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Abstract—Three-dimensional ultrasound imaging is a promising
medical imaging technology because of its ease of use and improved accuracy in diagnosis. However, its high computational
complexity and resulting high power consumption has precluded
its use in hand-held applications. In this paper, we present a separable beamforming method that greatly reduces computational
complexity. Our method is based on decomposing the delay term
in a way that minimizes the root-mean-square error caused by the
decomposition. We analyze tradeoffs between the approximation
error caused by the decomposition and computational complexity.
Then, we present enhancements to the Sonic Millip3De hardware
accelerator for ultrasound beamforming to implement separable
beamforming. Using hardware synthesis targeting standard cells
in 45 nm, we show that the proposed method allows us to boost
the Sonic Millip3De frame rate from 1–2 Hz to 32 Hz while
maintaining power consumption at 15 W. We validate image
quality of our method using cyst phantom simulations in Field II.
Our evaluation demonstrates that the proposed separable beamforming method can produce 3-D images with high quality that are
comparable to those generated by non-separable beamforming.
Index Terms—Beamforming, decomposition, hardware accelerator, separable, 3-D ultrasound.

I. INTRODUCTION

F

OR decades, ultrasound imaging has been one of the most
important medical imaging modalities, as it is safe and less
costly than CT and MRI. Moreover, ultrasound requires little
energy, which makes ultrasound imaging a good candidate for
hand-held applications. Until recently, most ultrasound applications relied on 2-D imaging and required a highly trained technician to search iteratively to position the scan probe for diagnosis. This trial-and-error approach is not necessarily ideal and
can reduce diagnostic accuracy and throughput because of the
3-D nature of body anatomies. 3-D ultrasound imaging has been
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TABLE I
SYSTEM PARAMETERS

shown to improve system ease of use, facilitating higher diagnostic accuracy and patient throughput [1], [2].
However, the benefits of 3-D ultrasound imaging come with
challenges that are exacerbated when trying to make the system
hand-held. A 2-D transducer array for a typical 3-D ultrasound
system contains over ten thousand transducers, compared to
hundreds of transducers in a typical 2-D system. The number
of scanlines required in a 3-D volume is also at least one order
of magnitude higher than in a 2-D image. The resulting computational complexity of 3-D ultrasound image formation is thus
hundreds of times larger than its 2-D counterpart. So, it is no surprise that high quality 3-D imaging is currently available only
on a few bulky, ultrasound machines.
Over the past few years, several specialized hardware platforms have been proposed for 2-D and 3-D ultrasound imaging.
2-D imaging architectures include a specialized DSP architecture for color Doppler [3], an FPGA architecture for beamforming [4] and GPGPU implementations for sonoelastography
and color Doppler [5], [6]. 3-D imaging systems have been implemented using DSPs [7], computing clusters [8] and multiFPGA systems [9], [10]. All of these systems target conventional imaging platforms and have large power budgets; none is
suitable for a hand-held system.
In our earlier work, we proposed the Sonic Millip3De architecture, a 3-D die-stacked accelerator for the digital front end
of a 3-D synthetic aperture imaging system that can produce
high fidelity 3-D images at up to 1–2 frames per second with a
power budget of 15 W in 45 nm technology [11], [12]. Though
promising, the existing design has a frame rate that is too low
for some applications, and falls short of the 5 W target for safe
contact of the probe head with human skin at 45 nm technology
node. For a typical imaging configuration (shown in Table I), the
number of delay-sum operations in beamforming is on the order
of
per frame, consuming 60% of Sonic Millp3De’s total
power. Thus reducing the beamforming complexity would help
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in both increasing the frame rate and/or decreasing the power
consumption.
To support 3-D ultrasound imaging with reduced computational complexity, researchers have proposed 2-D sparse array
designs [13]–[15]. Although sparse-array based-systems employ fewer transducer elements than traditional 2-D arrays, such
systems typically have high sidelobe levels and suffer from low
SNR. Another technique, preliminary beamforming for reconfigurable arrays [16], [17], reduces the number of A/D converters and the complexity of the digital front end. However
this approach has not yet been extended to support 3-D synthetic aperture ultrasound imaging.
Alternatively, the computational complexity of the digital front end can be greatly reduced without compromising
the image quality by a promising method called separable
beamforming. Separable beamforming reduces computational
complexity by decomposing 2-D array beamforming into a
series of 1-D array operations. This method was first introduced
for frequency domain beamforming in sonar applications [18],
[19] and later to ultrasound imaging [8]. Although amenable
to parallelization [8], prior delay decomposition methods incur
large error for small f-number, resulting in poor resolution.
A later separable beamforming proposal [20] improves delay
decomposition error at the cost of only using vertical scanlines,
limiting the approach to plane-wave systems with rectangular
views that are too narrow to image large anatomies.
In an earlier, short version of this article [21], we proposed
a generalized delay decomposition method that is not restricted
to any transmit scheme or scan geometry. Our approach designs
the beamforming decomposition to minimize root-mean-square
(RMS) error. When applied to subaperture-based synthetic aperture ultrasound, as in Sonic Millip3De, this new decomposition
reduces computational complexity by 19 over the non-separable baseline. The reduction in computation can be leveraged
either to reduce average system power or to increase frame rate
within a fixed power budget. We pursue the latter in our hardware design and evaluation, in which we achieve 32 frames per
second compared to 1–2 frames per second in [12] with 15 W
power at 45 nm technology node, projected to scale to 5 W
power at 16 nm technology node.
In this article, we present a more detailed study of separable
beamforming. Our key contributions include:
• We investigate key factors that affect phase error due to
delay decomposition, and propose a method to find the
right decomposition form and ordering (row first versus
column first) that minimizes phase error.
• We present the trade-offs between RMS phase error and
computational complexity. We use this analysis to select
subaperture size.
• We validate the image quality of our proposed separable
beamforming system through simulated beamforming of
several phantoms including upright and angled cyst phantoms.
• We present extensions to the Sonic Millip3De hardware accelerator to support the proposed separable beamforming
method. Our analysis includes detailed power and synthesis results targeting a 45 nm standard cell library.

The rest of the paper is organized as follows. In Section II,
we present our separable beamforming delay decomposition
method. We present the hardware architecture in Section III. In
Section IV, we present our image quality and power analysis.
Section V concludes the paper.
II. SEPARABLE BEAMFORMING
A. Why Separable Beamforming?
Consider a 3-D ultrasound system described by the configuration shown in Table I. To generate a 3-D image of size
,
delay-sum operations must be performed
per frame. Such high computational complexity results in correspondingly high power consumption and thus limits hand-held
applications of 3-D ultrasound.
Separable beamforming can significantly reduce computational complexity by decomposing 2-D array beamforming into
two stages of 1-D beamforming. In the first stage, the beamsums are computed along one direction (e.g., horizontal), and
in the second stage the beamsums are computed along the other
direction (e.g., vertical). The image quality of separable beamforming depends on the accuracy of the beamforming delay
decomposition. In this section, we describe a separable beamforming method that minimizes delay decomposition error.
B. Separable Beamforming Process
We present our separable beamforming method in the context
of a system that uses subaperture transmit and receive, meaning
that only a subset of transducers (e.g., 32 32, each referred to
as a subaperture) are used in each firing. In each firing, the active subaperture shifts by 8 transducer elements, partially overlapping the preceding subaperture. This process repeats until the
whole aperture (e.g., 120 88 transducer array) is traversed.
Without loss of generality, we assume the 3-D coordinate
system shown in Fig. 1. Let
be the coordinates of a
focal point . Here is the radial distance from the origin
to point . Point
is the orthogonal projection of in the
plane. is the elevation angle between line
and the axis.
is the azimuth angle between
and its orthogonal projection
in the plane. For a transducer array element at
,
the distance between the transducer element and the focal point
is given by
(1)
Similarly the distance between the firing virtual source located
at
and the focal point is given by

(2)
Assuming that the ultrasound speed is , and the round-trip
delay between the origin and the focal point is
, the roundtrip delay at the transducer relative to that at the origin is given
by
(3)
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Fig. 1. 3-D coordinate system used in the beamforming formulation.

Let

be the discrete form of
, where
and
are variables associated
with the coordinates of receive elements, and
,
and
are variables associated with the coordinates of focal points.
Then the non-separable beamforming corresponding to subaperture whose left corner indices are and , is described as

(4)
is the signal received by transducer elewhere
ment
at th firing and
is the corresponding
apodization coefficient.
is the low resolution 3-D image generated by subaperture , which is sampled
at
for dynamic focusing. For a synthetic aperture ultrasound system, the final high resolution image is obtained by
summing all the low resolution images from all subapertures.
Now, if
can be decomposed as
(5)
then (4) can be represented by a two-stage separable beamforming process:

(6)

(7)
In the first stage, the beamforming is along the axis, which
functions as a spatial filter that steers the receive plane to azimuth angle . The process repeats for all combinations of
,
and
and results in a partially beamformed intermediate
. In the second stage, 1-D beamforming is performed
signal
along the axis, and corresponds to steering receive plane to elevation angle . The second stage beamforming is repeated for

Fig. 2. The principle of separable beamforming.

all combinations of
,
and
. The principle of the proposed separable beamforming method is shown in Fig. 2.
The number of delay-sum operations of separable beamforming for one subaperture is
in contrast to
in conventional, non-separable
beamforming. Thus, the computational complexity reduction
is
. For the configuration shown in Table I
with a 32
32 subaperture size and 48
48 scanlines, our
approach achieves about 19 complexity reduction.
The separable beamforming method is based on the assumption that the wave propagation delay can be decomposed into
and . However the decomposition is not exact and its effectiveness depends on the accuracy of the
and
approximations. Next, we describe the proposed delay decomposition
method, which designs and to minimize RMS phase error.
C. Delay Decomposition Method
The beamsum delay , which is a function of five variables,
cannot be strictly decomposed into a sum of two functions
with fewer variables because the distance calculation involves
a square root operation (as shown in (1) and (2)). The Taylor
series of the square root includes functions involving multiple
variables, also referred to as cross terms, which can not be
easily decomposed. To make the delay equation separable,
some of these cross terms must be dropped. Although the effect
of the cross terms diminish with large , for small depths, the
cross terms in the delay calculation can be significant. There
are several factors that affect the error incurred by the delay
decomposition: the number of variables in each decomposed
function, the combination of variables, and the sequence of
computations in the two-stage beamforming.
To build foundation for our proposed decomposition, we first
consider a simpler strawman wherein and are each functions of three variables and the delay decomposition is given by
(8)
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We justify this first decomposition as follows. For dynamic focusing, both and depend on , thus should be included
in the variable list of both and . is also a function of
and because 1-D beamforming along the direction allows
the array system to filter out signals from all azimuth directions
except those with azimuth angle . Hence and should not
be separated. Similarly, 1-D beamforming along the direction
allows the array system to filter out signals from all elevation
directions except those whose elevation angle is , so and
should not be separated. In this decomposition, since
and
are interchangeable, either
or
can be used in the
first stage of beamforming. Unfortunately, this simple decomposition approach leads to large errors primarily because and
are separated and the cross terms involving and are lost.
To improve the approximation, and must capture additional important dependencies. To simplify our presentation, let
us assume that we perform first-stage beamforming along the
axis while the second stage is along the axis. For , consider adding or to the variable list already consisting of ,
and . There is no benefit in adding because 1-D beamforming in the first stage is along the direction, and does not
have enough resolution along . However there is an advantage of adding to the variable list of , because already includes and thus adding helps to retain cross terms between
and . For , there are two candidate variables that can be
added to the variable list, namely and . There is no benefit
of adding to ’s variable list because neither the input signal
of second-stage beamforming
nor output of second stage
beamforming
relates to . However, adding to has the
advantage of preserving cross terms involving and . Thus,
both
and
are best represented as functions of four variables and our final decomposition is of the form

Fig. 3. RMS phase error as a function of depth for different types of decomposition corresponding to three-variable decomposition defined in (8), four-variable decomposition with first-stage beamforming in dimension defined in (9),
and four-varible decomposition with first-stage beamforming in dimension
defined in (10).

ping cross terms involving and in approximation (10). The
cross term involving and is an artifact of the coordinate
system; the distance calculation ((1)) contains a natural cross
term involving and , namely
. The proposed decomposition ((9)) results in delay error under 9 when
depth is larger than 3 cm, and reduces rapidly as depth increases.
D. Generating Delay Functions
Given

and

this

decomposition, we must next generate
and
such that the error due to
approximation is minimized. Minimizing RMSE is equivalent
to minimizing

(9)
Alternatively, if the first beamforming stage is performed
along the axis, the candidate decomposition is instead
(10)
Compared to the decomposition in (9), here
includes because beamforming along the axis allows the system to distinguish signals coming from different elevation angles .
Fig. 3 compares the RMS phase errors for the three alternative decompositions defined in (8), (9) and (10). Each decomposition is obtained by setting up an RMSE minimization problem
and is solved using the Euler-Lagrange equation. By increasing
the number of variables of and from three to four, the approximation error is reduced by one decade for relatively large
depth. For small depths, the error of three-variable decomposition increases rapidly, while the error of four-variable decomposition approaches zero. This behavior occurs because, as
becomes very small, the cross terms involving and become
significant, and both the four-variable decomposition forms retain these cross terms in .
Also note that beamforming along first results in lower
RMSE. We find this ordering is better because the RMSE of
approximation (9) is primarily due to dropping cross terms involving and , which is less than the RMSE caused by drop-

(11)
and
are the lateral boundary of the corresponding
where
subaperture, and
and
are the range of the elevation
angle—a classic calculus of variation problem. By solving the
corresponding Euler-Lagrange equations [22] and discretizing
and , we get the following solution that minimizes RMSE:

(12)

(13)

(14)
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Note that (12) and (13) are not the only form that minimizes
RMSE. Assuming we add an arbitrary term
on the right-hand side of (12) while subtracting it from the
right-hand side of (13), the summation of
and
and
the RMSE both remain the same. In this work, we choose
so that the means of
and
are the
same. From an architectural perspective, this formulation
makes the delay line length or buffer depth roughly equal in the
two beamforming stages.
E. Online Iterative Separable Delay Calculation
Next we focus on efficient calculation of
and . Equations (12) and (13) are straight forward, and can be used to generate look-up tables for and . However, storing and as
look-up tables is not practical due to the required look-up table
size. For our system configuration, look-up tables of and
for 96 subapertures include at least (considering symmetry) 5.7
billion and 8.9 billion constants, respectively.
Fortunately, the delay values of consecutive samples on a
scanline do not change much. Hence, it is possible to iteratively calculate the delay value for the th focal point on a scanline from the delay value of the
th focal point. We use
piece-wise quadratic curves to approximate the delay difference
between consecutive samples along a scanline. For example, let
be the delay corresponding to the
th focal point for
fixed and . Let
, then
can be approximated by
. Instead of storing the
delay look-up table directly, the coefficients , and and the
initial delay are stored, and the delays are iteratively calculated
using these coefficients. The iterative calculation method does
not require multiplications, it can be implemented in a simple
circuit using only three additions. We had employed a similar
iterative delay calculation for non-separable beamforming in
[11].
To get an accurate approximation, each scanline is divided
into 2–4 sections and the delay in each section is approximated
by a quadratic curve. For our system configuration, where the
depth ranges from 2 cm to 10 cm, we cannot use a 2 section
configuration since it results in significantly large approximation error. We choose a 3 section configuration over a 4 section
configuration since it requires 23% lower storage with comparable approximation error.
The storage requirements of this method are as follows. Each
section is characterized by three constants and an initial point,
and each scanline requires an additional start index. Thus, each
scanline requires 13 constants. A total of 38 M constants must
be stored; 15 M constants are required for and the remaining
23 M for . The 15 M constants for correspond to 13 constants/scanline 48 scanlines 1,024 transducers/subaperture
96 subapertures, divided by 4 due to symmetry (the delay
term is symmetric in both dimension and dimension and so
it is sufficient to store only 1/4 of the constants). The number
of constants for is calculated in a similar way. Each constant
requires 12 bits on average, resulting an overall storage requirement of 55 MB.
Fig. 4 shows simulation results of this iterative delay calculation method with double-precision floating-point and 12-bit

Fig. 4. RMS phase error as a function of depth when using iterative delay calculation method with both floating-point double-precision and 12-bit fixed-point
precision.

fixed-point precision. The iterative method with double precision floating-point coincides with minimum RMSE curve, and
fixed-point approximation only slightly increases RMSE.
III. HARDWARE ACCELERATOR
A. System Architecture Overview
We implement separable beamforming as an extension to
our existing Sonic Millip3De beamforming accelerator. Sonic
Millip3De [11] is a system architecture and accelerator for
3-D ultrasound that combines numerous hardware design
techniques to minimize power while simultaneously generating
high fidelity 3-D images. The full system comprises three
distinct die layers that are stacked vertically using modern 3-D
die-stacking techniques and are connected with through-silicon-vias (TSVs) [23]. This unique hardware layout allows for
a dense, highly parallel design that can be easily integrated
directly into the ultrasound scanhead, performing all front-end
computation locally in a hand-held wand without the need for a
large external system. We focus our design on the computation
and data-intensive front-end of ultrasound image formation;
presentation of a projection/view of the image or further
post-processing can then be done in a separate GPU-based
system integrated into a tablet computer.
The Sonic Millip3De system is split across its three distinct
die layers as shown in Fig. 5. The first of these layers contains
a 120 88 grid of capacitive-micromachined ultrasonic transducers (CMUTs) and associated analog support circuitry [24].
Using our sub-aperture scheme for transmit and receive, these
transducers are multiplexed into 1,024 output channels, which
are then fed into the second layer. This process allows us to reduce the necessary hardware of the logic layers to only support
a single sub-aperture as only 1,024 transducers are active at a
time.
Sonic Millip3De’s second layer is made up of ADCs and
SRAM storage. For each of the 1,024 processing channels, there
is a 12-bit ADC as well as a 6 kB SRAM array to store the digital
signal during the first stage of beamforming. Additionally, this
layer has a secondary set of 1,536 6 kB SRAM arrays which are
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used to store partially beamformed data for the second stage of
separable-beamforming with data being fed back to this storage
from the accelerator for the second pass. This second set of arrays is necessary to prevent the original echo data from being
overwritten during beamforming as it is reused over a series of
scanlines.
The final layer is the beamforming accelerator, which reads
echo data from the SRAM arrays and generates beamformed
output. To perform separable beamforming, data must pass
through this layer twice, once for each partial beamforming
operation. In the following section, we provide a more complete
description of this layer and its operation.
B. Beamforming Accelerator
The beamforming accelerator is the central component of
Sonic Millip3De, combining massive parallelism with a hardware-efficient implementation of the piecewise quadratic approach to delay estimation. The accelerator comprises 1,024
parallel processing channels, which each read data from separate input channels and process 16 scanlines at a time. Each
of these channels is further broken into a three-unit pipeline,
which translates raw echo data stored in the SRAM layer into
the beamformed data for the image (Fig. 5). During the first
stage of separable beamforming, partial beamforming is performed within 32-channel clusters that perform a summation
within the cluster and write partially beamformed data back to
secondary SRAM storage in the second (memory) layer. The
partially beamformed data is then fed through the accelerator a
second time, where it is again delay-aligned and summed across
all 1,024 channels to generate the final image. The image is then
written to external memory via a ARM Cortex M-3 control processor.
As noted, each beamforming channel comprises three units.
The first unit (interpolation unit) reads echo data from the
SRAM storage and applies a pre-loaded channel-specific constant apodization to the signal. The apodization weights the
channel’s impact on the final image based on the corresponding
transducer’s position in the sub-aperture. After apodization,
this unit then performs a 4 linear interpolation to up-sample
the signal from 40 MHz to 160 MHz, a common optimization
in existing commercial designs to reduce the ADC sampling
frequency.
Next, the expanded data is streamed into the next unit for
the beamformation process to begin. The interpolated signal is
transferred from the interpolation unit to the select unit. The
select unit iteratively calculates the delays between consecutive focal points along a scanline and identifies the interpolated sample that most closely corresponds to the focal point
(i.e., it selects the sample from its channel nearest to each focal
point). The select unit operates in parallel on 16 scanlines. 16
sub-units iterate over the interpolated data in a block-synchronized fashion each aligning the input signal to its assigned scanline. As described previously, the iterative delay calculation algorithm determines how many samples to advance an input
channel to arrive at the sample nearest a focal point using our
piecewise quadratic delay estimation formula. The hardware is
easily able to estimate the delta between selected samples using

three adders and the pre-computed quadratic constants, thereby
iteratively solving the quadratic equation and producing each
estimated delta as needed. Using these estimates, the sub-units
know how far along the data stream to iterate before selecting
their next output value. The delay-adjusted scanline data for the
16 neighboring scanlines is then fed forward to the summation
network.
The final unit of each channel sums partially beamformed
data across the channels though the use of adders connected via
a reconfigurable mesh network. The network is reconfigured between beamforming operations to connect adders into a pipeline
appropriate to the necessary summation operation: within clusters of 32 channels in the first beamforming stage, and across
clusters in the second beamforming stage. The reconfigurability
of the summation network is one of the key changes required
over the baseline Sonic Millip3De design to enable separable
beamforming.
The output of the summation network is written either to secondary SRAM arrays on the memory layer (for the first beamforming stage), or are passed to an ARM Cortext M-3 control
processor to write final image data to external memory. (Fig. 6)
illustrates the reconfiguratble network and the data flow in the
two beamforming stages.
IV. RESULTS
A. Methodology
We evaluate image quality through simulated beamforming
of cyst phantoms using Field II [25], [26] and MATLAB. The
simulation parameters are listed in Table I. The system employs
a 2-D transducer array comprising 120
88 transducer elements with a central frequency of 4 MHz and 50% fractional
bandwidth. The scan view is 45 in both elevation and azimuth
angles. The maximum depth of view is 10 cm.
In [12], we proposed a firing method based on overlapping
subapertures with each virtual source corresponding to a subaperture, a generalization of the 1-D sub-aperture scheme in
[27]. There are 96 overlapping subapertures each of size 32
32 to cover the whole array of size 120 88. The use of virtual
sources helps improve the SNR. When a virtual source fires,
the corresponding subaperture receives and a 3-D sub-image is
formed. After 96 firings, a complete 3-D image is created. The
apodization coefficients for each subaperture are generated according to the equivalent aperture method [28]. We decompose
the 2-D apodization windows into products of 1-D apodization
windows and optimize those 1-D windows with respect to SNR
and sidelobe levels.
B. Analysis of Delay Decomposition Error
The delay decomposition error arises due to dropping cross
terms in our delay decomposition approximation. We simulate
various configurations using MATLAB, and analyze the RMS
phase errors for different subaperture sizes and wide view angles.
As shown in Fig. 8, RMS phase error is approximately proportional to subaperture size, but the error decreases rapidly as
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Fig. 5. Sonic Millip3De Hardware Overview. The full hardware design is laid out over three distinct die layers connected vertically via TSVs. Layer 1 (24
18 mm) comprises 120 88 transducers, with the analog transducer outputs multiplexed for each sub-aperture and routed over TSVs to Layer 2, comprising 1024
12-bit ADC units operating at 40 MHz and SRAM arrays to store incoming samples. Data buffered in the SRAMs are transferred via face-to-face links to Layer 3
for processing in one of the 1024 3-unit pipelines of the beamsum accelerator. The interpolation unit upsamples the signal to 160 MHz and performs apodization.
The select unit maps signal data from the receive time domain to the image space domain. The summing unit combines the data across the 32 channels belonging to
a particular cluster to construct the partial beamsum. The partially beam-formed data is transferred back to the SRAM layer to store until the second beamforming
stage. In the second stage, the data are again sent through beamforming accelerator; however, the summing units are reconfigured to sum across all 1024 pipelines,
arriving at the final 3-D image, which is then written to external memory.

Fig. 6. Network data flow in stages 1 & 2 of separable beamforming: The
beamforming accelerator units in a dashed box form a cluster with the black
arrows corresponding to data flow from SRAM arrays to nodes in a cluster. In
the 1st beamforming stage the data is summed from bottom to top and is written
back to the secondary SRAM arrays. During the 2nd stage, the network is reconfigured so that summation occurs from left to right, after which the fully
beamformed data is stored in the DRAM.

depth increases. For depths larger than 2 cm, even for a subaperture size of 64 64, the error drops below 28 .
Although smaller subapertures result in less delay error, a
smaller subaperture implies more firings to traverse the same

Fig. 7. Overlapped subaperture processing for SAU system: 96 overlapping
subapertures of size 32 32 to cover an array of size 120 88.

transducer array, and correspondingly more computations,
when compared to a larger subaperture. For instance a (16
16) configuration requires 4 more firings, resulting in a
doubling of computational complexity and cutting the peak
frame rate (due to transmit limits) by 4 . On the other hand,
the larger (64 64) configuration quadruples on-chip storage
requirements and increases the number of parallel pipelines
in the accelerator, increasing area requirements. The trade-off
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Fig. 8. RMS phase error as a function of depth for different subaperture sizes;
the errors are proportional to subaperture size.

Fig. 10. RMS phase error maps for subaperture size of 32 32. The highest
phase error arises in the four corners of the transducer array and scanlines with
large azimuth angle and large elevation angle. (a) RMS phase error map as a
function of transducer element position; (b) RMS phase error map as a function
of scanline angle.
Fig. 9. Complexity and RMS phase error as a function of subaperture size. As
subaperture size increases, the RMS phase error increases, while the computational complexity decreases.

between delay error and beamforming complexity is shown in
Fig. 9. The beamforming complexity in this figure is reported
as the number of delay-sum operations required to produce a
complete frame with multiple firings. The RMSE is averaged
over depths from 2 cm to 10 cm, for a
angle view.
We see that the (32 32) configuration has both low RMSE
and low complexity, so we choose this configuration
for our system.
Next, we present the RMS phase error map across the 120
88 transducer array for subaperture size of 32 32. The RMS
errors are averaged across different depths (2–10 cm), different
angles (
field of view) and 96 subapertures. The result
is shown in Fig. 10(a). The RMS phase errors are mostly below
20 ; the worst case is at the corners where RMS phase error
reaches 30 .
We also present the RMS phase errors for different angles.
Although our proposed system is for
field of view,
in order to study the performance of the separable beamforming
method for larger angles, we extend the RMS phase error map to
. The RMS phase errors are averaged across different
depths (2–10 cm), different transducers and different subaper-

tures, and presented in Fig. 10(b). The highest error arises in the
four corners where both and are large.
Ideally, the phase error of our configuration (4 MHz central
frequency and 160 MHz sampling rate after 4 interpolation),
should be 9 degrees. In our system this can be achieved when
the depth is larger than 3 cm or the elevation angle is within
10 degrees. Our simulation results for different depths and
different angles show that the overall image quality of the separable system is good and comparable to that of the non-separable
system, and are presented in Section IV-C.
C. Separable Beamforming
We use Field II [25], [26] and MATLAB to simulate a 3-D
imaging system with the parameters listed in Table I. We consider two simulation cases, as illustrated in Fig. 11. Both cases
have twelve anechoic cysts located in a
volume of random scatterers. The diameters of the cysts
range from 2 mm to 7 mm. In Case A (Fig. 11(a)), the volume
containing cysts and scatterers is vertical, corresponding to
. In Case B (Fig. 11(b)), the volume containing cysts and
scatterers, with cysts located at
. Consequently, the
field of scan view is increased from
to
, and
the number of scanlines is increased from 48 48 to 96 96.
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Fig. 11. The scatterer and cyst distribution for two Field II simulation cases; 12
anechoic cysts with diameter ranges from 2 mm to 7 mm. (a) Case A: Scatterers
and cysts in upright position; (b) Case B: Scatterers and cysts swung to
.

We quantify image quality via Contrast-to-Noise Ratio
(CNR) and Contrast Ratio (CR). The CNR and CR are defined
as follows
(15)
(16)
where
and
correspond to mean brightness of cyst
and background, and
and
are the standard deviation
of cyst and background.
The image quality of the 2-D slice images obtained in
Case A by the baseline non-separable beamforming (shown in
Fig. 12(a)) and our proposed separable beamforming method
(shown in Fig. 12(b)) are nearly indistinguishable; both achieve
an average CNR of 2.0 and an average CR of 0.55.
The 2-D slices of 3-D images obtained in Case B by non-separable beamforming and separable beamforming method are
shown in Fig. 13(a) and Fig. 13(b), respectively. We perform
coordinate transformation and scan conversion in order to display the 2-D slices vertically. In these images, the vertical axis
indicates depth rather than the axis coordinate. The images
produced by non-separable method achieve an average CNR of
1.55 an average CR 0.55, while the images produced by separable method achieve an average CNR of 1.45 and an average
CR of 0.55.
Finally, we confirm that the fixed-point performance of the
proposed methods matches the quality of full double-precision
floating point. We compare results of 12-bit and 14-bit separable
beamforming in Fig. 14(a) and Fig. 14(b). Both the 14-bit and
12-bit implementation achieve the same average CNR of 2.0, as
in the double-precision-floating-point separable beamforming,
although the 12-bit implementation has a slightly lower average CR compared to the 14-bit implementation (0.54 vs
0.55). Compared to the 14-bit nonseparable beamforming suggested in [12], 12-bit is sufficient for separable beamforming,
because truncations can be done on partial beamforming data
to prevent overflow without affecting

Fig. 12. 2-D slices of 3-D simulation images, Case A:
, 40 dB
dynamic range. (a) Non-separable beamforming, average CNR of 2.0, average
CR of 0.55; (b) separable beamforming, average CNR of 2.0, average CR of
0.55.

image quality. Hence we propose a 12-bit data path in our
hardware implementation for separable beamforming.
D. Power Analysis
To analyze the power and performance of our separable
beamforming system, we use power estimates for each component of the design. For the beamforming accelerator, we use
RTL-level Verilog synthesis results of the accelerator hardware
using an industrial 45 nm standard cell library. SRAM values
are generated using an industrial SRAM compiler, and our
network power is obtained using SPICE models of our wires
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Fig. 13. 2-D slices of 3-D simulation images, Case B:
, 40 dB
dynamic range. (a) Non-separable beamforming, average CNR of 1.55, average
CR of 0.55; (b) Separable beamforming, average CNR of 1.45, average CR of
0.55.

in 45 nm. Published state-of-the-art power numbers are used
for ADC [31], DRAM [32], and memory interconnect (ARM
Cortex M-3) [33].
In addition to our power analysis at 45 nm, we also project
power requirements to 11 nm technology using published
trends. ADC scaling uses values from [30], technology scaling
is taken from [29], and we assume network wire power does
not scale other than the shortening of the wires due to transistor
area scaling.
Fig. 15 shows the complete power breakdown of each component and a total system power at 45 nm of just below 15 W

Fig. 14. 2-D slices of 3-D simulation images generated by fixed-point algo, 40 dB dynamic range. (a) Separable beamforming,
rithm, Case A:
for 12-bit data path, average CNR of 2.0, average CR of 0.54; (b) separable
beamforming, for 14-bit data path, average CNR of 2.0, average CR of 0.55.

for a frame rate of 32 Hz. Based on the scaling trends, Sonic
Millip3De is just within our 5 W target at the 16 nm node and
falls well below the target power by the 11 nm node. Thus, compared to our previous implementations in [11], [12], the separable beamforming method improves the frame rate from 1–2
Hz to 32 Hz without increasing the whole system power consumption.
V. CONCLUSION
In this paper, we presented a separable beamforming method
that reduces the computational complexity of 3-D ultrasound
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Fig. 15. Power Breakdown Across Technology Nodes. Scaling projections
based on trends reported in [29], [30]. We project meeting the 5 W power
budget at the 16 nm node.

imaging systems. The method is based on decomposing the
delay term in a way that minimizes RMS phase error. We investigated several key factors for the separable delay functions,
including the form of decomposition and order of beamforming
and studied trade-offs between approximation error and computational complexity. We also proposed extensions to the Sonic
Millip3De beamforming hardware accelerator to efficiently
implement the separable beamforming method. Synthesis targeting an industrial 45 nm standard cell library indicated that
the design can produce 3-D images at 32 Hz frame rate within
a 15 W power budget, compared to 1–2 Hz frame rate in [12]
without increasing the power consumption. We validate image
quality via Field II cyst phantom simulations, which show
that the proposed separable beamforming synthetic aperture
ultrasound system can produce high quality images that are
comparable to those produced by the non-separable baseline
method.
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