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Logistics © 2026 Fessler

» Project teams / paper ideas due Fri. Sep. 25
» After class meet-up for those still seeking teams?

» HW regrade requests due 3 days after scores released.
» HWS3 due Wed. Sep. 30

PN

Machine Learning

with Julia

Sl [2] code

Q08.1 Which due date would you prefer for HW4?
Keep in mind 24-hour grace period and Exam 1 is Mon. Oct. 12.
A: Wed. Oct 8 B: Thu. Oct 9 C: Fri. Oct 10
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https://github.com/jddeng/MLwJulia

Recap / Outline © 2026 Fessler

» Recap
» Convexity, convergence rates, descent methods, fixed point
» Today

» Unconstrained optimization algorithms (continued)
» Newton's method
» Convergence: global / local

» Stochastic gradient descent
» Subgradient method

» Logistic regression

» Logistic regression: Likelihood
» Logistic regression: Regularization
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Second order: Newton's method © 2026 Fessler

Assume J € C?, i.e., it is twice continuously differentiable.
Newton’s method (aka Newton-Raphson) for minimization
selects update direction u; assuming V2J(0;) is invertible (or even
positive definite) as a transformed steepest descent direction:

011 = 0: — a[V2J(0,)] 71V I(6:).
Motivated by Taylor series when 6, =~ 6, = stationary point of J:
VJ(0,) =0~ VJ(0::1) =~ VI(O:) + V?J(0:) (011 — 6:).

Newton's update is identical to GD (for « = 1/a) in the rare cases
where contours of J are spherical:

V2J(8)=al, a>0.
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http://en.wikipedia.org/wiki/Newton's_method_in_optimization

Newton's method intuition © 2026 Fessler

» Consider 2nd-order Taylor approximation of twice-differentiable
cost function J around 6;:

J(8) ~ J(0)+ (VI(0).0 — 6) + 56— 6.V (0)(6 — 0,)

» Minimizing this 2nd-order approximation by zeroing its gradient
yields the Newton update:

0:11=0: — [V2J(0:)] 1V I(0:) & Mnewton(6:).
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CQ: Newton's method © 2026 Fessler

Q08.2 Assume J is a twice differentiable and strictly convex cost
function.
Every stationary point of J is a fixed point of the Newton iteration.

The converse also holds. 77
A: (T, T) B: (T.F) C: (F,T) D: (F,F)
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Example: Quadratic cost function © 2026 Fessler

1
6. = argmin J(8) £ 5aTHev —0'b+c=H"'b.
7]

Gradient: VJ(0) = HO — b Hessian: V2J(0) = H ~ 0

GD update: Newton update (with step size):
Or11 =0, —aVJ(6:) 0:11=0: — a[V?J(6,)] TV J(6,)
Orr1 =0 —a(HO: — b) 0i11 =6, —aH (HO, — b)

0:11 :9t—0¢H(9t—H_1b) 011 :0t—a(0t—H71b)
0t+1—0*:(I—O[H)(0t—0*) 0t+1_0*:

Convergence depends on

C [ tep if
See [3, §9.2]. onvergence in one step i

(but we had to calculate H™1).
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Example: Quadratic cost function © 2026 Fessler

JO)=26"HO—-0"b+c
For this example, 0 € R?, eig(H) = {%, %} Step size a = 1.

GD update: Newton update:
0t+]_ —et_Oé(Het_b) 9t+1—9t—aH 1(H9t b)

Newton weight trajectory - 10 iterati

Figures courtesy Al Hero, showing iterates from different 8y. The axes are 61 and 6.
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Example: Quadratic cost function [Read)] © 2026 Fessler

JO)=10"THO-6Tb+c
For this example, 8 € R?, eig(H) = {% %} Step size a = 1.

GD update: Newton update:
0t+]_— t_Of(HOt_b) 0t+1—0t—OZH (H0t—b)

Newton Error trajectory

......... o) * * * ’ ° " oration ® *
> Vertical axis is ||@; — 0.||,.
» Each curve is for a different 6.

Figures courtesy Al Hero;
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From Newton to MM |

» In some applications (including logistic regression) we have a

matrix upper bound
V2J(0) < H.

This implies the following upper bound on the cost function:
1
J(6) < Q(6,6:) = J(6:)+(VI(6:),6 — 0t>+§(9—9t)TH(9—9t)

This inequality looks akin to the 2nd-order Taylor approximation
used in Newton's method, but it is an upper bound.

» A majorize-minimize (MM) method updates 8 by minimizing the
quadratic upper bound:

0:11 = argmin Q(0,0;) = 6; — HﬁlVJ(et)-
7]

10/45



From Newton to MM Il

» Fact. Due to upper bound, this approach ensures descent:
J(0r41) < J(6y).

» To avoid performing matrix inversion every iteration, we
precompute the inverse H ! (just once) [1, §10.3.4].

» Multiplying by precomputed H ! requires O(p?) FLOPs per
iteration, whereas inverting the Hessian V2J(8;) is O(p3).

» If H = LI for a Lipschitz constant L of the gradient VJ, then
the MM approach simplifies to
1
9t+1 - 01_- - H_IVJ(Gt) == 01_— - ZVJ(Bt)

ECE 551 uses this approach to logistic regression [3, §9.5].
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CQ: Convergence of iterates © 2026 Fessler

[|0:=0+]]

Q08.3 If we have a sequence 6; — 6, such that Tor=6.] — 0,

then it converges:
A: Linearly
Superlinearly
Sublinearly

Exponentially

mO QW

None of these
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Convergence rate of Newton's method © 2026 Fessler

If J(0) is:
» twice differentiable

» a strongly convex function, meaning that V2J(8) = uI for all
0 for some p > 0, and

» has a Lipschitz Hessian,

then provided that 6y is close enough to 6., the sequence {6:}
generated by Newton's method will converge to the (necessarily
unique) minimizer 8, quadratically fast i.e.,

1
1641 — 0. < 5116 — 0.

This convergence is the appeal of Newton's method.
Its drawback is inverting the Hessian, but quasi-Newton methods
like LBFGS help address this with practical Hessian approximations.
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http://en.wikipedia.org/wiki/Convex_function#Strongly_convex_functions
http://en.wikipedia.org/wiki/Newton's_method_in_optimization#Convergence
http://en.wikipedia.org/wiki/Quasi-Newton_method

“Convergence” of algorithms © 2026 Fessler

» An algorithm's convergence is called global iff the sequence
generated by the algorithm converges (to some limit) from

» Convergence is local if convergence (to some limit) is achieved
only with an initialization in some given region called the

» The optimization community often bends terminology by
discussing convergence of “algorithms” when what is really being
discussed is convergence of the sequence {6} generated by the
algorithm.

» These terms are distinct from convergence of a sequence to a
global minimizer or local minimizer of some cost function,
which is also sometimes specified, e.g., “the algorithm generates
a sequence that converges globally to a local minimizer.”
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Convergence properties of GD for quadratic J  © 2026 Fessler

For J(0)=10"HO+60"b+c, H >0,
GD has global linear convergence iff

Convergence condition v < 1 requires suitable step size
0<a<

where o1 = || H ||, is first singular value of H.

After K iterations of GD, the initial “error” ||@p — .|| £ errg
reduces by at least vK:

errk = ||0x — 0. <

To reduce error to at most € at iteration K requires v¥ errg < ¢,

i.e., we need: .
errp
K> |og<) _r
e /log(1/7)
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Convergence of GD for (more) general J © 2026 Fessler

If the gradient of J is Lipschitz continuous:
IVJ(O) = VI < L6 — I,

then using
o =

guarantees (cost function) progress by GD of [4]:

J(Or41) < J(6r) -

More generally, if 0 < av < 2/L then we have this (2025!) tight
upper bound [5] on the cost function descent:

L |60 — 613 ( 1 2t>
— s < , — .
J(6:) — J(6.) < 5 max| 5 (1- La)
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http://en.wikipedia.org/wiki/Upper_and_lower_bounds#Tight_bounds
http://en.wikipedia.org/wiki/Upper_and_lower_bounds#Tight_bounds

Effect of step size © 2026 Fessler

J J J J

7 < Nopr 0= Nopr Nopt <1 < 2 1oy 17> 210p

L w L w L w L w
W W W w

FIGURE 6.16. Gradient descent in a one-dimensional quadratic criterion with different learning rates. If n <
Nept, CONvergence is assured, but training can be needlessly slow. If n = 74y, a single learning step suffices to
find the error minimum. If 7y, < 7 < 274, the system will oscillate but nevertheless converge, but training is
needlessly slow. If n > 21, the system diverges. From: Richard O. Duda, Peter E. Hart, and David G. Stork,
Pattern Classification. Copyright © 2001 by John Wiley & Sons, Inc.

Figure from [6].
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Convergence of Newton for locally quadratic J © 2026 Fessler

v

Local superlinear convergence is possible if initialized near 6,.
Newton’s method can diverge if not initialized close enough.

Newton's method is also a fixed-point iteration:
0t+1 = M(Bt)u
where here

041 =0: —a[V3J(0,)]1VI(6:)
— M(0) =0 —a[V3J(0)] V().

For non-quadratic J(@), convergence of Newton's method is
assured if (sufficient condition) the initial point g is in a sphere
{6 : |16 —6.]|, < r} over which |V M(0)], < 1.
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http://en.wikipedia.org/wiki/Fixed-point_iteration

Stochastic gradient descent © 2026 Fessler

» In ML, we often focus on cost functions (like ERM) that have an

additive form:
J(0) == Zi:l

where J;(0) depends on the training data only through

» Or, we may also divide the data up in different ways, ie., by
blocks of variables, called a batch or mini-batch, where batch
size is often limited by GPU memory.

» Stochastic gradient descent (SGD) attempts to minimize the
overall cost J(@) by incrementally descending each J; in the sum.
Also called incremental gradient descent;

“stochastic” is technically reserved for a setting where the
subfunction J; is selected probabilistically.

» Key property for SGD with expectation taken over random i:

E(VJ(0)} =
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http://en.wikipedia.org/wiki/Stochastic_gradient_descent

Stochastic gradient descent © 2026 Fessler

Pseudo-code for minimizing J(6) = 1 37, J;(0)
» Initialize Oy, set t < 0

» Forj=1,..., max_iter epoch count
For i in permute (1,...,n)
0; —
t—t+1
End

If convergence condition satisfied, exit
End

See also [7], incremental gradient descent [8], coordinate descent [9], Robbins-Monro algorithm [10] [11, p. 96].
The point of SGD is that the gradient step should be stochastic and be
equal to VJ in expectation.

For ridge regression we now have O(d) per iteration, but each iteration
uses only one data point. O(nd) still to pass over the data once.
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http://en.wikipedia.org/wiki/Glossary_of_artificial_intelligence#epoch

Gradient descent v Stochastic gradient descent © 2026 Fessler

Gradient Descent -

Image courtesy [12].
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SGD: Momentum and variations © 2026 Fessler

SGD variations:
» Stochastic variance reduced gradient methods

> Adaptive learning rate / momentum:

» RMSprop [13]
» Adam (adaptive moment estimation) [14]

» Matrix orthogonalization: Muon [15]
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http://en.wikipedia.org/wiki/Stochastic_gradient_descent#Adam
https://kellerjordan.github.io/posts/muon

Subgradient method © 2026 Fessler

» The subgradient method is a generalization of gradient
descent that applies to nondifferentiable, convex cost
functions, like ERM with hinge loss.

> Let J:RY — R be convex, and let 8 € RP.

If J is differentiable, then so far we've focused on the update
direction
u =

which is the only vector such that this convexity inequality holds:

J(0') >
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http://en.wikipedia.org/wiki/Subgradient_method

Subgradient definition © 2026 Fessler

» If Jis convex but not differentiable, then
for some @, there may be many u
satisfying the previous inequality.

» We define the subdifferential of J at 0,
denoted 0J(8), to be the set of all u
satisfying the inequality.

» A subgradient is any element of the
subdifferential.

» In the figure, the subdifferential at the cusp is the interval
[J(6), J..(0)] where J/(0), ' (6) denote the left and right
derivatives.
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http://en.wikipedia.org/wiki/subdifferential
http://en.wikipedia.org/wiki/subgradient

Subgradient method © 2026 Fessler

| 2

| 2

A subgradient method replaces the gradient by any
subgradient.

Pseudo-code for minimizing J(0):

o initialize 6y

o t+20

o Repeat:

P> select
> 0, <
> ot t+1

o Until stopping criterion satisfied

We can also have a stochastic subgradient method,
analogous to SGD, when

4(6) = % S Ji(6)
i=1
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Summary © 2026 Fessler

| 2

v

vVVvyVvyy

Least squares Linear regression: exact solution possible, but may
be infeasible for large d

Ridge penalty: makes objective strictly convex, solution unique

Linear regression is the basis for several nonlinear regression
methods

Empirical risk minimization generalizes all we've seen so far.
GD/SGD: efficient implementation

SGD does not monotonically descend so the “'D" is a misnomer
[16]
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Logistic regression: Between classification and regression ©

2026 Fessler

We first consider logistic regression in the binary case:

Y €{0,1}. (There is a multiclass extension.)

This setting is typical for:

» Medical data:
» The patient had a heart attack or did not.
P> The patient is alive or dead.

» Educational data:

» The student passed or failed
» The student was accepted to the program or not.

» Financial consumer data:

» The transaction is legitimate or fraudulent.
» The consumer defaulted on their loan or not.
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http://en.wikipedia.org/wiki/Logistic_regression
http://en.wikipedia.org/wiki/Multinomial_logistic_regression

Logistic regression: Classification or regression? © 2026 Fessler

» Consider the binary case for logistic regression: Y € {0,1}.

> Logistic regression directly builds and uses a model (or estimate)
fj(x; @) for the posterior probability (hence a kind of regression):

» This estimate leads naturally to a plug-in classifier [1, §10.2.1]:

f(X)é{ 1, if

0, otherwise.
» |t combines two ideas:

> Logistic probability estimation (a kind of regression)
» “Linear” classification
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Log. reg.: Probability model example © 2026 Fessler

» Example taken from Wikipedia:
A group of 20 students spends between 0 and 6 hours studying for an

exam. How does the number of hours spent studying affect the
probability of a student passing the exam?

Hours | 0.50 | 0.75 1.00 | 1.25|1.50 | 1.75 | 1.75  2.00  2.25 | 2.50 | 2.75 | 3.00 | 3.25 | 3.50 4.00 4.25 | 4.50 4.75 5.00 | 5.50

Pass 0 0 0 0 0 0 1 0 1 0 1 0 1 0 1 1 1 1 1 1

If a (different) student studies for 3 hours, what is the probability of a pass?
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Logistic regression probability model © 2026 Fessler

POSSI ble pOSteriOf proba bl | ity model ‘ onbabm:yn! pa‘ssmg ixam vfrsus hours of studying

1 €
1+ exp(f( ))
- 1
Tl + exp(—(1.5 X Hours — 4))
1
" 14 e—(1.5X(Hours—2.7))

P{Pass | Hours} =

Plot courtesy Canley

» The blue curve is a sigmoid function or “S-shaped” curve.
» Here we are using the standard logistic function:

1

70 e
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https://commons.wikimedia.org/w/index.php?curid=116449187
http://en.wikipedia.org/wiki/Sigmoid_function
http://en.wikipedia.org/wiki/Logistic_function

Logistic regression: Standard model © 2026 Fessler

» Feed linear combination of features into logistic probability
model:

1

02 o(wT _ ~
n(x;0) = o(w'x+b) = o wxiD)

where
6=[L]cRIT

> Somehow estimate § = {MQI} . (Forthcoming...)

» Then plug-in method is a “linear” classifier:

—

A . N A - ~T T
y=1(x) =L, o512 n(x:0) = , =W x+b>0.
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http://en.wikipedia.org/wiki/Logistic_function

Logistic regression: Picture © 2026 Fessler

o f is linear:
f(x) = =20z, + 162,

fx) p(x) =o(f(x)) classification regions

1
[
o4 08

02

Above, “f" isour f(x) =w'x+ b
and o(-) is the standard logistic function.

Figure courtesy Justin Romberg
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https://www.dropbox.com/scl/fi/hiq6wni4ga5m5zy1r7ygu/24-notes-mfml-logistic.pdf?rlkey=ybpo2mbph72imdips8n2u7aor&e=1&dl=0

Logistic regression: Training © 2026 Fessler

» Given training data D = ((x1,¥1),-- -, (Xn, ¥n)), we must
estimate the model parameter vector

o=l 0]

» We need a criterion that quantifies how well

1

10) = e

explains the training data for any candidate 6.
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Logistic regression: Likelihood © 2026 Fessler

» Let p(y | x; @) denote the conditional probability that Y =y
given X = x.
» By definition (and then writing without braces):

im0 { 10, 37

» The likelihood of 0 is

L(G) = P Dtramv Hp Yi | xi; 0

independence
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© 2026 Fessler

Logistic regression Log-Likelihood

> Notation (and rationale for the term “linear")

_ 1
X; = =[1x1 - xia]"
Xi T T
b — w x;+b=20 X,.
=[bw - wy]"

0 =

» The log-likelihood of @ is
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Logistic regression: Estimation © 2026 Fessler

» If the parameter dimension d is small, especially relative to the
number of samples n, we can compute the estimate 8 by
maximizing the log-likelihood (i.e., minimizing the negative
log-likelihood):

A 1
0 = arg min ——=/(0).

gerd+1 N
» Dividing by n aligns with ERM formulation.

» This is a convex optimization problem (HW), but there is no
closed-form solution, so iterative unconstrained optimization
methods are required.
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CQ: Logistic

Q08.4 Logistic regression is:
A: generative B: discriminative

Q08.5 Logistic regression is:
A: parametric B: nonparametric

C: neither

C: neither

© 2026 Fessler

D: both

D: both
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Logistic regression: Regularization © 2026 Fessler

» Unless n > d, it is typically preferable to minimize a
regularized cost function like:

N 1 A
6= argminJ(0), J(0) 2 ——0(0)+5 )03, o= > |
OcRd+1 n 2 w

empirical risk

where A > 0 is a used-specified constant called a regularization
parameter.

» Why introduce the regularization term?
> If n < d, the Hessian V2/(0) will be singular.
> J() is strictly convex for A > 0, so it has a unique minimizer.
(HW)
» The regularization term encourages the solution to have small norm,
which can prevent overfitting to the training data - important
when the sample size n is small relative to d.
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Logistic regression: Demo

JULIA demo

» No ellipses...

» Optimization via
Quasi-Newton

» Decision boundary is

{x : w'x+b=0}

SO

X2

Here

—(b+ wix1)
Wy '

= [1.76 2.12 1.07] ".

L.R. train error=3.0 %, test error = 2.0 %
1.0

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

Color: predicted posterior prob's: 7j(x).
This is the “regression” in the name.

© 2026 Fessler
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https://jefffessler.github.io/EECS553demo/generated/examples/logistic17

Sparse logistic regression © 2026 Fessler

| 2

| 2

When d is large, it can be more interpretable to select a subset
of the features, instead of using all d features.
Ideally we might solve a feature selection problem such as
argmin —£(0) s.t. [|6], < K
OcRd+1
for some user-selected (or cross-validation selected) K € N,
where ||X||0 = Zi]l{x,-;éo}-
||lo is discontinuous and nonconvex, making optimization very
difficult
A practical alternative is to use a 1-norm regularizer:

160) = —0(0) + Aol

This cost function is convex, though it is non-smooth, which
motivates advanced optimization approaches like accelerated
proximal gradient methods [17].
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Logistic regression: Summary © 2026 Fessler

>
>

>
>

v

More than a classifier — it predicts the probability of each class

LR assumption is less restrictive than LDA assumption (but if
data are Gaussian, LDA is more powerful)

Widely used in application domains including health sciences

Example: predict whether a patient will develop a disease (e.g.,
diabetes, coronary disease) based on various attributes (age, sex,
weight, BMI, etc.)

For imbalanced classes, may want to use weighted ERM.
Multiclass extension: may discuss later (or in HW)
Nonlinear extension:

1
1 + exp(—h(x))

n(x|0) =

where h is nonlinear.
We will see examples later (kernel methods, neural networks)
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CQ: SGD

© 2026 Fessler

For J(8) = 1 S°7, Ji(@), the SGD algorithm is as follows:

T n

» |Initialize Oy; set t < 0

» Forj=1,..., max_iter
For i=1,...,n in random order
Ot < Ot,;[ —
t—t+1
End
If convergence condition satisfied, exit
End
Q08.6 Fill in the blank:
A: aVJ(6:-1) B: 1VJi(6:-1)
D: a;jVJi(0:-1) E: none

C: ajVJk(Ht)
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