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Logistics © 2026 Fessler

▶ HW5 due Fri. Oct. 23
▶ HW6 due Wed. Nov. 4
▶ Mid-semester course feedback due today!
▶ Great Lakes Slurm account created (per student limits)
▶ Presentation schedule Piazza poll (now!)

Some slides from Prof. Samet Oymak may use different notation.
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https://my-umich-bc.bluera.com/a.aspx?s=2189_2__Lu7duDbTsX
https://piazza.com/class/mrgh8ed49dd3gv/post/58


Recap / Outline © 2026 Fessler

▶ Recap
▶ Backpropagation for NN training
▶ CNN models
▶ Read rest of CNN notes from l14 (no math)

▶ Today
▶ Deep learning recap
▶ Feature learning
▶ Self-supervised learning

▶ Pretext tasks
▶ Self-supervised learning with images
▶ Self-supervised NLP training
▶ Word prediction (GPT)

▶ Sequence modeling
▶ Transformer / attention
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Motivation: abstract neuron model © 2026 Fessler
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Image courtesy Getty images.
Diagram courtesy Gemini.

Inspired by biological neurons, an artificial neuron “activates”
when the correlation (inner product) between the input and a
pattern exceeds some threshold:

y = threshold(w⊤x + b) = σ(w⊤x + b),

where σ(·) is called the activation function.
Recall Cauchy-Schwarz inequality from linear algebra:

w⊤x = ⟨w , x⟩ ≤ ∥w∥2 ∥x∥2 ,

with equality when
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https://www.verywellhealth.com/types-of-neurons-5201172
http://en.wikipedia.org/wiki/Neuron
http://en.wikipedia.org/wiki/Artificial_neuron
http://en.wikipedia.org/wiki/Cauchy-Schwarz_inequality


Feedforward networks: Recap © 2026 Fessler

▶ A neural network (NN) (or
artificial NN) is a prediction
function loosely inspired by
biological neural networks.

▶ The network generally has
linear computation between
layers of the network and
nonlinearities at nodes.

▶ Feedforward networks do not
have any feedback
connections.

Figure courtesy [2].
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http://en.wikipedia.org/wiki/Neural_network_(machine_learning)
http://en.wikipedia.org/wiki/Neural_network_(biology)
http://en.wikipedia.org/wiki/Feedback


CQ: Feedforward networks © 2026 Fessler

Q15.1 What does a user specify (before training) in a general feed-
forward neural network with L layers?
A: Number of hidden layers
B: Dimensions of all weight matrices
C: Connections between every pair of layers (all

(L
2
)

pairs)
D: Mathematical form of the activation function(s)
E: All of the above
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http://en.wikipedia.org/wiki/Feedforward_neural_network
http://en.wikipedia.org/wiki/Feedforward_neural_network


Feedforward network: Recap of Model © 2026 Fessler

▶ For data (x, y) ∈ Rd × Rk ,
one such network model is:
y = σ3

(
W (3)σ2

(
W (2)σ1

(
W (1)x + b1

)
+ b2

)
+ b3

)
,

where {σl} are nonlinear
functions (applied
element-wise!) and {bl} are
(learned) bias vectors.

▶ We discussed using
backpropagation to train all
the parameters θ of such
networks.

Figure courtesy [2].

▶ Traditional signal processing (aka pattern recognition) used
“hand-crafted” features (like wavelet coefficients) as input to a
classifier, whereas NN models learn features from data.
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Feature learning: Overview © 2026 Fessler
are the key to successful ML

This figure and the next several slides are courtesy Samet Oymak,
some of which come from Stanford’s CS231n class slides (DL for
CV).
▶ Traditional methods use hand-crafted features that might be

quite nonlinear functions Φ(x) of the “raw” signal x, followed by
a “linear” classifier.

▶ For example, classical speech recognition systems used tools like
the spectrograms formed by the short-time Fourier
transform (STFT), followed by further processing using
statistical models like hidden Markov models [3].
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https://cs231n.stanford.edu/slides/2022/lecture_14_jiajun.pdf
http://en.wikipedia.org/wiki/spectrogram
http://en.wikipedia.org/wiki/short-time_Fourier_transform
http://en.wikipedia.org/wiki/short-time_Fourier_transform
http://en.wikipedia.org/wiki/Hidden_Markov_models


Feature learning: Lifting © 2026 Fessler

!!

Raw features

"

New
features

▶ Kernels correspond to specific nonlinear lifting functions Φ(·).
▶ Training a neural network prediction function can be interpreted

as learning from data
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Feature extraction © 2026 Fessler

A given type of data (e.g., digital images) may be used in many
applications:

▶ All of these image analysis tasks would benefit from good image
feature extractors.

▶ Traditionally one trains separate NN models for each such task.
▶ Can we build such feature extractors without labels?
▶ Motivations for
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Self-supervised learning © 2026 Fessler

Start of (modified) slides from Prof. Samet Oymak
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Self-supervised learning pipeline: Goal © 2026 FesslerSelf-supervised Learning Pipeline

▶ Here the goal of self-supervised learning is to learn an useful
feature extractor, i.e., a function Φ(x) typically represented by
a NN model, for later use in many applications.

▶ From (widely available) unlabeled data.
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http://en.wikipedia.org/wiki/Self-supervised_learning


Self-supervised learning pipeline: Pretext tasks © 2026 FesslerSelf-supervised Learning Pipeline

▶ Focus on autoassociative self-supervised learning where
model is trained to reproduce (some version of) the input.
▶ images:
▶ written language: sentences with

▶ These pretext tasks are

13 / 39

http://en.wikipedia.org/wiki/Self-supervised_learning#Autoassociative_self-supervised_learning
https://www.merriam-webster.com/dictionary/pretext


Self-supervised learning pipeline: Deployment © 2026 FesslerSelf-supervised Learning Pipeline

▶ The resulting feature extractor could be called a foundation model:
“any model that is trained on broad data (generally using
self-supervision at scale) that can be adapted (e.g., fine-tuned) to a
wide range of downstream tasks.” Bommasani et al., 2021

▶ Can the foundation model, or fine-tune it too (later).
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http://en.wikipedia.org/wiki/foundation model
https://arxiv.org/abs/2108.07258


Self-supervised pretext tasks: Images © 2026 FesslerSelf-supervised pretext tasks

Other options: adding noise, down-sampling (super-resolution), ...
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How to evaluate a self-supervised learning method? © 2026

Fessler

▶ We usually do not care much about the performance of the
self-supervised learning task, e.g., whether the model learns to
predict image rotation perfectly is relatively unimportanty.

▶ Evaluate the learned feature encoders on downstream target
tasks.

▶ In a sense, pretext tasks are somewhat akin to surrogate loss
functions.
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Applicable in diverse settings © 2026 FesslerApplicable in diverse settings

Of course there are many open research problems,
e.g., reliably solving math problems using LLMs.
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Core approaches © 2026 Fessler

▶ Autoassociative learning with pretext tasks
▶ Vision: image transformations like rotation, inpainting,

rearrangement, coloring.
▶ NLP: predict missing or subsequent words in a sentence.
▶ Audio:

▶ mask part of signal or spectrogram and predict missing part
▶ predict subsequent part of audio signal
▶ estimate time gap between two audio clips from one stream
▶ chop and shuffle signal, and classify whether order is correct or solve

the “jigsaw puzzle” of rearranging
▶ add noise or change pitch or shift speed: classify whether same or not
▶ audio-visual correspondence (AVC) between video track an audio track

(are they sychronized or mismatched?)

▶ Contrastive representation learning
▶ Intuition: A transformation of an image should be more similar to

the original image compared to another random image
▶ SimCLR method [4]
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http://en.wikipedia.org/wiki/Self-supervised_learning#Contrastive_self-supervised_learning


Image pretext task: predict rotations © 2026 FesslerPretext task: predict rotations

Hypothesis: a model could recognize the correct rotation of 
an object only if it has the “visual commonsense” of what 
the object should look like unperturbed.
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Image pretext task: predict rotations © 2026 FesslerPretext task: predict rotations

▶ 4-way rotation classification is clearly more feasible than
arbitrary rotation (regression)

▶ How would you do this with classical signal processing methods?
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Other vision pretext tasks © 2026 FesslerOther vision pretext tasks

Two kinds of image inpainting:
▶ Easier: missing random pixels (cf matrix completion)
▶ Harder: missing large contiguous regions (e.g., rectangles)
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http://en.wikipedia.org/wiki/Inpainting#Digital_inpainting


Contrastive representation learning © 2026 Fessler

▶ Contrastive (self-supervised) representation learning intuition: A
transformation of an image should be more similar to the
original image compared to another random image

“A simple framework for contrastive learning of visual representations”
(SimCLR paper by Chen, et al., ICML 2020)

SimCLR: generating positive samples from
data augmentation

Figure from [5].

“A linear classifier trained on self-supervised representations learned by
SimCLR achieves 76.5% top-1 accuracy, which is a 7% relative
improvement over previous ..., matching the performance of a supervised
ResNet-50. When fine-tuned on only 1% of the labels, we achieve 85.8%
top-5 accuracy, outperforming AlexNet with 100× fewer labels.”
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Other learning frameworks © 2026 Fessler

▶ The tabular data foundation models TabPFN TabFM are not
trained with self-supervised learning.

▶ Instead, they are trained using a technique called Prior-Data
Fitted Networks (PFNs) via supervised meta-learning (in-context
learning) on millions of synthetically generated datasets.

▶ The core training mechanism is Supervised Meta-Learning /
In-Context Learning (ICL): The model is fed an entire synthetic
dataset (inputs + true labels) as a prompt context to
approximate the Bayesian posterior predictive distribution.

▶ The "Task" is Direct End-to-End Prediction: The model learns
the meta-task of "how to fit a machine learning model" in a
single forward pass.
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https://priorlabs.ai/tabpfn
https://github.com/google-research/tabfm


Language modeling: Overview © 2026 Fessler

▶ Example downstream NLP tasks:
▶ Classify sentiment of a sentence
▶ Translate a sentence from English to Spanish
▶ Solve a math problem
▶ Generate code
▶ Write an document on a topic
▶ ...

▶ Pretext tasks aim to learn the structure of language:
▶ Predict next word (or words) in a sentence
▶ Predict (random) missing (masked) words in a sentence
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Pretext tasks for NLP © 2026 Fessler

▶ Next word prediction examples:
▶ X = “Machine learning is a subfield of artificial”, Y = “intelligence”
▶ X = “2 + 3 =”, Y = “5”

▶ Predicting missing words (a.k.a. masked language modeling)
▶ X = “Machine learning is a subfield of [M] intelligence”, Y =

“artificial”
▶ X = “2 + [M] = 5”, Y = “3”

▶ We use the mathematical notation and terminology of “feature”
X and “label” Y above, but this is “simply” autoassociative
learning using two “hand-crafted” pretext tasks.
No labeled data is needed!
Just need tons of text
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Word prediction (GPT architectures) © 2026 FesslerNext word prediction (GPT architectures)
• Generates sequences where each token is predicted based on 

the previously generated tokens
• Uses causal attention masking to ensure the causality i.e. future 

info can’t help predict the next token
• GPT stands for “generative pretrained transformer”

Figure source: https://peterbloem.nl/blog/transformers

Here the “⊗” denotes
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Design choices of GPT models © 2026 Fessler
Design choices of GPT models:

▶ GPT 4 and GPT 5 are not necessarily larger in parameter
counts, but NN architecture evolves. Meta’s Llama 4 has
parameters (for text and images) [6].

▶ Embedding dimension is the dimension (our d) of the x
representing each token (roughly a word in a vocabulary)

▶ Context length grew slowly initially, for complexity reasons that
we will see shortly.

Last slide from Prof. Oymak
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http://en.wikipedia.org/wiki/Llama_(language_model)
http://en.wikipedia.org/wiki/Large_language_model#Tokenization


Next word prediction: Probability foundation © 2026 Fessler

▶ We wish to find the model that maximizes data likelihood:

▶ Use the chain rule for conditional probability to write

P{x1, x2, . . . xN ; θ} =

▶ Maximizing this is equivalent to

arg min
θ

▶ Finding θ that leads to the most accurate predictions of individual
next words optimizes the overall sequence likelihood.
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http://en.wikipedia.org/wiki/Chain_rule_(probability)


Sequence modeling © 2026 Fessler

▶ Pixels in an image are
a static 2D array,
whereas language
(both text and audio)
involves a sequence.

▶ Sequence modeling
has a long history in
statistics, signal
processing, control, ...
and now in deep
learning.

▶ It remains and active
research area, with
linear algebra as a key.

125IEEE SIGNAL PROCESSING MAGAZINE   |   May 2026   |

space complexity of all sequence mixing algorithms with re-
spect to sequence length T. To ensure a fair comparison, we 
further distinguish between processing of the full sequence X  
(e.g., during training or prefill) and a single element xi  (e.g., 
during autoregressive generation). Because of their algorithmic 
equivalence, we combine linear attention and SSMs in the joint 
category of linear RNNs:

 ■ RNNs always process sequences by sequentially updating 
the hidden state .hi  Both the size of hi  and the work to 
process one input xi  are in ( ).1O  However, a sequence X  
cannot be processed in parallel and thus requires ( )TO  
work and depth. Training on long sequences is thus ineffi-
cient when parallel hardware is available.

 ■ Transformers, by contrast, can process an entire sequence 
X  in parallel. Computing pairwise token interactions 
requires ( )TO 2  work with only ( )log TO  sequential depth 
due to the parallel sum reductions. However, processing a 
single xi  requires reducing a KV cache of size ( )TO  in 

( )log TO  sequential depth. And when the sequence length 
outgrows the available parallel hardware, ( )TO 2  can 
quickly become very expensive.

 ■ Linear RNNs require only ( )1O  
space for their hidden state hi  and 
that ( )1O  work to update it when 
processing a single input .xi  When 
processing a full sequence ,X  the 
work of ( )TO  can be parallelized in 
up to ( )log TO  sequential depth due 
to the parallel scan and the linearity 
of the recurrence. Note, however, 
that this requires ( )TO  memory 
because all hidden states hi  are 
joint ly  updated in  memory. 
Remember from the “Linear 
Attention” section that the algorith-
mic advantages come at a price: 
constant state size can lead to 
reduced memory fidelity.

Noncausal and bidirectional 
modeling
A crucial aspect of sequence modeling 
is how information is allowed to flow 
within a model’s hidden state. We saw 
that without modifications, RNNs are 
directional while Transformers are non-

causal models. In the “Sequential Processing and Causality” 
section, we constrained a Transformer with a causal mask and 
then proceeded with discussing only causal linear attention and 
directional SSMs. However, some applications, such as image 
processing or text diffusion, might rely on bidirectional infor-
mation flow where all sequence elements can influence each 
other. For bidirectional sequence modeling, linear attention and 
SSMs process the sequence in two recurrent passes of opposite 
direction, similar to the RNNs in the “Bidirectionality” section. 
Again, unrolling the linearity allows for expressing a bidirec-
tional SSM as a dense sequence mixer [35], [36]

 ,
,

,
.

j i

i j
LU L bY cij i

kk j

kk i

j j

i

1
1

1

#m

m
= = < = +

=

-* 4%
%  (54)

Note that in this setting, information from the far past and 
future decays toward the present. For scalar decays ,Ri !m  
the cumulative gates again behave like a more expressive 
masking term, similar to (52). Finally, setting 1im =  removes 

Table 2. Algorithmic complexity of architectures: processing a single element xT or the full sequence X.

Model 

Overall Work Sequential Depth Space 
Element 
xT

Sequence X Element xT Sequence X Element xT Sequence X

RNN ( )1O ( )TO ( )1O ( )TO ( )1O ( )1O
Transformer ( )TO ( )TO 2 log TO^ h log TO^ h  ( )TO ( )TO
Linear RNN ( )1O ( )TO ( )1O log TO^ h ( )1O ( )TO

Table 1. Unification of linear sequence mixers L in matrix form and sequential form.
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Table from 2026 survey paper [7].
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Attention: Motivation © 2026 Fessler

Consider translating these two sentences to another language:
▶ Sentence 1: The trophy didn’t fit into the brown suitcase

because it was too large.
▶ Sentence 2: The trophy didn’t fit into the brown suitcase

because it was too small.
▶ In computational linguistics, identifying what “it” means (or

what it “attends” to) is called coreference resolution.
▶ General attention ideas have been in the literature for decades.
▶ The self-attention mechanism, published in 2017 [9] as part of

the Transformer architecture, was a breakthrough in NLP.
▶ Excellent overview in [1, §15.4].
▶ Useful for NLP and more, including images, e.g., [8].
▶ Key idea:
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http://en.wikipedia.org/wiki/Coreference#Coreference_resolution
http://en.wikipedia.org/wiki/Attention_(machine_learning)
http://en.wikipedia.org/wiki/Attention_(machine_learning)


Transformer: Introduction © 2026 Fessler

Transformer architecture:
▶ Input is a sequence of vectors

xi
▶ Output is a sequence of

vectors yi
▶ Self-attention models

interactions between vectors
▶ Layer norm and MLP work

independently per vector
▶ Feedforward network with skip

connections

Figure courtesy [9].

31 / 39

http://en.wikipedia.org/wiki/Transformer_(deep_learning)
http://en.wikipedia.org/wiki/Attention_(machine_learning)
http://en.wikipedia.org/wiki/Normalization_(machine_learning)#Layer_normalization


Transformer: Math © 2026 Fessler

Self-attention
▶ Each position in a length-N

sequence has an embedded
token x ∈ Rd (image patch,
tokenized word).

▶ We use learned weights to
transform them to vectors
q, k ∈ Rd .

▶ These vectors form the rows of
matrices Q, K ∈ RN×d .

▶ Terminology from databases:
▶ Query
▶ Key
▶ Value

Figure courtesy [9].
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http://en.wikipedia.org/wiki/Attention_(machine_learning)
http://en.wikipedia.org/wiki/Database


Transformer: Weights © 2026 Fessler

From input X ∈ RN×d , self-
attention uses weight matrices
WQ, WK , WV ∈ Rd× to com-
pute
▶ Q = XWQ ∈ RN×

▶ K = XWK ∈ RN×

▶ V = XWV ∈ RN×

▶ finally outputting

▶ softmax applied to rows

Figure courtesy [9].
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CQ: Attention computation © 2026 Fessler

Q15.2 What is the computational complexity O(·) of forming QK⊤

for Q, K ∈ RN×d?
A: N3 B: N2d C: Nd2 D: N2 E: none of these

Q15.3 A MLP applies a sequence of weight matrices {W (l)}, each
followed by element-wise nonlinearities. A transformer block could
be represented exactly by a suitably large (but finite) sequence of
such matrices and (suitably chosen) element-wise nonlinearities ?
A: True B: False ??
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Attention matrix © 2026 Fessler

▶ The softmax attention matrix is defined as

A = softmax(QK⊤)
QK! softmax(QK!)

▶ where softmax : RN 7→ ∆N−1 (probability simplex) is applied
row-wise:

[softmax(z)]i = ezi∑
j ezj

, i = 1, . . . , N.
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http://en.wikipedia.org/wiki/Simplex#Standard_simplex


Many modern deep learning models... © 2026 Fessler

text generation...

agentic AI...

image recognition... image generation...
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...use transformer-based architectures © 2026 Fessler

Figure courtesy [10].

▶ Each transformer block includes an attention
layer and an MLP

▶ Attention involves the most computation and
memory: generally O(N2d) in terms of
▶ context length N
▶ embedding dimension d
▶ GPT5 context > 200k with 48 transformer blocks

▶ Claude Sonnet 4 context > 1M with unknown # blocks

▶ Llama 3.1 context > 128k with 126 transformer blocks

▶ Both context length and attention seem to be
important for performance, but they are in tension
for scaling.

▶ Some newer models replace MLP with mixture of
experts [1, §13.6.2], using routing to decide with
token goes to which MLP, so each MLP can be
smaller.

▶ Chat bots use
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