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Introduction

Quantum supremacy is expected to drasti-
cally change modern computing, but phys-
ical implementation is di�cult due to na-
ture of qubits.

Due to limitations, there is increasing inter-
est in Noisy Intermediate-Scale Quantum
technology (50-100 qubits).

In 2017, Bravyi, Gosset, and König publish
"Quantum Advantage of Shallow Circuits".

Authors prove quantum circuits are more
powerful than classical ones, without com-
plexity theory assumptions. In particular,

2D-HLFP ∈ QNC0 \NC0.

We illustrated the importance of the nonlo-
cality property in shallow quantum circuits
by proving some of their results for some
small examples.

QNC0

NC0

2D-HLFP

NC0 = complexity class of all poly-size circuits of
O(1) depth with bounded fan-in gates

QNC0 = quantum analog of NC0

Hidden Linear Function

Problem

Hidden Linear Function Problem (HLFP):
Given: quadratic form q : Fn2 → Z4,

q(x) = 2
∑

1≤i<j≤n
Aijxixj +

n∑
k=1

bkxk,

where xk, Aij, bk ∈ Fn2 .

Find: z ∈ Fn2 such that q(x) = 2zTx,
∀x ∈ Lq, where Lq denotes the set

{x ∈ Fn2 | q(x⊕ y) = q(x) + q(y),∀y ∈ Fn2}.

2D-HLFP:
Let G = (V,E) denote the N ×N grid graph
and A ∈ {0, 1}|E| be its adjacency matrix.
Given: quadratic form q : F|V |2 → Z4

q(x) = 2
∑

(u,v)∈E

xuxv +
∑
v∈V

bvxv,

where b ∈ {0, 1}|V |

Find: z ∈ F|V |2 such that q(x) = 2zTx,∀x ∈ Lq.

Background

Quantum logic gates used in circuit QN :

H :=

[
1√
2

1√
2

1√
2
− 1√

2

]
, S :=

[
1 0
0 −i

]
,

X :=

[
0 1
1 0

]
, Y :=

[
0 −i
i 0

]
,

Z :=

[
1 0
0 −1

]
, CZ :=


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1


Definition: Let G = (V,E) be a finite simple
graph with |V | = n and |E| = m. Suppose
that a qubit is associated with each vertex
of G. The n-qubit graph state of G is

|φG〉 :=

 ∏
(u,v)∈E

CZuv

H⊗n|0n〉.

Example:

V = {1, 2, 3}, E = {(1, 2), (2, 3), (3, 2), (2, 1)}
|φG〉 = CZ12CZ23H

⊗3|03〉
= 1√

8
(|000〉 + |001〉 + ... + |111〉).

Claim: For finite simple graph G = (V,E),
|φG〉 is a stabilizer state for the stabilizer
group generated by the operators

gv := Xv

 ∏
(u,v)∈E

Zu

 ,∀ v ∈ V.

Definition: Let z ∈ {0, 1}∗. For a bit zj of z,
define mj := (−1)zj. Describe G and L by

We define Lodd and similarly
Leven := {` ∈ L | δ(`, u) ≡ 0 (mod 2) ≡ δ(`, v)}.
Also define mL :=

∏
j∈Loddmj.

Quantum Circuit for 2D-HLFP

Theorem: For every N ≥ 2, there exists
a quantum circuit QN of depth d = O(1)
which deterministically solves size-N in-
stances of 2D-HLFP.

QN :

CZ(A) :=
∏

1≤i<j≤N
CZ

Aij

ij and S(b) :=
N⊗
j=1

S
bj
j .

Nonlocality Property

Nonlocality: a form of correlation present
in the measurement statistics of entangled
quantum states that cannot be reproduced
by local hidden variable models.
Example: Let G describe the graph below

Let b := bubvbw ∈ {0, 1}3 and define
T (b) := {z ∈ {0, 1}m | 〈z|H⊗mSbuu Sbvv Sbww |φG〉 6= 0}.

Claim: Let b = bubvbw ∈ {0, 1}3 and z ∈ T (b).
Then mRmBmL = 1. If bu ⊕ bv ⊕ bw = 0,
then ibu+bv+bwmumvmwmEm

bu
Rm

bv
Bm

bw
L = 1.

Lemma: The stabilizers of |φG〉 are
XuXvXw,−XuYvYwXaXc,−YuXvYwXaXb,

and− YuYvXwXbXc.

Measurements on classical local circuits
cannot simultaneously satisfy these nonlo-
cality identities!
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