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Distributed Estimation Algorithms for
Nonlinear Systems

DAVID A. CASTANON anxo DEMOSTHENIS TENEKETZIS

Abstract—In this paper, we consider the problem of combining the
local conditional distribntions of a random variable which have been
generated by local observers having access to their private information.
Sufficient statistics for the local distributions are communicated to a
coordinator, who attempts to reconstruct the global centralized distribu-
tion using only the communicated statistics. We obtain a distributed
processing algorithm which recovers exactly the ceatralized conditional
distribution. The results can be applied in designing distributed hypothe-
sis-testing algorithms for event-driven systems.

1. INTRODUCTION

ONSIDER the following estimation problem. The state

trajectory of a random process is observed by K distinct
vbservers, using noise-corrupted observations. Each observer
processes his own observation history to obtain the local condi-
tional distribution of the state as a function of time. Assume that
sufficient statistics representing each local conditional distribution
are communicated to a coordinator at a central location at each
point in time. The coordinator’s estimation problem consists of
constructing the overall conditional distribution of the state,
conditioned on knowing all of the observations, while using only
the sufficient statistics communicated to him. The above estima-
tion structure is illustrated in Fig. 1.

When the state process is a Gauss—Markov process, and the
local observations are linear measurements of the state corrupted
by the noise, the solution to the coordinator’s problem has been
obtained by many authors, notably Speyer [11, Chong {2], and
Willsky et /. [3]. In this case, the sufficient statistic is provided
by the local conditional mean and covariance. The results of [1]
and [2] show that the centralized conditional mean and covariance
can be obtained using linear operations on the local estimates and
covariances. The results of [3] extend these results to consider
problems in optimal smoothing, as well as problems where the
local models used in producing local estimates differ from the true
global model available to the coordinator.

In this paper, we extend the results of [1]-[3] to include general
Markov stochastic processes. A major assumption in our results is
that all agents have common knowledge of the a priori statistics of
the uncertainties in the system. We deal both with discrete-time
and continuous-time Markov processes. As an introduction, we
derive the solution of the coordinator’s problem for discrete-time
finite-state Markov processes using Bayes’ rule. The structure of
the coordinator’s solution is a generalization of the results of [2] to
finite-state Markov processes. We then extend these results for the
problem of estimating a continuous-time Markov process ob-
served through additive white noise. We use recent results in
nonlinear filtering {4], [5] to characterize the evolution of the
local and the centralized conditional probability densities of the
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state. Based on the solution structure for the discrete-time case,
we develop the equations for the optimal coordination algorithm.

The results for the continuous-time coordination problem are
illustrated for the problem of designing optimal hierarchical
estimation and parameter estimation algorithms for a class of
event-driven systems. These algorithms provide the basis for
designing distributed hypothesis testing algorithms which perform
as well as centralized algorithms.

The rest of the paper is organized as follows. In Section II, we
introduce and solve the discrete-time formulation of the coordina-
tor’s problem; Theorem 1 in that section presents the solution to
the coordinator’s problem. In Section I, we introduce the
continuous time version of the coordinator’s problem, and we
solve it in Theorem 2. Section IV illustrates the applications of the
results of Section IIT to the problem of parameter estimation.
Section V discusses the possibility of periodic or asynchronous
implementation of the coordinator’s algorithms. Section VI
summarizes the results and indicates directions of future research.
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II. A MOTIVATING EXAMPLE: FINITE-STATE DISCRETE-TIME
PROBLEMS

Consider the diagram of Fig. 1. Assume that the state process is
the finite-state hybrid process z,, evolving in discrete time, where
Z; is a member of a finite space S = (1, -+, N). Denote the
transition probability distribution of z; as

PAzri1; 270 2 P(z,41]2).

There are K local agents taking observations of the state
process. The observations of agent / at stage ¢ are measurements
of z, through memoryless channels with values in a finite space S’,
described by the transition probability

Qiclz) & P(yi=clz).

In order to properly define the estimation problem, we must
establish the relationship betwen the different observation chan-
nels. Let (Q, F, P) be the underlying probability space for the
random sequences z,, ¥, i = 1, -+, K, t = 0, -+ -, T. We make
the following assumption.

1) Under P, the memoryless channels of (2-2) are mutually
independent.

Now, consider the estimation problem of each local agent. The
purpose of each local agent is to produce the conditional
distribution of z,, given all of the past observations yj, -+, ¥i.
Define the notation Y7 as

2-D

@-2)

Yi={rp -7
Y,={Yi, i=1, .-+, K}.

Assumption 1) implies that the random variables y!, - - -, yX are
conditionally independent given z,. That is,

K
Pyl -, yE1Z)=] ] Qityilz).

i=1

2-3)

Furthermore, the memoryless nature of the channels implies
that

P(yiz, i, -0, yD=P(yi|z). (29

Then, agent i’s problem is solved recursively using Bayes’ rule as
71

P(yi|z)P(z:| Yi_1)

S P(yi|zdP| Yi_)
ZES

P(Z:' Y;) =

2-5)

where P(z,]Y?) denotes the distribution P(z, = z]Y?) throughout
this paper. The derivation of these equations is standard, and can
be found in [7] or [8].

The coordinator’s problem can be described as follows. At each
t, each agent i communicates the distribution P(z,| Y?}) for all z to
the coordinator. The coordinator must use the information in these
communications to estimate the state z,.

Let #i(z,) be the communications from agent i at time £, and

Ui & {ui, -+, ul}; U, & {U, -+, UK},

The coordinator’s problem is to develop an algorithm for
obtaining P(z,|U;). Rather than deriving P(z,|U)), we will
establish that P(z,]Y,), the conditional probability distribution
assuming that all measurements were available to the coordinator,
can be obtained as a function of U,. Since U, is a function of Y, by
definition, this establishes that P(z,|Y,) = P(z,|U,). We call the
map from U, to P(z|Y,) the coordinator’s algorithm. This
algorithm is described in the following theorem.

Theorem 1: Under assumption 1), the coordinator can recon-
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struct the centralized conditional probability distribution using the
recursive algorithm

K
H u;(-?.'t)

SR o
Pz Y)= o) ra 2-6)
I1 4@
i=1
zEES c(2)
where
K
IT X Pias z-oui_(z-0)
i=1 gz,
clz)= = . 2-7
E Pzi; ze-)P(ze-1| Y,2y)
z- €S
Proof:
1 K
P(z| Y =— P(y,, Vi |20P(R| Y,Z)) 2-8)
E (P(y,l, T, }’ﬂzr)P(Zt‘ Y1)
ZES
K .
= k(Y <H Qi y;gz,))(p(z,| Y, 2-9)
i=1

where k,(Y,) is a normalization constant, using assuraption 1).
From the expression for the optimal local estimates in (2-5), we
obtain

P(z,| Y?)
Pz |Yi_)

Combining (2-9) and (2-10) establishes the theorem, where the
normalization constants have been explicity evaluated. Note that
2-7) is a function of U,_,; thus, (2-6) expresses P(z,|Y,) as a
function of U,.

The structure of the coordinator’s solution in Theorem 1 is
interesting. Basically, the coordinator accounts for the presence of
correlations between the local estimators, due to the fact that they
all observe the same state process, by compensating the product of
the local conditional densities with the ratio of the centralized
conditional predicted density and the product of the local
conditional predicted densities. Formally,

Qi yilz)=ki YD - (2-10)

pz|Y) =K Pz Y-1)

K Mg
[Ir@lyy  TIpelYi)
i=1 i=1

where K, is a proportionality constant to account for the
normalization of the probability densities.

The results of Theorem 1 can be generalized to arbitrary
discrete-time Markov processes as long as an independence
assumption equivalent to assumption 1) is included, and enough
regularity assumptions are made to guarantee the existence of the
conditional distributions. Rather than developing these extensions
here, we will focus the rest of this paper on distributed estimation
algorithms for continuous-time Markov processes.

2-11)

M. THE CoNTINUOUS-TIME COORDINATOR'S PROBLEM

Assume that the state process can be described by the stochastic
differential equation
dx;=f(t, x,;, p)dt+o(t, x;, p)dw, (3-1)

where w, is a standard Brownian motion with values in R”, and
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where p, is an element of a finite set § = {1, *--, N} whose
transitions are described in terms of the infinitesimal rates
Plora=ilor=J, Xe=x}=n;(x)A+0(4). (32

Under appropriate assumptions, (3-1) and (3-2) define the
evolution of a strong Markov process (X;, p;) = 2, with values in
R™ x 8. For our purposes, we assume the following.

2) o(t, x, p), f(¢, x, p), and A;(x) are sufficiently regular to
guarantee the existence of a strong Markov process g, = (x;, p;)
which is Feller continuous for any xy, o, [9].

3) The initial distribution of z, is known and independent of w.

4) Nj(x) 2 e > O forall i, J.

Suppose that each local station i = 1, - - -, K has measurements
or the state process z, described by the stochastic differential
equation

dyi=hi(t, x,, p)dt + dvi. 3-3)
We assume additionally the following.

5) The processes v’ are mutually independent standard Brow-
nian motions which are also independent of w and gz,.

6) The functions f, o, and h' are smooth enough so that
conditional probability densities of z, given the local information
¥, 0 € 5 < texist for each station 7.

Conditions which guarentee the existence and smoothness of
the conditional probability density function can be found in [4] and
[5]. Typically, the functions &’ will be assumed to be uniformly
bounded with bounded x derivatives.

Under these assumptions, the solution to each agent’s problem
can be abtained using the equations for optimal nonlinear filtering
{41, [5]. As before, denote the information available at time £ as

={yl, 0<s=<1¢}
Y,={Y, -+, YK}

Define A, as the differential operator on functions on R” X §
into R as

Aplx, p)= Ef %, 8) 5 v(x, p)

2

8
0x;0x; v, o)

NI»-
||'M=

E ay(t, X, 0) 5=

K
+ E Api(x)(u(x, i) - ll().', ﬁ)) (3'4)

i=1

where a(t, x, p) = o(t, x, p)o’(¢, x, p).

The solution to each local agent’s problem is described by
Zakai’s equation [10] for the unnormalized conditional density of
the state z; given the observations Yi. Let gi(z) denote this density
for the local station i. Then

dqi(z)= A (2)qi(2)at + hi(z) "gi(2)dy’

where Ais the formal adjoint of the operator A, defined in (3-4).
The differentials used in (3-5) are the Ito differentials; in
Stratonovich form [11], using symmetric differentials, (3-5)
becomes

(3-5)

dqi(z) = (A ¥@) - 2R TR (2)q' (2)dt

+ hiT(R)qgi(Ddy!

where we have adopted the notation d of [11] to indicate the
Stratonovich symmetric differential.

We formulate the coordinator’s problem as follows. At each
time ¢, the coordinator receives, from each location i, a multipls

(3-6)
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of gi(z) or a sufficient statistic which enables him to reconstruct
gi(z) exactly. As in the previous section, our objective is to
develop an algorithm whereby the coordinator can reconstruct
P(z, € AY;) from the histories gi(z), i = 1, -+, K, § < &.
Denote the coordinator’s received message as

ai(z)=kiqi(z)

where &% is the scale constant at time 7.

The solution of the coordinator’s problem is summarized in
Theorem 2.

Theorem 2: Under assumptions 2)-6), the coordinator can
reconstruct the centralized conditional probability distribution
recursively as

| e a
P(z,€A|Y)=

[ at0
R"xS
where

K .

1] 7@

=1
q{2)= @

and C, satisfies

1 dCt(Z) EA*HI(Z)

(o i~ ai(z)
K
ai(z)
C@_ ., e a7
fC@)

&
[14@
i=1

Co(2) = Py(z) %!

where Py(2) is the initial density of Zo.

Proof: Since the Brownian motions vi are mutually indepen-
dent, by assumption 5), the Zakai equation for the unnormalized
conditional density g(z) is given by

K
dg(2)=A¥Rq.@)dt+ Y, ki) Tdyiq,(z)

(3-8)
i=1
which, when converted to Stratonovich form, reads
. 1 .
dg:= (A T3 > hi) Th;(z)) q,(2)dt
i=1
K . - .
+3 B Tdyig. (). (3-9)
i=1
Now define
X .
| § it
Cir)==! 3-10
! q2) ( )
Then, using the calculus of Stratonovich differentials,
ic0=3, Cio D _ ) 0 @3-11)
AT Y e
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Hence, using (3-6) and (3-9),

i) _& Ara@
Clz) - i@

i=1

_ AN2)q:(z)
q,2)

dt. (3-12)

Equation (3-12) defines C(z) as a deterministic equation, driven
by gi(z) and g,(z). Substituting (3-10) with (3-12) and multiplying
the numerator and denominator of the first sum in (3-12) by A
results in (3-7).

A direct analogy between Theorems 1 and 2 can be drawn as
follows:

A¥qi(2)
qi@

correspond to predictors in the discrete-time case, as in the
heuristic formula

. ~ L Al
In (Priafz| YD)=In Pyz|Y))+ W dt. (3-13)
Furthermore,
—A%q(2)
—————— dt=In Pz|Y)-In (Pr, alz| Y))). (3-14)
q:(2)
Substituting into (3-7) gives (formaly)
In G g(z)—In Cyz)
K
H Py arlz] Yﬁ)
=m = _ncC
Prradz] Y @)
—~In K| (3-15)

where K, is a constant factor due to the scaling in the definition of
C/2). Hence,

K
H Pyialz] )

Crrald)=K, =2

—_— 3-16
Prra@ 7D (3-16)

which is the ratio of the product of the decentralized predictors to
the centralized predictor. Thus, C, is the same compensator as
was used in Theorem 1.

IV. APPLICATION TO DISTRIBUTED PARAMETER ESTIMATION

In this section, we apply the results of Section II to the problem
of parameter estimation of continuous-time hybrid systems.
Assume that at time f = 0 an event H occurs where

HE{1,2, -+, N}

and P(H = D{i = 1, 2, ---, N) is known a priori. The event H
determines the parameters of evolution of a Gauss—~Markov
continuous-time R-valued! process described by

@.1)

dx;=A(H)x.dt + b(H)dw,. 4-2)
This process is being observed by K independent stations whose
measurements are described by
dyﬁ:Ci(H)x,a't+dv‘;, i=1,2,---, K. 4-3)
! For ciarity of the presentation of results, we restrict attention to scalar
systems. The results can be easily generalized to R"-valued Gauss-Markov
processes.
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The assumptions of Section III are assumed to hold. In addition,
we assume the following.

7) Xxp is a Gaussian random variable conditioned-on H, with
mean xo(H ) and covariance oo(H )2.

8) The initial probability distribution of H is given by Py(H),
and is positive for all H.

The state of the hybrid system at any time ¢ is

z & (H, x,). @-4)

The local conditional density of z, given the past measurements
Y} can be summarized by the finite dimensional statistic

[ P(H=1]Y)]
P(H=2|YY)

P(H=N|Y})
xj(1)

4-5)

x[(N)

where
Pi(k) & P(H=k|Y)) (4-6)

is the conditional probability that H = k(k = 1,2, - -+, N) given
Y! and

fik)=E{x,|H=k, Y'}. @7

The local conditional density of z, given Y! is given by

1 (x,—fi(H))Z}
—— ex] _—— 4-8
VonaiH) T { 20}(H)? “9

¢

P(z,| Y))=Pi(H)

where
oi(H) = E{(x,— *I(H))*| Y, H} 49

can be computed g priori from the parameters of the problem, and

PiH) = L:(f.I)Po(H) 4-10)
3 Litk)Po(k)
. k
where Li(H) is the likelihood of event H satisfying
dLi(H)=LiH)CI(H)%(H)dy'. 4-11)

A simple derivation of these equations is provided in [12].
The conditional density of the hybrid state z, given Y, (i.e., the
centralized conditional density) has a sufficient statistic defined by

r-

P |

Pi(N)

=1 2

@-12)

-xt(N)_J
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where
P(l)=P(H=1|Y)
XNy =E{x,| Y., h=1}.

@-13)
@4-14)

The coordinator’s task is to attempt to reconstruct §, based on
the past reports Si(/ = 1,2, -+ -, K), 5 < ¢, that he receives from
the local observation stations.

The system of (4-2), (4-3) satisfies all the assumptions of
Section OI. Thus, according to Theorem 2, the coordinator can
reconstruct the centralized conditional density of the state z, based
on the reports S} that he receives from the local observation
stations. The problem of parameter estimation consists of con-
structing the conditional distribution P(H) over the set of
possible parameters H. The coordinator’s optimal algorithm is
given below,

Theorem 3: The conditional probabilities P{H) of the events
are given by

P,(H)=-—Q@ (4_15)
> e
!
where
X 2UH)* 2(H)*
o exp [—1/2 {2:1 a"(H)Z_a(H)Z}]
(H )=
L, H)
St H) exp [ 20, h)]
oH) o
—— [1 PieD 4.16)

[Toen™

i=1

and fi(¢, H), frt, H), fs(t, H) are determined by the following
equations:

A S S
dt fit, H) £ H) o(H)Z
K i-1
2 2
+b(H)f(t )2+2b (H) z g (H)Zol(H)z
@-17)
_ oo(F)?
5O, H)= x_1 @-18)
@ rit, Hy= ) AGH) - 202(H) fitt, H gL |
22t H) = JAGD) = 20* (D fi(t, )EZU{(H,ZW
1
+b2(H) 2 ,(H)z} St H)
FAH)
~b2(H)2 ‘(H)2
K @D+ 2(H
WL % AL H) @19
i=1j=1 K
S0, H)=%(H) (4-20)
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2 1
St H)=ey exp— (k= DAWE! - exp [_b gH) Sofs(Sl H) df]

z K i-1
- exp [ Akl j E E (fals, H)

- RUHN(fols, H)—R(H) ds

@-21)

SO, Hy=———— (P(H)*"'=C.. 4-22)

oo(H )K

The conditional means x,(/) are given by

St H)} @23

K o
H)y=0{H)? x't(H)
x{(H)=0(H) {,:2‘ oi(H)*  fi(t, H)

and

51 1 -1
o{H)?= _——— 1 .
(H) {El N H)} 4-24)
Proof: See the Appendix.

Equations (4-15)-(4-24) accept as input the communications
Pi(H), £(H), using the g priori-determined parameters oi(H)?2,
to obtain the compensator C,(H, x) defined in Theorem 2. A
direct derivation of Theorem 3 is possible, without using the
results of Theorem 2. Essentially, one defines

K
1 -1200, _ SN2/ Gi(E)E « pitH
’_=]\/5‘7;0-;'(H)e (x; xt( )) 0,( ) pr( )
C(H, x)= 1
-2 — X(H 2/ (H)? - (H
\[27ra,(H)e (e, — R(H )/ o, (H)* + p(H)
(4-25)

A direct computation establishes
CiH, x)=cfi(t, H)e™(x,— folt, H)*/ fi(t, H) (4-26)

where

1
" odH)?

f;(t 2 o(H) @27

i=1

_ WA )
S, Hy=f(t, H) (Eaim)z— o) @®

and fi(t, H) defined appropriately. Then, differentiation of (4-27)
and (4-28) yields (4-17) and (4-19). However, we have used the
general result of Theorem 2 to obtain the specialized results of
Theorem 3. Notice also that Theorem 3 reduces to the distributed
estimation results in [1] and [3] when only one hypothesis is
considered.

V. COMMUNICATION REQUIREMENTS

The algorithms described in Sections II-IV provide a coordina-
tion algorithm for obtaining the centralized conditional distribu-
tion of the state, given the past histories of the local conditional
distributions of the state. In general, these algorithms require that
sufficient statistics for the local conditional distributions of the
state be transmitted at every possible time instant. These statistics
may be infinite dimensional, thus requiring more communication
than direct transmission of the finite-dimensional unprocessed
observations.

There are classes of systems for which the communication
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requirements can be significantly reduced. For example, the
results in [1] and [3] imply that, for linear Gaussian systems, the
computation of the dynamic compensator required in the coordi-
nator’s algorithm can be divided into local dynamic compensa-
tors. In essence, each local station can compute a sufficient
statistic for its contribution to the coordinator’s dynamic compen-
sator. Hence, the reconstruction of the centralized conditional
distribution can be accomplished using only the communrications
at the most recent time, thereby reducing the required communi-
cations to the times when a centralized conditional distribution is
required.

Unfortunately, the coordinator’s algorithms in Sections II-IV
cannot be separated into a memoryless combination of locally
computed processes. This is illustrated clearly in Theorem 3
where the computation of f,(¢, H) requires the computation of

K i-1

[ 33 (Ats, By -2 flss HY=xHD) ds.
i=1j=1

This term involves cross couplings between the information
available to each local station at each point in time; hence, its
computation cannot be divided into the product of integrals
computed at the local stations. Note that the linearity of (4-19)
would permit the computation of f,(z, H) as a linear combination
of locally computed f5(¢, H) as

X
f2(t’ H)=Ef12(t! H)

(-1
i=1
where
d . X K -1 1
Efz(t: H)= (A(H)—Zb (H) fi(t, H) E 2:1 mz
-1 : bAH)
+bH) Z:] W) Syt Hy— ,(H)zx "(H)
£4(H)
+b(h) H)?

LIS 1
» f5(t, H) (E e a—_—;'(H)2> (5-2)

£40, H)= 2 5o(FD (5-3)
and that fi(f, H) would be computable at each local station,
assuming that the global statistics of the processes were known at
the stations. Hence, the only term which requires the continuous
communication of information is f,(¢, H).

Theorem 3 provides the basis for developing a coordination
algorithm when communications are limited to periodic intervals
with period Az. Using (5-1)-(5-3), the values of f5(¢, H) and f3(¢,
H) can be computed exactly at each instant of communication.
Then, the computation of f,(, H) can be approximated, for 1 =

MAt, as
b%(H) 1
S o) d‘]
K i-1

filt, H)=cye~%- DA exp [
H e PH) Y, S (fUar, H)

i=1 j=1

Although the algorithm does not reconstruct the centralized
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conditional distribution exactly, the error introduced by (6-4) will
be of order 0(At'?), the modulus of continuity of xi.

One particular case where the centralized conditional probabil-
ity can be computed exactly using only local communications at a
single time instant consists of the class of systems in Section IV
when the driving noise intensity &#(X) is zero for each event H. In
this case,

Polsy* !

o e K-nAGD:,
ao(H)Y"*~

At Hy= (5-5)

Equation (5-5) does not require any dynamic integration of data;
hence, the centralized conditional distribution can be computed
using only a single time communication, consisting of the
sufficient statistics Si, because the equation for f5(f, H) is now

Sot, H)=Xe 0,

Similar results can be obtained for the general jump-diffusion
model of Section III when the driving noise intensity o(¢, x, p) =
0 and the jump rates Ay(x) = O for all / # j. In this case, the
centralized conditional probability of z, can be obtained using only
the communications from the local stations at time £.

(5-6)

VI. CoNCLUSIONS

The algorithms presented in Sections II and II solve the
problem of data fusion for nonlinear systems under the conditions
that, at each measurement time, the local stations compute their
local conditional distribution and communicate a sufficient statis-
tic to the coordination station. Under the conditions of Sections II
and II, the coordination station can reconstruct exactly the
centralized conditional distribution of the state process. The
results in Section IV illustrate how, for a particular class of
nonlinear Markov processes, finite-dimensional sufficient statis-
tics can be found for the local conditional distributions, and how
the results of Section III yield the centralized conditional
distribution from these local sufficient statistics. These results
represent a direct generalization of the results in [1]-[3] to non-
Gaussian-Markov processes.

In most practical applications, the rate of communications
between local stations and the coordinator is substantially lower
than the measurement rate of the local stations. In Section V, we
investigated the possibility of designing coordination algorithms
which require less frequent communications. Under communica-
tion restrictions, the exact centralized conditional distribution can
be obtained only under severe restrictions in the evolution of the
process under observation. Nevertheless, accurate approxima-
tions to this conditional distribution can be obtained using periodic
communications. These approximations can serve as the basis for
implementable algorithms, provided that approximate finite-
dimensional sufficient statistics can be determined.

APPENDIX
PROOF OF THEOREM 3

From Theorem 2, we have
K
14 m

a/(x, )=

Co, B) -

where

— 2 (H))?
<__gH>_>] a2

i gy P 1]
2l == o s [ 201(H)’

and C(x, H) satisfies (3-7). For the system of (4-2), (3-4)
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becomes

1 a?
ARf(x, H)=35 bH)? — f(x H)

A L [, B~ AGDI B, ()
Hence, (3-7) becomes
d
S i, H) = ~ (K=~ DAWH)C,x, B~ AH)x - Cix, D
, d q i(x, H)
b _Ct s
O g e D = q(x,H)
L @ buH) (d 2
B s G = (;,; i, H))
d )
K i~ dxq(x h)y — q(x,H)
p@) e Y S

qix, H )q{(x, H)

i=1j=1
(A4)
Substituting (A-2) into (A-4) and differentiating gives

d d
¢ H)= —(K-DAH)C/(x, H) - A(H)x o Cix, H)

— (x— £1(HD)
+b) = oo H) - 3 —— o
,El ol(H)?
bYH) d? b¥H) (d 2
+—2—Ect(x,H) o 1) < Cix, H))

i

~bHH)Cx, H) ﬁ: i} (x— R ED))x~ 2UH) .

S5 o)y
(A-5)
Equation (A-5) admits a solution of the form
Cix, Hy=fi(t, H)e &~FatHY2550H) (A-6)

Substituting (A-6) into (A-5) and grouping like powers of (x —
S, H)) yields (4-17), (4-19), and (4-21). Matching the initial
condition for Co(x, H) yields (4-18), (4-20), and (4-22).

Now, consider the equation for oi(H)2:

d_1 _-24(H) bE)

@ @ o G AD
Similarly, straightforward filtering arguments yield
d 1 -24H) b¥H) ;
& (B oE (H)”E c@E: @
with mltlal conditions
o(H)?=gi(H)*=0o(H). (A-9)

Combining (4-17) and (4-18) with (A-6)-(A-8) yields (4-24).
Similarly, consider the equation for o{(H)~*%(H):
£(H) bUH) \ RUEDdt
@D ( “ a;(H)Z) Bl

0+ CiH)dy!

(A-10)
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and
g SiCH) _PE\uEd & o
o) ( AED o(H)Z) wE? " & Y]
(A-11)
with initial conditions
2o(H) _ xo(H) _ Z(H) A1)

o(H)? ol(H)? oo(H)?
Combining (4-19), (4-20) and (A-10)-(A-12) yields (4-23).

The final result which must be established in Theorem 3 is (4-
15) and (4-16). From standard filtering results {(e.g., {8]),

1

px, H) =m

P(H) exp [‘;“(x_-fr(H))z/Ut(H)z] .
(A-13)

Combining (A-13), (A-11), (A-12), and (A-6) gives

V2

1
PyH)=—- 0(H) - exp [5 (e —2(H))*/ o,(H) 2]

T PUH)
2woi(H)
K 1 .
exp [ Y3 (x—f;’(H»z/a:(H)Z]
' fit, B

is
. @SV 2F Y H)

(A-14)
Hence, cancelling the x-dependent term results in

1 K-1  g(H)
(~Vamy D K

ITo
i=1

P.(H)=

RUH)?  x(H)
G a(H)ZV
f2(t’ H)2
2f3(t’ H)

e

f](t’ H) €xp [_

(A-15)

where D is chosen such that ¥ | P(H;) = 1. Equations (4-15)
and (4-16) are equivalent to (A.15).
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