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ABSTRACT

The false discovery rate (FDR) and false nondiscovery
rate (FNDR) have received considerable attention in the lit-
erature on multiple testing. These performance measures are
also appropriate for classification, and in this work we de-
velop generalization error bounds for FDR and FNDR from
the perspective of statistical learning theory. Unlike more
conventional classification performance measures, the empir-
ical FDR and FNDR are not binomial random variables but
rather a ratio of binomials, which introduces several chal-
lenges not addressed in conventional analyses. We develop
distribution-free uniform deviation bounds and apply these,
in conjunction with the Borel-Cantelli lemma, to obtain a
strongly consistent learning rule.

Index Terms— Statistical learning theory, false discovery
rate, supervised learning, strong consistency.

1. CONTROLLING THE FALSE DISCOVERY RATE

When learning a classifier from labeled training data, min-
imizing the probability of misclassification is often unsatis-
factory. In a variety of applications, such as screening medi-
cal images for cancerous lesions or detecting landmines, false
alarms and misses have different impacts. False detections of
targets (such as lesions or landmines) are problematic because
of the time, money, and other resources which are invariably
wasted as a result. Missed detections, on the other hand, may
result in loss of life or destruction. For this reason, a number
of methods for cost-sensitive [1, 2, 3] and Neyman-Pearson
[4, 5, 6] classification have been developed that allow the user
to effect a tradeoff between false alarm and miss rates.

The probability of error, false alarm rate, and miss rate
are all performance measures that reflect the performance of
a classifier on a single future test point. However, it is often
the case that we desire to classify multiple future test points.
In this situation, the false alarm and miss rates may not be
the most appropriate measures of performance. If a classi-
fier has a false alarm rate of say 5%, and 1000 negative test
points are observed, we expect 50 of them to be declared posi-
tive. This may be unacceptable, especially in situations where
large costs are involved in investigating false alarms.

This situation is similar to the multiple testing problem
in hypothesis testing. Consequently, many of the solutions
to the multiple testing problem are applicable in the classifi-
cation setting. The basic approach is to consider alternative
measures of size and power that are better suited to multiple
inference, and to design classifiers based on these new perfor-
mance measures.

In this paper, we consider a measure that has been the
focus of much recent work on multiple testing, the false dis-
covery rate (FDR) [7]. Control of the FDR, i.e., the fraction
of declared positives (discoveries) that are in fact negative,
ensures that follow-up studies into declared positives must re-
turn a certain yield of actual positives. Such control is vital
in applications where follow-up studies are time or resource
consuming.

Several researchers, spurred by the seminal work of [7],
have studied FDR control in the context of multiple hypothe-
sis testing by assuming a known distribution of the observa-
tions under the null hypothesis and thresholding p-values of
test statistics. It is important to note that such procedures are
not applicable in the statistical learning context because we
do not assume knowledge of the null distribution and must
instead rely upon training data to control the FDR.

We develop basic results on the analysis of generalization
error in FDR controlled classification, including uniform de-
viation bounds and strong consistency. The consistency result
is “effectively” universal, in that it holds for all distributions
for which an optimal classifier with respect to FDR/FNDR
can even be reasonably defined. Unlike traditional perfor-
mance probabilities, whose empirical versions are related to
binomial random variables, empirical versions of FDR and
FNDR are related to ratios of binomial variables. This ne-
cessitates the development of novel concentration inequali-
ties and methods of analysis, which we illustrate for the case
of countable classes of classifiers.

1.1. Problem Statement

More formally, in this paper we consider the following sce-
nario: Let X be a set and Z = (X, Y ) be a random variable
taking values in Z = X×{0, 1}. The variable X corresponds
to a feature vector and Y to a class label associated with X;



Y = 0 corresponds to the null hypothesis (e.g. that no target
is present) and Y = 1 corresponds to the alternative hypoth-
esis (e.g. that a target is present). The distribution on Z is
unknown and is denoted by P. A classifier is a function map-
ping feature vectors to class labels: h : X −→ {0, 1}. Let H

denote a collection of different classifiers. Assume we make n
independent and identically distributed training observations
of Z, denoted Zn = (Xi, Yi)n

i=1.
A “false discovery” occurs when h(x) = 1 but the true

label is y = 0. Similarly, a “false nondiscovery” occurs when
h(x) = 0 but the true label is y = 1. In this paper we focus
on the design of classifiers for which the false discovery rate
(FDR) and false nondiscovery rate (FNDR),

RD(h) := P(Y = 0 |h(X) = 1)
RND(h) := P(Y = 1 |h(X) = 0)

are small.
There are several slightly varying definitions for

FDR/FNDR. Our definition, which is natural in the classifica-
tion setting, coincides with the so-called positive FDR/FNDR
of Storey [8, 9], so named because it can be seen to equal
the expected fraction of false discoveries, conditioned on a
positive number of discoveries having been made. Storey
makes some decision-theoretic connections to classification,
but does not consider learning from data [9].

2. UNIFORM DEVIATION BOUNDS

Define empirical analogues to the FDR and FNDR according
to

R̂D(h) :=
{

1
nD

∑n
i=1 I{Yi=0,h(Xi)=1}, nD > 0

0, nD = 0

R̂ND(h) :=
{

1
nND

∑n
i=1 I{Yi=1,h(Xi)=0}, nND > 0

0, nND = 0

where nD = nD(h) =
∑n

i=1 I{h(Xi)=1} and nND =
nND(h) =

∑n
i=1 I{h(Xi)=0}. This section describes a uni-

form bound on the amount by which the empirical estimate
of FDR/FNDR can deviate from the true value. Standard ap-
proaches for bounding such deviations require modification
because of the random denominators in R̂D(h) and R̂ND(h).

Assume H is countable, and let JhK be a real valued func-
tional on H such that JhK ≥ 0 and

∑
h∈H 2−JhK ≤ 1. Such a

functional can be equated with a prefix code for H, in which
case JhK is the codelength associated to h.

For 0 < δ < 1/2, we introduce the penalty terms

φD(h, δ) :=

{ √
JhK log 2+log(2/δ)

2nD(h) , nD > 0
1, nD = 0

φND(h, δ) :=

{ √
JhK log 2+log(2/δ)

2nND(h) , nND > 0
1, nND = 0

(All log terms are base e unless otherwise specified.) Note
that these penalties depend on the training data through nD

and nND.

Theorem 1 With probability at least 1− δ with respect to the
draw of the training data,

|RD(h)− R̂D(h)| ≤ φD(h, δ) (1)

for all h ∈ H. Similarly, with probability at least 1 − δ with
respect to the draw of the training data,

|RND(h)− R̂ND(h)| ≤ φND(h, δ) (2)

for all h ∈ H. The results are independent of the underlying
probability distribution.

Because of the form of the penalty terms, the bound is
looser for classifiers h that are more complex, as represented
through the codelength JhK, and tighter the more discover-
ies/nondiscoveries are made. Such bounds are key ingredients
in proving consistency for penalized empirical error minimiz-
ers, as developed in the next section.

Proof: We prove the first statement, the second be-
ing analogous. For added clarity, write the penalty as
φD(h, δ, nD), where

φD(h, δ, k) :=

{ √
JhK log 2+log(2/δ)

2k , k > 0
1, k = 0

Consider a fixed h ∈ H. The fundamental concentration in-
equality underlying our bounds is Hoeffding’s [10], which
states that if Sk is the sum of k > 0 iid random variables
bounded between zero and one, and µ = E[Sk], then

P(|µ− Sk| > kε) ≤ 2e−2kε2 .

To apply Hoeffding’s inequality, we need the following con-
ditioning argument. Let V ∈ {0, 1}n be a binary indicator
vector, with Vi = I{h(Xi)=1}. Let Vk denote the set of all
v ∈ {0, 1}n such that

∑n
i=1 vi = k. We may then write

P(|RD(h)− R̂D(h)| > φD(h, δ, nD))

=
n∑

k=0

∑

v∈Vk

P(|RD(h)− R̂D(h)| > φD(h, δ, k)|V = v)

·P(V = v)

=
n∑

k=0

∑

v∈Vk

P(|kRD(h)− kR̂D(h)| > kφD(h, δ, k)

|V = v) · P(V = v),

First note that |RD(h)− R̂D(h)| ≤ φD(h, δ) with probability
one when nD = 0. We now apply Hoeffding’s inequality



for each k and v ∈ Vk, conditioning on V = v. Setting
Sk = kR̂D(h), we have

µ = E[Sk|V = v] = kE[R̂D(h)|V = v]

= E[
n∑

i=1

I{Yi=0,h(Xi)=1}|V = v]

= E[
∑

i:vi=1

I{Yi=0}|V = v]

= kP(Y = 0|h(X) = 1) = kRD(h),

where in the last step we use independence of the realizations.
Applying Hoeffding’s inequality conditioned on V = v ∈ Vk

yields

P(|RD(h)− R̂D(h)| > φD(h, δ, nD))

≤
n∑

k=1

∑

v∈Vk

2e−2kφ2
D(h,δ,k)P(V = v)

≤
n∑

k=1

∑

v∈Vk

δ2−JhKP(V = v)

= δ2−JhK(1− P(∑Vi = 0)) ≤ δ2−JhK.

The result now follows by applying the union bound over all
h ∈ H.

The technique of conditioning on the random denomina-
tor of a ratio of binomials has also been applied in others set-
tings [11, 5].

3. MEASURING PERFORMANCE

We would like to be able to make FDR/FNDR related guaran-
tees about how a data-based classifier ĥ performs. For this, we
need to specify a performance measure or optimality criterion
that incorporates both FDR and FNDR quantities simultane-
ously. One possibility is to specify a number 0 < α < 1
and seek the classifier such that RND(h) is minimal while
RD(h) ≤ α with high probability. Another is to specify a
constant λ > 0 reflecting the relative cost of FDR to FNDR,
and minimize

Eλ(h) := RND(h) + λRD(h).

The uniform deviation bounds developed in the previous sec-
tion allow us to analyze both criteria, but for now we focus on
the latter. In particular, the uniform deviation bounds imme-
diately imply

Corollary 1 With probability at least 1 − 2δ with respect to
the draw of the training data,

Eλ(h) ≤ R̂ND(h) + φND(h, δn) + λ[R̂D(h) + φD(h, δn)]

for all h ∈ H.

4. STRONG CONSISTENCY

Denote the globally optimal value of the performance mea-
sure by

E∗λ := inf
h

Eλ(h).

We seek a learning rule ĥλ,n such that Eλ(ĥλ,n) → E∗λ al-
most surely. Thus let {Hk}k≥1 be a family of finite classes
of classifiers with universal approximation capability. That is,
assume

lim
k→∞

inf
h∈Hk

Eλ(h) = E∗λ.

For example, if X = [0, 1]d, we may take Hk to be the col-
lection of histogram classifiers based on a binwidth of 1/k.
Furthermore, take JhK = log2 |Hk| for h ∈ Hk, where |Hk|
is the cardinality of Hk. For histograms, we have |Hk| = 2kd

and hence JhK = kd.
The bound of Corollary 1 suggests bound minimization

as a strategy for selecting a classifier empirically. However,
rather than minimizing over all possible classifiers in some
Hk, we first discard those classifiers whose empirical num-
bers of discoveries or nondiscoveries are too small. In these
cases, the penalties are possibly quite large, and we are unable
to obtain tight concentrations of empirical FDR/FNDR mea-
sures around their population versions. However, as we will
see, the criterion for exclusion is less strict as n increases, and
ultimately we are able to obtain strong consistency for essen-
tially all meaningful distributions. This aspect of the analysis
is one element that seems unique to FDR/FNDR criteria com-
pared to traditional performance measures.

Formally, set δn = 1/n2 and define

Ĥn := {h ∈ Hkn :
nND(h)

n
≥ pn−εn,

nD(h)
n

≥ pn−εn},

where pn := (log n)−1 and

εn :=

√
log |Hkn |+ log(2/δn)

2n
.

Here kn is such that kn → ∞ as n → ∞ and log |Hkn | =
o(n/ log2 n). This condition on kn ensures that εn = o(pn).
For histograms, log |Hkn | = kd

n log 2, and thus the assumed
conditions on the growth of kn are essentially the same as
for consistency of histograms in other problems [12]. The
quantities pn and εn are justified in the proof of Theorem 2
below; however, note that both quantities vanish as n grows.
Also note that other (more rapidly decaying) choices for pn

will suffice, provided εn = o(pn) still holds.
Denote the bound of Corollary 1 by

Êλ(h) := R̂ND(h) + φND(h, δn) + λ[R̂D(h) + φD(h, δn)],

and define the classification rule

ĥλ,n := arg min
h∈ bHn

Êλ(h).

We impose one condition on the underlying distribution:



Assumption A: If {hk} is a sequence of classifiers such that
Eλ(hk) → E∗λ, as k →∞, then there exists p > 0 such
that, for all k sufficiently large, P (hk(X) = 0) > p
and P (hk(X) = 1) > p.

This assumption is extremely weak. Furthermore, the
FDR/FNDR criteria are hardly justified when it is violated,
for then we may find a subsequence {hkj

} such that either
P(hkj (X) = 0) → 0 or P(hkj (X) = 1) → 0, meaning some
limiting classifier h∗λ has P(h∗λ(X) = 0) or P(h∗λ(X) = 1),
in which case either FDR or FNDR is undefined, and one la-
bel occurs with probability one. Succinctly, Assumption A is
valid for all distributions for which FDR/FNDR makes sense.

Theorem 2 Under Assumption A,

Eλ(ĥλ,n) → E∗λ

almost surely. That is, ĥλ,n is strongly consistent.

Proof: By the Borel-Cantelli lemma [13, 12], it suffices
to show that for each ε > 0

∞∑
n=1

P(Eλ(ĥλ,n)− E∗λ ≥ ε) < ∞.

Let ε > 0. Define the events

Ωn := {Zn : Eλ(ĥλ,n)− E∗λ ≥ ε}
Ωn

1 := {Zn : Eλ(ĥλ,n)− inf
h∈ bHn

Eλ(h) ≥ ε

2
}

Ωn
2 := {Zn : inf

h∈ bHn

Eλ(h)− E∗λ ≥
ε

2
}

Since Ωn ⊂ Ωn
1

⋃
Ωn

2 , we have

∞∑
n=1

P(Ωn) ≤
∞∑

n=1

P(Ωn
1 ) +

∞∑
n=1

P(Ωn
2 ).

We consider the two terms individually and show that each of
them is finite. To bound the first term we use the following
lemma.

Lemma 1

Eλ(ĥλ,n)− inf
h∈ bHn

Eλ(h) ≤ 2 sup
h∈ bHn

|Eλ(h)− Êλ(h)|

Proof: Write

Eλ(ĥλ,n)− Êλ(ĥλ,n) + Êλ(ĥλ,n)− inf
h∈ bHn

Eλ(h).

The first term can be bounded as follows:

Eλ(ĥλ,n)− Êλ(ĥλ,n) ≤ |Eλ(ĥλ,n)− Êλ(ĥλ,n)|
≤ sup

h∈ bHn

|Eλ(h)− Êλ(h)|.

Now, by the definition of ĥλ,n, for any h ∈ Ĥn,

Êλ(ĥλ,n)− Eλ(h) ≤ Êλ(h)− Eλ(h)

≤ |Eλ(h)− Êλ(h)|
≤ sup

h∈ bHn

|Eλ(h)− Êλ(h)|

which implies

Êλ(ĥλ,n)− sup
h∈ bHn

|Eλ(h)− Êλ(h)| ≤ inf
h∈ bHn

Eλ(h)

and the result follows.
Define the events

Ωn
11 := {Zn : sup

h∈ bHn

|RND(h)− R̂ND(h)| ≥ ε

16
}

Ωn
12 := {Zn : sup

h∈ bHn

|RD(h)− R̂D(h)| ≥ ε

16λ
}

Ωn
13 := {Zn : sup

h∈ bHn

|φND(h, δn)| ≥ ε

16
}

Ωn
14 := {Zn : sup

h∈ bHn

|φD(h, δn)| ≥ ε

16λ
}

From Lemma 1 it follows that

Ωn
1 ⊂

4⋃

i=1

Ωn
1i

and hence it suffices to show

∞∑
n=1

P(Ωn
1i)

is finite for each i = 1, 2, 3, 4. We shall consider Ω11 and
Ω13, the other two cases following similarly.

For h ∈ Ĥn we have nND(h)/n ≥ pn − εn ≥ 1
2pn for n

sufficiently large, and therefore

φND(h, δn) =

√
log |Hkn |+ log(2n2)

2nND(h)

≤
√

(log |Hkn |+ log(2n2))
log n

n
<

ε

16

for n ≥ N1, for some N1 sufficiently large. Then

∞∑
n=1

P(Ωn
13) ≤ N1.

Furthermore, by the uniform deviation bound,

∞∑
n=1

P(Ωn
11) ≤ N1 +

∞∑

n=N1+1

1
n2

< ∞.



Let us now proceed to the event Ωn
2 . Introduce

H
′
n := {h ∈ Hkn

: P(h(X) = 0) ≥ pn,P(h(X) = 1) ≥ pn}
and the events

Ωn
21 := {Zn : inf

h∈ bHn

Eλ(h)− inf
h∈H′

n

Eλ(h) ≥ ε

6
}

Ωn
22 := {Zn : inf

h∈H′
n

Eλ(h)− Eλ(h∗λ,kn
) ≥ ε

6
}

Ωn
23 := {Zn : Eλ(h∗λ,kn

)− E∗λ ≥
ε

6
}

Here h∗λ,kn
is the optimal classifier from Hkn

. Clearly, Ωn
2 ⊂⋃3

i=1 Ωn
2i , hence by the union bound it suffices to show

∞∑
n=1

P(Ωn
2i) < ∞

for each i = 1, 2, 3. The third case, Ω23, follows immedi-
ately by the universal approximation capability of {Hk}k≥1.
The second case, Ω22, follows by Assumption A, since pn be-
comes arbitrarily small. Now take Ω21. For each h, we have
that nND(h) and nD(h) are binomial random variables with
parameters P(h(X) = 0) and P(h(X) = 1), respectively,
and n. Therefore, by Chernoff’s bound and the union bound,
we have that∣∣∣∣

nND(h)
n

− P(h(X) = 0)
∣∣∣∣ ≤ εn ∀h ∈ Hkn

and ∣∣∣∣
nD(h)

n
− P(h(X) = 1)

∣∣∣∣ ≤ εn ∀h ∈ Hkn

hold together with probability at least 1−2δn. Therefore, with
probability at least 1 − 2δn, we have that H

′
n ⊆ Ĥn, which

implies inf
h∈ bHn

Eλ(h)− infh∈H′
n

Eλ(h) ≤ 0. Therefore,

∞∑
n=1

P(Ωn
21) ≤

∞∑
n=1

2
n2

< ∞.

5. DISCUSSION

This paper demonstrates that FDR and FNDR control is possi-
ble in the context of statistical learning theory, where the dis-
tribution of (X, Y ) is unknown except through training data.
We develop empirical estimates of these quantities and de-
rive uniform deviation bounds which assess the closeness of
these empirical estimates to the true FDR and FNDR. Unlike
most other performance measures in statistical learning the-
ory, which are related to binomial random variables, the FDR
and FNDR measures are related to ratios of binomial random
variables and necessitate the development of novel bounding
techniques. These bounds are then used to define a classifica-
tion rule which is strongly consistent subject to an extremely
mild conditiony on the distribution (X,Y ).
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