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Nonholonomic Virtual Constraints for Control of
Powered Prostheses Across Walking Speeds
Jonathan C. Horn and Robert D. Gregg

Abstract—This paper presents a method to design a nonholonomic virtual constraint (NHVC) controller that produces multiple distinct stance-phase trajectories for corresponding walking
speeds. NHVCs encode velocity-dependent joint trajectories via
momenta conjugate to the unactuated degree(s)-of-freedom of the
system. We recently introduced a method for designing NHVCs
that allow for stable bipedal robotic walking across variable
terrain slopes. This work extends the notion of NHVCs for
application to variable-cadence powered prostheses. Using the
segmental conjugate momentum for the prosthesis, an optimization problem is used to design a single stance-phase NHVC for
three distinct walking speed trajectories (slow, normal, and fast).
This stance-phase controller is implemented with a holonomic
swing phase controller on a powered knee-ankle prosthesis, and
experiments are conducted with an able-bodied user walking in
steady and non-steady velocity conditions. The control scheme
is capable of representing 1) multiple, task-dependent reference
trajectories, and 2) walking gait variance due to both temporal
and kinematic changes in user motion.
Index Terms—Rehabilitation Robots, Underactuated Robots,
Motion Control

I. I NTRODUCTION
Individuals with lower-limb amputation traditionally walk
with passive prosthetic legs that dissipate energy and provide
a sense of stability for the user. Although these passive devices
enable locomotion, they do not restore the motor control
and positive mechanical work necessary to perform various
activities without significant compensations and effort from
the user. The intact joint compensations involved in walking
with passive prostheses [1] require higher metabolic cost than
able-bodied locomotion and increase the risk for back pain and
osteoarthritis [2]. Powered prostheses offer a potential solution
to the shortcomings of traditional passive prostheses [3].
The goal of powered prostheses is typically to reproduce
normative joint kinematics and kinetics for a variety of activities, because restoring biological leg biomechanics can in turn
reduce the intact joint compensations associated with using
a passive prosthesis [4]–[6]. Many different control strategies have been implemented on powered prostheses for this
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purpose. Impedance-based control schemes have successfully
replicated nominal human walking for multiple locomotion
tasks, and offer inherent stability between the human and
prosthetic device due to the passive nature of the closedloop dynamics [7]–[12]. Despite the advantages of impedancebased strategies, one shortcoming is the excessive amount of
control parameters that require tuning for every user [13],
[14]. Techniques are being developed to automate the configuration of these controllers [15], [16], but these procedures
remain time intensive and limited in the number of joints
and parameters that can be simultaneously tuned. Another
method that has garnered recent attention is virtual constraintbased control. Virtual holonomic constraints (VHCs) define the
joint angles as functions of a time-invariant quantity called
a phase variable [17]. VHCs have been used to replicate
human walking gaits [6], [18]–[21] and traverse uneven environments (e.g., stairs [22] and obstacles [5]) using this
time-invariant representation of locomotion. Due to their fixed
kinematic patterns, an inherent challenge with VHCs is dealing
with task changes. We previously showed that holonomic
outputs/trajectories need to be updated as speed changes to
deliver appropriate ankle and knee work [20]. All holonomic
virtual constraints have this fundamental limitation and thus
require some sort of finite state machine or higher-dimensional
kinematic model (e.g., [23]–[25]) to adjust kinematics based
on task. Additionally, by definition VHCs cannot adjust to
velocity-dependent variability in gait. However, nonholonomic
virtual constraints (NHVCs) have the potential to address some
of the fundamental challenges in VHCs.
NHVCs are a variant of virtual constraints that encode
velocity-dependent walking gaits via momenta conjugate to the
unactuated degrees-of-freedom of the bipedal robot [26]–[30].
NHVCs have been shown to be robust to external perturbations
[26], statistically more robust than traditional VHCs [28],
and capable of representing distinct walking trajectories for
different terrains [30]. NHVCs have also been successfully
implemented on the biped MARLO [27]. Motivated by these
recent advances, this work seeks to leverage the unique
properties of NHVCs to design a single controller capable of
representing multiple desired stance-phase trajectories across
distinct walking speeds for a powered prosthetic leg.
Contributions of the paper: We extend the application of
NHVCs to walking with a powered prosthesis across a range
of walking speeds. Specifically, the main contributions are
as follows: (1) We present a method for designing stancephase NHVCs from human subjects data [24] using the
dynamic model from [31] to obtain the segmental momentum
conjugate to the unactuated degree of freedom (DOF) for the
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and (qx , qy ) is the Cartesian hip position. The dynamics of the
prosthesis subsystem can be written as [31]
M (q)q̈ + C(q, q̇)q̇ + G(q) + E(q)T λ = Bu + J(q)T F, (1)
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Fig. 1. Left: Configuration space of the human-prosthesis model, reproduced
from [31]. The human subsystem is shown in grey, while the prosthetic
subsystem is shown in black. Right: Final assembly of the Quasi-Direct Drive
Leg, reproduced from [32].

prosthetic subsystem. For the swing phase, we use a VHC
due to the limited sensing capabilities of the prosthetic device
(the momentum conjugate to the unactuated DOF cannot be
calculated during swing). (2) We formulate an optimization
problem that fits a single NHVC output to stance-phase human
walking data for a finite set of walking speeds. (3) We achieve
the first experimental implementation of NHVCs on a powered
prosthetic leg, and show that the controller produces natural
variability in prosthetic joint angles due to both temporal and
kinematic variation of the (able-bodied) human user.
The paper is organized as follows. Sec. II reviews the
preliminaries from the NHVC framework and introduces the
parameterization for the virtual constraints. Sec. III presents an
optimization-based methodology for designing a single NHVC
for distinct walking speeds based on experimental human
data from [24]. Additionally, Sec. III presents the control
scheme that is implemented in a previously-designed powered
prosthetic leg. Sec. IV presents an experimental study with an
able-bodied human test subject. This study verifies the ability
of the NHVC to accurately represent the walking trajectories
of three different walking speeds. We investigate the observed
findings of trajectory variation over the stance phase of the
gait cycle. Finally, Sec. V discusses these results and Sec. VI
provides concluding remarks and future research directions.
II. M ODELING AND P RELIMINARIES
In this section we briefly introduce the dynamics used
to model the human-prosthesis system with one degree of
underactuation (first proposed and presented in [31]). We also
present the class of NHVCs that are used in this work [26],
[28]. Lastly, we present the method for parameterizing the
virtual constraints for different stages of the gait cycle.
A. Powered Knee-Ankle Prosthesis Model
For this work, we focus on the prosthesis subsystem of
the planar human-prosthesis biped in Fig. 1. In the model
introduced in [31], each subsystem has its own set of generalized coordinates. The degrees of freedom for the prosthesis

where M (q) ∈ R5×5 is the inertia matrix, C(q, q̇) ∈ R5×5 is
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the Coriolis/centrifugal matrix, and G(q) = ∂V
∂q ∈ R is the
vector of gravitational forces based on the potential energy
V (q). The matrix E(q) ∈ R2×5 is the Jacobian of two physical
constraints modeling rolling foot contact with the ground,
which approximates foot compliance [18]. The Lagrange multiplier λ ∈ R2 represents the associated ground reaction forces
(GRF). The matrix B = [02×3 , I2×2 ] ∈ R5×2 maps the control
torques into the dynamics and has full rank 2. The socket
interaction force/moment vector F = [Fx , Fy , Mz ]T is exerted
at the mid-thigh connecting the prosthesis and the human [31].

B. Holonomic and Nonholonomic Virtual Constraints
Virtual constraints, presented formally in [17], are kinematic
relations between robot joint variables that impose a timeinvariant locomotion pattern [33]–[36]. Typically, a VHC of
the joint kinematics is defined with a general output function
of the following form:
y = ξ0 q − hh (θ(q)),

(2)

where matrix ξ0 selects the coordinate(s) being controlled,
θ(q) is a monotonic function of the configuration variables
that takes values between 0 and 1 along the designed gait,
and hh is the functional relationship of the joint variables that
describes the desired motion. The goal of the controller is
then to drive each joint’s output function to zero to achieve
the desired time-invariant joint trajectory.
A framework for velocity-dependent, nonholonomic virtual
constraints (NHVCs) was recently introduced in [27]–[29],
[37] to increase adaptability and robustness. This framework
constructs nonholonomic constraints utilizing the momentum
conjugate to the unactuated DOF qu (i.e., q1 in Fig. 1). This
conjugate momentum is defined as
σu (q, q̇) = B ⊥ M (q)q̇,

(3)

where B ⊥ ∈ R1×5 is the full-rank annihilator matrix for B,
such that BB ⊥ = 0. The momentum term σu is only affected
by the conservative forces acting on the biped system as a
result of potential energy and not control inputs. If the output
depends on velocity only through this term, then variable
substitution of the Lagrangian (see [28], [30]) gives rise to
a relative degree-two output. In other words, the torque input
only appears after taking two derivatives of the output, giving
us control over both the joint positions and velocities. This
motivates us to express a NHVC as an output function of the
configuration vector q and the momentum term σu :
y = ξ0 q − hnh (q, σu (q, q̇)).

(4)
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Fig. 2. Human leg joint angles for one stride at 1.0 m/s for an entire walking
stride (stance and swing) [24]. S1 corresponds to the touchdown state, S2
corresponds to mid-to-late stance, and S3 corresponds to swing state of the
control strategy.

C. Defining the Phase Variable
In this subsection we will introduce the method used to parameterize our outputs. We present three phases of locomotion,
and outline the use of two distinct phase variables.
We begin this process by outlining the definition of the
phase variable. The function must be: 1) monotonic, 2) smooth
and continuous, and 3) measurable from onboard prosthesis
sensors [17]. Of these three requirements, the third poses the
biggest hurdle in the design of NHVCs. For this work, we will
consider the powered knee-ankle prosthesis in Fig. 1 (right),
designed by Elery et al. [32]. The knee and ankle actuators of
the prosthetic device each have an optical quadrature encoder
to measure joint angles/velocities, a 6-axis load cell is located
below the ankle joint axis to detect ground contact, and an
inertial measurement unit (IMU) above the knee axis measures
the orientation of the residual thigh. If we compare the sensing
capabilities of the prosthesis to Fig. 1 (left), we can reliably
measure q1 , q2 , and q3 , and we can calculate qx and qy
during the prosthesis stance phase through forward kinematics.
During swing phase, we cannot reliably access qx and qy due
to IMU drift in these coordinates. Therefore, we will choose
a phase variable that only utilizes the residual thigh angle and
the joint angles of the prosthetic knee and ankle.
Fig. 2 shows the thigh, knee, and ankle angles plotted for
an entire stride for an able-bodied subject over flat ground
[24]. None of these angles are monotonic throughout the entire
stance phase. However, we can utilize distinct phase variables
for the stance phase and the swing phase, θ(q) and τ (q),
respectively. We additionally use a state to ensure a smooth
transition from swing to stance phase, denoted as touchdown.
We consider this state first.
S1: Touchdown Phase. We first define θ(q) using the
normalized horizontal position of the hips. That is,
θ(q) =

qx − qx+
qx− − qx+

(5)

where qx− is the nominal value of the hip position just before
contralateral foot impact (end of prosthetic stance phase), and

qx+ is the nominal value of the hip position just after prosthetic
foot impact (start of prosthetic stance phase). We define these
normalization parameters based on the nominal, horizontal
range of motion from across-subject average walking data at
a speed of 1 m/s [24]. The horizontal hip position is indeed
monotonic and can be calculated through forward kinematics
with the stance leg joint angles.
The Touchdown Phase is defined as 0 < θ(q) < 0.2,
which represents the swing to stance transition immediately
after the prosthetic foot impacts the ground. While the knee is
controlled according to the designed NHVC, we set the ankle
set-point to zero to prevent a sudden change in commanded
position during the impact event (when momentum changes
quickly). The human ankle trajectory approximately aligns
with zero at θ(q) = 0.2 for a walking speed of v = 1.0
m/s (see Fig. 2), which offers a natural transition point to the
Mid-to-Late Stance Phase. Although this alignment may not
be perfect across walking speeds, setting the ankle set-point to
zero offers an impedance-like controller that will compliantly
accommodate temporal variations in the touchdown phase.
Additionally, since the knee NHVC is the same for both
Touchdown and Mid-to-Late Stance phases, the timing of this
transition does not matter for the knee.
S2: Mid-to-Late Stance Phase. This period uses the hip
phase variable θ(q) with the designed NHVC for both the knee
and ankle. Mid-to-Late Stance Phase persists until the stance
foot leaves the ground.
S3: Swing Phase. We now introduce a phasing variable for
use with a VHC during the swing period. Specifically, we will
use the same variable presented in [5] that uses the ascending
and descending trajectory of the thigh angle to construct a
monotonic function. The swing period includes most of the
ascending portion and a small part of the descending portion
(Fig. 2). Therefore, the swing phase variable is defined by
( q0 −q
1
1
,
descending
q10 −q1min
(6)
τ (q) =
1−sm
0
1 + q0 −q1,m (q1 − q1 ), ascending
1

q10

q1min

Here,
and
are constants of the thigh angle at touchdown and the minimum thigh value, respectively. The dynamic
reset variables sm and q1,m represent the values of the phase
variable and thigh angle at the point of transition from descending to ascending, respectively. A dynamic reset variable
changes value based on the previous step and continues to
update after each step. The intent of a dynamic reset variable
is to account for stride-to-stride variance in human locomotion,
and in our case ensures smooth transitions between ascending
and descending phases of the thigh angle.
D. Segmental Conjugate Momentum
The conjugate momentum can be expressed as [17]
σu (q, q̇) = B ⊥ M (q)q̇ =

1 T ∂M
∂V
q̇
q̇ −
.
2 ∂qu
∂qu

(7)

Since we do not have information from the healthy human
limbs (i.e., q4 , q5 , and q6 in Fig. 1), we use the segmental momentum (i.e., the conjugate momentum for individual
segments rather than the entire system) conjugate to the
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unactuated degree of freedom. For the prosthesis system, we
calculate σu using the potential energies of the prosthetic
pylon connected to the residual thigh, prosthetic shank, and
prosthetic foot. That is,
σu (q, q̇) = σu,foot + σu,shank + σu,thigh .

(8)

This term is not normalized like the phase variable because it
is not monotonic and does not represent stride progression. We
model the segmental conjugate momentum using the prosthesis
parameters from [32].
III. C ONTROL D ESIGN
This section presents the methodology for the design of
NHVCs that will enable locomotion across walking speeds.
We set up the NHVC design procedure via an optimization
problem that fits healthy human walking trajectories from a
publicly available dataset [24]. We then formulate an optimization problem for designing a VHC during the swing phase of
locomotion.
A. Stance Phase NHVCs
Consider a finite set of possible walking speeds denoted
as V = {vi }m
i=1 , m ≥ 1. Suppose further that we have
desired knee and ankle trajectories for human walking at each
vi ∈ V . Our objective is to design a single nonholonomic
output for each joint that represents the stance portion of these
trajectories across V . For this purpose, we consider a vector
output ynh of the form (4) with ξ0 := [02×3 , I2×2 ], and define
hnh (θ, σu ) = [hnh,ankle (θ, σu ), hnh,knee (θ, σu )]T as
hnh (q, σu ) :=

k
X
i=0

bi θi (q) +

k
X

κi θi (q)σu ,

(9)

i=0

where κ := [κ0 κ1 · · · κk ] represents the coefficient matrix
of the nonholonomic terms of the polynomial, and b :=
[b0 b1 · · · bk ] represents the coefficient matrix of the holonomic terms. This choice of polynomial is motivated by the
sensing capabilities of the prosthesis. In order to calculate
the joint velocities in σu , the leg’s microcontroller computes
a numerical derivative for each angle signal. This technique
is susceptible to amplifying noise [38], which would get
amplified by higher powers of σu . Therefore, we chose not to
use higher powers of σu in the polynomial. Additionally, we
choose k = 5 in (9) for an adequate trade-off between fitting
accuracy and computational complexity in the implementation.
In our case study, we optimize κ and b to design NHVCs
that represent the joint trajectories for three different walking
speeds: V = {0.8, 1.0, 1.2} m/s. The walking trajectories were
obtained from the across-subject averages of the 10 subjects
reported in the data set of [24]. In the following, we use
ˆ to designate a measured data sequence. We
the notation (·)
take the measured data for the stance periods of all three
walking trajectories and form a sequence of data, q̂tot =
[ξ0 q̂v=0.8m/s , ξ0 q̂v=1.0m/s , ξ0 q̂v=1.2m/s ], with ξ0 = [02×3 , I2×2 ].
We index each data point of q̂tot with j = 1, . . . , s where s
marks the final entry of the appended data. We then calculate
θtot,j = θ(q̂tot,j ) and σtot,j = σu (q̂tot,j , q̂˙tot,j ) over all
samples for the following optimization.

Optimization Problem (NHVC): Find b and κ to minimize
the sum of distances between the measured ankle and knee
data points, q̂tot,j , and the corresponding points of the parameterized surface, hnh (θtot,j , σtot,j ). Specifically, the problem
is
s
X
arg min
||q̂tot,j − hnh (θtot,j , σtot,j )||22 ,
(10)
b,κ

j=1

subject to the joint range-of-motion constraints
◦

◦

◦

◦

[−35 ; −1 ] ≤ hnh (θtot,j , σtot,j ) ≤ [20 ; 70 ], ∀ j.

(11)

B. Swing Phase VHC
As previously noted, the NHVCs in this work are only
implementable during the prosthesis stance phase, so we
instead design a VHC to control the prosthesis during its swing
phase. For this purpose, we consider a VHC vector output
yh = ξ0 q − hh (τ (q)),

(12)

T

where hh (τ ) = [hh,ankle (τ ), hh,knee (τ )] is defined by
hh (τ (q)) :=

M
X

αn

n=0

M!
τ n (1 − τ )M −n .
n!(M − n)!

(13)

Here, αn represents the coefficient matrix of the Bézier polynomial. The order of the polynomial is chosen as M = 6. The
VHC is designed from the across-subject average trajectory
for the swing period of walking at vi = 1.0 m/s, which we
designate as the sequence q̂sw . We index this sequence by j
for j = 1, . . . , z, with z indicating the end of the sequence.
We then calculate τsw,j = τ (q̂sw,j ) over these samples for the
following optimization.
Optimization Problem (VHC): Find an optimal α to minimize the sum of distances between the measured ankle and
knee data points, q̂sw , and the designed holonomic parameterization, hh (τsw,j ). Specifically, our problem is stated as
arg min
α

z
X

||q̂sw,j − hh (τsw,j )||22

(14)

j=1

subject to the constraint hh (τsw,1 ) = hnh (θtot,ρ , σtot,ρ ) where
ρ is the final sample of the stance period for vi = 1.0 m/s. I.e.,
the initial value of the holonomic parameterization is equal
to the final value of the nonholonomic parameterization for
vi = 1.0 m/s. Additionally, the joint angles are constrained by
◦

◦

◦

◦

[−35 ; −1 ] ≤ hh (τsw,j ) ≤ [20 ; 70 ], ∀ j.

(15)

C. Data Driven Output Design
The fmincon function in MATLAB is used to compute the
coefficients b, κ, and α for the stance and swing phase outputs.
The time to solve both the NHVC and VHC optimization problems is approximately 0.5-1 minutes, using an Intel Core i74770 processor. For this work, the result of the nonholonomic
optimization will be noted as NHVC-HI (human inspired).
The resulting kinematic surface hnh is shown in Fig. 3, where
the prescribed knee and ankle angles are plotted against the
phase variable θ(q) and momentum σu (q, q̇). The coefficient
of determination for each output (compared to the average
trajectories) is 0.9765 for the ankle, and 0.9804 for the knee.
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Fig. 4. Component diagram of the human subject and powered prosthesis
experimental setup.

A. Experimental Setup

Fig. 3. Average ankle (top) and knee (bottom) trajectories for all human
subjects for 0.8 (black), 1.0 (blue), and 1.2 m/s (red) plotted against the
designed NHVC surface.

D. Control Scheme
With the definition of the phase variables and virtual constraints now in hand, the next step is to define the control law.
The desired knee and ankle angles are taken from the previously defined virtual constraints and will be imposed using
a Proportional-Derivative (PD) controller. The expression for
commanded motor torque is given by
u = kp,r yr + kd,r ẏr ,

(16)

where kp,r > 0 is the proportional gain for joint r applied to
the joint tracking error yr , and kd,r > 0 is the derivative
gain corresponding to joint r that is applied to the time
derivative of the tracking error, ẏr . These gains will be tuned
in Section IV-A. The tuned gains are used for both stance and
swing phases during the experiment, and the values are never
changed after the tuning procedure.

IV. E XPERIMENTAL R ESULTS
In this section, we experimentally verify the performance
of our proposed control scheme. We will present experimental
results for two scenarios: 1) steady-state locomotion at three
distinct walking speeds, and 2) walking speed variation across
the same three speeds. A supplemental video of the experiments is available for download [39].

The prosthetic device uses a 22:1 custom made SPC-PGT
transmission paired with a frameless, brushless ILM 85 × 26
DC motor kit. The device is capable of supplying 57.2 Nm
of continuous torque and 182.6 Nm of peak torque using
this configuration. The device utilizes E5 and EC35 optical
incremental encoders for each motor. Elmo Motion controllers
are used to drive the motors and read the encoder values.
Additionally, a M3564F 6-axis load cell located at the base of
the foot measures the reaction forces that are used to determine
ground contact. The controller is implemented on an onboard
National Instruments myRIO microcontroller. The prosthetic
device is powered by four TP1600-4SA80X LiPo batteries.
With all sensors and batteries included, the prosthetic device
has a final mass of 6.09 kg.
The controller was tested through a set of walking experiments over level ground with an able-bodied human subject.
The participant donned the prosthesis by wearing a bypass
adapter over their knee (Fig. 4). The test subject was a 29 year
old male with a height of 1.78 m and a mass of 81.65 kg. The
participant had no prior experience with the control scheme
being tested on the prosthesis. The experimental protocol was
reviewed and approved by the Institutional Review Board
(IRB) at the University of Texas at Dallas (protocol 17-128,
approved on July 19, 2019).
All experiments were performed on a powered treadmill
with a safety harness. The control gains in Sec. III were
adjusted to achieve desired performance (sufficient push-off,
trajectory tracking, and comfort) during acclimation trials
before data collection, and then remained fixed. The subject
was given time to rest as needed between the walking trials
described below. Fig. 4 shows the technical diagram and the
experimental setup used during data collection.
B. Steady State Locomotion
The purpose of this experiment was to verify that the
NHVC-HI produces walking trajectories that correspond to the
reference data. The human subject walked on a level treadmill
at three distinct speeds that match the design speeds: slow (0.8
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Fig. 5. Experimental results during the stance phase for steady-state walking at vi = 0.8 m/s (left), vi = 1.0 m/s (center), and vi = 1.2 m/s (right). Blue
corresponds to commanded joint angle, black (and gray shaded region) corresponds to measured signal, green corresponds to normative data for able-bodied
subject AB05 in [24], and red is the reference human trajectory (i.e., average trajectory across human subjects at the corresponding speed). The solid color
lines represent the average over the walking trial, and the shaded region reflects the maximum and minimum values. Each speed condition had n0.8m/s = 17,
n1.0m/s = 22, and n1.2m/s = 28 steps.

m/s), normal (1.0 m/s), and fast (1.2 m/s). Data was logged for
30 seconds at each speed, and data collection started once the
participant produced a reasonably consistent gait cycle rhythm
(i.e., steady-state locomotion).
Fig. 5 shows the results from these trials, focusing on
the stance period when the NHVC was used. For all walking speeds, the commanded trajectory indeed varies between
strides based on the momentum throughout the stance phase of

the gait cycle. Additionally, the range of maximum/minimum
commanded trajectory values gradually increase as the walking
speed increases. The onset of plantar flexion (and the peak
ankle angle) occurs earlier in the stance phase as the speed
increases, which is a normative trend in human locomotion
[5], [40]. This behavior is associated with a decrease in the
stance to swing ratio (approaching even) [41].
Fig. 6 shows the range of commanded ankle angles against
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We also performed a stepped velocity transition experiment
to show that the NHVC is capable of adapting the walking
trajectories in real time. This experiment involved treadmill
walking in a continuous sequence of the following speeds (10
seconds each): 0.8 m/s, 1.0 m/s, 1.2 m/s, 1.0 m/s, and 0.8 m/s.
This resulted in 50 seconds of data collection with n0.8m/s =
9, n1.0m/s = 15, and n1.2m/s = 10 steps for each speed.
Fig. 7 shows all strides of the stepped speed variation experiment. The stance phase data shows the NHVC-HI controller
indeed produces appropriate walking trajectories with similar
variation to the reference able-bodied subject data from [24].
In contrast, the swing phase VHC does not produce similar
variation to the reference subject. Finally, Fig. 7 shows that the
NHVC exhibits a similar shift in the onset of plantar flexion as
seen in the steady state experiment. This is observable through
the peak ankle angle during the stride, and the three distinct
peak clusters of the trajectories.
Fig. 8 shows the joint work per stride across all speeds.
The knee joint performed negative work and progressively
increased in magnitude with speed. The ankle joint performed
positive work and similarly increased in magnitude with speed.
Both of these are normative trends [42], [43]; the ankle
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and knee are providing the necessary adjustments in energy
injection and absorption, respectively, to adapt to changes
in walking speed. This is reflected by the average observed
torques for each walking speed in Fig. 9. We also note that
variance in joint work tends to increase with walking speed,
which reflects the higher physical demand to maintain both
propulsion and stability.
100

Average Knee Torque [Nm]

C. Walking Speed Variation

0.2

Normalized Stance Time (t/T)

60

Fig. 6. Range of commanded ankle angles for each walking speed over the
stance phase variable. The dashed line represents an example VHC.

the phase variable θ(q) for all speeds. We note that for each
speed, we see variance in the commanded joint angle over
the stance phase. This contrasts with the case of a VHC
controller, where the virtual constraint is uniquely defined
for any given phase variable value by definition (i.e., the
commanded trajectory will have no variance with respect to
phase) as seen by the dashed line in Fig. 6. When the trajectory
commanded by a VHC is plotted over normalized time, the
variance can be attributed to the pace at which the subject
progresses through the gait cycle (as seen in [5]). Fig. 6 shows
that the variance in NHVC joint angle in Fig. 5 is not only a
product of temporal variation, but also a product of kinematic
changes by the subject. These kinematic changes are captured
in the momentum term shown the last row of Fig. 5. Note
that the commanded joint angles in Fig. 6 correspond to the
designed NHVC surfaces depicted in Fig. 3.
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V. D ISCUSSION
The goal of this study was to design a single NHVC
controller to accurately represent the stance phase joint trajectories of three different walking speeds, without the need
for switching logic or reset variables. We hypothesized that
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parameterizing the virtual constraints with two variables—
θ depending on joint positions and σu also depending on
joint velocities—would enable accurate representation of the
desired trajectories.
A. Advantages of NHVCs
The main benefit of NHVCs is the ability to encapsulate
a set of desired trajectories with one functional expression.
Existing control approaches for powered prostheses require
switching logic between different controllers [18]–[20] or interpolation between reference trajectories [8], [25] to naturally
adapt kinematics to different walking speeds. The use of
NHVCs removes these complexities, and relies on the proper
design of one single output.
The results indicate that the NHVCs reproduce normative
joint trajectories with stride-to-stride varinace based on the
temporal as well as kinematic (conjugate momentum) changes.
Although the optimization problem considered kinematic variance over three walking speeds, it did not directly consider
stride-to-stride variance at any given speed. The NHVCs
produce stride-to-stride variance as a consequence of the twodimensional parameterization, i.e., small changes in momentum cause corresponding changes in joint kinematics. This
could potentially be used to accommodate more trajectories
than the controller was originally designed for, including
human kinematic variability and untrained speeds. Future
studies will investigate whether the proposed NHVCs can
appropriately respond to the increased variability and loss of
local stability and predictability in the walking gait patterns
of lower-limb amputee users [44].
In addition to kinematic adaptations, the NHVCs produced
appropriate kinetic adaptations to changes in walking speed
(Fig. 8). Our prior work [20] found that VHCs enable user
synchronization during speed changes (by virtue of the phase
variable), but joint work does not adapt appropriately with
fixed VHC output functions. NHVCs overcome this limitation
by modulating joint kinematics as a function of the conjugate momentum, which changes with walking speed. These
kinematic adaptations, combined with user synchronization
through the phase variable, enable appropriate kinetic adaptations with fixed NHVC outputs. However, future studies with
amputee participants are needed to verify these benefits extend
to the intended use case.
B. Limitations of NHVCs
The primary limitation of NHVCs is their susceptibility
to noise in the velocity measurements. Numerical derivatives
magnify the noise in the joint encoder measurements, and IMU
measurements of angular velocity are inherently noisy. We
dealt with this challenge by restricting the NHVC to a loworder parameterization (excluding powers of σu = B ⊥ M (q)q̇
greater than one). Future work could investigate the use of
advanced filtering and observer techniques such as [45], [46]
to reduce noise and enable the use of higher-order NHVC
parameterizations.
Second, the NHVC surfaces in Fig. 3 are designed for a
specific range of values for σu , outside of which the predicted

joint angles could become erratic. This is also a problem with
respect to the phase variable of both VHCs and NHVCs. Phase
variables are often saturated outside of their design range [5],
[17], and this could also be done with the conjugate momentum. Additionally, increasing the set of reference trajectories
in the design optimization will result in NHVC surfaces that
represent a larger range of possible walking trajectories. However, the presented optimization method only considers acrosssubject average trajectories (e.g., from the data presented in
[24]) which does not yield optimal user-specific performance.
This approach can potentially be improved through the use of
subject-specific tuning (e.g., [47]) or with the application of
model predictive control [48].
Third, the presented NHVC control scheme is only applicable to the stance phase of the walking gait. Measuring the
conjugate momentum during swing would require measurements of the sound leg, but it is generally thought that powered
prosthetic legs must be self-contained to be clinically viable
[18], [20], [49]. One method to extend NHVCs to the swing
phase while using only onboard sensors is through modelbased, observers [50]–[52], which is left to future work.
VI. C ONCLUSION AND F UTURE R ESEARCH
The primary goal of this work was to design a NHVC
controller capable of producing distinct walking trajectories
for different walking speeds. Using the unactuated conjugate
momentum for the prosthesis, an optimization problem was
used to design a single NHVC for three distinct walking
speeds. Physical experiments for steady-state walking and
stepped velocity transitions show that the NHVC control
scheme was capable of accurately representing reference
trajectories used in the design phase. The control scheme
produced appropriate joint variability due to stride-to-stride
variability of the human user, despite not being explicitly
considered in the design phase. In future work we plan to
extend this approach to multiple terrain environments and
validate these control strategies with amputee participants.
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