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Abstract—We consider a remote estimation problem with an en-
ergy harvesting sensor and a remote estimator. The sensor ob-
serves the state of a discrete-time source which may be a finite
state Markov chain or a multidimensional linear Gaussian system.
It harvests energy from its environment (say, for example, through
a solar cell) and uses this energy for the purpose of communicating
with the estimator. Due to randomness of the energy available for
communication, the sensor may not be able to communicate all
of the time. The sensor may also want to save its energy for fu-
ture communications. The estimator relies on messages communi-
cated by the sensor to produce real-time estimates of the source
state. We consider the problem of finding a communication sched-
uling strategy for the sensor and an estimation strategy for the es-
timator that jointly minimizes the expected sum of communication
and distortion costs over a finite time horizon. Our goal of joint
optimization leads to a decentralized decision-making problem. By
viewing the problem from the estimator’s perspective, we obtain a
dynamic programming characterization for the decentralized de-
cision-making problem that involves optimization over functions.
Under some symmetry assumptions on the source statistics and the
distortion metric, we show that an optimal communication strategy
is described by easily computable thresholds and that the optimal
estimate is a simple function of the most recently received sensor
observation.

Index Terms—Decentralized decision-making, energy har-
vesting, Markov decision processes, remote estimation.

I. INTRODUCTION

ANY SYSTEMS for information collection, such as

sensor networks and environment monitoring net-
works, consist of several network nodes that can observe their
environment and communicate with other nodes in the network.
Such nodes are typically capable of making decisions, that is,
they can use the information they have collected from the envi-
ronment or from other nodes to decide when to make the next
observation or when to communicate or how to estimate some
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state variable of the environment. These decisions are usually
made in a decentralized way, that is, different nodes make
decisions based on different information. Further, such deci-
sions must be made under resource constraints. For example,
a wireless node in the network must decide when to commu-
nicate under the constraint that it has a limited battery life. In
this paper, we study one such decentralized decision-making
problem under energy constraints.

We consider a setup where one sensor is observing an envi-
ronmental process of interest which must be communicated to a
remote estimator. The estimator needs to produce estimates of
the state of the environmental process in real time. We assume
that communication from the sensor to the estimator is energy
consuming. The sensor is assumed to be harvesting energy from
the environment (for example, by using a solar cell). Thus, the
amount of energy available at the sensor is a random process.
Given the limited and random availability of energy, the sensor
has to decide when to communicate with the estimator. Since
the sensor may not communicate at all times, the estimator has
to decide how to estimate the state of the environmental process.
Our goal is to study the effects of randomness of energy supply
on the nature of optimal communication scheduling and estima-
tion strategies.

Communication problems with energy harvesting transmit-
ters have been studied recently (see [1], [2] and references
therein). In these problems, the goal is to vary the transmission
rate/power according to the availability of energy in order to
maximize throughput and/or to minimize transmission time. In
our problem, on the other hand, the goal is to jointly optimize
the communication scheduling and the estimation strategies
in order to minimize an accumulated communication and
estimation cost. Problems of communication scheduling and
estimation with a fixed bound on the number of transmissions,
independent identically distributed (i.i.d.) sources, and without
energy harvesting have been studied in [3] and [4], where
scheduling strategies are restricted to be threshold based. A
continuous time version of the problem with the Markov state
process and a fixed number of transmissions is studied in [5].
In [6], the authors find an optimal communication schedule as-
suming a Kalman-like estimator. Remote estimation of a scalar
linear Gaussian source with communication costs has been
studied in [7], where the authors proved that a threshold-based
communication schedule and a Kalman-like estimator are
jointly optimal. Our analytical approach borrows extensively
from the arguments in [7] and [8]. The latter considered a
problem of paging and registration in a cellular network which
can be viewed as a remote estimation problem.
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Problems where the estimator decides when to query a sensor
or which sensor to query have been studied in [9]-[15]. In these
problems, the decision making is centralized. Our problem dif-
fers from these setups because the decision to communicate is
made by the sensor that has more information than the estimator,
and this leads to a decentralized decision-making problem.

In order to appreciate the difficulty of joint optimization of
communication and estimation strategies, it is important to
recognize the role of signaling in estimation. When the sensor
makes a decision on whether to communicate or not based on
its observations of the source, then a decision of not to com-
municate conveys information to the estimator. For example,
if the estimator knows that the sensor always communicates if
the source state is outside an interval [a, 5], then not receiving
any communication from the sensor reveals to the estimator
that the state must have been inside the interval [a, b]. Thus,
even if the source is Markov, the estimator’s estimate may not
simply be a function of the most recently received source state
since each successive “no communication” has conveyed some
information. It is this aspect of the problem that makes the
derivation of jointly optimal communication and estimation
strategies a difficult problem.

A. Contributions of this Paper

The main contributions of the paper are as follows.

1) We formulate the optimal communication and remote
estimation of a discrete Markov source with an energy
harvesting sensor as a decentralized decision-making
problem, with the sensor and the estimator as the decision
makers.

2) We show, under some symmetry conditions, that the glob-
ally optimal estimation strategy is to use the most recently
received source state as the current estimate. Also, the
optimal communication strategy for the sensor is an en-
ergy-dependent threshold-based strategy. These thresholds
can be obtained by solving a simple finite-state dynamic
program with two actions. Our results considerably sim-
plify the offline computation of optimal strategies as well
as their online implementation.

3) In Section V, we consider the communication and esti-
mation problem with a multidimensional Gaussian source.
Under a suitable symmetry condition, we characterize op-
timal strategies for this case as well. In particular, we show
that for any time instant at which no message is received
by the estimator, the optimal estimate is a simple linear
update of the previous estimate. Moreover, the optimal
strategy for the sensor is an energy-dependent threshold-
based strategy. While the result in [7] is only for a scalar
Gaussian source without energy harvesting, our approach
addresses a multidimensional source and an energy har-
vesting sensor.

4) Finally, in Section VI, we show that our results apply to
several special cases which include the important remote
estimation problems where the sensor can afford only a
fixed number of transmissions or where the sensor only has
a communication cost and no constraint on the number of
transmissions. To the best of our knowledge, ours is the
first result that identifies globally optimal communication
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and estimation strategies for a multidimensional Gaussian
source in the aforementioned special cases.

Notation

Random variables are denoted by uppercase letters
(X,T,11,0) and their realizations by the corresponding
lowercase letters (x,+,w,8). The notation X, denotes the
vector (Xq, Xoj1,-.-:Xp). Bold capital letters X represent
random vectors, while bold small letters x represent their
realizations. IP(+) is the probability of an event, and IE(-) is
the expectation of a random variable. 1,4(+) is the indicator
function of a set A. Z denotes the set of integers, Z denotes
the set of positive integers, R is the set of real numbers, and R”
is the n- dimensional Euclidean space. I denotes the identity
matrix. For two random variables (or random vectors) X and
Y taking values in X and Y, IP(X = z|Y") denotes the condi-
tional probability of the event {X = x} given Y, and IP(X |Y)
denotes the conditional probability mass function (PMF) or
conditional probability density of X given Y. These condi-
tional probabilities are random variables whose realizations
depend on realizations of Y.

B. Organization

In Section 11, we formulate our problem for a discrete source.
We present a dynamic program for our problem in Section III.
This dynamic program involves optimization over a func-
tion space. In Section IV, we find optimal strategies under
some symmetry assumptions on the source and the distortion
function. We consider the multidimensional Gaussian source
in Section V. We present some important special cases in
Section VI. We conclude in Section VII. We provide some
auxiliary results and proofs of key lemmas in Appendices A-E.
This work is an extended version of [16].

II. PROBLEM FORMULATION

A. System Model

Consider a remote estimation problem with a sensor and a
remote estimator, as shown in Fig. 1. The sensor observes a dis-
crete-time Markov process X;,7 = 1,2, .... The state space of
this source process is a finite interval X" of the set of integers Z.
The estimator relies on messages communicated by the sensor
to produce its estimates of the process X;. The sensor harvests
energy from its environment (say, for example, through a solar
cell) and uses this energy for communicating with the estimator.
Let £, be the energy level at the sensor at the beginning of time
t. We assume that the energy level is discrete and takes values in
the set & = {0,1,..., B}, where B € Z . In the time period ¢,
the sensor harvests a random amount V; of energy from its en-
vironment, where NV, is a random variable taking values in the
set A" C Z, . The sequence Ny, = 1,2, ..., is ani.i.d. process
which is independent of the source process X;, ¢ =1,2,....

We assume that a successful transmission from the sensor to
the estimator consumes 1 unit of energy. Also, we assume that
the sensor consumes no energy if it just observes the source but
does not transmit anything to the estimator. At the beginning
of the time period #, the sensor makes a decision about whether
to transmit its current observation and its current energy level
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Fig. 1. System model and the time ordering of relevant variables.

to the estimator or not. We denote by U; € {0,1} the sensor’s
decision at time #, where U; = 0 means no transmission and
U; = 1 means a decision to transmit. Since the sensor needs at
least 1 unit of energy for transmission, we have the constraint
that U; < FE;. Thus, if £, = 0, then U; is necessarily 0. The
energy level of the sensor at the beginning of the next time step
can be written as

Et+1 = IIliIl{Ef, + Nt — Lft, B} (l)

where B is the maximum number of units of energy that the
sensor can store. The estimator receives a message Y; from the
sensor where

ifU, =1

_ ()(hEt):
Y= { 3 iU, = 0 @

where ¢ denotes that no message was transmitted. The estimator
produces an estimate X, attime t depending on the sequence of
messages it received so far. The system operates for a finite time
horizon T

B. Decision Strategies

The sensor’s decision at time ¢ is chosen as a function of
its observation history, the history of energy levels, and the se-
quence of past messages. We allow randomized strategies for
the sensor (see Remark 1). Thus, at time ¢, the sensor makes the
decision U; = 1 with probability p; where

pr = fe( X1, B Yig—1). 3)

The constraint U; < FE; implies that we have the constraint
that p, = 0 if &, = 0. The function f; is called the decision
rule of the sensor at time ¢ and the collection of functions f =
{f1, f2,..., fr} is called the decision strategy of the sensor.

The estimator produces its estimate as a function of the
messages

Xt = gt(let)~ )

The function g, is called the decision rule of the estimator at
time ¢ and the collection of functions g = {g1,92,...,97} is
called the decision strategy of the estimator.

C. Optimization Problem

We have the following optimization problem.

1) Problem 1: For the model described before, given the sta-
tistics of the Markov source and the initial energy level Fq,
the statistics of amounts of energy harvested at each time, the
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sensor’s energy storage limit B and the time horizon 7" find de-
cision strategies f, g for the sensor and the estimator, respec-
tively, that minimize the following expected cost:

J(t,8) = E{> U+ p(Xe. Xo)} (5)

t=1

where ¢ > 0 is a communication costand p : X x X — Risa
distortion function.

Remark 1: It can be argued that in the problem just shown,
sensor strategies can be assumed to be deterministic (instead of
randomized) without compromising optimality. However, our
argument for characterizing optimal strategies makes use of the
possibility of randomizations by the sensor and, therefore, we
allow for randomized strategies for the sensor.

2) Discussion on Our Approach: Our approach for Problem
1 makes extensive use of majorization theory-based arguments
used in [7] and [8]. As in [8], we first construct a dynamic pro-
gram for Problem 1 by reformulating the problem from the esti-
mator’s perspective. This dynamic program involves minimiza-
tion over a function space. Unlike the approach in [8], how-
ever, we use majorization theory to argue that the value func-
tions of this dynamic program, under some symmetry condi-
tions, have a special property that is similar to (but not the same
as) Schur-concavity [17]. We then use this property to charac-
terize the solution of the dynamic program. This characteriza-
tion then enables us to find optimal strategies. In Section V, we
consider the problem with a multidimensional Gaussian source.
We extend our approach for the discrete case to this problem
and, under a suitable symmetry condition, we provide optimal
strategies for this case as well. While the resultin [7] is only fora
scalar Gaussian source without energy harvesting, our approach
addresses a multidimensional source and an energy harvesting
Sensor.

III. PRELIMINARY RESULTS

Lemma 1: There is no loss of performance if the sensor is
restricted to decision strategies of the form

pr = fo( Xe, Be, Y1 1), (6)

Proof: Fix the estimator’s strategy g to any arbitrary
choice. We will argue that for the fixed choice of g, there is
an optimal sensor strategy of the form in the lemma. To do
so, we can show that with a fixed g, the sensor’s optimization
problem is a Markov decision problem with X, F;. Y7, 1
as the state of the Markov process. It is straightforward to
establish that conditioned on Xy, F;, Y1, 1 and p;, the next
state (Xiy1,Fep1, Y1) is independent of past source states
and energy levels and past choices of transmission proba-
bilities. Further, the expected cost at time # is a function of
the state and p,;. Thus, the sensor’s optimization problem is a
Markov decision problem with X, Iy, Y7, 1 as the state of
the Markov process. Therefore, using standard results from
Markov decision theory [18, Ch. 6], it follows that an optimal
sensor strategy is of the form in the lemma. Since the structure
of the sensor’s optimal strategy is true for an arbitrary choice
of g, it is also true for the globally optimal choice of g. This
establishes the lemma. [ |
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In the following analysis, we will consider only the sensor’s
strategies of the form in Lemma 1. Thus, at the beginning of
a time instant ¢ (before the transmission at time # occurs), the
sensor only needs to know X;, E;, and Y7.;_1, whereas the
estimator knows Y7.;_1. Problem 1—even with the sensor’s
strategy restricted to the form in Lemma 1—is a decision
problem with nonclassical information structure [19]. One ap-
proach for addressing such problems is to view them from the
perspective of a decision maker who only knows the common
information among the decision makers [20]. In Problem 1,
at the beginning of time #, the information at the sensor is
(X:, FE:.Y1.4-1), while the information at the estimator is
Y1.:—1. Thus, the estimator knows the common information
(Y1.:—1) between the sensor and the estimator. We will now
formulate a decision problem from the estimator’s point of
view and show that it is equivalent to Problem 1.

A. Equivalent Problem

We formulate a new problem in this section. Consider the
model of Section II. At the end of time ¢ — 1, using the informa-
tion Y7.;_1, the estimator decides an estimate

Xt—l = .f}t(let—l)-

In addition, at the beginning of time £, the estimator decides a
Sunction Ty : X x € + [0,1], using the information Y7.;_1.
That is

Iy =4(Y1-1) @)
Then, at time ¢, the sensor evaluates its transmission probability
as pr = T'4(Xy, Ey). We refer to I'; as the prescription to the
sensor. The sensor simply uses the prescription to evaluate its
transmission probability. The estimator can select a prescription
from the set G, which is the set of all functions «y from X x £ to
[0, 1] such thaty(z,0) = 0,Vz € X.Itisclear that any prescrip-
tion in the set G satisfies the energy constraint of the sensor; that
is, it will result inp, = 0 if £y = 0. We call £ := £, 45, ... i1
the prescription strategy of the estimator. Thus, in this formu-
lation, the estimator is the only decision maker. This idea of
viewing the communication and estimation problem only from
the estimator’s perspective has been used in [8] and [21]. A more
general treatment of this approach of viewing problems with
multiple decision makers from the viewpoint of an agent who
knows only the common information can be found in [20]. We
can now formulate the following optimization problem for the
estimator.

1) Problem 2: For the model described before, given the sta-
tistics of the Markov source and the initial energy level Fq,
the statistics of amounts of energy harvested at each time, the
sensor’s energy storage limit B3, and the time horizon 7', find an
estimation strategy g, and a prescription strategy £ for the esti-
mator that minimizes the following expected cost:

J(£,8) = B> el + p(Xe, X0)}.

t=1

®
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Problems 1 and 2 are equivalent in the following sense: Con-
sider any choice of strategies f, g in Problem 1, and define a
prescription strategy in Problem 2 as

Kt(let—l) = .ft(", '7Yl:t—1)~

Then, the strategies £, g achieve the same value of the total ex-
pected cost in Problem 2 as the strategies f, g in Problem 1.
Conversely, for any choice of strategies £, g in Problem 2, de-
fine a sensor’s strategy in Problem 1 as

ft('a "3 Yl:tfl) — gt(ylzt71)~

Then, the strategies f, g achieve the same value of the total ex-
pected cost in Problem 1 as the strategies £, g in Problem 2.

Because of the above equivalence, we will now focus on the
estimator’s problem of selecting its optimal estimate and the
optimal prescriptions (Problem 2). We will then use the solution
of Problem 2 to find optimal strategies in Problem 1.

Recall that E is the sensor’s energy level at the beginning
of time ¢. For ease of exposition, we define a post-transmission
energy level at time ¢ as E; = E; — U,. The estimator’s opti-
mization problem can now be described as a partially observable
Markov decision problem (POMDP) as follows.

1) State processes: (X¢, £4) is the pre-transmission state and

(X4, E}) is the post-transmission state.

2) Action processes: I'; is the pre-transmission action and X,
is the post-transmission action.

3) Controlled Markovian evolution of states: The state
evolves from (X:, F;) to (Xy, E}) depending on the
realizations of X;, £; and the choice of pre-transmission
action I';. The post-transmission state is (X, £y — 1)
with probability I';( Xy, F+) and (X}, F;) with probability
1 — I't( X4, Et). The state then evolves in a Markovian
manner from (X, E}) to (Xiy1,Ery1) according to
known statistics that depend on the transition probabilities
of the Markov source and the statistics of the energy
harvested at each time.

4) Observation process: Y;. The observation is a function of
the pre-transmission state and the pre-transmission action.
The observation is (X, F;) with probability I';(X;, E;)
and ¢ with probability 1 — I';( Xy, E).

5) Instantaneous costs: The communication cost at each time
is a function of the pre-transmission state and the pre-trans-
mission action. The communication cost is ¢ with prob-
ability I'(Xy, £;) and 0 with probability 1 — I'(Xy, ).
The distortion cost at each time step p(X;, X;) is a func-
tion of the post-transmission state and the post-transmis-
sion action.

The aforementioned equivalence with POMDPs suggests that
the estimator’s posterior beliefs on the states are its information
states [18]. We, therefore, define the following probability mass
functions (PMFs):

Definition 1:

1) We define the pre-transmission belief at time ¢ as 1I; :=

P(X,, E¢|Y1.4—1). Thus, for (z,e) € X x £, we have

Ht(fﬂ7 6) = ]P(Xt = I,Et = €|Y1:t71)'
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2) We define the post-transmission belief at time ¢ as ©; :=
IP(X,, E}|Y1.). Thus, for (z,¢) € X x £, we have

@t((lf,(’,) = ]P(Xf - :LvE; = 6|Y1:t)'

The following lemma describes the evolution of the beliefs
II; and ©; in time.

Lemma 2: The estimator’s beliefs evolve according to the
following fixed transformations:

1)
Ht+1(.T e Z []P) ‘¥t+1 = .TlXt =X )
reX,
e'e€
P(Epy1 =e|Fy = )0 (', )] 9
We denote this transformation by I, 1y = Q7 ,(6y).
2)
(5{_7:!18/,1} lvat = (.’ﬁ/., 6’)
(;‘)1%(1;’1 6) _ (1-C (eI, (z,e) lvat — ¢

> (A-Te(a’ ) (' e')
o (10)

where &,/ -1} is a degenerate distribution at (z’, ¢’ —1).
We denote this transformation by ©, = Q?(I;, T, Y;). We
can now describe the optimal strategies for the estimator.
Theorem 1: Let @, 8 be any PMF defined on X x £. Define
recursively the following functions:

WT+1(7T) =0
‘/;5(6) = }}éln]E[ (Xt,(l) + Wt+1(Ht+l)|@t = 6]

(11)
where ITi+1 = Q11(0;) (see Lemma 2), and

Wi(m) = gleig]E[Cﬂ{b’/,:l} + Vi(O)|lL = m, Iy =7] (12)

where ©; = Q?(I1,,T;,Y;) (see Lemma 2).

For each realization of the post-transmission belief at time ?,
the minimizer in (11) exists and gives the optimal estimate at
time #; for each realization of the pre-transmission belief, the
minimizer in (12) exists and gives the optimal prescription at
time 7.

Proof: The minimizer in (11) exists because X’ is finite; the
minimizer in (12) exists because the conditional expectation on
the right-hand side of (12) is a continuous function of 7, and G
is a compact set. The optimality of the minimizers follows from
standard dynamic programming arguments for POMDPs. =

The result of Theorem 1 implies that we can solve the esti-
mator’s problem of finding optimal estimates and prescriptions
by finding the minimizers in (11) and (12) in a backward in-
ductive manner. Recall that the minimization in (12) is over the
space of functions in G. This is a difficult minimization problem.
In Section IV, we consider a special class of sources and dis-
tortion functions that satisfy certain symmetry conditions. We
do not solve the dynamic program but instead use it to charac-
terize optimal strategies of the sensor and the estimator. Such a
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characterization provides us with an alternative way of finding
optimal strategies of the sensor and the estimator.

IV. CHARACTERIZING OPTIMAL STRATEGIES

A. Definitions

Definition 2: A probability distribution x on Z is said to be
almost symmetric and unimodal (a.s.u.) about a point a € Z, if
forany £ = 0,1,2,...,

wla+k) > pla—k) > pla+k+1). (13)
If a distribution g is a.s.u. about 0 and p(x) = pu(—x), then p
is said to be a.s.u. and even. Similar definitions hold if x is a
sequence, that is, i : Z — R.

Definition 3: We call a source neat if the following assump-
tions hold:

1) The apriori probability of the initial state of the source

IP(X1) is a.s.u. and even, and has finite support.

2) The time evolution of the source is given as

Xiv1 =X+ Z; (14)
where Z;.t = 1,2,...,T — 1 are i.i.d random variables
with a finite support, a.s.u. and even distribution .

Remark 2: Note that the finite support of the distributions of
X1 and Z; and the finiteness of the time horizon 7" imply that
the state of a neat source always lies within a finite interval in
Z. This finite interval is the state space .

We borrow the following notation and definition from the
theory of majorization.

Definition 4: Given pn € R™, let yu) = (p1), p2), - - - 5 fi[n])
denote the nonincreasing rearrangement of y¢ with gif) > gz >

* 2 {i[n]- Given two vectors 4 and 1~ from R™, we say that v
majorizes 1, denoted by ¢ < v if the following conditions hold:

=1

ZM
Zu =S

=1

k

E Via

forl<k<n-1

We now define a relation R among possible information
states and a property R of real-valued functions of information
states.

Definition 5 (Binary Relation R): Let 8 and 6 be two distri-
butions on X x £. We say R4 if, and only if (iff):

1) Foreache € £,6(-,¢e) < (-, ¢)
2) Foralle € &, HN(-, e) is a.s.u. about the same point z €
X.

From the definition before, it is straightforward to
see that if AR, then # and # have the same marginal
distribution on & (since #(-,¢) < @(-,¢) implies that
Dowex O(ze) = 2oy (.L e)). Thus, 6 and § imply the
same distribution on the energy of the sensor. Moreover, for
each e, # is more “symmetrically concentrated” about the same
point z € X which means that the marginal of  on X is
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concentrated around z. Thus, intuitively, 6 should be a better
distribution for estimating the source state than 6.

Definition 6 (Property R): Let V' be a function that maps
distributions on X' x & to the set of real numbers R. We say that
V satisfies Property R iff for any two distributions # and £

IR = V(9) > V(4).

B. Analysis

In this section, we will consider Problem 1 under the assump-
tions that:

A1) the source is neat (See Definition 3);

A2) the distortion function p(x,a) is either p(z,a) =

I zay o p(z,a) = |z — al¥, for some k > 0.

Our goal is to show that Assumptions Al and A2, combined
with the result of Theorem 1, allow for a much simpler charac-
terization of optimal strategies for the sensor and the estimator
than the one provided by the dynamic program of Theorem 1.
We defer the discussion of practical justifications of these as-
sumptions to Section IV-E.

Lemma 3: Let 6 be a distribution on & x £ such that for all
e € £,6(-,¢e) is a.s.u. about the same point 2’ € X. Then, the
minimum in (11) is achieved at z’.

Proof: Using Lemma 2, the expression in (11) can be

written as

Vi(8) := Wip1 (Qrp1(0)) + géiily]E[p(Xt,a)K-)t = 6.

Thus, the minimum is achieved at the point that minimizes the
expected distortion function p( X4, a) given that X has the dis-
tribution ¢. The a.s.u. assumption of all #(-, ¢) about z’, and the
nature of distortion functions given in Assumption A2 imply
that 2’ is the minimizer. [

We now want to characterize the minimizing v in (12). To-
ward that end, we start with the following claim.

1) Claim 1: The value functions Wy, ¢t =1,2....T+1, and
Vit =1,2,...,T, satisfy Property R.

Proof: See Appendix C. ]

Recall that (12) in the dynamic program for the estimator de-

fines W, as

Wi(r) = ngnIE[cﬂ{(,rf:l} + Vi) =7, v =4]. (15)

The following lemma is a consequence of Claim 1.

Lemma 4: Let 7 be a distribution on X' x £ such that 7 (-, ¢)
is a.s.u. about the same point ¢« € X for all ¢ € £. Then, the
minimum in the definition of W () is achieved by a prescrip-
tion ¥ : X x £ — [0, 1] of the form

1, if|x —al > n(e,m)
o v_ 0, if|x —al < nle,m)
e, €) = ale,w), ifz=a+n(e, )

Ble,m), ifzx=a—nen)

where for each e € &, ale,m),B(e,m) € [0,1],ale,n) <
(e, ) and n(e, ) is a non-negative integer.
Proof: See Appendix D. [ |

(16)
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Lemmas 3 and 4 can be used to establish a threshold struc-
ture for optimal prescriptions and a simple recursive optimal
estimator for Problem 2. At time ¢ = 1, by assumption Al,
T, is such that IT; (-, €) is a.s.u. about 0 for all e € £. Hence,
by Lemma 4, an optimal prescription at time £ = 1 has the
threshold structure of (16). If a transmission occurs at time ¢ =
1, then the resulting post-transmission belief @1 is a delta-func-
tion and consequently ©1(+,¢), e € £ are a.s.u. about the same
point. If a transmission does not occur at time ¢ = 1, then, using
Lemma 2 and the threshold nature of the prescription, it can
be shown that the resulting post-transmission belief is such that
O1(-.e).e € £ are a.s.u. about 0. Thus, it follows that ©; will
always be such that all ©4(-, e), e € £ are a.s.u. about the same
point and because of Lemma 3, this point will be the optimal
estimate. Using Lemma 2 and the a.s.u. property of ©;(-, ), it
follows that the next pre-transmission belief II» will always be
such that TIs(+, e), e € £ are a.s.u. about the same point (by ar-
guments similar to those in Lemma 12 in Appendix C). Hence,
by Lemma 4, an optimal prescription at time £ = 2 has the
threshold structure of (16). Proceeding sequentially as before
establishes the following result.

Theorem 2: In Problem 2, under Assumptions Al and A2,
there is an optimal prescription and estimation strategy such
that:

1) The optimal estimate is given as

X-t: Xt—l %f?/t
v iy = (.e)

an

where Xo = 0.

2) The pre-transmission belief at any time ¢, II;(-, ), is a.s.u.
about )A(t,l, foralle € £.

3) The prescription at any time has the threshold structure of
Lemma 4.

As argued in Section III-A, Problem 2 and Problem 1 are
equivalent. Hence, the result of Theorem 2 implies the following
result for Problem 1.

Theorem 3: In Problem 1 under assumptions Al and A2,
there exist optimal decision strategies f, g for the sensor and
the estimator given as

* _ ) ify, = e
9r (Y14) = {.7:, ify, = (v, ¢) (18)
1, if |z — a| > ny(e, )
. _Jo, if |z — a] < ngle, m)
ft ($~,€7y1:t71)— Oét(ffﬂTt) ifx:a—l—nt(e.jrt)
Y(e,m), ifz=a—nge m)
19)

where a = 0 fort = 1,a = gf ;{y1.+-1) fort > 1, and
T = P(Xe, Bilyre-1).

Theorem 3 can be interpreted as follows: it says that the op-
timal estimate is the most recently received value of the source
(the optimal estimate is 0 if no source value has been received).
Further, there is a threshold rule at the sensor. The sensor trans-
mits with probability 1 if the difference between the current
source value and the most recently transmitted value exceeds
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a threshold that depends on the sensor’s current energy level
and the estimator’s pre-transmission belief; it does not transmit
if the difference between the current source value and the most
recently transmitted value is strictly below the threshold.

C. Optimal Thresholds

Theorem 3 gives a complete characterization of the optimal
estimation strategy, but it only provides a structural form of the
optimal strategy for the sensor. Our goal now is to find the exact
characterization of the thresholds and the randomization proba-
bilities in the structure of the optimal strategy of the sensor. We
denote the optimal estimation strategy of Theorem 3 by g* and
the class of sensor strategies that satisfy the threshold structure
of Theorem 3 as 7. We know that the global minimum of the
expected cost is J(f, g*), for some f € F. Any sensor strategy
f’ that achieves a cost J(f’, g*) < J(f,g"), for all f € F must
be a globally optimum sensor strategy.

Given that the strategy for the estimator is fixed to g*, we will
address the question of finding the best sensor strategy among
all possible strategies (including those not in ). The answer to
this question can be found by a standard dynamic program (see
Theorem 4 below). We denote by £* the strategy specified by
the dynamic program. We have that J(f. g*) > J(f*,g*), for
all f (including those not in ). Thus, £* is a globally optimal
sensor strategy. Further, £* is in the set . Thus, the dynamic
program of Theorem 4 provides a way of computing the optimal
thresholds of Theorem 3.

Theorem 4: Given that the strategy for the estimator is fixed
to g™ as defined in Theorem 3, the best sensor strategy (from the
class of all possible strategies) is of the form U; = f; (D, E),
where D; 1= X; — g7 1(Y1.t—1). Further, this strategy is de-
scribed by the following dynamic program:

Jrya(-0) =0,
and for positive energy levels ¢ > 0

Ji(d, e) := min{c + E[J;21(Z;, min(e — 1 + Ny, B))], p(d)

’

+]E[.]t+]_(d + Zt: min(e + Nt7 B))]} (20)

where p(d) is 4.0y if the distortion metricis p(z, a) = ]lix#a}
and j(d) is |d|* if the distortion metric is p(x, a) = |z —a|*. For
e > 0, the optimal action for a realization (d, ) of (D,, E}) is
U; = 1iff J:(d, e) is equal to the first term on the right-hand side
of (20). If e = 0, J;(-,0) is the second term on the right-hand
side of (20) evaluated at ¢ = 0 and the optimal action is Uy = 0.
Proof: Once the estimator’s strategy is fixed to g*, the
sensor’s optimization problem is a standard Markov decision
problem (MDP) with D; = X; — g5 (Y1.+—1) and E; as the
two-dimensional state. The result of the lemma is the standard
dynamic program for MDPs. [ |
Consider the definition of .J;(d, €) in (20). For a fixed e > 0,
the first term on the right-hand side of (20) does not depend on
d, while it can be easily shown that the second term is nonde-
creasing in d. These observations imply that for each ¢ > 0,
there is a threshold value of d below which U/; = 0 and above
which U; = 1 in the optimal strategy. Thus, the £* of Theorem
4 satisfies the threshold structure of Theorem 3. Comparing the
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strategy £* specified by Theorem 4 and the form of sensor strate-
gies in Theorem 3, we see that:

1) the thresholds in £* depend only on the current energy level
of the sensor and not on the pre-transmission belief 7,
whereas the thresholds in Theorem 3 could depend on the
energy level and ;.

2) the strategy £* is purely deterministic, whereas Theorem 3
allowed for possible randomizations at two points.

D. Discussion of the Results

The problem of finding globally optimal strategies for the
sensor and the estimator (Problem 1) is a difficult optimization
problem. It is clear that the number of possible strategy choices
is prohibitively large. For example, the number of deterministic
strategies for the sensor is [, 2/¥ €197 where I is the set
of all possible values of Y3 ; the number of randomized strategies
for the sensor is clearly infinite. The result of Theorem 1 pro-
vides a backward-inductive solution of the problem. However,
this solution still involves optimization over an infinite space
of functions at each time step. By making use of the structure
provided by Assumptions Al and A2, the results of Theorems
3 and 4 lead to considerable simplification of the problem. Re-
call that Theorem 3 completely specifies the globally optimal
strategy for the estimator. Moreover, the dynamic program of
Theorem 4 is a simple finite-state dynamic program with a state
space no larger than 2|X'| x |£| and an action space of size 2
(since there are only two terms in the minimization in (20)).
Numerically solving this dynamic program requires solving, at
most, 27| X'||€| optimization problems, each over a set of size
2. The threshold structure further simplifies the dynamic pro-
gram because if U; = 1 is optimal for some value of (d, e), then
U; = 1 is optimal for all (d’,¢) with d’ > d. Thus, our results
significantly reduce the computational cost of solving Problem
1. Moreover, the threshold nature of the optimal sensor strategy
and the simple form of the optimal estimation strategy make
them easily implementable.

It is interesting to observe that a reasonable (but potentially
suboptimal) approach for Problem 1 would have been to assume
that the estimator simply uses the most recently received mes-
sage as its current estimate. Our result shows that this reason-
able strategy is indeed globally optimal. Assuming this strategy
for the estimator, the problem of finding best strategy for the
sensor is a centralized decision-making problem. The result of
Theorem 4 is essentially a solution for this centralized problem.

E. Role of Assumptions Al and A2

Assumptions Al and A2 were critical for obtaining the results
of Theorems 3 and 4. These assumptions provided the necessary
structure to the dynamic program of Theorem 1 that allowed us
to prove the optimality of the strategies of Theorem 3. Since
most commonly used distortion functions, such as absolute error
and squared error, are of the form in Assumption A2, the main
limitation of the aforementioned analysis is due to Assumption
Al. This assumption can be justified if the source statistics are
such that small changes in the source are more likely than larger
changes. Sources that can be modeled as symmetric random
walks where the probability of a jump decreases with jump size
would fit this description. Sources where the state is perturbed
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by a zero-mean Gaussian noise (considered in Section V) would
also satisfy Assumption Al.

Without Assumptions A1 and A2, it is unclear if a solution
of the dynamic program of Theorem 1 can be easily obtained.
In the absence of these assumptions, one can still use the esti-
mator’s strategy of Theorem 3 as a simple, intuitive heuristic
choice for the estimator’s strategy and optimize for the sensor
strategy using a dynamic program similar to that in Theorem 4.

V. MULTIDIMENSIONAL GAUSSIAN SOURCE

In this section, we consider a variant of Problem 1, with
a multidimensional Gaussian source. The state of the source
evolves according to the equation

Xf,_;'_l - )\AXf + Zt (21)

where X; = (X}, X7,..., X", Ze = (Z},22,...,Z7) are
random vectors taking values in R”, A > 0 is a real number
and A is an orthogonal matrix (that is, the transpose of A is the
inverse of A and, more important for our purpose, A preserves
norms). The initial state X has a zero-mean Gaussian distribu-
tion with covariance matrix s1I,and Z1,Zs, ..., Z7 ; arei.i.d.
random vectors with a zero-mean Gaussian distribution and co-
variance matrix $2I. The energy dynamics for the sensor are the
same as in Problem 1.

At the beginning of the time period ¢, the sensor makes a de-
cision about whether to transmit its current observation vector
and its current energy level to the estimator or not. The estimator
receives a message Y from the sensor where Y; = (X, ), if
U: = 1 and Y = € otherwise. The estimator produces an esti-
mate X; = (X/,..., X[") at time ¢ depending on the sequence
of messages it received so far. The system operates for a finite
time horizon 7.

The sensor and estimator make their decisions ac-
cording to deterministic strategies f and g of the form
Ui = [i(Xe, By, Y101) and Xy = g4(Y1.). We assume
that for any time and any realization of past messages, the set
of source and energy states for which transmission occurs is
an open or a closed subset of R” x £. We have the following
optimization problem.

1) Problem 3: For the model described before, given the sta-
tistics of the Markov source and the initial energy level Fq,
the statistics of amounts of energy harvested at each time, the
sensor’s energy storage limit 5 and the time horizon T find de-
cision strategies f, g for the sensor and the estimator that mini-
mize the following expected cost:

2

t (22)

T
J(fﬂ g) = ]E{Z CUt -I— HX{ — Xt
t=1

where ¢ > 0 is a communication cost and ||-|| is the Euclidean
norm.

Remark 3: Note that we have assumed here that the sensor
is using a deterministic strategy that employs only the current
source and energy state and the past transmissions to make the
decision at time £. Using arguments analogous to those used in
proving Lemma 1, it can be shown that this restriction leads
to no loss of optimality. While randomization was used in our
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proofs for the problem with discrete source (Problem 1), it is not
needed when the source state space is continuous.

Following the arguments of Sections III and IV, we can view
the problem from the estimator’s perspective, who, at each time
t, selects a prescription for the sensor before the transmission
and then an estimate on the source after the transmission.
Since we have deterministic policies, the prescriptions are
binary-valued functions. We can define at each time %, the
estimator’s pre-transmission (post-transmission) beliefs as con-
ditional probability densities on R™ x £ given the transmissions
Yi-1(Yi4).

Lemma 5: The estimator’s beliefs evolve according to the
following fixed transformations:

1) Ht+1(xf e) = A" jx' R~ Ze'es[lp(EH-l = 6|E1{ =
e pu(x—x")0;(A LA~ Ix' ¢’)] where  is the probability
density function of Z;; we denote this transformation by
M1 = Q1(0);

2)
Sixt el 13 ifY, = (x.,¢)
Oulx:e) =4 T3 Ry Y=
) (23)

where 65/ .- _1} is a degenerate distribution at (x’, e’ — 1);
we denote this transformation by ©; = Q?(Il;, I's, Y3).

Further, we can establish the following analogue of Theorem
1 by using dynamic programming arguments [22, Ch. 8 and 10].
Theorem 5: Let m, § be any pair pre-transmission and post-
transmission beliefs. Define recursively the following functions:

VVT+1(7T) =0
Vi(0) = inf B[IX: — al + Wera (IL1)|O; = ]
(24)

where II;41 = Q}.1(6¢) (see Lemma 5), and

W’t(ﬂ—) = :i,relf]E[C]l{Utzl} + V;ﬁ(@t)u_[t = W,Ft = :}/] (25)
where G is the set of all functions y from R™ x £ to {0, 1} such
that v~ 1({0}) = R™ x {0} U (UB_,Z. x {e}), where Z, is
an open or closed subset of R™. Then, Vi (), where 7y is the
density of X, is a lower bound on the cost of any strategy. A
strategy that at each time and for each realization of pre-trans-
mission and post-transmission beliefs selects a prescription, and
an estimate that achieves the infima in (24) and (25) is optimal.
Further, even if the infimum is not always achieved, it is pos-
sible to find a strategy with performance arbitrarily close to the
lower bound.

As in Theorem 1, the dynamic program of Theorem 5 in-
volves optimization over functions. Intuitively, the source and
distortion in Problem 3 have the same structures as required
by Assumptions Al and A2 in Section IV. However, because
the source is now continuous valued, the analysis of Section IV
needs to be modified in order to completely characterize the so-
lution of the dynamic program in Theorem 5. The following the-
orem is the analogue of Theorem 3 for Problem 3.
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Theorem 6. In Problem 3, it is without loss of optimality! to
restrict to strategies £*, g* that are given as

. [ MAa, ify,=¢
9 (Y1:t) - { X, lfYt = ()(7 6) (26)
. , 1, if|lx — AAa|| > ri(e, m)
fr(x,e,y14-1) = {0’ if [[x — AAal| < (e, ;) (27)

wherea = 0 fort = 1,a = g7 {(y1.4-1) fort > 1, m =
IP(Xt, Et|y1:t—1), and Tt((i, ﬂ't) 2 0.
Proof: See Appendix E. ]

Further, the optimal values of thresholds can be obtained by
the following dynamic program which is similar to the dynamic
program in Theorem 4.

Theorem 7: Given that the strategy for the estimator is fixed
to g*, the best sensor strategy (from the class of all possible
strategies) is of the form U; = [;(Dy, E}), where D, :=
X:—AAg; {(Y1..-1). Further, this strategy is described by the
following dynamic program:

Jry(--) =0
and for positive energy levels e > 0

d||”
(28)

Ji(d, e) := min{c + E[J;11(Z;, min(e — 1 + Ny, B))],
+IE[J;41(AAd + Z;, min(e + Ny, B))]}.

For ¢ > 0, the optimal action for a realization (d, ¢) of (D, E;)
is Uy = 1iff J(d, e) is equal to the first term on the right-hand
side of (28). If ¢ = 0, J;(+,0) is the second term on the right-
hand side of (28) evaluated at ¢ = 0 and the optimal action is
Uy =0.

VI. SPECIAL CASES

By making suitable assumptions on the source, the energy
storage limit I3 of the sensor, and the statistics of initial energy
level, and the energy harvested at each time, we can derive the
following special cases of Problem 1 in Section II and Problem
3 in Section V.

1) Fixed Number of Transmissions: Assume that the initial
energy levelis &1 = K (K < IB) with probability 1 and that the
energy harvested at any time is N; = 0 with probability 1. Under
these assumptions, Problem 1 can be interpreted as capturing the
scenario when the sensor can afford, at most, K transmissions
during the time horizon with no possibility of energy harvesting.
This is similar to the model in [3].

2) No Energy Constraint: Assume that the storage limit is
[ =1, and that the initial energy level and the energy har-
vested at each time are 1 with probability 1. Then, it follows
that at any time ¢, F; = 1 with probability 1. Thus, the sensor
is always guaranteed to have energy to communicate. Under
these assumptions, Problem 1 can be interpreted as capturing
the scenario when the sensor has no energy constraints (it still
has energy costs because of the term cU; in the objective). This
is similar to the model in [7].

3) LLD. Source: The analyses of Sections IV and V can
be used if the source evolution is given as Xip1 = Zi,

IThat is, there is a strategy of the form in the theorem whose performance is
arbitrarily close to the lower bound Vi (1)
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where Z;, t = 1,2,...,7 — 1, are the i.i.d. noise vari-
ables. For i.i.d. sources, the optimal estimate is the mean
value of the source in case of no transmission. Also, the dy-
namic program of Theorem 4 can be used for finite-valued
i.i.d. sources by replacing D; with X; and changing (20)
to Ji(d,e) = min{e + E[J11(Xiyr1.minle — 1 +
Ni, B)). p(d) + B[ 41 (Xiq1, min(e + Ny, B))]}. A similar
dynamic program can be written for the Gaussian source.

VII. CONCLUSION

We considered the problem of finding globally optimal com-
munication scheduling and estimation strategies in a remote es-
timation problem with an energy harvesting sensor and a finite-
valued or a multidimensional Gaussian source. We established
the global optimality of a simple energy-dependent threshold-
based communication strategy and a simple estimation strategy.
Our results considerably simplify the offline computation of op-
timal strategies as well as their online implementation.

Our approach started with providing a POMDP-based dy-
namic program for the decentralized decision-making problem.
Dynamic programming solutions often rely on finding a key
property of value functions (such as concavity or quadraticness)
and exploiting this property to characterize the solution. In dy-
namic programs that arise from decentralized problems, how-
ever, value functions involve minimization over functions [20]
and, hence, the usual properties of value functions are either not
applicable or not useful. In such problems, there is a need to find
the right property of value functions that can be used to charac-
terize optimal solutions. We believe that this work demonstrates
that in some problems where majorization-based properties re-
lated to Schur concavity may be the right value function prop-
erty to exploit.

APPENDIX A
LEMMAS FROM [8], SECTION VI

A) For the Discrete Source:

Lemma 6: If u is a.s.u. and even and ¢ is a.s.u. about «,
then the convolution & * y is a.s.u about .

Lemma 7: 1If pis a.s.u. and even, é isa.s.u. and £ < é, then
Exp < &%

B) For the Multidimensional Gaussian Source:

Lemma 8: 1If p¢ and v are two non-negative integrable
functions on R™ and p < v, then [, p”(x)h(x)dx <
Jrn 7 (x)h(x)dx for any symmetric unimodal function h.

Lemma 9: If p1 and v are two non-negative integrable
functions on R”, then [, p(x)v(x)dx < [, p% ()7 (x)dx.
(This lemma is known as the Hardy Littlewood Inequality
[23]) R

Lemma 10: 1f pi is symmetric unimodal about 0, £ is sym-
metric unimodal, and & < é, then & * p < é* b

APPENDIX B
OTHER PRELIMINARY LEMMAS

Lemma 11: Let hy be a non-negative, integrable function
from R™ to R such that /2 is symmetric unimodal about a point
a. Let /12 be a probability density function (pdf) on R™ which
is symmetric unimodal about 0. Then, i1 * hy is symmetric
unimodal about a.
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Proof: For ease of exposition, we will assume that ~; and
ho are symmetric unimodal about 0. If h; is symmetric uni-
modal about a nonzero point, then to obtain A1 * ho, we can first
do a translation of 27 so that it is symmetric unimodal about 0
to carry out the convolution and translate the result back.

Consider two points x # y such that ||x|| = ||y||. Then, we
can always find an orthogonal matrix such that y = ()x. Then

(haha)(y) = (hr#ha)(Qx) = / (2)ha(Qx —2)dz. (29)

Carrying out a change of variables so that z = @z, the above
integral becomes

/hl(Qz/)h,z(Qx - Q7z')dz’'
_ / 7 (QZ s (Q(x — 7))z

= /hl(z/)h2(x —z')dz = (h1 x ha)(x)  (30)
where we used the symmetric nature of /1 and Ao and the fact
that the orthogonal matrix preserves norm. Thus, any two points
with the same norm have the same value of &1 * hs. This estab-
lishes the symmetry of /1 * fiz. Next, we look at unimodality.
We follow an argument similar to the one used in [24]. Because
of symmetry, it suffices to show that (k1 * ha)(21,0,0,...,0)
is nonincreasing for z; € [0,20). (Here, (21, 0,...,0) is the n
dimensional vector with all but the first coordinates as 0.) Note
that

(hy % h2)((21,0,...,0))

= / hQ(Z)hl((] 1,(). ey 0) — Z)dZ
—]E[hl((le, (31)
where Z is a random vector with pdf hs. Define a new random
variable Yy, := h1((21,0,...,0) — Z). Then

]E[hl(<.’[71, 07 ce ,O) — Z)] =

(32)

We now prove that for any given ¢ > 0, IP(Y;, > ) is nonin-
creasing in ;. This would imply that the integral in (32) and,
hence, (hy * ho)((21,0,...,0)) is nonincreasing in 1.

The symmetric unimodal nature of h; implies that
Y., > ¢ if and only if [|(x1,0,...,0) —Z| < + (or
{x1,0,...,0) = Z|| < r) for some constant + whose value
varies with ¢. Thus

Py, > ) =P(|(21,0,...,0) —
= / he(z)dz
JS(w1,7)

where $(1, ) is the n-dimensional (open) sphere centered at
(#1,0,...,0) with radius . It can be easily verified that the
symmetric unimodal nature of &2 implies that as the center of the
sphere ${u1, ) is shifted away from the origin (keeping the ra-
dius fixed), the integral in (33) cannot increase. This concludes
the proof. [ |

Z| <)
(33)
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APPENDIX C
PROOF OF CLAIM 1
Since Wr41(7) := 0 for any choice of =, it trivially satis-

fies Property R. We will now proceed in a backward-inductive
manner.
Step 1: 1f Wy, satisfies Property R, we will show that V,
satisfies Property R too.
Using Lemma 2, the expression in (11) can be written as

Vil6) 1= Wiy 1(Q11.1(8)) + min B[p(X;,0)|0, = 6], (34)

We will look at the two terms in the above expression separately
and show that each term satisfies Property R.. To do so, we will
use the following lemmas. B

Lemma 12: IR = Qi ()RQL.,(0).

Proof: Letm = Qy,,(f) and @ = Q%H(é) Then, from
Lemma 2

7(x,e)
= Z [P(Xiy1=2|Xe=2")P(Eii 1 =e|Ef=¢")0:(a', ¢')]
x' €z,
e'es
= I:]P)(Et+1 = (’|E/ =€ )
e'el
% STP(Xipr = #|X: = )0z, ¢ )]}
z'eZ
= Z []P Eip1=elE, = e’)Z[lP Zt::l:—x')ﬁ(:r,’,e’)]}
e'el w' €7
= IP(Et-H - P|E =ec )C(T/ (Z/), (35)
o€

where ((z,¢') = 3" 7 [P(Zy = o — 2”)0(a’
w(we) =Y P(Byr =B =c)(z.c)  (36)
'€

¢’)]. Similarly

where ((z,¢/) =
show that 7(-,e) <
(-, ¢’) and that ¢ (-,
&. Tt is clear that

¢, 6’) = p0(, e/)’ G, 6/) = 0(, el)

where 4. is the distribution of Z;, and * denotes convolution.
We now use the result in Lemmas 6 and 7 from Appendix A to
conclude that s % 6(-,¢") < o+ 6(-,¢’) and that s % 0(-, ¢’) is
a.s.u. about the same point as 6(-, ¢'). Thus, we have established
that forall e € £, 7(-,¢) < 7(-, ¢). Similarly, we can argue that
7(-,¢), ¢ € &, are a.s.u. about the same point since (-, ¢’),
¢’ € &, are all a.s.u about the same point. Thus

IR = Q1,1 (RO, (9).

YowezllP (Zy = & — 2)8(2', ¢')]. In order to
7~r( e), it suffices to show that {(-,e’) <
e’) is a.s.u about the same point for all ¢’ €

|
The above relation, combined with the assumption that Wy 4
satisfies Property R, implies that the first term in (34) satisfies
Property R.. The following lemma addresses the second term in
(34).
Lemma 13: Define L(6) := mingex BE[p( X,
L(") satisfies Property R.

a)|©: = 0].
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Proof: For any a € X, the conditional expectation in the
definition of L(#) can be written as

Z plx, a){ Z 6z, P)} = Z plx,a)mxb(x)

zEZ ect rEeL

(37

where mxf(x) = > .. 0(x,e) is the marginal distribution of
8. Recall that the distortion function p(z, a) is a nondecreasing
function of |z — al. Let d; be the value of the distortion when
\x — (L| =14.LetD := {0., (ll7 dl, dQ: dQ, dg (]/37 ceey (llu7 r],M},
where M is the cardinality of &X". It is clear that the expression
in (37) is an inner product of some permutation of D with m x 6.
For any choice of a, such an inner product is lowerbounded as

Z plz,a)ymx8(x) > (D, mx6)) (38)
rCX
which implies that
L(6) > (D, mxb,) (39)

where (-,-) represents the inner product, D; is the non-
decreasing rearrangement of D, and mxf6) is the nonin-
creasing rearrangement of mx 6. If #RH, then it follows that
mx6# < mxf and mx0 is a.s.u. about some point b € X. It
can be easily established that m x 6 < mx8 implies that
(Dy,mx8)) > (Dy,mxb)). (40)
Further, since m x# is a.s.u. about b, > owex Pl bymx0(z) =
(D7, mx8)). Thus
L(é) = <IDT.,m,Xél>. (41)
Combining (39)—(41) proves the lemma. ]
Thus, both terms in (34) satisfy Property R and, hence, V;
satisfies Property R..
Step 2: 1f V, satisfies Property R, we will show that W,
satisfies Property R too.
Consider two distributions 7 and 7 such that 7R%.
that (12) defined Wy(w) as

Recall

Wi(n) = min E[cliy,—1y + Vi(O)|Il; = 7, = 4]
5

=: min W(r,%)
5

(42)

where W (. ) denotes the conditional expectation in (42). Sup-
pose that the minimum in the definition of W;(x) is achieved
by some prescription ~, that is, Wi(m) = W(r,~). Using ~,
we will construct another prescription 4 such that W(7,4) <
W(m,~). This will imply that Wy(7) < W;(x), thus estab-
lishing the statement of step 2. We start with

W(ﬂ-f-}/) = IE[C]]-{Ut:l} + ‘/t(@t)u_[t =TV = '7]
= C]P(Ut = 1|Ht =T, = ’7)

+ E[Vi(0,)|TL; = 7,7 = 7]
= (:Z 7 (@, e)v(x, e)

+ EV(QF(r, Yy, )| = 7,3 = 7). (43)

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 58, NO. 9, SEPTEMBER 2013

The second term in (43) can be further written as

PY: = elll; =7m,v% =)
X Va(QF(m, Yy = e, 7))L = 7, = 7]
—I—Z[ = (z,e) Iy =m, v =)

x [%(Qt (7. s = (2, ), P = 7.7 = 1]
= Z — (', ¢)) x Vi(07)
+Z 1 (’

(., e)Vi(8(z, e — 1)) (44)

where 67 is the distribution resulting from 7 and v when ¥; = ¢
(see Lemma 2). Substituting (44) in (43) gives the minimum
value to be

(‘Z ’I‘E’)’YTF’—I—Z x,e)y
-I—Z z' e )1 — (', e)) x V(7).

’I' € ‘/t(é(gjp 1))

(45)

We will now use the fact that V; satisfies Property R to
conclude that V;(6(,._1)) does not depend on x. That is,
Vild(ze—y) = K(e — 1),Vo € X, where K(e — 1) is
a number that depends only on ¢ — 1. Consider 6(%5,1)
and Oz 1. It is easy to see that &r, . 1)Ré( 1) and
O(ar e—1)RO(z e—1). Since V; satisfies Property R,, it implies that
Vild(ae—1)) £ Vilb(z,e—1)) and Vi(8(z.e—1)) < Vi(b(are—1))-
Thus, Vi(6(z.e—1)) = Vi(6(z'.e—1)) = K(e — 1). The expres-
sion in (45) now becomes

('Z 10+Z (x,e)

+Zm,e )1 = (', €)X Vi(67).

K(e—1)

(46)

We define A(e) := >, o m(x,e)(1 — y(x,¢)).

We will now construct another prescription 7. To that end, we
first define the sequence S = {0,1,—1,2,—2,3,-3,...... }
and let s(n) denote the n'* element of thls sequence. Recall
that (-, ¢) is a.s.u. about the same pointa € & foralle € £.
For each e € &, define

mn

n*(e) ;= min{n : Zfr(a + s(k),e) > Ale)}

k:;md

N (e) -1

Ale) — kgl 7(a+ s(k), e)
ale) = m(a+ s(n*(e)), e)
Define #(-, *)
0, ifk <n*(e)
{a+s(k).e)=1¢ (1 —ale)), ifk=n*(e) (47)

1, / itk > n*(e).
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We can show that with the above choice of ¥

S ow(we)1 = ylwe) =Y w(z,e)(1 - F(r.e))  (48)
and
ZT((ZL‘,@)’}’(IL‘,@) = Zfr(:ﬁ,e)ﬁ(;ﬂ,e). (49)

Using the same analysis used to obtain (46), we can now eval-
uate the expression

]E[C]l{[_]t:l} ‘I— ‘/1’((-)1’)“_[1‘ = ﬁ-v’yf = "NY]

to be
cz w(z, e)y(z,e) + Z w(x,e)y(x,e)K(e — 1)

+ 3 7@ )1 - A ) x Vi(67) (50)

where 67 is the distribution resulting from 7 and ¥ when Y, = ¢
(see Lemma 2). Using (49) in (50), we obtain the expression

CZTI’(ZE, e)v(x,e) + Z m(z,e)y(xz,e)K(e — 1)

+ Z x(x', e ) (1 — (2’ e)) x Vi(87). (51)

x! el

Comparing (46) and (51), we observe that all terms in the two
expressions are identical except for the last term V;(-). Using
the expressions for 7 and 6% from Lemma 2, and the fact that
7R, it can be shown that #7R&7 . Thus, V, (§7) < V¢(87). This
implies that the expression in (51) is no more than the expression
in (46). This establishes the statement of Step 2.

APPENDIX D
PROOF OF LEMMA 4

Suppose that the minimum in the definition of W;(x) is
achieved by some prescription «y. Using -y, we will construct
another prescription v of the form in (16) which also achieves
the minimum. The construction of 4 is identical to the con-
struction of ¥ in Step 2 of the proof of Claim 1 (using 7 instead
of 7 to define n*(e), «(e)). The a.s.u. assumption of 7 and the
nature of constructed v imply that v is of the form required in
the Lemma.

APPENDIX E
PROOF OF THEOREM 6

We need the following definitions for the proof.

Definition 7: A function v : R™ — IR is said to be sym-
metric and unimodal about a point a € R", if ||x —a| <
|ly — al| implies that »(x) > (y). Further, we use the conven-
tion that a Dirac-delta function at a is also symmetric unimodal
about a.
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For a Borel set A in R”, we denote by £(A) the Lebesgue
measure of A.

Definition 8: For a Borel set A in R™, we denote by A?
the symmetric rearrangement of A. That is, A is an open ball
centered at 0, whose volume is £{4). Given an integrable, non-
negative function b : R — R, we denote by ~7 its symmetric
nondecreasing rearrangement. That is

hG(X)Z/O Liacrn|h(a)>tye (X)dt.

Definition 9: Given two integrable, non-negative functions
h1 and hy from R" to R, we say that A1 majorizes %5, denoted
by ha < hy, if the following holds:

[ meaxs |
Ix]| <t Ix[|<t

hi(x)dx V>0 (52)

and

| meax= [ woix

The condition in (52) is equivalent to saying that for every Borel
set B C R", there exists another Borel set B’ C R™ such that
L(B) = L(B') and [ hao(x)dx < [, ha(x)dx.
Definition 10 (Binary Relation R™): Let § and 6 be two
post-transmission beliefs. We say OR"0 iff:
1) foreache € &,6(-,¢) < 8(-,e);
2) foralle € &, 6(-,e) is symmetric and unimodal about
the same point x € &
A similar relation is defined for pre-transmission beliefs.
Definition 11 (Property R"): Let V be a function that maps
probability measures on R” x £ to the set of real numbers R. We
say that V' satisfies Property R™ iff for any two distributions ¢
and 6

IR™G = V(6) > V(6).

We can now state the analogue of Claim 1.
Claim 2: The value functions in Theorem 5 W; { =
1,2,... T+ 1and V;,t = 1,2,...,T satisfy Property R".
Proof: See Appendix F [ ]
Because of Claim 2, we can follow arguments similar to those
in Section IV to conclude the following: At time ¢ = 1, because
71(+, ¢) is symmetric unimodal about 0 for all ¢, it is sufficient
to consider symmetric threshold-based prescriptions of the form

[ A2 e )
v(x,e) = {0, if [[x || < rele, )

on the right-hand side of (25) for time # = 1. Using such pre-
scriptions implies that 6;(-, e) is always symmetric unimodal
about some point a, which is the optimal estimate in (24) at
time ¢ = 1. Further, m2(-, e) will also be symmetric unimodal
about AAa and, therefore, it is sufficient to restrict to sym-
metric threshold-based prescriptions in (25) at time ¢+ = 2. Pro-
ceeding sequentially until time 7" allows us to conclude that at
each time, we only need to consider pre- and post-transmission

(53)



2258

beliefs that are symmetric unimodal, prescriptions that are sym-
metric threshold based, and estimates that are equal to the point
about which belief is symmetric. This allows us to conclude the
result of Theorem 6.

APPENDIX F
PROOF OF CLAIM 2

The proof follows a backward-inductive argument similar to
the proof of Claim 1.
Step 1: If Wy, satisfies Property R™, we will show that
V; satisfies Property R™ too.
Using Lemma 5, the expression in (24) can be written as

Ve(#) i= Wira (Qea(0)) + inf Elp(Xy,2)|0, = 6]. (54)

We will look at the two terms on the right-hand side of (54)
separately and show that each term satisfies Property R™.
Lemma 14: R = Q%+1(9)R"Q%+1(9N).
Proof: Lett = Q},,(6) and @ = Q},,(f). Then, fol-
lowing steps similar to those in the proof of Claim 1

r(x,e) = S P(Bryy = el B = ¢/)¢(x. )

e'ef

(55)

where ((x,€/) = A" [, g [1p(x = x)IATTATIX ef)]dx.
Similarly
ﬁ—(xv 6) = Z ]P(Et-l-l = €|E; = 6/)5()(7 6/)
e'et

(56)

where ((x,¢/) = A™" S emn 110X — xNB(ATATIX! )] dx’.
In order to show that 7(-,e¢) < 7(-,e), it suffices to show that
A"C(e") < A™((-, ¢") and that {(-, ¢’) are symmetric unimodal

about the same point for all ¢/ € £. It is clear that

MG el) = porn(ee)

where n(x,e’) = H(ATA lx.e) and 7(x,¢) =
O(A"TA"x,e'). Recall that §(-,¢) < 6(-, e) and that 4(-, ) is
symmetric unimodal about a point. It can then be easily shown,
using the orthogonal nature of matrix A, that n(-,e) < 7(-, )
and that 7(-,e) is symmetric unimodal about a point. We
now use the result in Lemmas 10 and 11 to conclude that
k(- e’y < ok (-, e’y and that o 7)(-, €’} is symmetric
unimodal about the same point as 7j(-,e’). Thus, we have
established that for alle € £, (-, e) < 7 (-, e).

To prove that 7(-,¢) is symmetric and unimodal about the
same point for all e, it suffices to show that ¢ (-, ') are symmetric
and unimodal about the same point for all e’. Since ((-, ¢’) is
a convolution of (-, ') and p, its symmetric unimodal nature
follows from Lemma 11. [ |

Lemma 15: Define L(6) := infaepe E[|X, — a||* |0, =
8]. L(-) satisfies Property R"™.

"¢ 8’) = pxn(- e),
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Proof: Let R such that (-, ¢) is symmetric unimodal
about b for all e. For any a € R”, the conditional expectation
in the definition of L(#) can be written as

|x — zal||2 f(x, e)dx. (57)

>/

ecg Y XER?

Consider any e with a positive probability under # (that is,
fxeRn f(x,e)dx > 0). For a constant ¢ > 0, consider the

function v,(x) = ¢ — min{c. ||x — al|*}. Then

/ Vc(x)ﬁ(xm)dxg/ v (x)0°(x, e)dx
xER™ ) xCR~
:/ (c — min{e, |[x]2))6° (x, )dx (58)
Jxern

where we used Lemma 9 in (58). Using the fact that (-, ¢) <
(-, e) and Lemma 8, we have

-/xEIR”

<

- — min{e, [|x]|*1)67 (x, e)dx

—

(¢ — min{e, ||x]|*1)07 (x, e)dx

cRn

= (¢ — min{e. ||x — b|[*}é(x, e)dx
€Rn

T

(59)

%

where b is the point about which g is symmetric unimodal.
Therefore, for any a € R™

/ (¢ — min{e, ||x — a||*})i(x. ¢)dx
xER™
< / (¢ — min{e. ||x — b|[*}é(x, e)dx
JxER?
= (min{c, ||x — a||*})8(x, e)dx

JxeR”™

2/ (min{c. |x — b||"})O(x, ¢)dx. (60)
xER™

As ¢ goes to infinity, the above inequality implies that

/ (Ix - alP)f(x, e)dx > / (Ilx — bl?)i(x, e)dx.
JxeR™ JxeER”™

(61)
Summing up (61), for all e establishes that
Z / l|x — al|” 8(x, €)dx
ccg /XER™
> [ Ik bPAeeix. @

ecg VXERY

Taking infimum over « in the left-hand side (LHS) of the above
inequality, proves the lemma. [ |
Thus, both terms in (34) satisfy Property R” and, hence, V;
satisfies Property R™.
Step 2: 1f V, satisfies Property R, we will show that W,
satisfies Property R too.
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Consider two distributions 7 and 7 such that 7R7 and 7 is
symmetric unimodal about b. Recall that (25) defined Wy(r) as

W) = i%f]E[C]l{U/,:l} + Vi(O)|IL; = 7,y = 4]

=: inf W(r,4). (63)
5

For any v, we will construct another prescription % such that

W(T,7) < W(mr,v). This will imply that W, (7) < Wi(x),

thus establishing the statement of step 2. We start with

W(ﬂ',’y) = ]E[CII{U,ZI} + vvt(@t)“]f =T, Yt = /Y]

= LZ/ (%, €)y(x, e)dx

The second term in (64) can be further written as
> / m(ad ) (1~ y(x, €)' x Vi(67)+
> / (%, e)v(x, e)Vi(8(x,e — 1))dx  (65)

where §7 is the distribution resulting from 7 and v when Y; = ¢
(see Lemma 5). Substituting (65) in (64) and using the fact that
Vi(6(x,e — 1)) = K(e — 1) gives

cz / (X, e)y(x, e)dx + Z / 7(x,e)y(x, e)K (e — 1)dx
+Z /W(x’,e’)(l —y(x', e ))dx" x V,(87). (66)

We define A(¢) := [w(x,e)(1 — v(x,¢)). We construct ¥ as
follows. Define » > 0 to be the radius of an open ball centered
at b such that fIIX*bH<1‘ 7(x,e) = Ale). Then, define

(x,e):{(]’ 1f\|x—b||<r.

1, otherwise (67)

,’?

Using the expressions for 87 and g7 from Lemma 5 and the
fact that TR, it can be shown that #YR#7. This establishes the
result of Step 2.

REFERENCES

[1] J. Yang and S. Ulukus, “Optimal packet scheduling in an energy har-
vesting communication system,” IEEE Trans. Commun., vol. 60, no. 1,
pp. 220-230, Jan. 2012.

[2] O.Ozel, K. Tutuncuoglu, J. Yang, S. Ulukus, and A. Yener, “Transmis-
sion with energy harvesting nodes in fading wireless channels: Optimal
policies,” IEEE J. Sel. Areas Commun., vol. 29, no. 8, pp. 1732-1743,
Sep. 2011.

[3] O. C. Imer and T. Basar, “Optimal estimation with limited measure-
ments,” in Proc. 44th IEEE Conf. Dec. Control, Eur. Control Conf.,
Dec. 2005, pp. 1029-1034.

[4] O. C. Imer and T. Basar, “Optimal estimation with limited measure-
ments,” Int. J. Syst., Control Commun., Special Issue Inf. Process. Dec.
Matking Distrib. Control Syst., vol. 2, no. 1-3, pp. 5-29, 2010.

2259

[5] M. Rabi, G. V. Moustakides, and J. S. Baras, “Adaptive sampling for
linear state estimation,” SIAM J. Control Optimiz., vol. 50, no. 2, pp.
672-702, 2012.

[6] Y. Xu and J. Hespanha, “Optimal communication logics in networked
control systems,” in Proc. 43rd IEEE Conf. Decision Control, Dec.
2004, vol. 4, pp. 3527-3532.

[7] G.M. Lipsa and N. C. Martins, “Remote state estimation with commu-
nication costs for first-order LTI systems,” IEEE Trans. Autom. Con-
trol, vol. 56, no. 9, pp. 20132025, Sep. 2011.

[8] B. Hajek, K. Mitzel, and S. Yang, “Paging and registration in cellular
networks: Jointly optimal policies and an iterative algorithm,” IEEE
Trans. Inf. Theory, vol. 54, no. 2, pp. 608—622, Feb. 2008.

[9] W. Wu and A. Arapostathis, “Optimal sensor querying: General Mar-
kovian and LQG models with controlled observations,” IEEE Trans.
Autom. Control, vol. 53, no. 6, pp. 1392—1405, Jul. 2008.

[10] Y. Mo, E. Garone, A. Casavola, and B. Sinopoli, “Sensor sched-
uling for energy constrained estimation in multi-hop wireless sensor
networks,” in Proc. 49th IEEE Conf. Dec. Control, Dec. 2010, pp.
1348-1353.

[11] V.Gupta, T. H. Chung, B. Hassibi, and R. M. Murray, “On a stochastic
sensor selection algorithm with applications in sensor scheduling and
sensor coverage,” Automatica, vol. 42, no. 2, pp. 251-260, 2006.

[12] J. Geromel, “Global optimization of measurement strategies for linear
stochastic systems,” Automatica, vol. 25, no. 2, pp. 293-300, 1989.

[13] M. Athans, “On the determination of optimal costly measurement
strategies for linear stochastic systems,” Automatica, vol. 8, no. 4, pp.
397412, 1972.

[14] J. Fuemmeler, G. Atia, and V. Veeravalli, “Sleep control for tracking
in sensor networks,” IEEE Trans. Signal Process., vol. 59, no. 9, pp.
4354-4366, Sep. 2011.

[15] G. Atia, V. Veeravalli, and J. Fuemmeler, “Sensor scheduling for en-
ergy-efficient target tracking in sensor networks,” JEEE Trans. Signal
Process., vol. 59, no. 10, pp. 4923-4937, Oct. 2011.

[16] A.Nayyar, T. Basar, D. Teneketzis, and V. V. Veeravalli, “Communica-
tion scheduling and remote estimation with energy harvesting sensor,”
presented at the 51st IEEE Conf. Decision Control, Maui, Hawaii, Dec.
10-13, 2012.

[17] A. W. Marshall, I. Olkin, and B. C. Arnold, Inequalities: Theory of
Majorization and its Applications, ser. Springer Ser. Stat., 2nd ed.
New York: Springer, 2011.

[18] P. R. Kumar and P. Varaiya, Stochastic Systems: Estimation, Identi-
fication and Adaptive Control. Englewood Cliffs, NJ: Prentice-Hall,
1986.

[19] Y.-C. Ho, “Team decision theory and information structures,” Proc.
IEEE, vol. 68, no. 6, pp. 644—654, Jun. 1980.

[20] A. Nayyar, “Sequential decision-making in decentralized systems,”
Ph.D. dissertation, Dept. Elect. Eng. Comput. Sci., Univ. Michigan,
Ann Arbor, MI, 2011.

[21] J. Walrand and P. Varaiya, “Optimal causal coding-decoding prob-
lems,” IEEE Trans. Inf. Theory, vol. IT-29, no. 6, pp. 814-820, Nov.
1983.

[22] D.P. Bertsekas and S. E. Shreve, Stochastic Optimal Control: The Dis-
crete Time Case. London, U.K.: Academic Press, 1978.

[23] G.E.Hardy, J. E. Littlewood, and G. Polya, Inequalities.
U.K.: Cambridge Univ. Press, 1934.

[24] S. Purkayastha, “Simple proofs of two results on convolutions of uni-
modal distributions,” Stat. Probability Lett., vol. 39, no. 2, pp. 97-100,
1998.

Cambridge,

Ashutosh Nayyar (S’09-M’11) received the
B.Tech. degree in electrical engineering from the
Indian Institute of Technology, Delhi, India, in 2006,
and the M.S. degree in electrical engineering and
computer science in 2008, the M.S. degree in applied
mathematics and the Ph.D. degree in electrical en-
gineering and computer science from the University
of Michigan, Ann Arbor, MI, USA, in 2011.

He was a Postdoctoral Researcher at the Univer-
sity of Illinois at Urbana-Champaign from 2011 to
2012. Currently, he is a Postdoctoral Researcher at
the University of California, Berkeley. His research interests include decentral-
ized stochastic control, stochastic scheduling, game theory, mechanism design,
and electric power systems.



2260

Tamer Basar (S°’71-M’73-SM’79-F’83) received
the B.S. degree in electrical engineering from
Robert College, Istanbul, Turkey, in 1969, and the
M.S., M.Phil, and Ph.D. degrees in engineering and
applied science from Yale University, New Haven,
CT, in 1970, 1971, and 1972, respectively.
Currently, he is with the University of Illinois
at Urbana-Champaign (UIUC), where he is Swan-
lund Endowed Chair; Center for Advanced Study
Professor of Electrical and Computer Engineering;
Professor, Coordinated Science Laboratory; and
Professor, Information Trust Institute. His current research interests include
stochastic teams, games, and networks; security; and cyber-physical systems.
Prof. Basar is a member of the U.S. National Academy of Engineering, Fellow
of IFAC and SIAM, and has served as President of IEEE CSS, ISDG, and AACC.
He has received several awards and recognitions over the years, including the
highest awards of IEEE Control Systems Society (CSS), International Federation
of Automatic Control (IFAC), American Automatic Control Council (AACC),
and International Society of Dynamic Games (ISDG), and a number of interna-
tional honorary doctorates and professorships. He has more than 600 publica-
tions in systems, control, communications, and dynamic games, including books
on noncooperative dynamic game theory, robust control, network security, wire-
less and communication networks, and stochastic networked control. He is the
Editor-in-Chief of Automatica and editor of several book series.

Demosthenis Teneketzis (M’87-SM’97-F’00) re-
ceived the M.S., E.E., and Ph.D. degrees in electrical
engineering from the Massachusetts Institute of
Technology, Cambridge, MA, USA, in 1976, 1977,
and 1979, respectively.

Currently, he is a Professor of Electrical Engi-
neering and Computer Science at the University of
Michigan, Ann Arbor, MI, USA. In 1992, he was
a Visiting Professor at the Swiss Federal Institute
of Technology (ETH), Zurich, Switzerland. Prior to
joining the University of Michigan, he worked for

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 58, NO. 9, SEPTEMBER 2013

Systems Control, Inc., Palo Alto, CA, USA, and Alphatech, Inc., Burlington,
MA, USA. His research interests are in stochastic control, decentralized
systems, queueing and communication networks, stochastic scheduling and
resource allocation problems, mathematical economics, and discrete-event
systems.

Venugopal V. Veeravalli (M’92-SM’98-F’06)
received the B.Tech. degree (Hons.) in electrical
engineering from the Indian Institute of Technology,
Bombay, India, in 1985, the M.S. degree in electrical
engineering from Carnegie Mellon University, Pitts-
burgh, PA, USA, in 1987, and the Ph.D. degree in
electrical engineering from the University of Illinois
at Urbana-Champaign, IL, USA, in 1992.

He joined the University of Illinois at Ur-
bana-Champaign in 2000, where he is currently
a Professor in the Department of Electrical and
Computer Engineering and the Coordinated Science Laboratory. He served
as a Program Director for communications research at the U.S. National
Science Foundation, Arlington, VA, USA, from 2003 to 2005. He previously
held academic positions at Harvard University, Cambridge, MA, USA; Rice
University, Houston, TX, USA; and Cornell University, Ithaca, NY, USA,
and has been on sabbatical at the Massachusetts Institute of Technology, IISc
Bangalore, and Qualcomm, Inc., San Diego, CA. His research interests include
distributed sensor systems and networks; wireless communications; detection
and estimation theory, including quickest change detection; and information
theory.

Prof. Veeravalli was a Distinguished Lecturer for the IEEE Signal Pro-
cessing Society during 2010-2011. He has been on the Board of Governors
of the IEEE Information Theory Society. He has been an Associate Editor
for Detection and Estimation for the IEEE TRANSACTIONS ON INFORMATION
THEORY and for the IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS.
Among the awards he has received for research and teaching are the IEEE
Browder J. Thompson Best Paper Award, the National Science Foundation
CAREER Award, and the Presidential Early Career Award for Scientists and
Engineers (PECASE).



