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Why Stochastic?

I Uncertainty of gas extractions arises from:
I Imperfect forecasts

I Imbalances in power grid

I Renewable gas supply

I Risks are induced by uncertainty:
I Operational risks (operations at (or beyond) the limits)

I Market risks (contract violations, variable returns, etc.)

I 2014 North American cold wave is an excellent example
I Sudden peak in natural gas demand

I Congestions in the natural gas network

I Record-high spot prices from Jan 1 to Feb 18

I Network expansion is prohibitive.

I From deterministic to stochastic control & market practices
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Towards stochastic control polices

I Stochastic control policy:
I Mathematically strict rule (function)

I Optimized ahead of real-time operations

I To produce control inputs in real-time

I We develop control policies that internalize
I Gas extraction uncertainty

I Operational and market risk criteria

I Intra-day variability of network variables

I Stochastic control policies enable
I Distinguish network assets contributions into uncertainty control

I Distinguish gas extraction contributions into overall uncertainty

I Price uncertainty and variability (variance) of network operations
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Natural gas network equations

ϕ`

δn ϑn

πn
κ
`

I Network as a graph Γ(N , E)
I Set of nodes N = {1, . . . ,N}
I Set of edges E = {1, . . . , E}

I Gas network variables
I ϑ ∈ RN− gas injection rates
I δ ∈ RN− gas extraction rates
I ϕ ∈ RE− gas flow rates
I π ∈ RN− squared gas pressures
I κ ∈ RE− squared pressure regulation

I Gas conservation law

Aϕ = ϑ− Bκ− δ ∈ RN

I Weymouth equation

ϕ ◦ |ϕ| = diag[w ](A>π + κ) ∈ RE

ϕ` > 0, ∀` ∈ Ea.
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Optimization of natural gas networks

min
ϑ,κ,ϕ,π

c>1 ϑ+ ϑ>diag[c2]ϑ Gas injection costs

s.t. Aϕ = ϑ− Bκ− δ, Gas conservation law

ϕ ◦ |ϕ| = diag[w ](A>π + κ), Weymouth equation

π 6 π 6 π, ϑ 6 ϑ 6 ϑ, Network limits

κ 6 κ 6 κ, ϕ` > 0, ∀` ∈ Ea.
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I Network response is unknown
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I Linearization of the Weymouth equation

W(ϕ, π, κ) ≈J (π̊)(π − π̊) + J (ϕ̊)(ϕ− ϕ̊)

+ J (κ̊)(κ− κ̊) = 0

around stationary point (ϕ̊, π̊, κ̊)

I Linearized Weymouth equation:

ϕ = ς1(ϕ̊, π̊, κ̊) + ς2(ϕ̊, π̊)π + ς3(ϕ̊, κ̊)κ

πr = π̊r

where ς1, ς2, ς3 denote linear sensitivities
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Chance-constrained gas network optimization

I Stochastic gas extraction rates:

δ̃(ξ) = δ + ξ

ξ− 0-mean with know covariance Σ

I Chance-constrained network optimization:

min
ϑ̃,κ̃,ϕ̃,π̃

EPξ [c>1 ϑ̃(ξ) + ϑ̃(ξ)>diag[c2]ϑ̃(ξ)]

subject to

Pξ



Aϕ̃(ξ) = ϑ̃(ξ)− Bκ̃(ξ)− δ̃(ξ),

ϕ̃(ξ) = ς1 + ς2π̃(ξ) + ς3κ̃(ξ),

π̃r(ξ) = π̊r


 a.s.

= 1

Pξ

[
π 6 π̃(ξ) 6 π, ϑ 6 ϑ̃(ξ) 6 ϑ,

κ 6 κ̃(ξ) 6 κ, ϕ̃`(ξ) > 0, ∀` ∈ Ea

]
> 1− ε

I Infinite-dimensional problem

I Affine control policies resolve tractability

I Controls for injections and pressure regulations:

ϑ̃(ξ) =ϑ+ αξ

κ̃(ξ) =κ+ βξ

(ϑ, κ)− nominal (average) control input
(α, β)− variable recourse (adjustment)

Core result: State variable response ...

... is affine in control inputs

π̃(ξ) = π + ς̆2(α− ς̂3β − diag[1])ξ

ϕ̃(ξ) = ϕ+ (ς̀2(α− diag[1])− ς̀3β)ξ

with nominal & recourse components

U We can thus control & predict the uncertain
network states, i.e., ϑ̃(ξ), κ̃(ξ), π̃(ξ), ϕ̃(ξ)
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Uncertainty- and variance-aware control polices

I Joint feasibility guarantee through individual chance constraints:

I Example for pressure chance constraints:

Pξ [π̃n(ξ) 6 πn] > 1− ε̂, ∀n = 1, . . . ,N

is equivalent to

zε̂ ‖F [ς̆2(α− ς̂3β − diag[1])]>n ‖
pressure standard deviation

6 πn − πn, ∀n = 1, . . . ,N

zε̂i− safety parameter. zε̂i = 0→ deterministic solution

F− decomposition of Σ, i.e., Σ = FF>

I Minimization of pressure variance

min
sπn

ψπn s
π
n s.t. ‖F [ς̆2(α− ς̂3β − diag[1])]>n ‖ 6 sπn , ∀n = 1, . . . ,N

sπn − pressure standard deviation, ψπn − variance penalty.

I We can thus optimize both uncertainty- and variance-aware control policies

≫ Gas Network Control Under Uncertainty 6 / 13



Uncertainty- and variance-aware control polices

I Joint feasibility guarantee through individual chance constraints:

I Example for pressure chance constraints:

Pξ [π̃n(ξ) 6 πn] > 1− ε̂, ∀n = 1, . . . ,N

is equivalent to

zε̂ ‖F [ς̆2(α− ς̂3β − diag[1])]>n ‖
pressure standard deviation

6 πn − πn, ∀n = 1, . . . ,N

zε̂i− safety parameter. zε̂i = 0→ deterministic solution

F− decomposition of Σ, i.e., Σ = FF>

I Minimization of pressure variance

min
sπn

ψπn s
π
n s.t. ‖F [ς̆2(α− ς̂3β − diag[1])]>n ‖ 6 sπn , ∀n = 1, . . . ,N

sπn − pressure standard deviation, ψπn − variance penalty.

I We can thus optimize both uncertainty- and variance-aware control policies

≫ Gas Network Control Under Uncertainty 6 / 13



Uncertainty- and variance-aware optimization

I Control polices and network response are optimized using the SOCP problem

min
P

c>1 ϑ+ 1>cϑ + 1>cα + ψ>π sπ + ψ>ϕ sϕ Exp. cost + variance penalty

s.t. Aϕ = ϑ− Bκ− δ, Gas conservation law

(α− Bβ)>1 = 1, Recourse balance

ϕ = ς1 + ς2π + ς3κ, πr = π̊r, Lin. Weymouth equation

‖F [ς̆2(α− ς̂3β − diag[1])]>n ‖ 6 sπn Pressure Std

‖F [ς̀2(α− diag[1])− ς̀3β]>` ‖ 6 sϕ` Flow Std

zε̂‖F [ς̆2(α− ς̂3β − diag[1])]>n ‖ 6 πn − πn Max pressure limit

zε̂‖F [ς̆2(α− ς̂3β − diag[1])]>n ‖ 6 πn − πn Min pressure limit

zε̂‖F [ς̀2(α− diag[1])− ς̀3β]>` ‖ 6 ϕ` Flow limit for compressors and valves

+ constraints on injection and pressure regulation ...

I Which optimizes the network response ...

ϑ̃(ξ) = ϑ+ αξ, κ̃(ξ) = κ+ βξ control actions

π̃(ξ) = π + ς̆2(α− ς̂3β − diag[1])ξ pressure response

ϕ̃(ξ) = ϕ+ (ς̀2(α− diag[1])− ς̀3β)ξ flow response

I ... to meet the risk (zε̂) and variance (ψπ , ψϕ) criteria of the network operator
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Deterministic versus Stochastic Market Design

I Deterministic markets are ignorant to the contributions of network assets to uncertainty management

I ... and to the contributions of stochastic extractions to the network uncertainty and variability

I The proposed polices extend the deterministic payments to price uncertainty and variability

Network equilibrium conditions:

I Stochastic gas flow equations

λc : Aϕ = ϑ− Bκ− δ,
λr : (α− Bβ)>1 = 1,

λw : ϕ = ς1 + ς2π + ς3κ, πr = π̊r,

I Chance-constrained limits

λπn : zε̂‖F [ς̆2(α− ς̂3β − diag[1])]>n ‖ 6 πn − πn
λ
π
n : zε̂‖F [ς̆2(α− ς̂3β − diag[1])]>n ‖ 6 πn − πn

λ
ϕ

` : zε̂‖F [ς̀2(α− diag[1])− ς̀3β]>` ‖ 6 ϕ`

I Variance constraints

λπn : ‖F [ς̆2(α− ς̂3β − diag[1])]>n ‖ 6 sπn

λϕ` : ‖F [ς̀2(α− diag[1])− ς̀3β]>` ‖ 6 sϕ`

I Pricing based on the combination of linear and conic duality

I Unlike linear, conic constraints are not separable

I SOCP duality distinguishes the effort of network assets w.r.t.
each component of forecast errors in F ∈ RN×N , e.g.,

λπn 6 ‖uπn ‖, uπn ∈ RN ,

where λπn , u
π
n1, . . . , u

π
nN are prices for max. press. control

Revenue
Deterministic

Chance-constrained

Uncertainty Variance

Nominal balance Regulation balance Network limits State variance

Injection R inj
n = f (λcn, ϑn) +f (λr , αn) +f (uπ , uπ , uϕ, αn) +f (uπ , uϕ, αn)

Comp/valve Ract
` = f (λc

s(`)
, λw` , κ`) +f (λr , β`) +f (uπ , uπ , uϕ, β`) +f (uπ , uϕ, β`)

Consumer Rcon
n = f (λcn, δn) +f (λrn, 1n) +f (uπ , uπ , uϕ, [F ]n) +f (uπ , uϕ, [F ]n)

≫ Stochastic Market Design for Gas Networks 8 / 13
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Experiments setup

I 48-node natural gas network

I 22 stochastic gas extractions

I 6 comp. and 2 valves

I 11 gas injections

I ξ ∼ N(0, σ), σ → 10% of δ

I Violation probability ε = 1%

I Ipopt + JuMP → sensitivities
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Experiment goals

I We compare the optimized network response under
I Deterministic polices (uncertainty- and variance-agnostic)

I Chance-constrained polices (uncertainty-aware but variance-agnostic)

I Chance-constrained variance-aware polices

I . . . in terms of operational costs and state variance

I . . . in terms of feasibility:
I count violations of network limits

I compute the real-time re-dispatch effort by computing the projection

min
ϑs ,κs ,ϕs ,πs

‖ϑ̃(ξs )− ϑs‖ + ‖κ̃(ξs )− κs‖

s.t. Aϕs = ϑs − Bκs − δs − ξs ,

ϕs ◦ |ϕs | = diag[w ](A>
πs + κs )

non-convex feasible space ϑs

•
ϑ̃(ξs )

•

ϑ̃(ξs )

• ‖ϑ̃(ξ
s )−

ϑ
s ‖

of control inputs onto the non-convex gas equations for s = 1 . . . 1000 samples of forecast errors.

I . . . and in terms of revenues/charges of network components.
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Analysis of the Optimized Network Response

Parameter Unit
Deterministic
control policy

Chance-constrained control policies

Variance-
agnostic

Pressure variance-aware, ψπ Flow variance-aware, ψϕ

10−3 10−2 10−1 1 101 102

Expected cost $1000 80.9 82.5 (100%) 100.5% 105.6% 113.8% 100.1% 102.5% 112.6%
Pressure variance MPa2 217.5 63.4 (100%) 44.2% 18.9% 12.8% 92.8% 46.7% 24.7%
Flow variance BMSCFD2 26.1 58.0 (100%) 83.4% 64.1% 59.2% 93.4% 44.8% 25.9%

Compression kPa 1939 3914 3570 3734 3661 3914 4030 3888
Valve regulation kPa 0 0 0 150 576 0 1 500

Infeas. (ε = 1%) % 53.7 0.04 0.02 0.02 0.02 0.03 0.02 0.03
Injection re-disp. MMSCFD 960.91 (31.3%) 0.01 0.03 0.02 0.02 0.02 0.04 0.04
Comp/valve re-disp. kPa 121.68 (12.7%) 0.19 0.08 0.10 0.05 0.28 0.04 0.04
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TABLE I
DETERMINISTIC VERSUS CHANCE-CONSTRAINED NATURAL GAS NETWORK RESPONSE OPTIMIZATION

Parameter Unit Deterministic
control policy

Chance-constrained control policies

Variance-
agnostic

Pressure variance-aware,  ⇡ Flow variance-aware,  '

10�3 10�2 10�1 1 101 102

Expected cost $1000 80.9 82.5 (100%) 100.5% 105.6% 113.8% 100.1% 102.5% 112.6%P
n Var[%̃n(⇠)] MPa2 217.5 63.4 (100%) 44.2% 18.9% 12.8% 92.8% 46.7% 24.7%P
` Var['̃`(⇠)] BMSCFD2 26.1 58.0 (100%) 83.4% 64.1% 59.2% 93.4% 44.8% 25.9%

P
`2Ec

p
` kPa 1939 3914 3570 3734 3661 3914 4030 3888P

`2Ev

p
` kPa 0 0 0 150 576 0 1 500

Constraint inf. % 53.7 0.04 0.02 0.02 0.02 0.03 0.02 0.03
Average Pinj MMSCFD 960.91 0.01 0.03 0.02 0.02 0.02 0.04 0.04
Average Pact kPa 121.68 0.19 0.08 0.10 0.05 0.28 0.04 0.04
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Figure 2: 48-node Gas Network
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Fig. 1. Comparison of the variance-agnostic (left) and the variance-aware (right) chance-constrained control policies in terms of the state variables variance
for " = 10%. The red values show the probability of flow reversal. The inset plot shows the correlation between the pressures at nodes 34 and 35.

inputs that remain feasible with the probability at least
1 � " = 99% and require the minimal effort to restore the
real-time network feasibility. The variance-agnostic policy
requires only a slight increase of the expected cost relative
to the deterministic solution by 1.6%, while the variance-
aware polices allow to trade-off the expected cost for the
smaller variations of pressures and flow rates. The variance
of gas pressures and flow rates can be reduced by 63.8%
and 7.2%, respectively, without any substantial impact on
the expected cost. Observe that the subsequent variance
reduction is achieved also due to the deployment of valves
in the two active pipelines, that are not operating in the
deterministic and variance-agnostic stochastic solutions.

With the density plots in Fig. 1, we demonstrate the
uncertainty propagation through the network. The variance-
agnostic solution results in the large pressure variance in the
eastern part of the network with a large concentration of
stochastic gas extractions. This solution further allows the
probability of the gas flows reversal up to 11% for certain
pipelines, thus making the prediction of flow directions diffi-
cult. The variance-aware solution with the joint penalization
of pressures and flows variance, in turn, drastically reduces
the variation of the state variables and localizes the most
of the variation only at nodes 34 and 35. Although this
variation remains large, the pressures at these nodes are

R
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Deterministic Variance-agnostic Variance-aware
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Fig. 2. Aggregated payments for active pipelines Ract, injections Rinj

and consumers Rcon for deterministic, variance-agnostic and variance-aware
( ⇡ = 0.1, ' = 100) control policies.

highly correlated. Thus, by Weymouth equation (2c), the flow
variance and the probability of flow reversal in edge (34, 35)
remains small.

B. Revenue Analysis

It remains to analyze the revenue streams of network
assets provided by the deterministic and chance-constrained
control polices. Figure 2 depicts the total revenues of active
pipelines and gas injections as well as the total charges
of gas consumers. It further shows their decomposition

7
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Fig. 1. Comparison of the variance-agnostic (left) and the variance-aware (right) chance-constrained control policies in terms of the state variables variance
for " = 10%. The red values show the probability of flow reversal. The inset plot shows the correlation between the pressures at nodes 34 and 35.

inputs that remain feasible with the probability at least
1 � " = 99% and require the minimal effort to restore the
real-time network feasibility. The variance-agnostic policy
requires only a slight increase of the expected cost relative
to the deterministic solution by 1.6%, while the variance-
aware polices allow to trade-off the expected cost for the
smaller variations of pressures and flow rates. The variance
of gas pressures and flow rates can be reduced by 63.8%
and 7.2%, respectively, without any substantial impact on
the expected cost. Observe that the subsequent variance
reduction is achieved also due to the deployment of valves
in the two active pipelines, that are not operating in the
deterministic and variance-agnostic stochastic solutions.

With the density plots in Fig. 1, we demonstrate the
uncertainty propagation through the network. The variance-
agnostic solution results in the large pressure variance in the
eastern part of the network with a large concentration of
stochastic gas extractions. This solution further allows the
probability of the gas flows reversal up to 11% for certain
pipelines, thus making the prediction of flow directions diffi-
cult. The variance-aware solution with the joint penalization
of pressures and flows variance, in turn, drastically reduces
the variation of the state variables and localizes the most
of the variation only at nodes 34 and 35. Although this
variation remains large, the pressures at these nodes are
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Fig. 2. Aggregated payments for active pipelines Ract, injections Rinj

and consumers Rcon for deterministic, variance-agnostic and variance-aware
( ⇡ = 0.1, ' = 100) control policies.

highly correlated. Thus, by Weymouth equation (2c), the flow
variance and the probability of flow reversal in edge (34, 35)
remains small.

B. Revenue Analysis

It remains to analyze the revenue streams of network
assets provided by the deterministic and chance-constrained
control polices. Figure 2 depicts the total revenues of active
pipelines and gas injections as well as the total charges
of gas consumers. It further shows their decomposition
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Variance-aware policy

TABLE I
DETERMINISTIC VERSUS CHANCE-CONSTRAINED NATURAL GAS NETWORK RESPONSE OPTIMIZATION
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control policy

Chance-constrained control policies
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Fig. 1. Comparison of the variance-agnostic (left) and the variance-aware (right) chance-constrained control policies in terms of the state variables variance
for " = 10%. The red values show the probability of flow reversal. The inset plot shows the correlation between the pressures at nodes 34 and 35.

inputs that remain feasible with the probability at least
1 � " = 99% and require the minimal effort to restore the
real-time network feasibility. The variance-agnostic policy
requires only a slight increase of the expected cost relative
to the deterministic solution by 1.6%, while the variance-
aware polices allow to trade-off the expected cost for the
smaller variations of pressures and flow rates. The variance
of gas pressures and flow rates can be reduced by 63.8%
and 7.2%, respectively, without any substantial impact on
the expected cost. Observe that the subsequent variance
reduction is achieved also due to the deployment of valves
in the two active pipelines, that are not operating in the
deterministic and variance-agnostic stochastic solutions.

With the density plots in Fig. 1, we demonstrate the
uncertainty propagation through the network. The variance-
agnostic solution results in the large pressure variance in the
eastern part of the network with a large concentration of
stochastic gas extractions. This solution further allows the
probability of the gas flows reversal up to 11% for certain
pipelines, thus making the prediction of flow directions diffi-
cult. The variance-aware solution with the joint penalization
of pressures and flows variance, in turn, drastically reduces
the variation of the state variables and localizes the most
of the variation only at nodes 34 and 35. Although this
variation remains large, the pressures at these nodes are
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Fig. 2. Aggregated payments for active pipelines Ract, injections Rinj

and consumers Rcon for deterministic, variance-agnostic and variance-aware
( ⇡ = 0.1, ' = 100) control policies.

highly correlated. Thus, by Weymouth equation (2c), the flow
variance and the probability of flow reversal in edge (34, 35)
remains small.

B. Revenue Analysis

It remains to analyze the revenue streams of network
assets provided by the deterministic and chance-constrained
control polices. Figure 2 depicts the total revenues of active
pipelines and gas injections as well as the total charges
of gas consumers. It further shows their decomposition
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Revenue Analysis
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Conclusions & Outlook

I Chance-constrained polices allow for an explicit uncertainty management while:

I Internalizing probabilistic forecast and risk criteria of network operators

I Producing uncertainty- and variance-aware network controls with guarantees

I Offering the foundation for the stochastic gas market-clearing settlement

I Future extensions:

I Coordination of power and gas networks

I Contracts for TSO and NGO for the stochastic renewables, voltage control, etc.

I More controls to exploit and price the flexibility of natural gas extractions

I arXiv paper & GitHub � repository are coming soon
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