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This appendix reviews some of the linear algebra and matrix analysis results that are useful for developing iterative
algorithms and analyzing inverse problems.

In particular, the concept of the adjoint of a linear operator arises frequently when studying inverse problems,
generalizing the familiar concept of the transpose of a matrix. This appendix also sketches the basic elements of

functional analysis needed to describe an adjoint.
76 1



© J. Fessler. [license] August 23, 2017 26.2

26.1 Matrix algebra

26.1.1 Determinant (s,mat,det)

If A = ay; € Cis a scalar, then the determinant of A is simply its value: det{ A} = a;;. Using this definition as a
starting point, the determinant of a square matrix A € C™*" is defined recursively:

det{A} £ i aij(—l)j-i-i det{A,i’,j}

j=1

for any i € {1,...,n}, where A_, _; denotes the n — 1 x n — 1 matrix formed by removing the ith row and jth
column from A.
Properties of the determinant include the following.
o det{AB} =det{BA}if A € C"*" and B € C"*"™.
o det{A} = (det{A’})*, where “/” denotes the Hermitian transpose or conjugate transpose.
e A is singular (not invertible) if and only if det{ A} = 0.

26.1.2 Eigenvalues and eigenvectors (s,mat.ig)

If A € C"*", je., Aisan X n (square) matrix, then we call a nonzero vector x € C™ an eigenvector of A (or a
right eigenvector of A) and A € C the corresponding eigenvalue when

Az = \x.

Properties of eigenvalues include the following.
e The eigenvalues of A are the n roots of the characteristic polynomial det{ A — \I'} .
e The set of eigenvalues of a matrix A is called its spectrum and is denoted eig{ A} or A\(A).
o If A € C*™ and B € C"*™, then the eigenvalues satisfy the following commutative property:

eig{ AB} — {0} = eig{ BA} — {0}, (26.1.1)

i.e., the nonzero elements of each set of eigenvalues are the same.
Proof. If A € eig{ AB} — {0} then 3x # 0 such that ABx = \x # 0. Clearly y = Bx # 0 here. Multiplying
both sides by B yields BABx = \Bx = BAy = \y,so A € eig{ BA} —{0}.

o If A c C" " thendet{A} =[], \i.

o cig{A'} = {\*: X eceig{A}}

o If A is invertible then A € eig{ A} iff 1/ € eig{ A }.

e Fork € N: eig{ AF} = {\*: X c eig{A}}.

e The spectral radius of a matrix A is defined as the largest eigenvalue magnitude:

A) 2 Al 26.1.2
p(A) Aer?izg%{)il}| \ ( )

See also (26.1.5) for Hermitian symmetric matrices.
e A corollary of (26.1.1) is the following symmetry property:

p(AB) = p(BA). (26.1.3)

e GerSgorin Theorem. For an x n matrix A, define r;(A) = >_.; a;;|, i = 1,...,n. Then all the eigenvalues
of A are located in the following union of disks in the complex plane:

n

Xi(A) € | Ba(ai,ri(A)), (26.1.4)

i=1

where By(c,7) 2 {2z € C: |z — ¢| < r} is a disk of radius 7 centered at c in the complex plane C.
e If p(A) < 1, then I — A is invertible and [1, p. 312]:

I—A™" = iA’“.

e Weyl’s inequality [wiki] is useful for bounding the (real) eigenvalues of sums of Hermitian matrices. In particular
it is useful for analyzing how matrix perturbations affect eigenvalues.
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26.1.3 Hermitian and symmetric matrices

A (square) matrix A € C"*" is called Hermitian or Hermitian symmetric iff a;; = a;;
A=A
e A Hermitian matrix is diagonalizable by a unitary matrix:

A =Udiag{\;} U’,

where U™ = U'.
e The eigenvalues of a Hermitian matrix are all real [1, p. 170].
e If A is Hermitian, then =’ Az is real for all x € C™ [, p. 170].
e If A is Hermitian, then (see Problem 26.1 for consideration whether this condition is necessary):

(26.1.5)

e If A is Hermitian, then it follows from (26.1.5) that
' Az = real{x' Az} < |2’ Az| < p(A)x'x, VYx e C".

o If A is real and symmetric, then we have upper bound that is sometimes tighter [ 1, p. 34]:
' Az < ( max )\) |z||>, V& eR™
A€eig{ A}

e 26.1.4  Matrix trace (s,mat,trace)

The trace of a matrix A € C™*™ is defined to be the sum of its diagonal elements:
trace{A} £ Z @i (26.1.6)
i=1
Properties of trace include the following.
e For A € C"™*" and B € C™*™ the trace operator has the following commutative property:

trace{AB} = trace{BA}. (26.1.7)

e If A € C™*™ has eigenvalues Aq, ..., A, then

trace{A} = > \;. (26.1.8)
=1

26.1.5 Inversion formulas (s,mat,mil)

The following matrix inversion lemma is easily verified [2]:
[A+ BCD|" = A" -~ A'B[DA'B+C']" DA™, (26.1.9)

assuming that A and C are invertible. It is also known as the Sherman-Morrison-Woodbury formula [3-5]. (See
[6] for the case where A is singular but positive semidefinite.)
Multiplying on the right by B and simplifying yields the following useful related equality, sometimes called the
push-through identity: ’
[A+ BCD|'B=A"'B[DA'B+C™'|" C™. (26.1.10)

The following inverse of 2 x 2 block matrices holds if A and B are invertible:

A D]7 _[[A-DBC]" -A7'DA
c B| ~|-alca? Al ’

where A = B—C A~ D is the Schur complement of A. A generalization is available even when B is not invertible
[7, p. 656].

26.1.11)
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26.1.6 Kronecker products (s,matkron)
The Kronecker product of a L x M matrix A with a K x N matrix B is the KL x M N matrix defined as follows:

allB alMB
AR B = : : : . (26.1.12)

aLlB aLMB

Properties of the Kronecker product include the following (among many others [8]):
e (A® B)(C ® D) = (AC ® BD) if the dimensions are compatible.
e In particular (A ® B)(u®v) = (Au) ® (Bwv).
If A and B are Toeplitz or circulant matrices, then this property is the matrix analog of the separability property of
2D convolution.
e (A® B)™' = A7 ® B! if A and B are invertible.
e (ARB) =A"® B’
(] [A®B](l—1)K+k,(m—l)N+n =aimbgn, (=1,...;L,k=1,.... K, n=1,....Nym=1,..., M.
o det{A @ B} = (det{A})" (det{B})" if Aisn x nand Bism x m
o If Au = Au and B v = nv then u ® v is an eigenvector of A ® B with eigenvalue An.
e If A has singular values {o;} and B has singular values {7;}, then A ® B has singular values {o;7;}.
In the context of imaging problems, Kronecker products are useful for representing separable operations such as
convolution with a separable kernel and the 2D DFT. To see this, consider that the linear operation

v[k] = zzlb[lc,n]u[n]7 k=0,...,K —1,

can be represented by the matrix-vector product v = Bw, where B is the K x N matrix with elements b[k, n].
Similarly, the separable 2D operation

M-—1 N-—1
v[k:,l]:Za[l,m](Zb[hn]u[mm]), k=0,....K—-1, 1=0,...,L—1,
m=0 n=0

can be represented by the matrix-vector product v = C u, where C = A ® B and A is the L x M matrix with
elements al, m]. Choosing b[k,n] = ¢ *F*" and a[l,m] = e~*3 '™ shows that the matrix representation of the
(N, M)-point 2D DFT is Q2p = Qn ® Qn, where Q y denotes the N-point 1D DFT matrix.

For a M x N matrix G, let lex{ G} denote the column vector formed by lexicographic ordering of its elements,
e, 1ex{G} = (11, -, gM1, 912, - - GM2, - -, JIN, - - - » GM N ), SOmetimes denoted vec(G). Then one can show that

(A® B)lex{G} =lex{AGB™ } . (26.1.13)
The Kronecker sum [wiki] of n x n square matrix A with m x m square matrix B is defined as

- 26.2 Positive-definite matrices (s,matpd)

There is no standard definition for a positive definite matrix that is not Hermitian symmetric. Therefore we restrict
attention to matrices that are Hermitian symmetric, which suffices for imaging applications. Matrices that are pos-
itive definite or positive semidefinite often arise as covariance matrices for random vectors and as Hessian matrices
for convex cost functions.

Definition 26.2.1 For a n X n matrix M that is Hermitian symmetric, we say M is positive definite [, p. 396] iff
’'Mx > 0forallz #0 € C™

Theorem 26.2.2 The following conditions are equivalent [9].
e M is positive definite.

e M >0

o All eigenvalues of M are positive (and real).

e foralli =1,...,n My, = 0 where M;.; 1.; denotes the ith principal minor—the upper left i X i corner of
M.

o There exists a Hermitian matrix S > 0, called a matrix square root of M, such that M = S 2, Often we write
S = M2

e There exists a unique lower triangular matrix L with positive diagonal entries such that Ml = LL'. This factor-
ization is called the Cholesky decomposition.

One can similarly define positive semidefinite matrices (also known as nonnegative definite), using > and >~
instead of > and .
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26.2.1 Properties of positive-definite matrices

o If M = 0, then M is invertible and M~ = 0.
o If M = 0 and « > 0 is real, then M = 0.
eIf A>0Oand B - 0,then A+ B > 0.

eIf A>0Oand B - 0,then A® B > 0.

e If A > 0 then a;; > 0 and is real.

26.2.2 Partial order

The notation B > A is shorthand for saying B — A is positive definite. This is a strict partial order, particularly
because it satisfies transitivity: C > B and B > A implies C' >~ A. Likewise, B > A is shorthand for saying
B — A is positive semidefinite, and > is also transitive. This partial order of matrices is called Loewner order
[wiki]. These inequalities are important for designing majorizers. The following results are useful properties of these
inequalities.

Lemma 26.2.3 If B = A, then C' BC = C' AC for any matrix C of suitable dimensions. (See Problem 26.5.)

Theorem 26.2.4 If B = A ~ 0, then A™" = B™'. (See Problem 26.6.) In words: matrix inversion preserves the
natural (partial) ordering of symmetric positive definite matrices.

26.2.3 Diagonal dominance

e An xn matrix A is called (weakly) diagonally dominant iff a;;| > >, ; |aij|, ¢ = 1,...,n. Itis called strictly
diagonally dominant |a;;| > 3, ; |ai;|, i=1,...,n.

e For Hermitian A, if A is strictly diagonally dominant and a;; > 0, ¢ = 1,...,n, then A > 0 and in particular A
is invertible [1, Cor. 7.2.3].

o If A is strictly diagonally dominant, then A is invertible [1, Cor. 5.6.17].

e If A is strictly diagonally dominant and D = diag{a;; }, then p(I — D1 A) < 1[I, p. 352, Ex. 6.1.9].

Lemma 26.2.5 If H € C"*" is Hermitian and diagonally dominant and h;; > 0, i =1,...,n, then H > 0.
Proof:
By §26.1.3, H has real eigenvalues that, by the Gersgorin Theorem (26.1.4), satisfy A\(H) > h;; — Zj# |hijl,
and that latter quantitity is nonnegative by the assumed diagonal dominance. Thus by Theorem 26.2.2, H is positive
semidefinite. O

26.2.4 Diagonal majorizers

We now use Lemma 26.2.5 to establish some diagonal majorizers.

Corollary 26.2.6 If B is a Hermitian matrix, then B < D = diag{|B| 1} where | B| denotes the matrix consisting
of the absolute values of the elements of B.

Proof:

Let H = D—-B = dlag{|B| 1} —B. Then h;; = Zj |b2]| — by = (Zj;éi |b”‘) + (|b“| - b“) > Zj;éi |b2]|
because [b| — b > 0. Also for j # it hij = —bij s0 >, |hiz| = 32, [bij| < hi;. Thus H is diagonally dominant
soD—- B >0. O

Corollary 26.2.7 If F = A'W A where W = diag{w;} with w; > 0, then F < D = diag{d;} where d; £
?:dl w; |aij\2 /71'2']' and Tij = \aij| / Zk \aik| (Cf (12510)), i.e., dj = Z?ﬁl |aij| w; (2221 \aik|) .
Proof:
Define the Hermitian matrix H = D — F for which hj; = d; — f;; = 20, w; |ai;|* /mij — 320, w; |ai;|” > 0. So
by Lemma 26.2.5, it suffices to show that H is diagonally dominant:

nq ) nd 9 nd
hij = 3 ikl = di = fi5 =Y 1 finl =Y wilag|* fmig = > wilai; | =Y > wiajai;
=1 =1

p—y, oy, KA li=1
ng nd nd
> wilagl? Jr =Y wilag =0 wilal )
i=1 i=1 k£j i=1

nq

nq
= wilag|* /mi; =Y wila] Y law] = 0.
=1 =1 k
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Another way of writing the diagonal majorizer in Corollary 26.2.7 is
A'WA <D = diag{|A'|W |A| 1}. (26.2.1)

When A (and W) have nonnegative elements (e.g., in CT, PET, SPECT), an alternative simpler proof is to use Corol-
lary 26.2.6 directly with B = A'W A.
The following theorem generalizes Corollary 26.2.7 (cf. (12.5.14)). See Problem 26.12.

Theorem 26.2.8 For B € C"4*™ and any 7;; > 0 and 2?21 m;i; = 1 for which m;; = 0 only if b;; = 0:

ng
B'B =< D 2diag{d;}, d; 2 |by|* /mi;. (26.2.2)
i=1
Proof: ) )

n n 2 n n b n, n bij o n 2 -
a'B'Bx = 3% 3000 b | = 300 | 0E (rﬂ”y)’ < Dt 25t T Tijf”j‘ = 2kl d; =
@' D, using the convexity of |-|. O
Corollary 26.2.9 For B € C™a*"»:

ng Mp )
BB=xD=al, a=3Y_ 3 |byl" =Bl
i=1 j=1
Proof:
2 n 2
In Theorem 26.2.8 take m;; = |by;|” /> .24 [bik|” - O

26.2.5 Simultaneous diagonalization

If S is symmetric and A is symmetric positive definite and of the same size, then there exists an invertible matrix B
that diagonalizes both S and A, i.e., B'’SB = D and B’ AB = I where D is diagonal [wiki] [, p. 218]. However,
B is not orthogonal in general.

26.3 Vector norms (s.matvnorm)
The material in this section is derived largely from [ 1, Ch. 5] [10].

Definition 26.3.1 Let V be a vector space over a field such as R or C. A function ||-|| : V — R is a vector norm iff
forallx,y € V:

e ||z|| > 0 (nonnegative)

e ||z|| = 0iff ¢ = O (positive)

o ||cx|| = |c|||x|| for all scalars c in the field (homogeneous)

o llz+yll < ||zl + ly| (tiangle inequality)

26.3.1 Examples of vector norms

e For 1 < p < oo, the ¢, norm is

1/p
e (ZI%I”) : (26.3.1)
e The max norm or infinity norm or ¢, norm is
]| £ sup {1, |a2],...}, (26.3.2)
where sup denotes the supremum (least upper bound) of a set. One can show [10, Prob. 2.12] that

lllo = lim iz, - (26.3.3)
e For quantifying sparsity, it is useful to note that

lim [|2|) = Tz, 20y = [, - (26.3.4)
A

p—0

However, the “0-norm” |||, is not a vector norm because it does not satisfy all the conditions of Definition 26.3.1.
The proper name for ||x||, is counting measure.
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26.3.2 Inequalities

To establish that (26.3.1) and (26.3.2) are vector norms, that hardest part is proving the triangle inequality. The
proofs use the following inequalities.

The Holder inequality [10, p. 29]

If pe 1,00l and g € [1,00] satisfy 1/p+1/qg =1, and if & = (21, 22,...) € {p and y = (y1, Y2, ...) € £y, then

S el < 2, yll, - (26.3.5)

1/q 1/p
Equality holds iff either « or y equal 0, or both & and y are nonzero and (\xJ/H:ch) = (|yz\/|\y||q) , Vi.

The Minkowski inequality [10, p. 31]
If  and y are in £, for 1 < p < oo,

1/p 1/p 1/p
(Z |zi + yi|p> < (Z |$i|p> + (Z yi|p> : (26.3.6)
For 1 < p < o0, equality holds iff  and y are linearly dependent.

26.3.3 Properties

e If ||-|| is a vector norm then
|zl = 1T (26.3.7)

is also a vector norm for any nonsingular' matrix T' (with appropriate dimensions).
e Let |||, and [|-[| ; be any two vector norms on a finite-dimensional space. Then there exist finite positive constants
C,, and C); such that (see Problem 26.3):

Conl-lla < g < Cu -l - (26.3.8)

Thus, convergence of {x™} to a limit  with respect to some vector norm implies convergence of {x™} to that
limit with respect to any vector norm.
e For any vector norm:
)l = llyll] < = -yl
o All vector norms are convex functions:

lox + (1 —a)z]| <afz| + (1 —-a)|z], Vo € [0,1].

This is easy to prove using the triangle inequality and the homogeneity property in Definition 26.3.1.

e The quadratic function f(x) £ ||:c||§ is strictly convex because its Hessian is positive definite. However, f(z) £
||z ||5 is not strictly convex.

e Forp > 1, f(x) = ||w||z is strictly convex on C™ and /,,. See Problem 26.11 and Example 27.9.10.

- 26.4 Inner products (smatinprod)

For a vector space V over the field C, an inner product operation (-, -) : ¥V x ¥V — C, must satisfy the following
axioms Vx,y € V, a € C.

o (x,y) = (y, )" (Hermitian symmetry), where * denotes complex conjugate.

o (x+y, z) = (x, z)+ (y, z) (additivity)

e (ax, y) = a(x, y) (scaling)

e (x, x) > 0and (x, ) = 0iff x = 0. (positive definite)

26.4.1 Examples

7 Example 26.4.1 For the space of (suitably regular) functions on [a, b], a valid inner product is

b
<ﬁm:/w@ﬂWWMu

where w(t) > 0, Vt is some (real) weighting function. The usual choice is w = 1.

Example 26.4.2 In Euclidean space, C", the usual inner product (aka “dot product”) is

n
(x, y) = leyl*, where x = (x1,...,xp) and y = (Y1,...,Yn)-
i=1
! We also use the notation |||, even when T' might be singular, in which case the resulting functional is a semi-norm rather than a norm,
because the positivity condition in Definition 26.3.1 no longer holds.



https://creativecommons.org/licenses/by-nc-nd/4.0/

© J. Fessler. [license] August 23, 2017 26.8

26.4.2 Properties

e Bilinearity:
< E T, E 5jyj> = E E ;37 (xi, y;) -
i J i g

e The following induced norm is a valid vector norm:

|z| = /(x, ). 264.1)

e A vector norm satisfies the parallelogram identity:
1 2 2\ _ 2 2
5 Uz +yl” +llz =yl ) = llzl” + [yl
iff it is induced by an inner product via (26.4.1). The required inner product is

1 2 2 2 . 2
@, y) 2 5 (lo+yl” — eyl + o +wl* — ]z - iyl*)

2 2 2 2 2 2
lz +yll” = ll=l” — llyll” Nl +oyl” = llz]” - |yl
2 2 '

e The Schwarz inequality or Cauchy-Schwarz inequality states:

(@, v)| < |zl [yl = (=, )/ (y, v). (26.4.2)

for a norm ||-|| induced by an inner product (-, -) via (26.4.1), with equality iff  and y are linearly dependent.

26.5 Matrix norms (s,mat,mnorm)

The set C"™*™ of m x n matrices over C is a vector space and one can define norms on this space that satisfy the
properties in Definition 26.3.1, as follows [ 1, Ch. 5.6].

Definition 26.5.1 A function ||-|| : C™*™ — R is a (vector) norm for C"™*™ ff it satisfies the following properties for
all A € C™*" and B € C™*",

e ||A|l > 0 (nonnegative)

e ||[A]| = 0iff A = 0 (positive)

o ||cA|l = || ||Al| for all ¢ € C (homogeneous)

e |A+ B < ||A| + ||B|| (triangle inequality)

In addition, many, but not all, norms for the space C"*" of square matrices are submultiplicative, meaning that
they satisfy the following inequality:

IAB| < lAlIB],  vA,BeC"™". (26.5.1)

We use the notation || - || to distinguish such matrix norms on C"*" from the ordinary vector norms ||-|| on C™*"™
that need not satisfy this extra condition.

For example, the max norm on C”*" is the element-wise maximum: || A|| . = max; ; |a;;| . This is a (vector)
norm on C™*™ but does not satisfy the submultiplicative condition (26.5.1). Most of the norms of interest in imaging
problems are submultiplicative, so these matrix norms are our primary focus hereafter.

26.5.1 Induced norms

If ||-|| is a vector norm that is suitable for both C" and C™, then

A e,mat,
IA] 2 max Az = max A2 (26.5.2)
lll|=1 x£0 ||z
is a matrix norm for C™*™ and
[Az| < |lA[||l||, Ve eC" (26.5.3)
In such cases, we say the matrix norm || - || is induced by the vector norm ||-||. Furthermore, the submultiplicative

property (26.5.1) holds not only for square matrices, but also whenever the number of columns of A matches the
number of rows of B.

Example 26.5.2 The most important matrix norms are induced by the vector norm ||-|| .
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e The spectral norm || - ||, often denoted simply || - ||, is defined on C™*™ by

IA[> 2 max {ﬁ he eig{A’A}} ,

which is real and nonnegative. This is the matrix norm induced by the Euclidean vector norm ||-||,, i.e.,
| Az]]
Al = max 2
270 |||,
o The maximum row sum matrix norm is defined on C"*™ by
n
ey ..
Ao = max z; Jaij] - (26.5.4)
]:
It is induced by the { , vector norm.
o The maximum column sum matrix norm is defined on C™*" by
Ax|| e
Al & | L — il - 26.5.5
”| |||1 212‘3{ ||:BH L 11%’1]?2{” ZZZ; |Cl” ‘ ( )

It is induced by the {1 vector norm.

26.5.2 Other examples

e The Frobenius norm is defined on C™*™ by

0> lai? = \/trace{A’ A}, (26.5.6)

i=1 j=1

I AllEcon =

and is also called Schur norm and Hilbert-Schmidt norm. It is often the easiest norm to compute.
This norm is invariant to unitary transformations [1 1, p. 442], because of the trace property (26.1.7).
This is not an induced norm [12], but nevertheless it is compatible with the Euclidean vector norm because

[Az[ly < JlAlleon 2]l - (26.5.7)

However, this is not a tight upper bound in general. By combining (26.5.7) with the definition of matrix multi-
plication, one can show easily that the Frobenius norm is submultiplicative [ !, p. 291].

26.5.3 Properties
o All matrix norms are equivalent in the sense given for vectors in (26.3.8).

e Two vector norms can induce the same matrix norm if and only if one of the vector norms is a constant scalar
multiple of the other.

e No induced matrix norm can be uniformly dominated by another induced matrix norm:
[Alo < llAlls, VA eC™™

if and only if
Al = [l Alls-

e A unitarily invariant matrix norm satisfies ||A| = |UAV| for all A € C™*™ and all unitary matrices
UeCmm v eCrrn,
The spectral norm || - ||2 is the only matrix norm that is both induced and unitarily invariant.

o A self adjoint matrix norm satisfies ||A’|| = || A].
The spectral norm || - ||2 is the only matrix norm that is both induced and self adjoint.

e If A € C"™*™ has rank r < min(m,n), then [13, p. 57]:

JAl2 < [ Allseob < V7IAl. (265.8)

e By [I3,p.58],

Al < VI Al Alloo-

e Using the spectral radius p(-) defined in (26.1.2):
[Allz = V(A" A). (26.5.9)
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26.5.4 Properties for square matrices

e Forke N
A% < jAj*.

e If || - || is a matrix norm on C™*", and if T' € C™*™ is invertible, then the following is a matrix norm:
lAllz £ T~ ATY.

e If || Al < 1 for some matrix norm, then limy_, ., A* = 0.

26.5.4.1 Invertibility

e If A is invertible then
A= > ITl/1lAll-

e If||A| < 1 for any matrix norm, then I — A is invertible and
I— A7 =) A"
k=0

26.5.4.2 Relationship with spectral radius

e If A is Hermitian symmetric, then the relation (26.5.9) specializes to
IAll2 = p(A).
e If || - || is any matrix norm on C"*™ and if A € C™*™, then
p(A) <[ A]. (26.5.10)
e Given A € C"*™, the spectral radius is the smallest matrix norm:
p(A) =1inf {|JA]| : || - || is a matrix norm} .

o If A € C"*", then limy_,, A¥ = 0 if and only if p(A) < 1.

e For any matrix norm || - ||:

p(A) = lim A", (26.5.11)
k—o0
o If A € C" ", then the series Y -, ayA¥ converges if there is a matrix norm || - || on C"*™ such that the

numerical series Y- || || A[|* converges.

e Theorem 26.5.3 If A is symmetric positive semidefinite, i.e., A = 0, then (Problem 26.4)

lAJ: <1 <= A1

- 26.6 Singular values (smatsvd)

Eigenvalues are defined only for square matrices. For any rectangular matrix A € C™*", the singular values,
denoted o1, . . ., 0, are the square roots of the eigenvalues of the n x n square matrix A’ A. (Because A’ A is positive
semidefinite, its eigenvalues are all real and nonnegative.) Written concisely:

0i(A) = VN (A'A). (26.6.1)

If A is Hermitian positive definite, then o; = \;.
Usually the singular values are ordered from largest to smallest, i.e., 01 > g2 > - -+ > o,,. With this order, the rth
singular value is related to a low-rank approximation to A as follows [wiki]:

or(A) =inf {|JA - L|l: L € C"*™ hasrank < r}.
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- 26.7 Condition numbers and linear systems (s,mat.cond)

The condition number [wiki] for matrix inversion with respect to matrix norm || - || is defined:
s [ IIAIIAT],  Ainvertible
wl4) = { 00, A singular. (26.7.1)
In particular, for the spectral norm || - |2 we have
Omax(A)
"y 26.7.2
MA) = A (26.7.2)

where 0.« and op;, denote the maximum and minimum singular values of A. A concept of condition number has
also been developed for problems with constraints [14]. Condition numbers are submultiplicative:

k(AB) < k(A)k(B).

Suppose we want to solve Ax = b, but the right-hand side is perturbed (e.g., by noise or numerical error) so
instead we solve A & = b + . Then the error propagation depends on the condition number [1, p. 338]:

See [15] [16, p. 89] for generalizations to nonlinear problems.

. 26.8 AdjOintS (s,mat,adjoint)
Recall the following fact from linear algebra. If A € C™*™, then
<A3§, y>(Cm = y/A$ = (A/y)/w = <33, A/y>(C"7

where A’ denotes the Hermitian transpose of A. For analyzing some image reconstruction problems, we need to
generalize the above relationship to operators A in function spaces (specifically Hilbert spaces). The appropriate
generalization of “transpose” is called the adjoint of A and is denoted A [17, p. 352].

Let X' and ) denote vector spaces with inner products (-, -)  and (-, -),, respectively. Let B(X,)) denote the
space of bounded linear operators from X to ), i.e., if A € B(X,)) then the following supremum is finite:

A Flly

Al = 7
rex. 20 Ifllx

where ||| , is the norm on X’ corresponding to (-, -) 5, defined in (26.4.1), and likewise for [|-[|,.

If X and Y are Hilbert spaces, i.e., complete vector spaces under their respective inner products, and if A €
B(X,)), then one can show that there exists a unique bounded linear operator A" € B(), X), called the adjoint of
A, that satisfies .

(Af,g)y=(f, Ag)y, VfEX g€ (26.8.1)

26.8.1 Examples

If X =C"and) = C™ and A € C™*", then A* = A’. So adjoint and transpose are the same in Euclidean space.
As another finite-dimensional example, consider X = C"*™ and ) = C and the trace operator A : C"*" — C
defined by y = AX iff y = trace{ X } . To determine the adjoint we massage the inner products:

(AX, y)y = (Z Xu‘) y = DSl Xy |yt =) Xy Gli—dly)T =) Xy ([Iny]ij>*'

i=1 i,j=1 i,j=1 i,j=1

Thus A*y = yI,, is the adjoint of the trace operator.
Now we turn to infinite-dimensional examples.

Example 26.8.1 Consider X = (s, the space of square summable sequences, and ) = Lo]|—m, 1|, the space of square
integrable functions on [—7, . The discrete-time Fourier transform (DTFT) operator A : X — Y is defined by

F=Af < F(w) = Z e~ fn, Yw € [—m, 7.

n=—oo
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The fact that this linear operator is bounded is equivalent to Parseval’s theorem:

1913 = | F@Pde=2n 30 1 =2 1715

n=—oo
Thus || A|| = 27. To determine the adjoint, manipulate the inner product:

Uy

(AN@E @ = [ ( O f) G* (w) dw

n=—oo

-3 a([ o) =uaan,

n=—o00 -n

As.Gy= [

—T

where

[A*Gl, = /F " G(w) dw.

—T

In this particular example, A™ = iA*, but in general the adjoint is not related to the inverse of A.

Example 26.8.2 Consider X = ) = {5 and the (linear) discrete-time convolution operator A : {5 — £ defined by

o)
z=Ar & 2z, = Z hp_rrp, n€Z,

k=—o0

where we assume that h € {1. One can show that || Ax||y < ||h||, ||Z|, , so A is bounded with ||A|| < |||, . Since
A is bounded, it is legitimate to search for its adjoint:

o= S [ 5 h] Y [ S ] S gl (A,

n=-—00 k=—o0 k=—oc0 n=-—00o k=—o00
where the adjoint is

(A Yle = > by = [AYln= D ik,

n=-—oo k=—0c0

which is convolution with h* ..

26.8.2 Properties

The following properties of adjoints all concur with those of Hermitian transpose in Euclidean space.
e T* = T, where Z denotes the identity operator: Z f = f

e (AN =A

o (AB)* =B A"

e (A+B)=A"+B"

o (aA)* =a* A"

o LA = [lA

o A" A] = AA"] = [AJ* = A"

o If A € B(X,)) is invertible, then A" is invertible and (LA*) ™1 = (A™})*.

26.9 Pseudo inverse / generalized inverse (smatpseudo)

The Moore-Penrose generalized inverse or pseudo inverse of a matrix A € C™*™ is the unique matrix At € C?»*™
that satisfies [ 1, p. 421]
AT A and A A'are Hermitian
AATA=A (26.9.1)
ATAAT = AT

The pseudo inverse is related to minimum-norm least-squares (MNLS) problems as follows. Of all the vectors
« that minimize || Az — b)|,, the unique vector having minimum (Euclidean) norm ||z||,, is

z=A'b. (26.9.2)

Properties of the pseudo inverse include the following.
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o [18,p.252]
AT = A'[AA']T = [A'A]TA’.

By [wiki] [13, p. 215], if A € C™*™ then
Af = argmin |AB — I, ||Frob-
BeCnxm
Pa=AAT = A[AA'A', Py =ATA=A[AA]TA.
o IfU € C™*™ is unitary and V' € C™*" is unitary and A € C™*", then (see Problem 26.9.3):

(UAV) =V'ATU’.

The pseudo inverse of a product is characterized by [19, Thm. 1.4.1, p. 20]:

(AB)' = (ATAB)(ABB")" = (PAB)'(APB)".

- 26.10 Matrices and derivatives (smatgrad)

Let X denote a N x M matrix and let f(X) denote some functional f : R¥*M — R of that matrix.
gradient of f with respect to X is defined as the N x M matrix having entries

[Vx f(X)];; £ lim 1 [f(X + aee)) — f(X)].

a—oo (¢

Using this definition, one can show that
f(X)=trace{AXBX'C} = Vx f(X)=A'CXB' + CAXB.
The derivative of a matrix inverse with respect to a parameter also can be useful [wiki]:

o ~ ) .
5 AW '—-A (&A(t)> A~

26.11 The four spaces (smat4space)

The range space and null space of a matrix A € C™*" and related quantities can be important.

Ra={y:y= Az}

Na 2 {z: Az =0}

Na &2 {y: A'yo = 0= y'y, = 0}
Ra & {x:ax’A'y=0Vy}.

26.13

(26.9.3)

(26.9.4)

Then the

(26.10.1)

(26.10.2)

(26.10.3)

All four are linear spaces, so all include the zero vector. These spaces have the following relationships (see Prob-

lem 26.10):

Ra=Nz
Na =TR4
Ra—0C NG
Na—0C RS,
Nz CNG.

(26.11.1)
(26.11.2)
(26.11.3)
(26.11.4)

(26.11.5)


https://creativecommons.org/licenses/by-nc-nd/4.0/
http://en.wikipedia.org/wiki/Moore-Penrose_pseudoinverse#Linear_least-squares
http://en.wikipedia.org/wiki/Invertible_matrix#Derivative_of_the_matrix_inverse

© J. Fessler. [license] August 23, 2017 26.14

26.12 Principal components analysis (low-rank approximation) (smatpca)

Givendatay;; fori =1,...,Nandj = 1,..., M, often we wish to find a set of L orthonormal vectors ¢, ..., ¢, €
C" and corresponding coefficients x1, ..., 2y € C* to minimize the following WLS approximation error

L
yi— > i
=1

2

M
> w
j=1

M
2
= wj|ly; — Bay|”,
=1

where y; = (y1j,---,ynj) Tj = (T1j,...,2Lm), and B = [¢1 ... ¢r]. Defining g; £ \/w;y; and &; £ /w5,
we can rewrite this low-rank matrix approximation problem as

M
. . ~ 2 . > o 112
o omin Y g - By = min )Y - BX[[f,
X, B:B'B=I. ] X, B:B'B=I,
X 2[4 7 vV 2 (g Y
where X = [Z1,...,Zp] and Y = [g1, ..., Jum]-
Since B has orthonormal columns, minimizing over &; yields &; = B’g; or equivalently «; = B’y; and

X = B'Y . In this form, BX is a low-rank approximation of Y. Thus to find B we must minimize
- - - N/~ -
IY — BB'Y |, = trace{ (Y - BB’Y) (Y - BB’Y) }
= ftrace{Y’BB’Y} .

Thus we want to maximize trace{B’ YY' B}, where K £ Y'Y, subject to the constraint that the columns of B

must be orthonormal. Taking the gradient with respect to ¢; of the Lagrangian Zle O Kp — N(||¢y | = 1) yields
K¢, = M\ ¢;. Thus each ¢ is an eigenvector of K. So the optimal B is the first L singular vectors of K. This is
called the Eckart-Young theorem [20].

svds

26.13 Problems (s,mat,prob)

Problem 26.1 Prove or disprove the ratio property for p(A) in (26.1.5) in the general case where A is square but not
necessarily symmetric.

Problem 26.2 Equation (26.1.3) states that p(AB) = p(BA) when A € C™*™ and B € C"*™. Prove or disprove:
?
po(I,, — AB) = p(I,, — BA).

Problem 26.3 Determine the constants in relating norms in (26.3.8) for the case o = 2 and = 1.
" Problem 26.4 Prove Theorem 26.53,ie, A= 0= (A2 <1 <= A=<1I).
Problem 26.5 Prove Lemma 26.2.3 relating to matrix partial orderings.
Problem 26.6 Prove Theorem 26.2.4, relating to the inverse of partially Hermitian positive definite matrices.
Problem 26.7 Prove the Frobenius norm inequality (26.5.7) and show that it is not tight.

Problem 26.8 Following Example 26.8.2, determine the adjoint of the 2D convolution operator g = Af <=
g(@,y) = [[ Wz — 2",y —y') f(a',y') da’ dy'.

Problem 26.9 Prove the equality (26.9.3) for unitary transforms of pseudo inverses.
Problem 26.10 Prove the relationships between the four spaces in (26.11.5).
Problem 26.11 Prove that f(x) = ||ac|\£ is strictly convex for p > 1.

Problem 26.12 Either prove the generalized diagonal dominance theorem Theorem 26.2.8 using the Gersgorin the-
orem, or construct a counter example showing that (26.2.2) truly is a generalization, i.e., a case where D — B'B is
not diagonally dominant. (Solve?)
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