorithm Pseudocode

Algorithm 14 shows the pseudocode for pretraining the patch-based diffusion model for

our SPAR method.

Algorithm 14 SPAR Pretraining

repeat

Select z randomly from mixed dataset with zero padding and use H as necessary to

get a 3 channel image z′

Select a random patch x from z′

Select t ∼ Uniform[1, T ]
Set ϵ ∼ N (0, σ2

t I)
Take gradient descent step on ∇θ∥Dθ(x+ ϵ, σt)− x∥22
until converged

Return Dθ
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tbl A.24 – Average runtimes of different methods across images in the test dataset for

60 view CT recon.

Method Runtime (s) ↓

Baseline 0.1

ADMM-TV 1

PnP-ADMM 76

PaDIS 125

Langevin dynamics 122

VE-DDNM 132

VE-DPS 241

SCD 291

Proposed (SPAR) 288

A.5.5 Additional Results

Table A.24 shows the average runtime of various methods for one image. Although our

method incurs extra runtime to refine the network during reconstruction time, the ex-

perimental results show that this network refining process is crucial to obtaining a high-

quality reconstruction that is free of artifacts.

Table A.25 shows the LPIPS score using the VGG network [206] for various natural

image experiments.

tbl A.25 – LPIPS scores for deblurring on LSUN dataset and superresolution on CelebA

dataset.

Method Deblur Superresolution

Baseline 0.483 0.530

ADMM-TV 0.308 0.542

PNP-ADMM 0.257 0.701

PaDIS 0.305 0.465

SCD++ 0.235 0.264

Proposed (SPAR) 0.215 0.179
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Table A.26 shows the results of our method and various comparison methods for nat-

ural images with a higher noise level of σ = 0.05. Our proposed method outperforms the

state of the art in a variety of image modalities and settings.

tbl A.26 – Performance of deblurring on LSUN dataset and superresolution on CelebA

dataset with noise level σ = 0.05. Networks were trainedwith CelebA images. Best results

are in bold.

Method Deblur Superresolution

size PSNR↑ SSIM ↑ PSNR↑ SSIM ↑

Baseline 20.53 0.319 22.77 0.479

DPIR [208] 25.31 0.746 27.21 0.764

DiffPIR [210] 25.09 0.699 25.61 0.663

DDRM [95] 23.85 0.683 27.33 0.772

SCD++ 21.55 0.592 21.87 0.445

Proposed (SPAR) 27.16 0.797 27.65 0.789

Acceleration methods. Previous diffusion works in the literature have investigated

various acceleration methods to reduce the number of required sampling steps. For solv-

ing inverse problems in particular, DDIM [165] is the most common sampler, being used

in [181, 95, 210], among others. DDIM requires predicting the clean image x0 during each

sampling step and using it as a guidance direction to converge toward the desired distri-

bution faster. However, when the network has not been trained on the same distribution

of images as is currently being tested, this predicted x0 will tend to be far away from

the ground truth, decreasing the effectiveness of DDIM. We illustrate this point below by

running experiments on deblurring with the LSUN dataset using DiffPIR [210] while also

incorporating our network finetuning strategy. Table A.27 shows that through different

selections of hyperparameters (where K is the same K as in Algorithm 6), the finetun-

ing method fails to substantially improve performance over vanilla DiffPIR and that our

proposed method still obtained the best results.

A.5.6 Experiment parameters

We applied the framework of [82] to train the patch-based networks. Since images were

scaled between 0 and 1 for both grayscale images and RGB channels, we chose a maximum
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tblA.27 – Results from usingDiffPIR to accelerate reconstruction process while applying

our network finetuning method for deblurring.

Iterations K PSNR (dB) SSIM

100 5 27.72 0.773

100 10 28.01 0.797

200 2 28.33 0.814

200 10 28.38 0.818

100 None 28.11 0.798

200 None 28.36 0.819

SPAR 10 29.49 0.877

noise level of σ = 40 and a minimum noise level of σ = 0.002 for training. We used the

same UNet architecture for all the networks consisting of a base channel multiplier size

of 128 and 2, 2, and 2 channels per resolution for the three layers. We also used dropout

connections with a probability of 0.05 and exponential moving average for weight decay

with a half life of 500K images to avoid overfitting.

We used a learning rate of 2 · 10−4
to train the networks from scratch. For the patch-

based networks, the batch size for the main patch size (64× 64) was 128, although batch

sizes of 256 and 512 were used for the two smaller patch sizes of 32× 32 and 16× 16. The

probabilities of using these three patch sizes were 0.5, 0.3, and 0.2 respectively.

For inverse problem solving, we used a geometrically spaced descending noise level

that was fine tuned to optimize the performance for each type of problem. The values are

as follows:

• CT: σmax = 0.2, σmin = 0.005

• MRI: σmax = 0.4, σmin = 0.005

• Deblurring: σmax = 0.3, σmin = 0.005

• Superresolution: σmax = 0.4, σmin = 0.01.

When running Algorithm 6, we set K = 10 for all experiments and M = 5 for CT

reconstruction and M = 1 for deblurring and superresolution. We ran 5 iterations of

network backpropagation with a learning rate of 10−5
. The value of σ′

was set to 0.02 for

all experiments.
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The ADMM-TV method for linear inverse problems consists of solving the optimiza-

tion problem

argmaxx

1

2
∥y −Ax∥22 + λTV(x), (A.38)

where TV(x) represents the L1 norm total variation of x, and we solved the problem with

the alternating direction method of multipliers (ADMM). For CT reconstruction, MRI, de-

blurring, and superresolution, we chose λ to be 0.001, 0.002, 0.002, and 0.006 respectively.

The PnP-ADMM method consists of solving the intermediate optimization problem

argmaxxf(x) + (ρ/2)∥x− (z − u)∥22, (A.39)

where ρ is a constant. The values for ρ we used for CT reconstruction, MRI, deblurring,

and superresolution were 0.05, 0.07, 0.1, and 0.1 respectively. We used BM3D as the de-

noiser with a parameter representing the noise level: this parameter was set to 0.02 for 60

view CT and 0.05 for the other inverse problems. A maximum of 50 iterations of conju-

gate gradient descent was run per outer loop. The entire algorithm was run for 100 outer

iterations at maximum and the PSNR was observed to decrease by less than 0.005dB per

iteration by the end.
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figA.29 – Continuous coronal slice of a volume sampled from 256×256×256 LIDC-IDRI
prior; every fourth slice is shown
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fig A.30 – Continuous sagittal slice of a volume sampled from 256×256×256 LIDC-IDRI
prior; every fourth slice is shown
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fig A.31 – Results of using LoRA module for 60 view CT reconstruction in a single mea-

surement setting. All weights refers to adjusting all the weights of the network at recon-

struction time.

Rank=2 Rank=4 Rank=8 Rank=16 All weights Measurement

Ground truth

Pa
tc

he
s

W
ho

le
 im

ag
e

fig A.32 – Results of using LoRA module for deblurring in a single measurement setting.

All weights refers to adjusting all the weights of the network at reconstruction time.
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fig A.33 – Results of 60 view CT recon using networks with different numbers of pa-

rameters in the single-measurement setting. The top numbers show the number of total

parameters in the network.
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fig A.34 – Results of 60 view CT recon in the small dataset setting where the size of the

small dataset is varied.

fig A.35 – Comparison of PSNR be-

tween patch-based model and whole-

image model for number of network re-

fining iterations in single measurement

setting.

fig A.36 – Comparison of SSIM be-

tween patch-based model and whole-

image model for number of network re-

fining iterations in single measurement

setting.

(a) Six grayscale phantoms (b) Six colored phantoms

fig A.37 – Six sample grayscale phantoms and colored phantoms used to train the mis-

matched distribution diffusion models
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fig A.38 – Visual results of using various DIS to solve FBCT with 40 views (top) and

deblurring (bottom). The same single pretrained network was used in all the experiments.

Arrows point to some artifacts in the comparison methods.
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