
Lecture 8: Optimization



•Pset3 due tonight

•Important: Name your .ipynb file as 
<uniquename>_<umid>.ipynb, for 
example hzwang_20200201.ipynb.



Deep Neural Networks
“clown fish”

Loss

✓⇤ = argmin
✓

NX

i=1

L(f✓(xi),yi)
<latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit><latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit><latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit><latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit>

L(f✓(xi),yi)
<latexit sha1_base64="jlpGyeLSlIErD+fOJ+KXo7fyewk="></latexit><latexit sha1_base64="jlpGyeLSlIErD+fOJ+KXo7fyewk="></latexit><latexit sha1_base64="jlpGyeLSlIErD+fOJ+KXo7fyewk="></latexit><latexit sha1_base64="jlpGyeLSlIErD+fOJ+KXo7fyewk="></latexit>

xi
<latexit sha1_base64="xJ4jKLDJGwVktnqhP9WUb+owElc="></latexit><latexit sha1_base64="xJ4jKLDJGwVktnqhP9WUb+owElc="></latexit><latexit sha1_base64="xJ4jKLDJGwVktnqhP9WUb+owElc="></latexit><latexit sha1_base64="xJ4jKLDJGwVktnqhP9WUb+owElc="></latexit>

yi
<latexit sha1_base64="0K2sIsHmznZDQEnYN4deBkwg1Wg="></latexit><latexit sha1_base64="0K2sIsHmznZDQEnYN4deBkwg1Wg="></latexit><latexit sha1_base64="0K2sIsHmznZDQEnYN4deBkwg1Wg="></latexit><latexit sha1_base64="0K2sIsHmznZDQEnYN4deBkwg1Wg="></latexit>

✓1
<latexit sha1_base64="jdlg7NGrnJcaH/VcD2JvBoOrWj0="></latexit><latexit sha1_base64="jdlg7NGrnJcaH/VcD2JvBoOrWj0="></latexit><latexit sha1_base64="jdlg7NGrnJcaH/VcD2JvBoOrWj0="></latexit><latexit sha1_base64="jdlg7NGrnJcaH/VcD2JvBoOrWj0="></latexit>

✓2
<latexit sha1_base64="iVXCJZktr2Eln/pkk7Aj/62g948="></latexit><latexit sha1_base64="iVXCJZktr2Eln/pkk7Aj/62g948="></latexit><latexit sha1_base64="iVXCJZktr2Eln/pkk7Aj/62g948="></latexit><latexit sha1_base64="iVXCJZktr2Eln/pkk7Aj/62g948="></latexit>

✓3
<latexit sha1_base64="reWg5/K7U0PXdk1ubbo0pbdjPKk="></latexit><latexit sha1_base64="reWg5/K7U0PXdk1ubbo0pbdjPKk="></latexit><latexit sha1_base64="reWg5/K7U0PXdk1ubbo0pbdjPKk="></latexit><latexit sha1_base64="reWg5/K7U0PXdk1ubbo0pbdjPKk="></latexit>

✓4
<latexit sha1_base64="7Ngbm8oatoIEczf5bGzdlabUqio="></latexit><latexit sha1_base64="7Ngbm8oatoIEczf5bGzdlabUqio="></latexit><latexit sha1_base64="7Ngbm8oatoIEczf5bGzdlabUqio="></latexit><latexit sha1_base64="7Ngbm8oatoIEczf5bGzdlabUqio="></latexit>

✓5
<latexit sha1_base64="c+xP7yXt8IAUGttWNf57Pb7fO0I="></latexit><latexit sha1_base64="c+xP7yXt8IAUGttWNf57Pb7fO0I="></latexit><latexit sha1_base64="c+xP7yXt8IAUGttWNf57Pb7fO0I="></latexit><latexit sha1_base64="c+xP7yXt8IAUGttWNf57Pb7fO0I="></latexit>

✓6
<latexit sha1_base64="MwMtPAOwyA4XXwcUh1F3lF5KRWQ="></latexit><latexit sha1_base64="MwMtPAOwyA4XXwcUh1F3lF5KRWQ="></latexit><latexit sha1_base64="MwMtPAOwyA4XXwcUh1F3lF5KRWQ="></latexit><latexit sha1_base64="MwMtPAOwyA4XXwcUh1F3lF5KRWQ="></latexit>

Source: Freeman, Torralba, Isola

Examples: 

MSE, cross-entropy, etc
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Gradient descent

J(✓)
<latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit>

✓1
<latexit sha1_base64="dRSr4rXm+n73Ts3IpBaIU3XH5Gg="></latexit><latexit sha1_base64="dRSr4rXm+n73Ts3IpBaIU3XH5Gg="></latexit><latexit sha1_base64="dRSr4rXm+n73Ts3IpBaIU3XH5Gg="></latexit><latexit sha1_base64="dRSr4rXm+n73Ts3IpBaIU3XH5Gg="></latexit> ✓2

<latexit sha1_base64="NpiJT5/KEODczN77QRTuqpv3m44="></latexit><latexit sha1_base64="NpiJT5/KEODczN77QRTuqpv3m44="></latexit><latexit sha1_base64="NpiJT5/KEODczN77QRTuqpv3m44="></latexit><latexit sha1_base64="NpiJT5/KEODczN77QRTuqpv3m44="></latexit>

✓⇤ = argmin
✓

J(✓)
<latexit sha1_base64="AYItQoyunNkE46+v9OudQ3G4+AY="></latexit><latexit sha1_base64="AYItQoyunNkE46+v9OudQ3G4+AY="></latexit><latexit sha1_base64="AYItQoyunNkE46+v9OudQ3G4+AY="></latexit><latexit sha1_base64="AYItQoyunNkE46+v9OudQ3G4+AY="></latexit>

x

Source: Freeman, Torralba, Isola



Gradient descent

learning rate

✓⇤ = argmin
✓

NX

i=1

L(f✓(xi),yi)
<latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit><latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit><latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit><latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit>

J(✓)
<latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit>

( <latexit sha1_base64="owEByfgSfqYY+gqWmMd3gcCbpjg="></latexit><latexit sha1_base64="owEByfgSfqYY+gqWmMd3gcCbpjg="></latexit><latexit sha1_base64="owEByfgSfqYY+gqWmMd3gcCbpjg="></latexit><latexit sha1_base64="owEByfgSfqYY+gqWmMd3gcCbpjg="></latexit>

One iteration of gradient descent:

✓t+1 = ✓t � ⌘t
@J(✓)

@✓

����
✓=✓t

<latexit sha1_base64="zY43iVuC2uxHmoxD/IWvMOm6ttM="></latexit><latexit sha1_base64="zY43iVuC2uxHmoxD/IWvMOm6ttM="></latexit><latexit sha1_base64="zY43iVuC2uxHmoxD/IWvMOm6ttM="></latexit><latexit sha1_base64="zY43iVuC2uxHmoxD/IWvMOm6ttM="></latexit>
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J(✓)
<latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit>

✓1
<latexit sha1_base64="dRSr4rXm+n73Ts3IpBaIU3XH5Gg="></latexit><latexit sha1_base64="dRSr4rXm+n73Ts3IpBaIU3XH5Gg="></latexit><latexit sha1_base64="dRSr4rXm+n73Ts3IpBaIU3XH5Gg="></latexit><latexit sha1_base64="dRSr4rXm+n73Ts3IpBaIU3XH5Gg="></latexit> ✓2

<latexit sha1_base64="NpiJT5/KEODczN77QRTuqpv3m44="></latexit><latexit sha1_base64="NpiJT5/KEODczN77QRTuqpv3m44="></latexit><latexit sha1_base64="NpiJT5/KEODczN77QRTuqpv3m44="></latexit><latexit sha1_base64="NpiJT5/KEODczN77QRTuqpv3m44="></latexit>

Source: Freeman, Torralba, Isola



Optimization

• What’s the knowledge we have about J? 
• We can evaluate 
• We can evaluate           and      
• We can evaluate           ,                , and     

✓⇤ = argmin
✓

J(✓)
<latexit sha1_base64="AYItQoyunNkE46+v9OudQ3G4+AY="></latexit><latexit sha1_base64="AYItQoyunNkE46+v9OudQ3G4+AY="></latexit><latexit sha1_base64="AYItQoyunNkE46+v9OudQ3G4+AY="></latexit><latexit sha1_base64="AYItQoyunNkE46+v9OudQ3G4+AY="></latexit>

J(✓)
<latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit>

Black box optimization

First order optimizationJ(✓)
<latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit>

r✓J(✓)
<latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit><latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit><latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit><latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit>

Gradient

r✓J(✓)
<latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit><latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit><latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit><latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit>

Second order optimizationr✓J(✓)
<latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit><latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit><latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit><latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit>

H✓(J(✓))
<latexit sha1_base64="Dp56a+zglYeLw/xxC6sFCv+6E2c="></latexit><latexit sha1_base64="Dp56a+zglYeLw/xxC6sFCv+6E2c="></latexit><latexit sha1_base64="Dp56a+zglYeLw/xxC6sFCv+6E2c="></latexit><latexit sha1_base64="Dp56a+zglYeLw/xxC6sFCv+6E2c="></latexit>

J(✓)
<latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit>

Hessian

H✓(J(✓))
<latexit sha1_base64="Dp56a+zglYeLw/xxC6sFCv+6E2c="></latexit><latexit sha1_base64="Dp56a+zglYeLw/xxC6sFCv+6E2c="></latexit><latexit sha1_base64="Dp56a+zglYeLw/xxC6sFCv+6E2c="></latexit><latexit sha1_base64="Dp56a+zglYeLw/xxC6sFCv+6E2c="></latexit>

Params
✓

<latexit sha1_base64="t5duRUGQiNnGS0onDa5D0jhO93E="></latexit><latexit sha1_base64="t5duRUGQiNnGS0onDa5D0jhO93E="></latexit><latexit sha1_base64="t5duRUGQiNnGS0onDa5D0jhO93E="></latexit><latexit sha1_base64="t5duRUGQiNnGS0onDa5D0jhO93E="></latexit>

J(✓)
<latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>

Source: Freeman, Torralba, Isola



Batch (parallel) processing

Loss

Loss

Loss

…

⌃
<latexit sha1_base64="I35/plNhKDPnEnZ+Bc1BZ7JjiUg="></latexit><latexit sha1_base64="I35/plNhKDPnEnZ+Bc1BZ7JjiUg="></latexit><latexit sha1_base64="I35/plNhKDPnEnZ+Bc1BZ7JjiUg="></latexit><latexit sha1_base64="I35/plNhKDPnEnZ+Bc1BZ7JjiUg="></latexit>

Source: Freeman, Torralba, Isola



Stochastic gradient descent (SGD)
• Want to minimize overall loss function J, which is sum of individual losses over each example. 

• In Stochastic gradient descent, compute gradient on sub-set (batch) of data. 

	 	 If batchsize=1 then θ is updated after each example. 

	 	 If batchsize=N (full set) then this is standard gradient descent. 

• Gradient direction is noisy, relative to average over all examples (standard gradient descent). 
• Advantages 

• Faster: approximate total gradient with small sample 

• Implicit regularizer 
• Disadvantages 

• High variance, unstable updates

Source: Freeman, Torralba, Isola



Source: Johnson



Momentum
• Basic idea: like a ball rolling down a hill, we should build up speed so as to 

make faster progress when “on a roll” 

• Can dampen oscillations in SGD updates

Source: Freeman, Torralba, Isola

Momentum update rule

Used in popular methods including Adam



[https://distill.pub/2017/momentum/]
Source: Freeman, Torralba, Isola



RMSProp
• Elementwise learning rate 
• Damp learning rate for “steep” directions 
• Speed up learning rate for “flat” directions

Adam is essentially the combination of momentum and RMSProp

RMSProp update rule



[http://ruder.io/optimizing-gradient-descent/]

Comparison of gradient descent variants

Source: Freeman, Torralba, Isola



…
…

(output)

(input)

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

x(0)
<latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit>

x(1)
<latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

x(L�1)
<latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit>

f (1)(x(0),W(1))
<latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit>

f (2)(x(1),W(2))
<latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit>

f (l)(x(l�1),W(l))
<latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit>

f (L)(x(L�1),W(L))
<latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit>

x(2)
<latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

• Consider model with     layers. Layer    has 
vector of weights 

• Forward pass: takes input           and passes 
it through each layer      :  
	 	  

• Output of layer    is      .  

• Network output (top layer) is       .

Forward pass
L

<latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit><latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit><latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit><latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit>

l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

W(l)
<latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit><latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit><latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit><latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit>

l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

x(l) = f (l)(x(l�1),W(l))
<latexit sha1_base64="mU2a5PAMBGM1JPrgEErfCXhPErU="></latexit><latexit sha1_base64="mU2a5PAMBGM1JPrgEErfCXhPErU="></latexit><latexit sha1_base64="mU2a5PAMBGM1JPrgEErfCXhPErU="></latexit><latexit sha1_base64="mU2a5PAMBGM1JPrgEErfCXhPErU="></latexit>

f (l)
<latexit sha1_base64="ymFDbDlddnBDHirFnTjlE2IfCpI="></latexit><latexit sha1_base64="ymFDbDlddnBDHirFnTjlE2IfCpI="></latexit><latexit sha1_base64="ymFDbDlddnBDHirFnTjlE2IfCpI="></latexit><latexit sha1_base64="ymFDbDlddnBDHirFnTjlE2IfCpI="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

Source: Freeman, Torralba, Isola



• Loss function     compares         to    .


• Overall loss is the sum of the cost over all 
training examples:

…
…

(output)

(input)

• Consider model with     layers. Layer    has 
vector of weights 

• Forward pass: takes input           and passes 
it through each layer      :  
	 	  

• Output of layer    is      .  

• Network output (top layer) is       .

L
<latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit><latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit><latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit><latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit>

l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

W(l)
<latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit><latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit><latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit><latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit>

f (l)
<latexit sha1_base64="ymFDbDlddnBDHirFnTjlE2IfCpI="></latexit><latexit sha1_base64="ymFDbDlddnBDHirFnTjlE2IfCpI="></latexit><latexit sha1_base64="ymFDbDlddnBDHirFnTjlE2IfCpI="></latexit><latexit sha1_base64="ymFDbDlddnBDHirFnTjlE2IfCpI="></latexit>

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

x(0)
<latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit>

x(1)
<latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

x(L�1)
<latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit>

x(l) = f (l)(x(l�1),W(l))
<latexit sha1_base64="mU2a5PAMBGM1JPrgEErfCXhPErU="></latexit><latexit sha1_base64="mU2a5PAMBGM1JPrgEErfCXhPErU="></latexit><latexit sha1_base64="mU2a5PAMBGM1JPrgEErfCXhPErU="></latexit><latexit sha1_base64="mU2a5PAMBGM1JPrgEErfCXhPErU="></latexit>

f (1)(x(0),W(1))
<latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit>

f (2)(x(1),W(2))
<latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit>

f (l)(x(l�1),W(l))
<latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit>

f (L)(x(L�1),W(L))
<latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit>

l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

x(2)
<latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

Forward pass

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

L(x(L),y)
<latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit>

L
<latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit><latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit><latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit><latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit>

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>

J =
NX

i=1

L(x(L)
i ,yi)

<latexit sha1_base64="icl17YjPIUFuZFd+65TiARtmgfE="></latexit><latexit sha1_base64="icl17YjPIUFuZFd+65TiARtmgfE="></latexit><latexit sha1_base64="icl17YjPIUFuZFd+65TiARtmgfE="></latexit><latexit sha1_base64="icl17YjPIUFuZFd+65TiARtmgfE="></latexit> Source: Freeman, Torralba, Isola



Gradient descent

• We need to compute gradients of the cost with 
respect to model parameters        . 

• By design, each layer is differentiable with respect 
to its parameters and input.

W(l)
<latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit><latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit><latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit><latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit>

w1 w2

Wt

Wt+1J(W)

…
…

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

x(0)
<latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit>

x(1)
<latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

x(L�1)
<latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit>

f (1)(x(0),W(1))
<latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit>

f (2)(x(1),W(2))
<latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit>

f (l)(x(l�1),W(l))
<latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit>

f (L)(x(L�1),W(L))
<latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit>

x(2)
<latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>

L(x(L),y)
<latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit>

Source: Freeman, Torralba, Isola



Computing gradients
To compute the gradients, we could start by writing the full 

energy J as a function of the network parameters.
…

…
x(L)

<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

x(0)
<latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit>

x(1)
<latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

x(L�1)
<latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit>

f (1)(x(0),W(1))
<latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit>

f (2)(x(1),W(2))
<latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit>

f (l)(x(l�1),W(l))
<latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit>

f (L)(x(L�1),W(L))
<latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit>

x(2)
<latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>

L(x(L),y)
<latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit>

J(W) =
X

i=1

L(f (L)(. . . f (2)(f (1)(x(0)
i ,W(1)),W(2)), . . .W(L)),yi)

<latexit sha1_base64="24BWDVna/Q+5g7wj5WvAxWpHAPw="></latexit><latexit sha1_base64="24BWDVna/Q+5g7wj5WvAxWpHAPw="></latexit><latexit sha1_base64="24BWDVna/Q+5g7wj5WvAxWpHAPw="></latexit><latexit sha1_base64="24BWDVna/Q+5g7wj5WvAxWpHAPw="></latexit>

And then compute the partial derivatives…  
@L

@W(l)
=

@L
@x(l)

· @f
(l)(x(l�1),W(l))

@W(l)
<latexit sha1_base64="YOiRkqf83CDxvkPGjiLh1M45Ggk="></latexit><latexit sha1_base64="YOiRkqf83CDxvkPGjiLh1M45Ggk="></latexit><latexit sha1_base64="YOiRkqf83CDxvkPGjiLh1M45Ggk="></latexit><latexit sha1_base64="YOiRkqf83CDxvkPGjiLh1M45Ggk="></latexit>

instead, we can use the chain rule to derive a compact algorithm:  backpropagation
Source: Freeman, Torralba, Isola



Manually calculating gradient

Manually calculating gradient is cumbersome:

1. a lot of repeated computation

2. error-prone

3. not scalable

Source: Grosse, Ba



Source: Johnson



Source: Johnson



Source: Johnson



Source: Johnson



Source: Johnson



Source: Johnson



Source: Johnson



Source: Johnson



Source: Johnson



Matrix calculus

• We now define a function on vector    : 
• If     is a scalar, then 

• If    is a vector          , then (Jacobian formulation): 
The derivative of y is a row vector of size

•    column vector of size           :

The derivative of y is a matrix of size 
(m rows and n columns)

x
<latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit><latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit><latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit><latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit>

x =

0

BBB@

x1

x2
...
xn

1

CCCA

<latexit sha1_base64="DrzK9aaDcNyjAMqk+t9PNlMk9po="></latexit><latexit sha1_base64="DrzK9aaDcNyjAMqk+t9PNlMk9po="></latexit><latexit sha1_base64="DrzK9aaDcNyjAMqk+t9PNlMk9po="></latexit><latexit sha1_base64="DrzK9aaDcNyjAMqk+t9PNlMk9po="></latexit>

[n⇥ 1]
<latexit sha1_base64="gaxDm4N1epQsbEeS2rqRATvqQbc="></latexit><latexit sha1_base64="gaxDm4N1epQsbEeS2rqRATvqQbc="></latexit><latexit sha1_base64="gaxDm4N1epQsbEeS2rqRATvqQbc="></latexit><latexit sha1_base64="gaxDm4N1epQsbEeS2rqRATvqQbc="></latexit>

y
<latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit><latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit><latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit><latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit>

@y

@x
=

⇣
@y
@x1

@y
@x2

· · · @y
@xn

⌘

<latexit sha1_base64="xu/PGQXlOgSTTFwUHswiWVkl2Ho="></latexit><latexit sha1_base64="xu/PGQXlOgSTTFwUHswiWVkl2Ho="></latexit><latexit sha1_base64="xu/PGQXlOgSTTFwUHswiWVkl2Ho="></latexit><latexit sha1_base64="xu/PGQXlOgSTTFwUHswiWVkl2Ho="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

@y

@x
=

0

B@

@y1

@x1

@y1

@x2
· · · @y1

@xn

...
...

...
...

@ym

@x1

@ym

@x2
· · · @ym

@xn

1

CA

<latexit sha1_base64="lhhTP9h+EaNWnEvPKmtj1P5tng0="></latexit><latexit sha1_base64="lhhTP9h+EaNWnEvPKmtj1P5tng0="></latexit><latexit sha1_base64="lhhTP9h+EaNWnEvPKmtj1P5tng0="></latexit><latexit sha1_base64="lhhTP9h+EaNWnEvPKmtj1P5tng0="></latexit>

[m⇥ 1]
<latexit sha1_base64="Cl1yRRu+b8IS9s/JdXSYCrL5tTU="></latexit><latexit sha1_base64="Cl1yRRu+b8IS9s/JdXSYCrL5tTU="></latexit><latexit sha1_base64="Cl1yRRu+b8IS9s/JdXSYCrL5tTU="></latexit><latexit sha1_base64="Cl1yRRu+b8IS9s/JdXSYCrL5tTU="></latexit>

[1⇥ n]
<latexit sha1_base64="10NVHCASanErYXmGQdGaWmbHyCw="></latexit><latexit sha1_base64="10NVHCASanErYXmGQdGaWmbHyCw="></latexit><latexit sha1_base64="10NVHCASanErYXmGQdGaWmbHyCw="></latexit><latexit sha1_base64="10NVHCASanErYXmGQdGaWmbHyCw="></latexit>

[m⇥ n]
<latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit>

y = f(x)
<latexit sha1_base64="vU6ilCS+WyekXv4l6Lz9By8P7N0="></latexit><latexit sha1_base64="vU6ilCS+WyekXv4l6Lz9By8P7N0="></latexit><latexit sha1_base64="vU6ilCS+WyekXv4l6Lz9By8P7N0="></latexit><latexit sha1_base64="vU6ilCS+WyekXv4l6Lz9By8P7N0="></latexit>

x
<latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit><latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit><latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit><latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit>

Source: Freeman, Torralba, Isola



The output is a matrix of size [m⇥ n]
<latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit>

Matrix calculus

• If    is a scalar and      is a matrix of size            , then y
<latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit><latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit><latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit><latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit>

X
<latexit sha1_base64="/MdizKBGg0TUjUYsYYtBIJVSn9c="></latexit><latexit sha1_base64="/MdizKBGg0TUjUYsYYtBIJVSn9c="></latexit><latexit sha1_base64="/MdizKBGg0TUjUYsYYtBIJVSn9c="></latexit><latexit sha1_base64="/MdizKBGg0TUjUYsYYtBIJVSn9c="></latexit>

[n⇥m]
<latexit sha1_base64="H5RRHtLN2MI/bj4yjGmSwCLSHfE="></latexit><latexit sha1_base64="H5RRHtLN2MI/bj4yjGmSwCLSHfE="></latexit><latexit sha1_base64="H5RRHtLN2MI/bj4yjGmSwCLSHfE="></latexit><latexit sha1_base64="H5RRHtLN2MI/bj4yjGmSwCLSHfE="></latexit>

@y

@X
=

0

B@

@y
@x11

@y
@x21

· · · @y
@xn1

...
...

...
...

@y
@x1m

@y
@x2m

· · · @y
@xnm

1

CA

<latexit sha1_base64="SR9ilQTmfFiz6FiTlEVssphaHUY="></latexit><latexit sha1_base64="SR9ilQTmfFiz6FiTlEVssphaHUY="></latexit><latexit sha1_base64="SR9ilQTmfFiz6FiTlEVssphaHUY="></latexit><latexit sha1_base64="SR9ilQTmfFiz6FiTlEVssphaHUY="></latexit>

Source: Freeman, Torralba, Isola



• Chain rule:
Matrix calculus

@z

@x

����
x=a

=
@z

@u

����
u=g(a)

· @u
@x

����
x=a

<latexit sha1_base64="ynNHWCr/4PvYZMzy9+iTOBgY+Ug="></latexit><latexit sha1_base64="ynNHWCr/4PvYZMzy9+iTOBgY+Ug="></latexit><latexit sha1_base64="ynNHWCr/4PvYZMzy9+iTOBgY+Ug="></latexit><latexit sha1_base64="ynNHWCr/4PvYZMzy9+iTOBgY+Ug="></latexit>

Its derivative is: h0(x) = f 0(g(x))g0(x)
<latexit sha1_base64="LYSCPiFYvBKsr+WZQK1gle4M9hI="></latexit><latexit sha1_base64="LYSCPiFYvBKsr+WZQK1gle4M9hI="></latexit><latexit sha1_base64="LYSCPiFYvBKsr+WZQK1gle4M9hI="></latexit><latexit sha1_base64="LYSCPiFYvBKsr+WZQK1gle4M9hI="></latexit>

For the function:  z = h(x) = f(g(x))
<latexit sha1_base64="Dekv7rOY1VIDB8ld4v5E0QN5+WQ="></latexit><latexit sha1_base64="Dekv7rOY1VIDB8ld4v5E0QN5+WQ="></latexit><latexit sha1_base64="Dekv7rOY1VIDB8ld4v5E0QN5+WQ="></latexit><latexit sha1_base64="Dekv7rOY1VIDB8ld4v5E0QN5+WQ="></latexit>

and writing              , and              : z = f(u)
<latexit sha1_base64="DqRvDzORlGzMOGLO2A1BFowGSnY="></latexit><latexit sha1_base64="DqRvDzORlGzMOGLO2A1BFowGSnY="></latexit><latexit sha1_base64="DqRvDzORlGzMOGLO2A1BFowGSnY="></latexit><latexit sha1_base64="DqRvDzORlGzMOGLO2A1BFowGSnY="></latexit>

u = g(x)
<latexit sha1_base64="QchBGz+YM38uKdgxWghHbWS1oeo="></latexit><latexit sha1_base64="QchBGz+YM38uKdgxWghHbWS1oeo="></latexit><latexit sha1_base64="QchBGz+YM38uKdgxWghHbWS1oeo="></latexit><latexit sha1_base64="QchBGz+YM38uKdgxWghHbWS1oeo="></latexit>

Example, if           ,           ,|z| = 1
<latexit sha1_base64="X5g/+tTygU/TyH4l8rjFC4oWNrM="></latexit><latexit sha1_base64="X5g/+tTygU/TyH4l8rjFC4oWNrM="></latexit><latexit sha1_base64="X5g/+tTygU/TyH4l8rjFC4oWNrM="></latexit><latexit sha1_base64="X5g/+tTygU/TyH4l8rjFC4oWNrM="></latexit>

|u| = 2
<latexit sha1_base64="JVMqEiFk4AgLPenim6gLH5Wnevo="></latexit><latexit sha1_base64="JVMqEiFk4AgLPenim6gLH5Wnevo="></latexit><latexit sha1_base64="JVMqEiFk4AgLPenim6gLH5Wnevo="></latexit><latexit sha1_base64="JVMqEiFk4AgLPenim6gLH5Wnevo="></latexit>

|x| = 4
<latexit sha1_base64="d5rySL4b7QnPBjhp6PkT3B8wGwg="></latexit><latexit sha1_base64="d5rySL4b7QnPBjhp6PkT3B8wGwg="></latexit><latexit sha1_base64="d5rySL4b7QnPBjhp6PkT3B8wGwg="></latexit><latexit sha1_base64="d5rySL4b7QnPBjhp6PkT3B8wGwg="></latexit>

h0(x) =
<latexit sha1_base64="NjC5aDOGxi7WF6YzP0/Y9ArLr7s="></latexit><latexit sha1_base64="NjC5aDOGxi7WF6YzP0/Y9ArLr7s="></latexit><latexit sha1_base64="NjC5aDOGxi7WF6YzP0/Y9ArLr7s="></latexit><latexit sha1_base64="NjC5aDOGxi7WF6YzP0/Y9ArLr7s="></latexit>

=<latexit sha1_base64="FP97J9w90+Q0aCd9FyHXELYKqS4="></latexit><latexit sha1_base64="FP97J9w90+Q0aCd9FyHXELYKqS4="></latexit><latexit sha1_base64="FP97J9w90+Q0aCd9FyHXELYKqS4="></latexit><latexit sha1_base64="FP97J9w90+Q0aCd9FyHXELYKqS4="></latexit>

[m⇥ n]
<latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit>

[m⇥ p]
<latexit sha1_base64="7YQpTCH2voPFgunVKvbX7Z9z02s="></latexit><latexit sha1_base64="7YQpTCH2voPFgunVKvbX7Z9z02s="></latexit><latexit sha1_base64="7YQpTCH2voPFgunVKvbX7Z9z02s="></latexit><latexit sha1_base64="7YQpTCH2voPFgunVKvbX7Z9z02s="></latexit>

[p⇥ n]
<latexit sha1_base64="VglHoRQOtG6EjbLulgPa453K61I="></latexit><latexit sha1_base64="VglHoRQOtG6EjbLulgPa453K61I="></latexit><latexit sha1_base64="VglHoRQOtG6EjbLulgPa453K61I="></latexit><latexit sha1_base64="VglHoRQOtG6EjbLulgPa453K61I="></latexit>

with         length of vector             ,            ,  and p =
<latexit sha1_base64="a3D/eDG54KzmCjU5lV2wRUqU1rE="></latexit><latexit sha1_base64="a3D/eDG54KzmCjU5lV2wRUqU1rE="></latexit><latexit sha1_base64="a3D/eDG54KzmCjU5lV2wRUqU1rE="></latexit><latexit sha1_base64="a3D/eDG54KzmCjU5lV2wRUqU1rE="></latexit>

u
<latexit sha1_base64="MV2GDRT0V8srlHfkOV7lhpEUB3Q="></latexit><latexit sha1_base64="MV2GDRT0V8srlHfkOV7lhpEUB3Q="></latexit><latexit sha1_base64="MV2GDRT0V8srlHfkOV7lhpEUB3Q="></latexit><latexit sha1_base64="MV2GDRT0V8srlHfkOV7lhpEUB3Q="></latexit>

= |u|
<latexit sha1_base64="YddDzxjx1Dj81S4MlujKWXK/8LM="></latexit><latexit sha1_base64="YddDzxjx1Dj81S4MlujKWXK/8LM="></latexit><latexit sha1_base64="YddDzxjx1Dj81S4MlujKWXK/8LM="></latexit><latexit sha1_base64="YddDzxjx1Dj81S4MlujKWXK/8LM="></latexit>

m = |z|
<latexit sha1_base64="Yv3X0h9eFI0kDcNjxavEunq1ROc="></latexit><latexit sha1_base64="Yv3X0h9eFI0kDcNjxavEunq1ROc="></latexit><latexit sha1_base64="Yv3X0h9eFI0kDcNjxavEunq1ROc="></latexit><latexit sha1_base64="Yv3X0h9eFI0kDcNjxavEunq1ROc="></latexit>

n = |x|
<latexit sha1_base64="ydkckvC01CLIt0oqQFLhVL/bt7o="></latexit><latexit sha1_base64="ydkckvC01CLIt0oqQFLhVL/bt7o="></latexit><latexit sha1_base64="ydkckvC01CLIt0oqQFLhVL/bt7o="></latexit><latexit sha1_base64="ydkckvC01CLIt0oqQFLhVL/bt7o="></latexit>

Source: Freeman, Torralba, Isola



• Chain rule:

The derivative becomes a product of matrices:

Matrix calculus

For the function: h(x) = f (n)(f (n�1)(. . . f (1)(x)))
<latexit sha1_base64="tAjACtq3HyLeWa8rU28KL+QP/g0="></latexit><latexit sha1_base64="tAjACtq3HyLeWa8rU28KL+QP/g0="></latexit><latexit sha1_base64="tAjACtq3HyLeWa8rU28KL+QP/g0="></latexit><latexit sha1_base64="tAjACtq3HyLeWa8rU28KL+QP/g0="></latexit>

With  u(1) = f (1)(x)
<latexit sha1_base64="NYeUvZgs9osS32aMkhGogdPZ0zE="></latexit><latexit sha1_base64="NYeUvZgs9osS32aMkhGogdPZ0zE="></latexit><latexit sha1_base64="NYeUvZgs9osS32aMkhGogdPZ0zE="></latexit><latexit sha1_base64="NYeUvZgs9osS32aMkhGogdPZ0zE="></latexit>

u(i) = f (i)(u(i�1))
<latexit sha1_base64="2MuwmM1Zq9zdCPWyIzQW+Qv226w="></latexit><latexit sha1_base64="2MuwmM1Zq9zdCPWyIzQW+Qv226w="></latexit><latexit sha1_base64="2MuwmM1Zq9zdCPWyIzQW+Qv226w="></latexit><latexit sha1_base64="2MuwmM1Zq9zdCPWyIzQW+Qv226w="></latexit>

z = u(n) = f (n)(u(n�1))
<latexit sha1_base64="wYH6CT+yvdRmKmy7SV3dRVxJ/A0="></latexit><latexit sha1_base64="wYH6CT+yvdRmKmy7SV3dRVxJ/A0="></latexit><latexit sha1_base64="wYH6CT+yvdRmKmy7SV3dRVxJ/A0="></latexit><latexit sha1_base64="wYH6CT+yvdRmKmy7SV3dRVxJ/A0="></latexit>

@z

@x

����
x=a

=
@z

@u(n�1)

����
u(n�1)=f(n�1)(un�2)

· @u
(n�1)

@u(n�2)

����
u(n�2)=f(n�2)(un�3)

· · · @u
(2)

@u(1)

����
u(1)=f(1)(a)

· @u
(1)

@x

����
x=a

<latexit sha1_base64="VtLzT35NEPo0lT1oFyLkP4P9fJs="></latexit><latexit sha1_base64="VtLzT35NEPo0lT1oFyLkP4P9fJs="></latexit><latexit sha1_base64="VtLzT35NEPo0lT1oFyLkP4P9fJs="></latexit><latexit sha1_base64="VtLzT35NEPo0lT1oFyLkP4P9fJs="></latexit>

Source: Freeman, Torralba, Isola



Computing gradients
To compute the gradients, we could start by writing the full 

energy J as a function of the network parameters.

And then compute the partial derivatives… instead, we 
can use the chain rule to derive a compact algorithm:  
backpropagation

…
…

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

x(0)
<latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit>

x(1)
<latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

x(L�1)
<latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit>

f (1)(x(0),W(1))
<latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit>

f (2)(x(1),W(2))
<latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit>

f (l)(x(l�1),W(l))
<latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit>

f (L)(x(L�1),W(L))
<latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit>

x(2)
<latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>

L(x(L),y)
<latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit>

J(W) =
X

i=1

L(f (L)(. . . f (2)(f (1)(x(0)
i ,W(1)),W(2)), . . .W(L)),yi)

<latexit sha1_base64="24BWDVna/Q+5g7wj5WvAxWpHAPw="></latexit><latexit sha1_base64="24BWDVna/Q+5g7wj5WvAxWpHAPw="></latexit><latexit sha1_base64="24BWDVna/Q+5g7wj5WvAxWpHAPw="></latexit><latexit sha1_base64="24BWDVna/Q+5g7wj5WvAxWpHAPw="></latexit>

Source: Freeman, Torralba, Isola



The loss J is the sum of the losses associated 
to each training example

Computing gradients

Its gradient with respect to each of the network’s 
parameters w is:

is how much J varies when the parameter w is varied.

J(W) =
NX

i=1

L(x(L)
i ,yi;W)

<latexit sha1_base64="7VserTW6IVGEQCDYsB66jjq2xNw="></latexit><latexit sha1_base64="7VserTW6IVGEQCDYsB66jjq2xNw="></latexit><latexit sha1_base64="7VserTW6IVGEQCDYsB66jjq2xNw="></latexit><latexit sha1_base64="7VserTW6IVGEQCDYsB66jjq2xNw="></latexit>

{x(0)
i ,yi}

<latexit sha1_base64="RtUvBY1h1MkheL5KwYkccLe4Mp4="></latexit><latexit sha1_base64="RtUvBY1h1MkheL5KwYkccLe4Mp4="></latexit><latexit sha1_base64="RtUvBY1h1MkheL5KwYkccLe4Mp4="></latexit><latexit sha1_base64="RtUvBY1h1MkheL5KwYkccLe4Mp4="></latexit>

@J(W)

@w
=

NX

i=1

@L(x(L)
i ,yi;W)

@w
<latexit sha1_base64="o9Pvm+g8hnlZM33IDD645ER2W5E="></latexit><latexit sha1_base64="o9Pvm+g8hnlZM33IDD645ER2W5E="></latexit><latexit sha1_base64="o9Pvm+g8hnlZM33IDD645ER2W5E="></latexit><latexit sha1_base64="o9Pvm+g8hnlZM33IDD645ER2W5E="></latexit>

…
…

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

x(0)
<latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit>

x(1)
<latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

x(L�1)
<latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit>

f (1)(x(0),W(1))
<latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit>

f (2)(x(1),W(2))
<latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit>

f (l)(x(l�1),W(l))
<latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit>

f (L)(x(L�1),W(L))
<latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit>

x(2)
<latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>

L(x(L),y)
<latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit>

Source: Freeman, Torralba, Isola



Computing gradients
We could write the loss function to get the gradients as:

If we compute the gradient with respect to the parameters of  
the last layer (output layer) W(L), using the chain rule:

How much the loss changes when we change W(L)?  
The change is the product between how much the loss changes 
when we change the output of the last layer and how much the 
output changes when we change the layer parameters.

L(x(L),y;W) = L(f (L)(x(L�1),W(L)),y)
<latexit sha1_base64="fD08V/d0O0rFpKG7Vzx44v8P0U0="></latexit><latexit sha1_base64="fD08V/d0O0rFpKG7Vzx44v8P0U0="></latexit><latexit sha1_base64="fD08V/d0O0rFpKG7Vzx44v8P0U0="></latexit><latexit sha1_base64="fD08V/d0O0rFpKG7Vzx44v8P0U0="></latexit>

@L
@W(L)

=
@L

@x(L)
· @x(L)

@W(L)
=

@L
@x(L)

· @f
(L)(x(L�1),W(L))

@W(L)
<latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit><latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit><latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit><latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit>

@L
@W(L)

=
@L

@x(L)
· @x(L)

@W(L)
=

@L
@x(L)

· @f
(L)(x(L�1),W(L))

@W(L)
<latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit><latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit><latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit><latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit>

…
…

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

x(0)
<latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit>

x(1)
<latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

x(L�1)
<latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit>

f (1)(x(0),W(1))
<latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit>

f (2)(x(1),W(2))
<latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit>

f (l)(x(l�1),W(l))
<latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit>

f (L)(x(L�1),W(L))
<latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit>

x(2)
<latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>

L(x(L),y)
<latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit>

Source: Freeman, Torralba, Isola



Computing gradients: cost layer
If we compute the gradient with respect to the parameters of  
the last layer (output layer) W(L), using the chain rule:

Will depend on the  
layer structure and 
non-linearity.

@L
@W(L)

=
@L

@x(L)
· @x(L)

@W(L)
=

@L
@x(L)

· @f
(L)(x(L�1),W(L))

@W(L)
<latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit><latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit><latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit><latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit>

For example, for an Euclidean loss:

L(x(L),y) =
1

2

���x(L) � y
���
2

2
<latexit sha1_base64="FqqdVbueKgtVyT2QV0DPc146JCw="></latexit><latexit sha1_base64="FqqdVbueKgtVyT2QV0DPc146JCw="></latexit><latexit sha1_base64="FqqdVbueKgtVyT2QV0DPc146JCw="></latexit><latexit sha1_base64="FqqdVbueKgtVyT2QV0DPc146JCw="></latexit>

The gradient is:
@L

@x(L)
= x(L) � y

<latexit sha1_base64="SGNx4I7CRquP5/wVNw+aID9jRdI="></latexit><latexit sha1_base64="SGNx4I7CRquP5/wVNw+aID9jRdI="></latexit><latexit sha1_base64="SGNx4I7CRquP5/wVNw+aID9jRdI="></latexit><latexit sha1_base64="SGNx4I7CRquP5/wVNw+aID9jRdI="></latexit>

Source: Freeman, Torralba, Isola



Computing gradients: layer
We could write the full loss function to get the gradients:

And this can be 
computed iteratively! This is easy.

L(x(L),y;W) = L(f (L)(. . . f (2)(f (1)(x(0),W(1)),W(2)), . . .W(L)),y)
<latexit sha1_base64="CsZmZe0Fgmlu343scKI+L27rhFg="></latexit><latexit sha1_base64="CsZmZe0Fgmlu343scKI+L27rhFg="></latexit><latexit sha1_base64="CsZmZe0Fgmlu343scKI+L27rhFg="></latexit><latexit sha1_base64="CsZmZe0Fgmlu343scKI+L27rhFg="></latexit>

l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

@f (l)(x(l�1),W(l))

@W(l)
<latexit sha1_base64="KpxpIoeIAJqTocC1M3Ij66yj9FU="></latexit><latexit sha1_base64="KpxpIoeIAJqTocC1M3Ij66yj9FU="></latexit><latexit sha1_base64="KpxpIoeIAJqTocC1M3Ij66yj9FU="></latexit><latexit sha1_base64="KpxpIoeIAJqTocC1M3Ij66yj9FU="></latexit>

@L
@x(l)

<latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit>

@L
@W(L)

=
@L

@x(L)
· @x(L)

@x(L�1)
· @x

(L�1)

@x(L�2)
· · · @x

(l+1)

@x(l)
· @x(l)

@W(l)
<latexit sha1_base64="I7aJQ3T3Cgz4OVej5CWVmy6qdTE="></latexit><latexit sha1_base64="I7aJQ3T3Cgz4OVej5CWVmy6qdTE="></latexit><latexit sha1_base64="I7aJQ3T3Cgz4OVej5CWVmy6qdTE="></latexit><latexit sha1_base64="I7aJQ3T3Cgz4OVej5CWVmy6qdTE="></latexit>

If we compute the gradient with respect to       , using the chain rule:W(l) …
…

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

x(0)
<latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit>

x(1)
<latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

x(L�1)
<latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit>

f (1)(x(0),W(1))
<latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit>

f (2)(x(1),W(2))
<latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit>

f (l)(x(l�1),W(l))
<latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit>

f (L)(x(L�1),W(L))
<latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit>

x(2)
<latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>

L(x(L),y)
<latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit>

@L
@W(L)

=
@L

@x(L)
· @x(L)

@x(L�1)
· @x

(L�1)

@x(L�2)
· · · @x

(l+1)

@x(l)
· @x(l)

@W(l)
<latexit sha1_base64="I7aJQ3T3Cgz4OVej5CWVmy6qdTE="></latexit><latexit sha1_base64="I7aJQ3T3Cgz4OVej5CWVmy6qdTE="></latexit><latexit sha1_base64="I7aJQ3T3Cgz4OVej5CWVmy6qdTE="></latexit><latexit sha1_base64="I7aJQ3T3Cgz4OVej5CWVmy6qdTE="></latexit>

@L
@W(L)

=
@L

@x(L)
· @x(L)

@x(L�1)
· @x

(L�1)

@x(L�2)
· · · @x

(l+1)

@x(l)
· @x(l)

@W(l)
<latexit sha1_base64="I7aJQ3T3Cgz4OVej5CWVmy6qdTE="></latexit><latexit sha1_base64="I7aJQ3T3Cgz4OVej5CWVmy6qdTE="></latexit><latexit sha1_base64="I7aJQ3T3Cgz4OVej5CWVmy6qdTE="></latexit><latexit sha1_base64="I7aJQ3T3Cgz4OVej5CWVmy6qdTE="></latexit>

Source: Freeman, Torralba, Isola



Backpropagation

Gradient  
layer l

Gradient  
layer l-1

If we have the value of           we can compute the gradient at the  
layer below as: 

@L
@x(l)

<latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit>

@L
@x(l�1)

=
@L
@x(l)

· @x(l)

@x(l�1)
<latexit sha1_base64="fEVMIA5ssOmNbADVIzZH7AYTkTs="></latexit><latexit sha1_base64="fEVMIA5ssOmNbADVIzZH7AYTkTs="></latexit><latexit sha1_base64="fEVMIA5ssOmNbADVIzZH7AYTkTs="></latexit><latexit sha1_base64="fEVMIA5ssOmNbADVIzZH7AYTkTs="></latexit>

@f (l)(x(l�1),W(l))

@x(l�1)
<latexit sha1_base64="BecsT3nD+eDQmDrD9xmOo2voo34="></latexit><latexit sha1_base64="BecsT3nD+eDQmDrD9xmOo2voo34="></latexit><latexit sha1_base64="BecsT3nD+eDQmDrD9xmOo2voo34="></latexit><latexit sha1_base64="BecsT3nD+eDQmDrD9xmOo2voo34="></latexit>

And this can be computed iteratively.  
We start at the top (L)  and we can 
compute the gradient at layer l-1

@L
@x(l)

<latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit>

@L
@x(l�1)

=
@L
@x(l)

· @x(l)

@x(l�1)
<latexit sha1_base64="fEVMIA5ssOmNbADVIzZH7AYTkTs="></latexit><latexit sha1_base64="fEVMIA5ssOmNbADVIzZH7AYTkTs="></latexit><latexit sha1_base64="fEVMIA5ssOmNbADVIzZH7AYTkTs="></latexit><latexit sha1_base64="fEVMIA5ssOmNbADVIzZH7AYTkTs="></latexit>

@L
@x(l�1)

=
@L
@x(l)

· @x(l)

@x(l�1)
<latexit sha1_base64="fEVMIA5ssOmNbADVIzZH7AYTkTs="></latexit><latexit sha1_base64="fEVMIA5ssOmNbADVIzZH7AYTkTs="></latexit><latexit sha1_base64="fEVMIA5ssOmNbADVIzZH7AYTkTs="></latexit><latexit sha1_base64="fEVMIA5ssOmNbADVIzZH7AYTkTs="></latexit>

+

Source: Freeman, Torralba, Isola



Hidden layer   

Forward 
pass

Backpropagation — Goal: to update parameters of layer l<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

• To compute the output, we need:
@f (l)(x(l�1),W(l))

@x(l�1)
<latexit sha1_base64="BecsT3nD+eDQmDrD9xmOo2voo34="></latexit><latexit sha1_base64="BecsT3nD+eDQmDrD9xmOo2voo34="></latexit><latexit sha1_base64="BecsT3nD+eDQmDrD9xmOo2voo34="></latexit><latexit sha1_base64="BecsT3nD+eDQmDrD9xmOo2voo34="></latexit>Backward 

pass

@L
@x(l)

<latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit>

@L
@x(l�1)

<latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit><latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit><latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit><latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

• Layer    has two inputs (during training)l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

@L
@x(l)

<latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

• We compute the outputs

@L
@x(l�1)

=
@L
@x(l)

· @f
(l)(x(l�1),W(l))

@x(l�1)
<latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit><latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit><latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit><latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit>

x(l) = f (l)(x(l�1),W(l))
<latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit><latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit><latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit><latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit>

@f (l)(x(l�1),W(l))

@W(l)
<latexit sha1_base64="KpxpIoeIAJqTocC1M3Ij66yj9FU="></latexit><latexit sha1_base64="KpxpIoeIAJqTocC1M3Ij66yj9FU="></latexit><latexit sha1_base64="KpxpIoeIAJqTocC1M3Ij66yj9FU="></latexit><latexit sha1_base64="KpxpIoeIAJqTocC1M3Ij66yj9FU="></latexit>

• To compute the weight update, we need:

f (l)(x(l�1),W(l))
<latexit sha1_base64="Hs0P0ct9Lv3qQHE8mLb4LAbtT7E="></latexit><latexit sha1_base64="Hs0P0ct9Lv3qQHE8mLb4LAbtT7E="></latexit><latexit sha1_base64="Hs0P0ct9Lv3qQHE8mLb4LAbtT7E="></latexit><latexit sha1_base64="Hs0P0ct9Lv3qQHE8mLb4LAbtT7E="></latexit>

f (l�1)
<latexit sha1_base64="dhc8O2oSc/QYSeeEbU6FH1W1AmI="></latexit><latexit sha1_base64="dhc8O2oSc/QYSeeEbU6FH1W1AmI="></latexit><latexit sha1_base64="dhc8O2oSc/QYSeeEbU6FH1W1AmI="></latexit><latexit sha1_base64="dhc8O2oSc/QYSeeEbU6FH1W1AmI="></latexit>

f (l+1)
<latexit sha1_base64="ygRrIfB77tfe56+91e3nunjQqOA="></latexit><latexit sha1_base64="ygRrIfB77tfe56+91e3nunjQqOA="></latexit><latexit sha1_base64="ygRrIfB77tfe56+91e3nunjQqOA="></latexit><latexit sha1_base64="ygRrIfB77tfe56+91e3nunjQqOA="></latexit>

Source: Freeman, Torralba, Isola



• We compute the outputs

Backpropagation — Goal: to update parameters of layer l<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

• Layer    has two inputs (during training)l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

@L
@x(l)

<latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

@L
@x(l�1)

=
@L
@x(l)

· @f
(l)(x(l�1),W(l))

@x(l�1)
<latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit><latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit><latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit><latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit>

x(l) = f (l)(x(l�1),W(l))
<latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit><latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit><latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit><latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit>

• The weight update equation is:
@L

@W(l)
=

@L
@x(l)

· @f
(l)(x(l�1),W(l))

@W(l)
<latexit sha1_base64="YOiRkqf83CDxvkPGjiLh1M45Ggk="></latexit><latexit sha1_base64="YOiRkqf83CDxvkPGjiLh1M45Ggk="></latexit><latexit sha1_base64="YOiRkqf83CDxvkPGjiLh1M45Ggk="></latexit><latexit sha1_base64="YOiRkqf83CDxvkPGjiLh1M45Ggk="></latexit>

Hidden layer   

Forward 
pass

Backward 
pass

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

@L
@x(l)

<latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit>

@L
@x(l�1)

<latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit><latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit><latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit><latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

f (l)(x(l�1),W(l))
<latexit sha1_base64="Hs0P0ct9Lv3qQHE8mLb4LAbtT7E="></latexit><latexit sha1_base64="Hs0P0ct9Lv3qQHE8mLb4LAbtT7E="></latexit><latexit sha1_base64="Hs0P0ct9Lv3qQHE8mLb4LAbtT7E="></latexit><latexit sha1_base64="Hs0P0ct9Lv3qQHE8mLb4LAbtT7E="></latexit>

f (l�1)
<latexit sha1_base64="dhc8O2oSc/QYSeeEbU6FH1W1AmI="></latexit><latexit sha1_base64="dhc8O2oSc/QYSeeEbU6FH1W1AmI="></latexit><latexit sha1_base64="dhc8O2oSc/QYSeeEbU6FH1W1AmI="></latexit><latexit sha1_base64="dhc8O2oSc/QYSeeEbU6FH1W1AmI="></latexit>

f (l+1)
<latexit sha1_base64="ygRrIfB77tfe56+91e3nunjQqOA="></latexit><latexit sha1_base64="ygRrIfB77tfe56+91e3nunjQqOA="></latexit><latexit sha1_base64="ygRrIfB77tfe56+91e3nunjQqOA="></latexit><latexit sha1_base64="ygRrIfB77tfe56+91e3nunjQqOA="></latexit>

(sum over all training 
examples to get J)

Source: Freeman, Torralba, Isola



Backpropagation Summary

…
…

(output)

(input)

• Forward pass: for each training example, 
compute the outputs for all layers: 

• Backwards pass: compute loss 
derivatives iteratively from top to bottom: 

• Compute gradients w.r.t. weights, and 
update weights: 

x(l) = f (l)(x(l�1),W(l))
<latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit><latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit><latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit><latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit>

@L
@x(l�1)

=
@L
@x(l)

· @f
(l)(x(l�1),W(l))

@x(l�1)
<latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit><latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit><latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit><latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit>

@L
@W(l)

=
@L
@x(l)

· @f
(l)(x(l�1),W(l))

@W(l)
<latexit sha1_base64="YOiRkqf83CDxvkPGjiLh1M45Ggk="></latexit><latexit sha1_base64="YOiRkqf83CDxvkPGjiLh1M45Ggk="></latexit><latexit sha1_base64="YOiRkqf83CDxvkPGjiLh1M45Ggk="></latexit><latexit sha1_base64="YOiRkqf83CDxvkPGjiLh1M45Ggk="></latexit>

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

x(0)
<latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>

L(x(L),y)
<latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit>

x(1)
<latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

x(L�1)
<latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit>

x(2)
<latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

f (1)(x(0),W(1))
<latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit>

f (2)(x(1),W(2))
<latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit>

f (l)(x(l�1),W(l))
<latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit>

f (L)(x(L�1),W(L))
<latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit>

…
…

@L
@x(1)

<latexit sha1_base64="QxJffuURA1ApnXw7xhG4eufQb60="></latexit><latexit sha1_base64="QxJffuURA1ApnXw7xhG4eufQb60="></latexit><latexit sha1_base64="QxJffuURA1ApnXw7xhG4eufQb60="></latexit><latexit sha1_base64="QxJffuURA1ApnXw7xhG4eufQb60="></latexit>

@L
@x(L)

<latexit sha1_base64="KIL25luPFChvnFoMnmY/RSobh2Y="></latexit><latexit sha1_base64="KIL25luPFChvnFoMnmY/RSobh2Y="></latexit><latexit sha1_base64="KIL25luPFChvnFoMnmY/RSobh2Y="></latexit><latexit sha1_base64="KIL25luPFChvnFoMnmY/RSobh2Y="></latexit>

@L
@x(2)

<latexit sha1_base64="a3hWMdoZ7y/G00XJhmMXvojTbMM="></latexit><latexit sha1_base64="a3hWMdoZ7y/G00XJhmMXvojTbMM="></latexit><latexit sha1_base64="a3hWMdoZ7y/G00XJhmMXvojTbMM="></latexit><latexit sha1_base64="a3hWMdoZ7y/G00XJhmMXvojTbMM="></latexit>

@L
@x(l�1)

<latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit><latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit><latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit><latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit>

@L
@x(l)

<latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit>

@L
@x(L�1)

<latexit sha1_base64="x5P106bZ+CBoPbEr38rrUvQcpV0="></latexit><latexit sha1_base64="x5P106bZ+CBoPbEr38rrUvQcpV0="></latexit><latexit sha1_base64="x5P106bZ+CBoPbEr38rrUvQcpV0="></latexit><latexit sha1_base64="x5P106bZ+CBoPbEr38rrUvQcpV0="></latexit>

Source: Freeman, Torralba, Isola



Linear Module

With W being a  
matrix of size  
|xout|×|xin|

• Forward propagation: xout = f(xin,W) = Wxin
<latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

f(xin,W)
<latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

• Backprop to input: 
@L
@xin

=
@L

@xout
· @f(xin,W)

@xin
=

@L
@xout

· @xout

@xin
<latexit sha1_base64="Tvb4TIMXBUfoy5rvrcf6k6LMBSM="></latexit><latexit sha1_base64="Tvb4TIMXBUfoy5rvrcf6k6LMBSM="></latexit><latexit sha1_base64="Tvb4TIMXBUfoy5rvrcf6k6LMBSM="></latexit><latexit sha1_base64="Tvb4TIMXBUfoy5rvrcf6k6LMBSM="></latexit>

If we look at the j component of output xout, with respect to the i component of the input, xin:
@xouti

@xinj

= Wij
<latexit sha1_base64="5Lcd3D42kFKRzmuHSReW/gEJnIs="></latexit><latexit sha1_base64="5Lcd3D42kFKRzmuHSReW/gEJnIs="></latexit><latexit sha1_base64="5Lcd3D42kFKRzmuHSReW/gEJnIs="></latexit><latexit sha1_base64="5Lcd3D42kFKRzmuHSReW/gEJnIs="></latexit>

@f(xin,W)

@xin
= W

<latexit sha1_base64="1TikNKCAqeplvOQbMVcTlFpOlzc="></latexit><latexit sha1_base64="1TikNKCAqeplvOQbMVcTlFpOlzc="></latexit><latexit sha1_base64="1TikNKCAqeplvOQbMVcTlFpOlzc="></latexit><latexit sha1_base64="1TikNKCAqeplvOQbMVcTlFpOlzc="></latexit>

Therefore:
@L
@xin

=
@L

@xout
·W

<latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit>

Source: Freeman, 
Torralba, Isola



• Backprop to input: 

Now let’s see how we use the set of outputs to compute the  
weights update equation (backprop to the weights).

Linear Module

@L
@xin

=
@L

@xout
·W

<latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit>

• Forward propagation: xout = f(xin,W) = Wxin
<latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

f(xin,W)
<latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

Source: Freeman, Torralba, Isola



• Backprop to weights: 

If we look at how the parameter Wij changes the cost, only the i component 
of the output will change, therefore:

Linear Module
• Forward propagation: xout = f(xin,W) = Wxin

<latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

f(xin,W)
<latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

@L
@W

=
@L

@xout
· @f(xin,W)

@W
=

@L
@xout

· @xout

@W
<latexit sha1_base64="rOuYlNm6NXS5aummyKr4uammWXE="></latexit><latexit sha1_base64="rOuYlNm6NXS5aummyKr4uammWXE="></latexit><latexit sha1_base64="rOuYlNm6NXS5aummyKr4uammWXE="></latexit><latexit sha1_base64="rOuYlNm6NXS5aummyKr4uammWXE="></latexit>

@L
@Wij

=
@L

@xouti

· @xouti

@Wij
<latexit sha1_base64="qNJtryCII4yRQlxFnZkmTz79MjU="></latexit><latexit sha1_base64="qNJtryCII4yRQlxFnZkmTz79MjU="></latexit><latexit sha1_base64="qNJtryCII4yRQlxFnZkmTz79MjU="></latexit><latexit sha1_base64="qNJtryCII4yRQlxFnZkmTz79MjU="></latexit>

=
@L

@xouti

· xinj
<latexit sha1_base64="9H2GUje2RMobc8AAUCC/RgGjxik="></latexit><latexit sha1_base64="9H2GUje2RMobc8AAUCC/RgGjxik="></latexit><latexit sha1_base64="9H2GUje2RMobc8AAUCC/RgGjxik="></latexit><latexit sha1_base64="9H2GUje2RMobc8AAUCC/RgGjxik="></latexit>

@xouti

@Wij
= xinj

<latexit sha1_base64="BRZvPbdAXB/w97q3RX4F9bti4BM="></latexit><latexit sha1_base64="BRZvPbdAXB/w97q3RX4F9bti4BM="></latexit><latexit sha1_base64="BRZvPbdAXB/w97q3RX4F9bti4BM="></latexit><latexit sha1_base64="BRZvPbdAXB/w97q3RX4F9bti4BM="></latexit>

@L
@W

= xin ·
@L

@xout
<latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit>

And now we can update the weights (by summing over all the training examples):

Source: Freeman, Torralba, Isola

(sum over all training 
examples to get J)Wk+1  Wk + ⌘

✓
@J

@W

◆T

<latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit>



Linear Module

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

@L
@W

= xin ·
@L

@xout
<latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit>

xout = Wxin
<latexit sha1_base64="1QtGRMyng5UWLcEiM2GZWspXofI="></latexit><latexit sha1_base64="1QtGRMyng5UWLcEiM2GZWspXofI="></latexit><latexit sha1_base64="1QtGRMyng5UWLcEiM2GZWspXofI="></latexit><latexit sha1_base64="1QtGRMyng5UWLcEiM2GZWspXofI="></latexit>

@L
@xin

=
@L

@xout
·W

<latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

Sum over N training pairs

J =
NX

i=1

L(xi,yi)
<latexit sha1_base64="Jx43dOJWTxnu04UAGXgZZ8tXGdE="></latexit><latexit sha1_base64="Jx43dOJWTxnu04UAGXgZZ8tXGdE="></latexit><latexit sha1_base64="Jx43dOJWTxnu04UAGXgZZ8tXGdE="></latexit><latexit sha1_base64="Jx43dOJWTxnu04UAGXgZZ8tXGdE="></latexit>

@J

@W
=

NX

i=1

xin ·
@L

@xout

����
xi,yi

<latexit sha1_base64="RskjJqJ9UkLuAWdI0nfVex9+izg="></latexit><latexit sha1_base64="RskjJqJ9UkLuAWdI0nfVex9+izg="></latexit><latexit sha1_base64="RskjJqJ9UkLuAWdI0nfVex9+izg="></latexit><latexit sha1_base64="RskjJqJ9UkLuAWdI0nfVex9+izg="></latexit>

Source: Freeman, Torralba, Isola

Wk+1  Wk + ⌘

✓
@J

@W

◆T

<latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit>



Pointwise function
• Forward propagation: 

We use this last expression to update the bias.

Some useful derivatives:

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

f(xin,W)
<latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

h = an arbitrary function, bi is a bias term.

xouti = h(xini + bi)
<latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit>

@L
@xini

=
@L

@xouti

· @xouti

@xini

=
@L

@xouti

· h0(xini + bi)
<latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit><latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit><latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit><latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit>

For hyperbolic tangent: tanh0(x) = 1� tanh2(x)
<latexit sha1_base64="cKao85TopgMirMJ95CkdK7eEQFU="></latexit><latexit sha1_base64="cKao85TopgMirMJ95CkdK7eEQFU="></latexit><latexit sha1_base64="cKao85TopgMirMJ95CkdK7eEQFU="></latexit><latexit sha1_base64="cKao85TopgMirMJ95CkdK7eEQFU="></latexit>

For ReLU: h(x) = max(0, x), h0(x) = (x � 0)
<latexit sha1_base64="gE33VMlpsabwgI7LA4/bZ3dLe9g="></latexit><latexit sha1_base64="gE33VMlpsabwgI7LA4/bZ3dLe9g="></latexit><latexit sha1_base64="gE33VMlpsabwgI7LA4/bZ3dLe9g="></latexit><latexit sha1_base64="gE33VMlpsabwgI7LA4/bZ3dLe9g="></latexit>

@L
@bi

=
@L

@xouti

· @xouti

@bi
=

@L
@xouti

· h0(xini + bi)
<latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit><latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit><latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit><latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit>

• Backprop to input: @L
@xini

=
@L

@xouti

· @xouti

@xini

=
@L

@xouti

· h0(xini + bi)
<latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit><latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit><latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit><latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit>

• Backprop to bias: 
@L
@bi

=
@L

@xouti

· @xouti

@bi
=

@L
@xouti

· h0(xini + bi)
<latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit><latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit><latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit><latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit>

Source: Freeman, Torralba, Isola



Pointwise function

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

xouti = h(xini + bi)
<latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit>

@L
@xini

=
@L

@xouti

· h0(xini + bi)
<latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit><latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit><latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit><latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit>

@L
@bi

=
@L

@xouti

· h0(xini + bi)
<latexit sha1_base64="WI4V36ShK4yTTLYbvLKkj6eathw="></latexit><latexit sha1_base64="WI4V36ShK4yTTLYbvLKkj6eathw="></latexit><latexit sha1_base64="WI4V36ShK4yTTLYbvLKkj6eathw="></latexit><latexit sha1_base64="WI4V36ShK4yTTLYbvLKkj6eathw="></latexit>

Source: Freeman, Torralba, Isola

Bias updates:

bk+1
i  bki + ⌘

@J

@bi
<latexit sha1_base64="lFlBkT3tYxB2JmlbFZOa2sc8Ztg="></latexit><latexit sha1_base64="lFlBkT3tYxB2JmlbFZOa2sc8Ztg="></latexit><latexit sha1_base64="lFlBkT3tYxB2JmlbFZOa2sc8Ztg="></latexit><latexit sha1_base64="lFlBkT3tYxB2JmlbFZOa2sc8Ztg="></latexit>



Euclidean cost module

L =
1

2
kxin � yk22

<latexit sha1_base64="0WF6zAZD/q19txYKbHZcBIXV60Q="></latexit><latexit sha1_base64="0WF6zAZD/q19txYKbHZcBIXV60Q="></latexit><latexit sha1_base64="0WF6zAZD/q19txYKbHZcBIXV60Q="></latexit><latexit sha1_base64="0WF6zAZD/q19txYKbHZcBIXV60Q="></latexit>

@L
@xin

= xin � y
<latexit sha1_base64="oNw5fLtvArnUqEExU9fsdl2rmzE="></latexit><latexit sha1_base64="oNw5fLtvArnUqEExU9fsdl2rmzE="></latexit><latexit sha1_base64="oNw5fLtvArnUqEExU9fsdl2rmzE="></latexit><latexit sha1_base64="oNw5fLtvArnUqEExU9fsdl2rmzE="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

L
<latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit><latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit><latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit><latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

@L
@L = 1

<latexit sha1_base64="CzMYPxo6ivRQeXsHY7xeeibS6zY="></latexit><latexit sha1_base64="CzMYPxo6ivRQeXsHY7xeeibS6zY="></latexit><latexit sha1_base64="CzMYPxo6ivRQeXsHY7xeeibS6zY="></latexit><latexit sha1_base64="CzMYPxo6ivRQeXsHY7xeeibS6zY="></latexit>

Source: Freeman, Torralba, Isola



Unit visualization via backprop

…

dolphin
cat
grizzly bear
angel fish
chameleon

iguana
elephant

clown fish

x(0)
<latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit>

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

@x(L)
j

@x(0)
<latexit sha1_base64="8GS6yytpHMNL3oOnjitHg/cVkEc="></latexit><latexit sha1_base64="8GS6yytpHMNL3oOnjitHg/cVkEc="></latexit><latexit sha1_base64="8GS6yytpHMNL3oOnjitHg/cVkEc="></latexit><latexit sha1_base64="8GS6yytpHMNL3oOnjitHg/cVkEc="></latexit>

=
@x(L)

j

@x(L�1)
· @x

(L�1)

@x(L�2)
· · · @x

(2)

@x(1)
· @x

(1)

@x(0)
<latexit sha1_base64="aaM9zx2ck1bE2Nmi6ckfefbYWFE="></latexit><latexit sha1_base64="aaM9zx2ck1bE2Nmi6ckfefbYWFE="></latexit><latexit sha1_base64="aaM9zx2ck1bE2Nmi6ckfefbYWFE="></latexit><latexit sha1_base64="aaM9zx2ck1bE2Nmi6ckfefbYWFE="></latexit>

How much the “chameleon” score is increased or decreased by 
changing the image pixels.

Source: Freeman, Torralba, Isola



Unit visualization via backprop

Make an image that maximizes the “cat”  
output neuron:

[https://distill.pub/2017/feature-visualization/]

Source: Freeman, Torralba, Isola

argmax
x(0)

x(L)
j + �R(x(0))

<latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit><latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit><latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit><latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit>

x(0)k+1

 x(0)k + ⌘
@(x(L)

j + �R(x(0)))

@x(0)
<latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit><latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit><latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit><latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit>



Unit visualization via backprop

[https://distill.pub/2017/feature-visualization/]

Make an image that maximizes the 
value of a random neuron in the middle 

of the network:
argmax

x(0)

x(L)
j + �R(x(0))

<latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit><latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit><latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit><latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit>

x(0)k+1

 x(0)k + ⌘
@(x(L)

j + �R(x(0)))

@x(0)
<latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit><latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit><latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit><latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit>

Source: Freeman, Torralba, Isola



Backpropagation example
node 1

node 2

node 3

node 4

node 5

w13=1

0.2

-3

1

1

-1

input output

tanh

tanh

linear

Learning rate η = 0.2 (because we used positive increments)
Euclidean loss

Exercise: run one iteration of back propagation

Training data: desired output
node 1 node 2 node 5

input

1.0 0.1 0.5

Source: Freeman, Torralba, Isola



Backpropagation example
node 1

node 2

node 3

node 4

node 5

w13=1.02

0.17

-3.0

1.0

1.02

-0.99

input output

tanh

tanh

linear

After one iteration (rounding to two digits)

Source: Freeman, Torralba, Isola



Step by step solution

Source: Freeman, Torralba, Isola



First, let’s rewrite the network using the modular block notation:

W0x0
<latexit sha1_base64="nwmO/d+Rd5W0H5SNhy8LYsbPylU=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQ5hMJ+3QySTMTMQSiht/xY0LRdz6Fe78GydtBG09MHDuOfcy954g4Uxpx/mySkvLK6tr5fXKxubW9o69u9dScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6yv32HZWKxeJWjxPqRXggWMgI1kby7YNehPUwCLP2xHfQT3FvCt+uOjVnCrRI3IJUoUDDtz97/ZikERWacKxU13US7WVYakY4nVR6qaIJJiM8oF1DBY6o8rLpCRN0bJQ+CmNpntBoqv6eyHCk1DgKTGe+o5r3cvE/r5vq8MLLmEhSTQWZfRSmHOkY5XmgPpOUaD42BBPJzK6IDLHERJvUKiYEd/7kRdI6rblOzb05q9YvizjKcAhHcAIunEMdrqEBTSDwAE/wAq/Wo/VsvVnvs9aSVczswx9YH98hwpc+</latexit><latexit sha1_base64="nwmO/d+Rd5W0H5SNhy8LYsbPylU=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQ5hMJ+3QySTMTMQSiht/xY0LRdz6Fe78GydtBG09MHDuOfcy954g4Uxpx/mySkvLK6tr5fXKxubW9o69u9dScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6yv32HZWKxeJWjxPqRXggWMgI1kby7YNehPUwCLP2xHfQT3FvCt+uOjVnCrRI3IJUoUDDtz97/ZikERWacKxU13US7WVYakY4nVR6qaIJJiM8oF1DBY6o8rLpCRN0bJQ+CmNpntBoqv6eyHCk1DgKTGe+o5r3cvE/r5vq8MLLmEhSTQWZfRSmHOkY5XmgPpOUaD42BBPJzK6IDLHERJvUKiYEd/7kRdI6rblOzb05q9YvizjKcAhHcAIunEMdrqEBTSDwAE/wAq/Wo/VsvVnvs9aSVczswx9YH98hwpc+</latexit><latexit sha1_base64="nwmO/d+Rd5W0H5SNhy8LYsbPylU=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQ5hMJ+3QySTMTMQSiht/xY0LRdz6Fe78GydtBG09MHDuOfcy954g4Uxpx/mySkvLK6tr5fXKxubW9o69u9dScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6yv32HZWKxeJWjxPqRXggWMgI1kby7YNehPUwCLP2xHfQT3FvCt+uOjVnCrRI3IJUoUDDtz97/ZikERWacKxU13US7WVYakY4nVR6qaIJJiM8oF1DBY6o8rLpCRN0bJQ+CmNpntBoqv6eyHCk1DgKTGe+o5r3cvE/r5vq8MLLmEhSTQWZfRSmHOkY5XmgPpOUaD42BBPJzK6IDLHERJvUKiYEd/7kRdI6rblOzb05q9YvizjKcAhHcAIunEMdrqEBTSDwAE/wAq/Wo/VsvVnvs9aSVczswx9YH98hwpc+</latexit><latexit sha1_base64="nwmO/d+Rd5W0H5SNhy8LYsbPylU=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQ5hMJ+3QySTMTMQSiht/xY0LRdz6Fe78GydtBG09MHDuOfcy954g4Uxpx/mySkvLK6tr5fXKxubW9o69u9dScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6yv32HZWKxeJWjxPqRXggWMgI1kby7YNehPUwCLP2xHfQT3FvCt+uOjVnCrRI3IJUoUDDtz97/ZikERWacKxU13US7WVYakY4nVR6qaIJJiM8oF1DBY6o8rLpCRN0bJQ+CmNpntBoqv6eyHCk1DgKTGe+o5r3cvE/r5vq8MLLmEhSTQWZfRSmHOkY5XmgPpOUaD42BBPJzK6IDLHERJvUKiYEd/7kRdI6rblOzb05q9YvizjKcAhHcAIunEMdrqEBTSDwAE/wAq/Wo/VsvVnvs9aSVczswx9YH98hwpc+</latexit>

x0
<latexit sha1_base64="1o0INi8kmZtFgGT6KAB7vqHI5Bo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G7qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ayjckb8=</latexit><latexit sha1_base64="1o0INi8kmZtFgGT6KAB7vqHI5Bo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G7qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ayjckb8=</latexit><latexit sha1_base64="1o0INi8kmZtFgGT6KAB7vqHI5Bo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G7qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ayjckb8=</latexit><latexit sha1_base64="1o0INi8kmZtFgGT6KAB7vqHI5Bo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G7qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ayjckb8=</latexit>

x1
<latexit sha1_base64="2HhTHyaEJkkJenBTAOB/h38YNco=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AypgkcA=</latexit><latexit sha1_base64="2HhTHyaEJkkJenBTAOB/h38YNco=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AypgkcA=</latexit><latexit sha1_base64="2HhTHyaEJkkJenBTAOB/h38YNco=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AypgkcA=</latexit><latexit sha1_base64="2HhTHyaEJkkJenBTAOB/h38YNco=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AypgkcA=</latexit>

x2
<latexit sha1_base64="/xhoKoWR751dxO/nYLz15N6jlLs=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQIuiy6cVnBPqApZTK9aYdOJmFmIpbQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OIyrNY/lgpgn2IzqSPOSMGiv5fkTNOAizp9mgPqhU3Zo7B1klXkGqUKA5qHz5w5ilEUrDBNW657mJ6WdUGc4Ezsp+qjGhbEJH2LNU0gh1P5tnnpFzqwxJGCv7pCFz9fdGRiOtp1FgJ/OMetnLxf+8XmrC637GZZIalGxxKEwFMTHJCyBDrpAZMbWEMsVtVsLGVFFmbE1lW4K3/OVV0q7XPLfm3V9WGzdFHSU4hTO4AA+uoAF30IQWMEjgGV7hzUmdF+fd+ViMrjnFzgn8gfP5AyvkkcE=</latexit><latexit sha1_base64="/xhoKoWR751dxO/nYLz15N6jlLs=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQIuiy6cVnBPqApZTK9aYdOJmFmIpbQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OIyrNY/lgpgn2IzqSPOSMGiv5fkTNOAizp9mgPqhU3Zo7B1klXkGqUKA5qHz5w5ilEUrDBNW657mJ6WdUGc4Ezsp+qjGhbEJH2LNU0gh1P5tnnpFzqwxJGCv7pCFz9fdGRiOtp1FgJ/OMetnLxf+8XmrC637GZZIalGxxKEwFMTHJCyBDrpAZMbWEMsVtVsLGVFFmbE1lW4K3/OVV0q7XPLfm3V9WGzdFHSU4hTO4AA+uoAF30IQWMEjgGV7hzUmdF+fd+ViMrjnFzgn8gfP5AyvkkcE=</latexit><latexit sha1_base64="/xhoKoWR751dxO/nYLz15N6jlLs=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQIuiy6cVnBPqApZTK9aYdOJmFmIpbQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OIyrNY/lgpgn2IzqSPOSMGiv5fkTNOAizp9mgPqhU3Zo7B1klXkGqUKA5qHz5w5ilEUrDBNW657mJ6WdUGc4Ezsp+qjGhbEJH2LNU0gh1P5tnnpFzqwxJGCv7pCFz9fdGRiOtp1FgJ/OMetnLxf+8XmrC637GZZIalGxxKEwFMTHJCyBDrpAZMbWEMsVtVsLGVFFmbE1lW4K3/OVV0q7XPLfm3V9WGzdFHSU4hTO4AA+uoAF30IQWMEjgGV7hzUmdF+fd+ViMrjnFzgn8gfP5AyvkkcE=</latexit><latexit sha1_base64="/xhoKoWR751dxO/nYLz15N6jlLs=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQIuiy6cVnBPqApZTK9aYdOJmFmIpbQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OIyrNY/lgpgn2IzqSPOSMGiv5fkTNOAizp9mgPqhU3Zo7B1klXkGqUKA5qHz5w5ilEUrDBNW657mJ6WdUGc4Ezsp+qjGhbEJH2LNU0gh1P5tnnpFzqwxJGCv7pCFz9fdGRiOtp1FgJ/OMetnLxf+8XmrC637GZZIalGxxKEwFMTHJCyBDrpAZMbWEMsVtVsLGVFFmbE1lW4K3/OVV0q7XPLfm3V9WGzdFHSU4hTO4AA+uoAF30IQWMEjgGV7hzUmdF+fd+ViMrjnFzgn8gfP5AyvkkcE=</latexit>

x3
<latexit sha1_base64="7sikxe2TJ1ePgYWw26lqNsE8Uck=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU375/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPy1okcI=</latexit><latexit sha1_base64="7sikxe2TJ1ePgYWw26lqNsE8Uck=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU375/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPy1okcI=</latexit><latexit sha1_base64="7sikxe2TJ1ePgYWw26lqNsE8Uck=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU375/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPy1okcI=</latexit><latexit sha1_base64="7sikxe2TJ1ePgYWw26lqNsE8Uck=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU375/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPy1okcI=</latexit>W1x2

<latexit sha1_base64="6V3Eqv+I9+1d0y1roVDQwUW6Sp0=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJiqDLohuXFewF2hIm00k7dDIJMxOxhLjxVdy4UMStb+HOt3HSRtDWHwY+/nMOc87vx5wp7Thf1tLyyuraemmjvLm1vbNr7+23VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr/J6+45KxSJxqycx7Yd4KFjACNbG8uzDXoj1yA/Sdua5P3yfeTXPrjhVZyq0CG4BFSjU8OzP3iAiSUiFJhwr1XWdWPdTLDUjnGblXqJojMkYD2nXoMAhVf10ekGGTowzQEEkzRMaTd3fEykOlZqEvunMd1Tztdz8r9ZNdHDRT5mIE00FmX0UJBzpCOVxoAGTlGg+MYCJZGZXREZYYqJNaGUTgjt/8iK0alXXqbo3Z5X6ZRFHCY7gGE7BhXOowzU0oAkEHuAJXuDVerSerTfrfda6ZBUzB/BH1sc3ym6XFw==</latexit><latexit sha1_base64="6V3Eqv+I9+1d0y1roVDQwUW6Sp0=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJiqDLohuXFewF2hIm00k7dDIJMxOxhLjxVdy4UMStb+HOt3HSRtDWHwY+/nMOc87vx5wp7Thf1tLyyuraemmjvLm1vbNr7+23VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr/J6+45KxSJxqycx7Yd4KFjACNbG8uzDXoj1yA/Sdua5P3yfeTXPrjhVZyq0CG4BFSjU8OzP3iAiSUiFJhwr1XWdWPdTLDUjnGblXqJojMkYD2nXoMAhVf10ekGGTowzQEEkzRMaTd3fEykOlZqEvunMd1Tztdz8r9ZNdHDRT5mIE00FmX0UJBzpCOVxoAGTlGg+MYCJZGZXREZYYqJNaGUTgjt/8iK0alXXqbo3Z5X6ZRFHCY7gGE7BhXOowzU0oAkEHuAJXuDVerSerTfrfda6ZBUzB/BH1sc3ym6XFw==</latexit><latexit sha1_base64="6V3Eqv+I9+1d0y1roVDQwUW6Sp0=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJiqDLohuXFewF2hIm00k7dDIJMxOxhLjxVdy4UMStb+HOt3HSRtDWHwY+/nMOc87vx5wp7Thf1tLyyuraemmjvLm1vbNr7+23VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr/J6+45KxSJxqycx7Yd4KFjACNbG8uzDXoj1yA/Sdua5P3yfeTXPrjhVZyq0CG4BFSjU8OzP3iAiSUiFJhwr1XWdWPdTLDUjnGblXqJojMkYD2nXoMAhVf10ekGGTowzQEEkzRMaTd3fEykOlZqEvunMd1Tztdz8r9ZNdHDRT5mIE00FmX0UJBzpCOVxoAGTlGg+MYCJZGZXREZYYqJNaGUTgjt/8iK0alXXqbo3Z5X6ZRFHCY7gGE7BhXOowzU0oAkEHuAJXuDVerSerTfrfda6ZBUzB/BH1sc3ym6XFw==</latexit><latexit sha1_base64="6V3Eqv+I9+1d0y1roVDQwUW6Sp0=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJiqDLohuXFewF2hIm00k7dDIJMxOxhLjxVdy4UMStb+HOt3HSRtDWHwY+/nMOc87vx5wp7Thf1tLyyuraemmjvLm1vbNr7+23VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr/J6+45KxSJxqycx7Yd4KFjACNbG8uzDXoj1yA/Sdua5P3yfeTXPrjhVZyq0CG4BFSjU8OzP3iAiSUiFJhwr1XWdWPdTLDUjnGblXqJojMkYD2nXoMAhVf10ekGGTowzQEEkzRMaTd3fEykOlZqEvunMd1Tztdz8r9ZNdHDRT5mIE00FmX0UJBzpCOVxoAGTlGg+MYCJZGZXREZYYqJNaGUTgjt/8iK0alXXqbo3Z5X6ZRFHCY7gGE7BhXOowzU0oAkEHuAJXuDVerSerTfrfda6ZBUzB/BH1sc3ym6XFw==</latexit>

tanh(x1)
<latexit sha1_base64="YCb5iZlW0Pu2lKFYJKJqvi7cDQo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBItQNyURQZdFNy4r2Ac0IUymk3boZBJmJmII9VfcuFDErR/izr9x0mahrQcGDufcyz1zgoRRqWz726isrW9sblW3azu7e/sH5uFRT8apwKSLYxaLQYAkYZSTrqKKkUEiCIoCRvrB9Kbw+w9ESBrze5UlxIvQmNOQYqS05Jt1VyE+aboRUpMgzB9nvnPmmw27Zc9hrRKnJA0o0fHNL3cU4zQiXGGGpBw6dqK8HAlFMSOzmptKkiA8RWMy1JSjiEgvn4efWadaGVlhLPTjypqrvzdyFEmZRYGeLELKZa8Q//OGqQqvvJzyJFWE48WhMGWWiq2iCWtEBcGKZZogLKjOauEJEggr3VdNl+Asf3mV9M5bjt1y7i4a7euyjiocwwk0wYFLaMMtdKALGDJ4hld4M56MF+Pd+FiMVoxypw5/YHz+AFpwlI8=</latexit><latexit sha1_base64="YCb5iZlW0Pu2lKFYJKJqvi7cDQo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBItQNyURQZdFNy4r2Ac0IUymk3boZBJmJmII9VfcuFDErR/izr9x0mahrQcGDufcyz1zgoRRqWz726isrW9sblW3azu7e/sH5uFRT8apwKSLYxaLQYAkYZSTrqKKkUEiCIoCRvrB9Kbw+w9ESBrze5UlxIvQmNOQYqS05Jt1VyE+aboRUpMgzB9nvnPmmw27Zc9hrRKnJA0o0fHNL3cU4zQiXGGGpBw6dqK8HAlFMSOzmptKkiA8RWMy1JSjiEgvn4efWadaGVlhLPTjypqrvzdyFEmZRYGeLELKZa8Q//OGqQqvvJzyJFWE48WhMGWWiq2iCWtEBcGKZZogLKjOauEJEggr3VdNl+Asf3mV9M5bjt1y7i4a7euyjiocwwk0wYFLaMMtdKALGDJ4hld4M56MF+Pd+FiMVoxypw5/YHz+AFpwlI8=</latexit><latexit sha1_base64="YCb5iZlW0Pu2lKFYJKJqvi7cDQo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBItQNyURQZdFNy4r2Ac0IUymk3boZBJmJmII9VfcuFDErR/izr9x0mahrQcGDufcyz1zgoRRqWz726isrW9sblW3azu7e/sH5uFRT8apwKSLYxaLQYAkYZSTrqKKkUEiCIoCRvrB9Kbw+w9ESBrze5UlxIvQmNOQYqS05Jt1VyE+aboRUpMgzB9nvnPmmw27Zc9hrRKnJA0o0fHNL3cU4zQiXGGGpBw6dqK8HAlFMSOzmptKkiA8RWMy1JSjiEgvn4efWadaGVlhLPTjypqrvzdyFEmZRYGeLELKZa8Q//OGqQqvvJzyJFWE48WhMGWWiq2iCWtEBcGKZZogLKjOauEJEggr3VdNl+Asf3mV9M5bjt1y7i4a7euyjiocwwk0wYFLaMMtdKALGDJ4hld4M56MF+Pd+FiMVoxypw5/YHz+AFpwlI8=</latexit><latexit sha1_base64="YCb5iZlW0Pu2lKFYJKJqvi7cDQo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBItQNyURQZdFNy4r2Ac0IUymk3boZBJmJmII9VfcuFDErR/izr9x0mahrQcGDufcyz1zgoRRqWz726isrW9sblW3azu7e/sH5uFRT8apwKSLYxaLQYAkYZSTrqKKkUEiCIoCRvrB9Kbw+w9ESBrze5UlxIvQmNOQYqS05Jt1VyE+aboRUpMgzB9nvnPmmw27Zc9hrRKnJA0o0fHNL3cU4zQiXGGGpBw6dqK8HAlFMSOzmptKkiA8RWMy1JSjiEgvn4efWadaGVlhLPTjypqrvzdyFEmZRYGeLELKZa8Q//OGqQqvvJzyJFWE48WhMGWWiq2iCWtEBcGKZZogLKjOauEJEggr3VdNl+Asf3mV9M5bjt1y7i4a7euyjiocwwk0wYFLaMMtdKALGDJ4hld4M56MF+Pd+FiMVoxypw5/YHz+AFpwlI8=</latexit>

1

2
kx2 � yk22

<latexit sha1_base64="NixnQWKBsu/NT4mdREzVKFvg+sY="></latexit><latexit sha1_base64="NixnQWKBsu/NT4mdREzVKFvg+sY="></latexit><latexit sha1_base64="NixnQWKBsu/NT4mdREzVKFvg+sY="></latexit><latexit sha1_base64="NixnQWKBsu/NT4mdREzVKFvg+sY="></latexit>

y
<latexit sha1_base64="8hiwHZkbjf7hfR4LWdaV9YU8PQ4=">AAACPnicbZDLSgMxFIaTeqv11urSzWBRXJUZEXRZdOOyir1AZyiZTKYNTTJDktEOw7yBW30eX8MXcCduXZpeoLb1QODn/87hnPx+zKjStv0BC2vrG5tbxe3Szu7e/kG5cthSUSIxaeKIRbLjI0UYFaSpqWakE0uCuM9I2x/ejnn7iUhFI/Go05h4HPUFDSlG2lgPbtorV+2aPSlrVTgzUQWzavQq8MwNIpxwIjRmSKmuY8fay5DUFDOSl9xEkRjhIeqTrpECcaK8bHJqbp0aJ7DCSJontDVx/05kiCuVct90cqQHapmNzf9YN9HhtZdRESeaCDxdFCbM0pE1/rcVUEmwZqkRCEtqbrXwAEmEtUmnVHIFecYR50gEmTvKM3e8wQ+zUZ4vsnTO0mXWnrN2nptkneUcV0XroubYNef+slq/mWVcBMfgBJwDB1yBOrgDDdAEGITgBbyCN/gOP+EX/J62FuBs5ggsFPz5BU24sNU=</latexit><latexit sha1_base64="8hiwHZkbjf7hfR4LWdaV9YU8PQ4=">AAACPnicbZDLSgMxFIaTeqv11urSzWBRXJUZEXRZdOOyir1AZyiZTKYNTTJDktEOw7yBW30eX8MXcCduXZpeoLb1QODn/87hnPx+zKjStv0BC2vrG5tbxe3Szu7e/kG5cthSUSIxaeKIRbLjI0UYFaSpqWakE0uCuM9I2x/ejnn7iUhFI/Go05h4HPUFDSlG2lgPbtorV+2aPSlrVTgzUQWzavQq8MwNIpxwIjRmSKmuY8fay5DUFDOSl9xEkRjhIeqTrpECcaK8bHJqbp0aJ7DCSJontDVx/05kiCuVct90cqQHapmNzf9YN9HhtZdRESeaCDxdFCbM0pE1/rcVUEmwZqkRCEtqbrXwAEmEtUmnVHIFecYR50gEmTvKM3e8wQ+zUZ4vsnTO0mXWnrN2nptkneUcV0XroubYNef+slq/mWVcBMfgBJwDB1yBOrgDDdAEGITgBbyCN/gOP+EX/J62FuBs5ggsFPz5BU24sNU=</latexit><latexit sha1_base64="8hiwHZkbjf7hfR4LWdaV9YU8PQ4=">AAACPnicbZDLSgMxFIaTeqv11urSzWBRXJUZEXRZdOOyir1AZyiZTKYNTTJDktEOw7yBW30eX8MXcCduXZpeoLb1QODn/87hnPx+zKjStv0BC2vrG5tbxe3Szu7e/kG5cthSUSIxaeKIRbLjI0UYFaSpqWakE0uCuM9I2x/ejnn7iUhFI/Go05h4HPUFDSlG2lgPbtorV+2aPSlrVTgzUQWzavQq8MwNIpxwIjRmSKmuY8fay5DUFDOSl9xEkRjhIeqTrpECcaK8bHJqbp0aJ7DCSJontDVx/05kiCuVct90cqQHapmNzf9YN9HhtZdRESeaCDxdFCbM0pE1/rcVUEmwZqkRCEtqbrXwAEmEtUmnVHIFecYR50gEmTvKM3e8wQ+zUZ4vsnTO0mXWnrN2nptkneUcV0XroubYNef+slq/mWVcBMfgBJwDB1yBOrgDDdAEGITgBbyCN/gOP+EX/J62FuBs5ggsFPz5BU24sNU=</latexit><latexit sha1_base64="8hiwHZkbjf7hfR4LWdaV9YU8PQ4=">AAACPnicbZDLSgMxFIaTeqv11urSzWBRXJUZEXRZdOOyir1AZyiZTKYNTTJDktEOw7yBW30eX8MXcCduXZpeoLb1QODn/87hnPx+zKjStv0BC2vrG5tbxe3Szu7e/kG5cthSUSIxaeKIRbLjI0UYFaSpqWakE0uCuM9I2x/ejnn7iUhFI/Go05h4HPUFDSlG2lgPbtorV+2aPSlrVTgzUQWzavQq8MwNIpxwIjRmSKmuY8fay5DUFDOSl9xEkRjhIeqTrpECcaK8bHJqbp0aJ7DCSJontDVx/05kiCuVct90cqQHapmNzf9YN9HhtZdRESeaCDxdFCbM0pE1/rcVUEmwZqkRCEtqbrXwAEmEtUmnVHIFecYR50gEmTvKM3e8wQ+zUZ4vsnTO0mXWnrN2nptkneUcV0XroubYNef+slq/mWVcBMfgBJwDB1yBOrgDDdAEGITgBbyCN/gOP+EX/J62FuBs5ggsFPz5BU24sNU=</latexit>

L =
<latexit sha1_base64="5QG50wh26Scfr/cDEGqGqhpw45o="></latexit><latexit sha1_base64="5QG50wh26Scfr/cDEGqGqhpw45o="></latexit><latexit sha1_base64="5QG50wh26Scfr/cDEGqGqhpw45o="></latexit><latexit sha1_base64="5QG50wh26Scfr/cDEGqGqhpw45o="></latexit>

@L
@x3

<latexit sha1_base64="u/fgAFxKntFgMwQtCdPVYxvAicI="></latexit><latexit sha1_base64="u/fgAFxKntFgMwQtCdPVYxvAicI="></latexit><latexit sha1_base64="u/fgAFxKntFgMwQtCdPVYxvAicI="></latexit><latexit sha1_base64="u/fgAFxKntFgMwQtCdPVYxvAicI="></latexit>

@L
@x2

<latexit sha1_base64="Rq7BPAzRt4+5tdi/6pFi5r42W6E="></latexit><latexit sha1_base64="Rq7BPAzRt4+5tdi/6pFi5r42W6E="></latexit><latexit sha1_base64="Rq7BPAzRt4+5tdi/6pFi5r42W6E="></latexit><latexit sha1_base64="Rq7BPAzRt4+5tdi/6pFi5r42W6E="></latexit>

@L
@x1

<latexit sha1_base64="tKhjduSG/onw/q7Lsz9G3vRYSjE="></latexit><latexit sha1_base64="tKhjduSG/onw/q7Lsz9G3vRYSjE="></latexit><latexit sha1_base64="tKhjduSG/onw/q7Lsz9G3vRYSjE="></latexit><latexit sha1_base64="tKhjduSG/onw/q7Lsz9G3vRYSjE="></latexit>

@W1x2

@x2
<latexit sha1_base64="ODFwF9MOGuFw+1tSKvO6jTgSJmI="></latexit><latexit sha1_base64="ODFwF9MOGuFw+1tSKvO6jTgSJmI="></latexit><latexit sha1_base64="ODFwF9MOGuFw+1tSKvO6jTgSJmI="></latexit><latexit sha1_base64="ODFwF9MOGuFw+1tSKvO6jTgSJmI="></latexit>

@W0x0

@x0
<latexit sha1_base64="kibKzgsqPph+CRVYC9XWRt4lkNs="></latexit><latexit sha1_base64="kibKzgsqPph+CRVYC9XWRt4lkNs="></latexit><latexit sha1_base64="kibKzgsqPph+CRVYC9XWRt4lkNs="></latexit><latexit sha1_base64="kibKzgsqPph+CRVYC9XWRt4lkNs="></latexit>

@W0x0

@W0
<latexit sha1_base64="/LUD+ZWwyky9pKo+bTHIPSBvNcU="></latexit><latexit sha1_base64="/LUD+ZWwyky9pKo+bTHIPSBvNcU="></latexit><latexit sha1_base64="/LUD+ZWwyky9pKo+bTHIPSBvNcU="></latexit><latexit sha1_base64="/LUD+ZWwyky9pKo+bTHIPSBvNcU="></latexit>

@ tanh(x1)

@x1
<latexit sha1_base64="Nya47tt/gIHpu+u3NdslHxsC9KI="></latexit><latexit sha1_base64="Nya47tt/gIHpu+u3NdslHxsC9KI="></latexit><latexit sha1_base64="Nya47tt/gIHpu+u3NdslHxsC9KI="></latexit><latexit sha1_base64="Nya47tt/gIHpu+u3NdslHxsC9KI="></latexit>

@L
@W0

<latexit sha1_base64="pJHSEwLMZZ5okSpIGpvOOOAva+w="></latexit><latexit sha1_base64="pJHSEwLMZZ5okSpIGpvOOOAva+w="></latexit><latexit sha1_base64="pJHSEwLMZZ5okSpIGpvOOOAva+w="></latexit><latexit sha1_base64="pJHSEwLMZZ5okSpIGpvOOOAva+w="></latexit>

@L
@W1

<latexit sha1_base64="0vCwuzzvEynFdmvnuK0viRzUf5M="></latexit><latexit sha1_base64="0vCwuzzvEynFdmvnuK0viRzUf5M="></latexit><latexit sha1_base64="0vCwuzzvEynFdmvnuK0viRzUf5M="></latexit><latexit sha1_base64="0vCwuzzvEynFdmvnuK0viRzUf5M="></latexit>

We need to compute all these terms simply so we can find the weight updates at the bottom.
Source: Freeman, Torralba, Isola



Our goal is to perform the following two updates:

Wk+1
0 = Wk

0 + ⌘

✓
@L
@W0

◆T

<latexit sha1_base64="g2i28Rawe1D2rypQ4XdzNPIXI8E="></latexit><latexit sha1_base64="g2i28Rawe1D2rypQ4XdzNPIXI8E="></latexit><latexit sha1_base64="g2i28Rawe1D2rypQ4XdzNPIXI8E="></latexit><latexit sha1_base64="g2i28Rawe1D2rypQ4XdzNPIXI8E="></latexit>

Wk+1
1 = Wk

1 + ⌘

✓
@L
@W1

◆T

<latexit sha1_base64="yScdYyGae4rU43nSo6N5/FS0ijE="></latexit><latexit sha1_base64="yScdYyGae4rU43nSo6N5/FS0ijE="></latexit><latexit sha1_base64="yScdYyGae4rU43nSo6N5/FS0ijE="></latexit><latexit sha1_base64="yScdYyGae4rU43nSo6N5/FS0ijE="></latexit>

where Wk are the weights at some iteration k of gradient descent given by the first slide:

Wk
0 =

✓
1 �3
0.2 1

◆

<latexit sha1_base64="9z6ZUKRXSrHQfQ8euV3WqRw7SqE="></latexit><latexit sha1_base64="9z6ZUKRXSrHQfQ8euV3WqRw7SqE="></latexit><latexit sha1_base64="9z6ZUKRXSrHQfQ8euV3WqRw7SqE="></latexit><latexit sha1_base64="9z6ZUKRXSrHQfQ8euV3WqRw7SqE="></latexit>

Wk
1 =

�
1 �1

�
<latexit sha1_base64="0b5OFmQR0df3dAS8zPtOMccHeoc="></latexit><latexit sha1_base64="0b5OFmQR0df3dAS8zPtOMccHeoc="></latexit><latexit sha1_base64="0b5OFmQR0df3dAS8zPtOMccHeoc="></latexit><latexit sha1_base64="0b5OFmQR0df3dAS8zPtOMccHeoc="></latexit>

Source: Freeman, Torralba, Isola



Now, by the chain rule, we can derive equations, working backwards, for each remaining 
term we need:

@L
@x2

=
@L
@x3

@x3

@x2
=

@L
@x3

W1
<latexit sha1_base64="tJWRgoucEc7juMh2P/ceCWYAic0="></latexit><latexit sha1_base64="tJWRgoucEc7juMh2P/ceCWYAic0="></latexit><latexit sha1_base64="tJWRgoucEc7juMh2P/ceCWYAic0="></latexit><latexit sha1_base64="tJWRgoucEc7juMh2P/ceCWYAic0="></latexit>

@L
@x1

=
@L
@x2

@x2

@x1
=

@L
@x2

@ tanh(x1)

@x1
=

@L
@x2

(1� tanh2(x1))
<latexit sha1_base64="C+YfJuhIHbpV6pekB39XO9CLXGY="></latexit><latexit sha1_base64="C+YfJuhIHbpV6pekB39XO9CLXGY="></latexit><latexit sha1_base64="C+YfJuhIHbpV6pekB39XO9CLXGY="></latexit><latexit sha1_base64="C+YfJuhIHbpV6pekB39XO9CLXGY="></latexit>

@L
@x3

= x3 � y
<latexit sha1_base64="gPaSA4o1Gm5Dm3QYI13EsaW2p9M="></latexit><latexit sha1_base64="gPaSA4o1Gm5Dm3QYI13EsaW2p9M="></latexit><latexit sha1_base64="gPaSA4o1Gm5Dm3QYI13EsaW2p9M="></latexit><latexit sha1_base64="gPaSA4o1Gm5Dm3QYI13EsaW2p9M="></latexit>

First we compute the derivative of the loss with respect to the output:

ending up with our two gradients needed for the weight update:

@L
@W1

=
@L
@x3

@x3

@W1
= x2

@L
@x3

<latexit sha1_base64="Kny5mbh4YzXGiEyGffWjkrHpsQM="></latexit><latexit sha1_base64="Kny5mbh4YzXGiEyGffWjkrHpsQM="></latexit><latexit sha1_base64="Kny5mbh4YzXGiEyGffWjkrHpsQM="></latexit><latexit sha1_base64="Kny5mbh4YzXGiEyGffWjkrHpsQM="></latexit>

@L
@W0

=
@L
@x1

@x1

@W0
= x0

@L
@x1

<latexit sha1_base64="Vg4+K+aGQtPoTczvlJMJ6iTKp3Y="></latexit><latexit sha1_base64="Vg4+K+aGQtPoTczvlJMJ6iTKp3Y="></latexit><latexit sha1_base64="Vg4+K+aGQtPoTczvlJMJ6iTKp3Y="></latexit><latexit sha1_base64="Vg4+K+aGQtPoTczvlJMJ6iTKp3Y="></latexit>

Source: Freeman, Torralba, Isola



Finally, we simply plug these values into our equations and compute the numerical updates:

The values for input vector x0 and target y are also given by the first slide:

x0 =

✓
1.0
0.1

◆

<latexit sha1_base64="7iE6hD/PJ5bREqH96UD50qaH7nc="></latexit><latexit sha1_base64="7iE6hD/PJ5bREqH96UD50qaH7nc="></latexit><latexit sha1_base64="7iE6hD/PJ5bREqH96UD50qaH7nc="></latexit><latexit sha1_base64="7iE6hD/PJ5bREqH96UD50qaH7nc="></latexit>

y = 0.5
<latexit sha1_base64="vnrHfmUgekqbIQJCziBuP/KR7TI="></latexit><latexit sha1_base64="vnrHfmUgekqbIQJCziBuP/KR7TI="></latexit><latexit sha1_base64="vnrHfmUgekqbIQJCziBuP/KR7TI="></latexit><latexit sha1_base64="vnrHfmUgekqbIQJCziBuP/KR7TI="></latexit>

x1 = W0x0 =

✓
1 �3
0.2 1

◆✓
1
0.1

◆
=

✓
0.7
0.3

◆

<latexit sha1_base64="/JSa+c+sUTIt1R4SdYaZyKaPwjs="></latexit><latexit sha1_base64="/JSa+c+sUTIt1R4SdYaZyKaPwjs="></latexit><latexit sha1_base64="/JSa+c+sUTIt1R4SdYaZyKaPwjs="></latexit><latexit sha1_base64="/JSa+c+sUTIt1R4SdYaZyKaPwjs="></latexit>

Forward pass:

x2 = tanh(x1) =

✓
0.604
0.291

◆

<latexit sha1_base64="RbBN30YFnQ/J1spznYEKcJlQTxY="></latexit><latexit sha1_base64="RbBN30YFnQ/J1spznYEKcJlQTxY="></latexit><latexit sha1_base64="RbBN30YFnQ/J1spznYEKcJlQTxY="></latexit><latexit sha1_base64="RbBN30YFnQ/J1spznYEKcJlQTxY="></latexit>

x3 = W1x2 =
�
1 �1

�✓0.604
0.291

◆
= 0.313

<latexit sha1_base64="ypaZXbg6o6WBAILaPJaSzuhvdCI="></latexit><latexit sha1_base64="ypaZXbg6o6WBAILaPJaSzuhvdCI="></latexit><latexit sha1_base64="ypaZXbg6o6WBAILaPJaSzuhvdCI="></latexit><latexit sha1_base64="ypaZXbg6o6WBAILaPJaSzuhvdCI="></latexit>

L =
1

2
(x3 � y)2 = 0.017

<latexit sha1_base64="+aAeY1nVs1NLdAPfLt6UehSOZxg="></latexit><latexit sha1_base64="+aAeY1nVs1NLdAPfLt6UehSOZxg="></latexit><latexit sha1_base64="+aAeY1nVs1NLdAPfLt6UehSOZxg="></latexit><latexit sha1_base64="+aAeY1nVs1NLdAPfLt6UehSOZxg="></latexit>

Source: Freeman, Torralba, Isola



Backward pass:

@L
@x3

= x3 � y = �0.1869
<latexit sha1_base64="d2eXTfp/iXuWh12/ZTP1a2JZio8="></latexit><latexit sha1_base64="d2eXTfp/iXuWh12/ZTP1a2JZio8="></latexit><latexit sha1_base64="d2eXTfp/iXuWh12/ZTP1a2JZio8="></latexit><latexit sha1_base64="d2eXTfp/iXuWh12/ZTP1a2JZio8="></latexit>

@L
@x2

=
@L
@x3

W1 = �0.1869
�
1 �1

�
=

�
�0.1869 0.1869

�
<latexit sha1_base64="lSHPuopRageNVLy3NLYBih+xCTQ="></latexit><latexit sha1_base64="lSHPuopRageNVLy3NLYBih+xCTQ="></latexit><latexit sha1_base64="lSHPuopRageNVLy3NLYBih+xCTQ="></latexit><latexit sha1_base64="lSHPuopRageNVLy3NLYBih+xCTQ="></latexit>

@L
@x1

=
@L
@x2

(1� tanh2(x1)) =
�
�0.1869 0.1869

�✓1� tanh2(0.7) 0
0 1� tanh2(0.3)

◆
=

�
�0.1186 0.171

�

<latexit sha1_base64="kSa/ZuWXTCR638ohg80rBhprzRs="></latexit><latexit sha1_base64="kSa/ZuWXTCR638ohg80rBhprzRs="></latexit><latexit sha1_base64="kSa/ZuWXTCR638ohg80rBhprzRs="></latexit><latexit sha1_base64="kSa/ZuWXTCR638ohg80rBhprzRs="></latexit>

diagonal matrix because tanh is a 
pointwise operation

@L
@W0

= x0
@L
@x1

=

✓
1.0
0.1

◆�
�0.1186 0.171

�
=

✓
�0.1186 0.171
�0.01186 0.0171

◆

<latexit sha1_base64="4TRjCJvDR5vG1+Tg+qR5Vdm/Cew="></latexit><latexit sha1_base64="4TRjCJvDR5vG1+Tg+qR5Vdm/Cew="></latexit><latexit sha1_base64="4TRjCJvDR5vG1+Tg+qR5Vdm/Cew="></latexit><latexit sha1_base64="4TRjCJvDR5vG1+Tg+qR5Vdm/Cew="></latexit>

@L
@W1

= x2
@L
@x3

=

✓
0.604
0.291

◆�
�0.1186

�
=

✓
�0.113
�0.054

◆

<latexit sha1_base64="F7mxQhvTu1yIPE5wDcNbtIBLJU8="></latexit><latexit sha1_base64="F7mxQhvTu1yIPE5wDcNbtIBLJU8="></latexit><latexit sha1_base64="F7mxQhvTu1yIPE5wDcNbtIBLJU8="></latexit><latexit sha1_base64="F7mxQhvTu1yIPE5wDcNbtIBLJU8="></latexit>

Source: Freeman, Torralba, Isola



Gradient updates:

Wk+1
0 = Wk

0 + ⌘

✓
@L
@W0

◆T

<latexit sha1_base64="g2i28Rawe1D2rypQ4XdzNPIXI8E="></latexit><latexit sha1_base64="g2i28Rawe1D2rypQ4XdzNPIXI8E="></latexit><latexit sha1_base64="g2i28Rawe1D2rypQ4XdzNPIXI8E="></latexit><latexit sha1_base64="g2i28Rawe1D2rypQ4XdzNPIXI8E="></latexit>

=

✓
1 �3
0.2 1

◆
� 0.2

✓
�0.1186 0.171
�0.01186 0.0171

◆

=

✓
1.02 �3.0
0.17 1.0

◆

<latexit sha1_base64="PbBGgGuGVTB4B0S5CyH5cuJLz/4="></latexit><latexit sha1_base64="PbBGgGuGVTB4B0S5CyH5cuJLz/4="></latexit><latexit sha1_base64="PbBGgGuGVTB4B0S5CyH5cuJLz/4="></latexit><latexit sha1_base64="PbBGgGuGVTB4B0S5CyH5cuJLz/4="></latexit>

Wk+1
1 = Wk

1 + ⌘

✓
@L
@W1

◆T

<latexit sha1_base64="yScdYyGae4rU43nSo6N5/FS0ijE="></latexit><latexit sha1_base64="yScdYyGae4rU43nSo6N5/FS0ijE="></latexit><latexit sha1_base64="yScdYyGae4rU43nSo6N5/FS0ijE="></latexit><latexit sha1_base64="yScdYyGae4rU43nSo6N5/FS0ijE="></latexit>

=
�
1 �1

�
� 0.2

�
�0.113 �0.054

�

=
�
1.02 �0.989

�
<latexit sha1_base64="DG3Z1WtuxvtPdyofj7qkHqUL/mk="></latexit><latexit sha1_base64="DG3Z1WtuxvtPdyofj7qkHqUL/mk="></latexit><latexit sha1_base64="DG3Z1WtuxvtPdyofj7qkHqUL/mk="></latexit><latexit sha1_base64="DG3Z1WtuxvtPdyofj7qkHqUL/mk="></latexit>

Source: Freeman, Torralba, Isola



Automatic Differentiation

• An autodiff engine automatically builds the 
computation graph and applies the backpropagation  

• Examples: TensorFlow, PyTorch, Theano, Autograd, etc  

• Backpropagation: math operation 
• Autodiff: software implementation

Source: Grosse, Ba



Autodiff is not finite difference 

• Finite difference

Useful for checking correctness of analytical expressions.


Issues: 

• not efficient

• numerical error

Source: Grosse, Ba



What Autodiff Is 
An autodiff system will convert the program into a sequence of primitive
operations (ops) which have specified routines for computing derivatives.

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

f(xin,W)
<latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

@L
@W

=
@L

@xout
· @f(xin,W)

@W
=

@L
@xout

· @xout

@W
<latexit sha1_base64="rOuYlNm6NXS5aummyKr4uammWXE="></latexit><latexit sha1_base64="rOuYlNm6NXS5aummyKr4uammWXE="></latexit><latexit sha1_base64="rOuYlNm6NXS5aummyKr4uammWXE="></latexit><latexit sha1_base64="rOuYlNm6NXS5aummyKr4uammWXE="></latexit>

Implemented by Autodiff package



Example: Autograd

Auuograd: https://github.com/HIPS/autograd
Source: Grosse, Ba



Building the Computation Graph
Autograd builds the computation graph by tracing the forward pass computation,
allowing for an interface nearly indistinguishable from NumPy.

The Node class (defined in tracer.py) represents a node of the computation graph. It 
has attributes:
• value, the actual value computed on a particular set of inputs
• fun, the primitive operation defining the node
• args, kwargs, the arguments the op was called with
• parents, the parent Nodes

Source: Grosse, Ba



Building the Computation Graph

Source: Grosse, Ba



Backprop Implementation: Modular API

Source: Johnson



Source: Johnson

@L
@W

= xin ·
@L

@xout
<latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit>



Current State-of-the-Arts

• JAX 
• PyTorch  
• TensorFlow

https://github.com/google/jax

https://github.com/pytorch/pytorch

https://github.com/tensorflow/tensorflow


