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Logistics © 2026 Fessler

» PA2: Fri. Oct. 9: reproducibility paper selected
» See L11 for Examl info
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Recap / Outline © 2026 Fessler

» Recap

» KKT sufficient conditions
» Optimal soft-margin hyperplane

» Today

» Kernel methods
» Kernel method for OSM, i.e., SVM
» Kernel nearest neighbor classification
» Kernel ridge regression
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Kernel methods: QOutline © 2026 Fessler

Outline:
» Nonlinear classification or regression via nonlinear feature maps
> Kernels [2]

» Kernel method for OSM classifier,
i.e., the support vector machine (SVM)
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Kernel methods: Motivation

» We have explored linear
methods.

regression and “linear” classification

» They are simple to compute and analyze, but they are often
sufficient for complex modern ML data.

» Datasets often have

v oy
VRE

Figure 5: 2-D embedding of Frey face data using SMCE.
Figure courtesy [4].

3, p. 173].

This face image dataset is visualized by tak-
ing a nonlinear function of high-dimensional
image data, projecting into two dimensions.
Even in the two dimensional space, it has
nonlinear structure that defines different as-
pects of the image.

© 2026 Fessler
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Kernel methods: Feature map |

» One way to create a nonlinear method for regression or
classification is to first transform each feature vector via a
nonlinear feature map:

When m > d, we “lift" the features into a higher-dimensional space.
» We call R™ the "lifted space”
» We apply this transform to each feature vector (both train and test):

[xl xn}n—>

» The map ® might be hand-picked, or might be learned from
training data.
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http://en.wikipedia.org/wiki/Kernel_method

Kernel methods: Feature map |l

» Then typically we apply a “linear” method to the transformed

data.
» Example.
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More motivating examples © 2026 Fessler

» Resting heart rate in BPM

» The classic “XOR" classification problem [5, p. 264]:

X2
e 1{ o
—1 1 M
®e-1{ o

8/48



Kernel methods: Prediction © 2026 Fessler

» In regression, the nonlinear regression function is:
f(x) =
where w e R™ b € R
» In binary classification, the nonlinear decision function is:
f(x) =

where w € R™ b € R.
» The first layer of neural networks typically is a lifting ®(x)

» Later in the semester we will see that kernel methods apply also
to unsupervised problems, as in Kernel PCA [6].

9/48


http://en.wikipedia.org/wiki/Kernel_principal_component_analysis

Kernel example: Cubic polynomial regression  © 2026 Fessler

" For x € R, let
f(x) =
where
Figure courtesy Clay Scott.
w1
w=| w |, ®x)=
w3

Note that ®(x) is nonlinear.
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Example: Cubic polynomial regression © 2026 Fessler

Because the cost function for fitting the model parameters (b, w) is

J(O) = J(bv W) = Z(f(x,) — y,-)2 =

]

the (unregularized) minimizer is

b
b | | w |
w| | W |
W3
assuming X has full column rank, where
v 1 ®(x)" 1L xx x2 3
1 1 x, x? x3

Yn
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Polynomial regression demo

Colab demo

[ e ® e—

Degree | 3

© 2026 Fessler
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https://colab.research.google.com/drive/11MKXK-6_tgQiricb7t8Npy537Ag0FJn5

Challenges in using lifting © 2026 Fessler

» As the polynomial degree p increases, xX'x becomes
ill-conditioned and hard to invert.
» This motivates regularization (as seen in the demo and 551 HW).
> More generally, as the dimension d of x € RY grows, the
dimension m of ®(x) € R™ may grow considerably faster.
» A homogeneous degree-p polynomial needs combinatorially many

coefficients:

(This is called the number of combinations with repetition).
» Some useful functions ® even map to infinite dimensional spaces,
e.g., the gaussian kernel or exponential kernel
> This makes it prohibitive to compute, store, or manipulate ®(x).
» This challenge motivates kernel methods.
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http://en.wikipedia.org/wiki/Combination#Number_of_combinations_with_repetition

The Kernel trick © 2026 Fessler

» Fortunately, the following facts allow us to use nonlinear feature

maps for large m:
» Many ML algorithms depend on ®(x) only via inner products:

(®(x), ®(x)) -
» For certain ®, we can compute efficiently the function
k(x,x") =

even if m is huge or possibly infinite!
» The function k : R? x R? — R is called an inner product

kernel.
> Let's first look at some examples involving the dot product.
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http://en.wikipedia.org/wiki/Kernel_method
http://en.wikipedia.org/wiki/Kernel_method
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Kernel example © 2026 Fessler

Letu:[ull, v:[VI]G]RZ.
u V2

» The inhomogeneous polynomial kernel of degree 2 is
k(u,v)=(u'v+1)>2=
» Fact. We (i.e., you!) can determine a feature map ® such that

k(u,v) = (®(u), ®(v)).
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CQ: Kernel example © 2026 Fessler

For d = 2, consider the kernel
k(u,v) = (uTv + 1)2 = (v + vy + 1)2 = (®(u),®(v))

Q12.1 A mapping ®(x) that satisfies the above is given by?

xg
X3 2 X1
V2x1 : X
A B: G C: D: none of these
\/§X1 P \/§X1X2
\@Xz 1
L1
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Important kernels © 2026 Fessler

» Homogeneous polynomial kernel:
k(u,v)=(u"v)?, peN
» Inhomogeneous polynomial kernel:
k(u,v)=(u"v+c)P, peN, ¢>0

» Radius basis function (RBF) kernels: k(u,v) = ¢(|lu — v||)

» Gaussian kernel (most important special case of RBF):

1
k(u,v) = exp(—%‘2 |lu— vH%), c>0

» For the Gaussian kernel, m = oo and the dot product is replaced
by the ¢, inner product: ((a;), (b)) = Y721 aib;.
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http://en.wikipedia.org/wiki/Polynomial_kernel
http://en.wikipedia.org/wiki/Radial_basis_function
http://en.wikipedia.org/wiki/Gaussian_function

Kernel methods abound

Kernels have been developed for many
non-Euclidean data types, including

>
>
>

vvyy

string kernels
pyramid match

Trees (phylogenetic trees, parse
trees)

Graphs
Probability distributions

Riemannian manifolds

> .

A big advantage of kernels is that they
can be applied to data types for which
there is no obvious or natural represen-
tation in Euclidean space.

© 2026 Fessler

Kernel methods are also important for
understanding popular nonlinear ML
methods including

» Convolutional neural networks
» Neural tangent kernel

» Average gradient outer product
(AGOP)

» Kernel smoothing and attention
mechanism

18/48



SPD kernels © 2026 Fessler

Let k : RY x R? — R be a kernel.

» We call k a symmetric kernel iff

» We call k positive definite iff each (kernel) Gram matrix

k(Xl,Xl) k(Xl,Xn)

k(Xn,Xl) e k(Xn,Xn)
is
for all n € N and xq,...,x, € RY.

» If k is both symmetric and positive definite, it is called a
symmetric, positive definite (SPD) kernel.

v

Fact. k is an SPD kernel iff k is an inner product kernel.
» Math foundation: reproducing kernel Hilbert space (RKHS)
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http://en.wikipedia.org/wiki/Gram_matrix
http://en.wikipedia.org/wiki/Reproducing_kernel_Hilbert_space

Kernelizability © 2026 Fessler

A ML method is called kernelizable iff it is possible to formulate
the algorithm such that all training instances {x;} and any test
instance x occur in inner products of the form

Many ML methods have this property.
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Kernel trick: Implementation © 2026 Fessler

» Suppose P is a feature map associated with inner product kernel
k.

» If we apply a kernelizable method to the transformed training
data

then the transformed feature vectors appear in the algorithm
only via inner products
with other transformed feature vectors.

» We implement efficiently using the key inner product kernel
equality:

eliminating the need to ever compute ®(x) explicitly.

» This is why inner product kernels are so important.
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Recall OSM © 2026 Fessler

| 2

>

The problem is convex with linear constraints and strong duality
holds.

Let a* denote a dual solution, obtained by solving the dual
quadratic program (QP).

Let (wy, by, £*) denote a primal solution.

By the KKT necessity theorem, (w,, by, £*, a*) satisfy the KKT
conditions.

We may use these to compute (wy, by, &*) from a*.
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OSM hyperplane problem © 2026 Fessler

» The OSM hyperplane can be solved with the dual:

n n

1
o’ = argmax — 5 g ajajyiyi(xi, x;) + E :O‘i
o £ .
ij=1 i=1

s.t Za;y;:O
i
C
0<ai<—, Vi=1,...,n.
n

Q12.2 Is this problem kernelizable?
A: Yes
B: No

C: Not enough information
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(Kernel) Support Vector Machine |

> Let k be a SPD kernel.
» The support vector machine (SVM) is the classifier obtained
by first solving

n
a” —argmax —fZaajy,yj +Za;
ij=1 i=1
st. Y aiyi=0, 0<a;<
i

» Then find the primal solution via KKT conditions:

> oW =) 0 yix;
> For any j with 0 < o} < %:

b = yj — (i, ®(x))) = Zay, X, X;)-
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http://en.wikipedia.org/wiki/Support_vector_machine

(Kernel) Support Vector Machine |l

» Finally, the SVM classifier is expressed

f(x) = sign((x)), 7(x) =

» Thankfully, there is no @ in the final expression, so this
approach looks practical.

Q12.3 If implemented as expressed above, this method would be
A: parameteric B: nonparametric
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Support vectors © 2026 Fessler

» From complementary slackness:
Vi

> we call x; a support vector iff it satisfies:

» Thus, if x; is not a support vector, then

» Key conclusion: w, (and b,) depend only on the SVs:

w, =

» This is very important for practical implementation!
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Decision boundaries and margin boundaries © 2026 Fessler

» Previously the decision boundary was a hyperplane in RY:
Ho2{xeR?: wix+b=0}={xeR?: (w,x)+b=0}

> After lifting, the decision boundary becomes (in general) some
curved set:
Ho = {x : (w,, ®(x)) + b, = 0}

» The margin boundaries are the sets (would be hyperplanes if ®
were affine) H; and H_ defined by

Figure courtesy Clay Scott.
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SVM demo: Data © 2026 Fessler

JULIA demo

Data, d=756, N=2000 . :

IIIIIIIIIIIIII
5 |55 6 5|S|s

Train data Test data

1 28

28/48


https://jefffessler.github.io/EECS553demo/generated/examples/svm15

SVM demo: Linear Kernel, aka OSM © 2026 Fessler

L.R. train error=7.75 %, test error = 7.67 %

kernel = Linear

Test data discriminants, K=2 kernel=Linear

40

30

20

count

10

0 N M s by
-10 -8 -6 -4 -2 0 2
(w, ®(z)) + b
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SVM demo: Gaussian Kernel

\4

L.R. train error=2.0 %, test error = 1.92 %

kernel = RadialBasis

150 1
5

50 1]

Test data discriminants, K=2 kernel=RadialBas

. y
-15 -1.0 -05 00 05 1.0 1.5
(w, ®(z)) + b

Linear kernel leads to hyperplance decision boundary essentially
equivalent to OSM classifier f(x) = sign(w ' x + b)

Much lower classification error with Gaussian (RBF) kernel.
Nonlinear decision boundary

Conceptually: f(x) = sign({w, ®(x)) + b) (with inner products
implemented more efficiently using kernel)

© 2026 Fessler
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Margin errors © 2026 Fessler

» Optimal slack variables satisfy

& =max(0,1 — y; ((wy, x) + by)).

» There are four cases:
1. If yi ({wy, x;) + by) > 1, then

2. If y; ({ws, x;) + bi) = 1, then
3. 1f 0 < y; ({wu, x;) + bi) < 1, then

4. If y; ({wu, x;) + bi) < 0, then

» Case 2-4 are called margin errors.

» So the SVs are on the margin or misclassified.
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Margin errors: lllustration © 2026 Fessler

Figure courtesy original SVM paper [7]
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Motivation for SVM © 2026 Fessler

>

>

The support vector machine (SVM) is one of the best “off-the-shelf”
classification methods.

“... looking at Kaggle challenges that are not related to vision or
sequential tasks, gradient boosting, random forests, or SVMs are
winning most of the competitions” [8]

“On 75 small datasets with less than 1000 data points, random forests
and SVMs outperform [FNNs]. On 46 larger datasets with at least
1000 data points, SNNs show the highest performance followed by
SVMs and random forests” [8]

“We evaluate 179 classifiers arising from 17 families ... We use 121
data sets ... The classifiers most likely to be the best are the random
forest (RF) versions ... However, the difference is not statistically
significant with the second best, the SVM with Gaussian kernel
implemented in C using LibSVM" [9]

There are multiclass extensions of SVM such as the Weston-Watkins
method [10, 11, 12].
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CQ: for fun © 2026 Fessler

(You are not required to get this one right)

Q12.4 As of today, what is the number of citations n to the original
1995 SVM paper [7] on google scholar?

A:

mOoO QW

0 < n < 1000

1000 < n < 10000
10000 < n < 100000
100000 < n

none of these

Now we apply kernel trick to other classification and regression
methods.
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k-nearest neighbors: Recap © 2026 Fessler

» Given training data (x1,y1),.-.,(Xn,yn), the nearest neighbor
classifier assigns a test point x to the label

» More generally, a k-nearest neighbor (k-NN) classifier takes a
“vote" among the k closest training instances (majority vote if
binary).
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Kernel nearest neighbors © 2026 Fessler

» Suppose ® is a feature map associated to an inner product/SPD
kernel k, i.e.,

for all u, v.

» Is the nearest neighbors method kernelizable?

» Depends on the norm.
We focus hereafter on the Euclidean norm.

36,48



Kernel nearest neighbors © 2026 Fessler
» To compute the nearest neighbors of a test point x we need

2
[x — Xi||2 =

which depends only on inner products of feature vectors.
» When lifted we have

» So for any x € RY, we can find the nearest neighbor in the
lifted space via:

Jj = argmin
i
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Kernelize the nearest centroid classifier |

» The nearest centroid classifier assigns a test point to the class
whose centroid is closest to that test point:

f(x)= argmin ||x — fucl?, fpu 2 — X;.
ke{l,..K} 2 Nk Z !

The decision regions become
Voronoi cells.

Q12,5 The nearest centroid
classifier is

A: Parametric
B: Nonparametric

C: neither
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Kernelize the nearest centroid classifier Il

» The compute here is just O(dK), not the O(dn) needed for
1-NN.

» In the binary case with fi1; £ i > ity=+1 Xi, the classier is:

. A 2 A 2
F(x) =sign(llx — a1 l3 — x — A 3).

» By expanding the Euclidean norm squared, this method is readily
kernelizable.
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Demo: Kernel nearest centroid classifier © 2026 Fessler

Kemel: | Gaus:

colab demo
Data_type:

Sigma <O 0.20
Time taken= 0.24973154067993164
signa= 0.
- .
0.50 PR x %
x . ®x
° o XX x
o x| % % 1
0251 g ®
» x
XX e
(14 x
0.00 o x N X
x x
x . &
* x
% xx
-025
* x % b
L x o
X x
030 * >
x %
x
-0.75 x
-1.0 -0.5 0.0 0.5 1.0 15 2.0
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https://colab.research.google.com/drive/1qQKjlgi2WAm87BXdFuhe99vlgNt9pCoR

Kernel ridge regression: Overview © 2026 Fessler

» We will show that ridge regression is kernelizable, and use the
kernel trick to extend it to a nonlinear regression method called
kernel ridge regression (KRR).

» KRR has numerous applications, even quantitative MRI [13].

» To simplify the presentation, we focus on ridge regression
without offset:

fx)=w'x, w=

» Because some ® choices contain a constant term, as with the
inhomogeous polynomial kernel, the offset is not always needed.

» KRR with offset is described in Professor Scott’s lecture notes.

41/48


http://en.wikipedia.org/wiki/kernel ridge regression

CQ: Ridge regression © 2026 Fessler

n x1T

For y = : , X = |, the ridge regression (RR)
T
Yn Xn

training problem is:

_ 1
w= argl;nln - Z:’:l(WTXi - YI)2 + A HWHE :

Q12.6 The solution is:

Aw=(X"X+A)XTy
B:w=(X"X)'X"y
Cw=(XX"T+A)'XTy
D:w=X"(XX")1ly

E: none of these
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http://en.wikipedia.org/wiki/Ridge_regression

Kernelizing ridge regression |

» Note XX is not the Gram matrix of the training data, i.e.,

» Idea: apply a special case of the matrix inversion lemma called
the push-through identity [14, p. 41]:

(al + BD)'B = B(al + DB)*,

with B= X" and D = X, to get Gram matrix X X '.
» After simplification, the RR predictor without offset is

A

fFx)=w'x=y  X(X"X 4 n\I)"1x
=y (XXT +n\ )1 Xx.
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Kernel ridge regression: Key step © 2026 Fessler

Rewriting with inner products:

Fx) =y (XXT +n\I)"'Xx
y (K + n\)"1k(x)

where the kernel matrix (Gram matrix) is

(x1,x1) -+ (X1, Xn) (x1, x)
. k)= )

<Xn,X1> e <xnaxn> <Xn,X>

K £

To save test-time compute, precompute and store the vector
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CQ: Kernel ridge regression © 2026 Fessler

To define the KRR method, we simply replace all the inner
products above (in both K and k) with kernel values k(- -).

Q12.7 If k is such that k(u, v) = (®(u), ®(v)), then the above
KRR method is equivalent to

A: Apply ridge regression and then transform the solution into a
nonlinear space with ®.

B: Apply a nonlinear ® to the ridge regularization term.

C: Apply the feature map ® to all feature vectors, and then apply
ridge regression in the new feature space.

D: none of these
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Kernel method summary © 2026 Fessler

Theorem 1 (Nonparametric Representer Theorem). Suppose we are
given a pty set X, a positive definite real-valued kernel k on X x X, a
training sample (x1,91), .., (Tm,Ym) € X xR, a strictly monotonically increas-
ing real-valued function g on [0,00[, an arbitrary cost function ¢ : (X x R*)™ —
RU{oo}, and a class of functions

:{feR*

f(-):zﬂ,k:(uz,),{ﬂ?ER.Z,EX,HfH<oo}. (13)

i=1

Here, || - || is the norm in the RKHS Hy, associated with k, i.e. for any z; €
X, B;eR (ieN),

S k)| =303 BBk ). (14)
i=1 i=1 j=1

Then any f € F minimizing the regularized risk functional

c((@n,yn, £(@1)s - (@my Y, Flam))) + 9 (1£1]) (15)
admits a representation of the form

= Y k(- x;). (16)
b [15]
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