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Asymptotically Efficient Adaptive Allocation Rules
for the Multiarmed Bandit Problem with Switching
Cost

RAJEEV AGRAWAL, MANJUNATH V. HEGDE, MEMBER, IEEE, AND DEMOSTHENIS TENEKETZIS

Abstract—We consider multiarmed bandit problems with switching
cost, define uniformly good allocation rules, and restrict attention to such
rules. We present a lower bound on the asymptotic performance of
uniformly good allocation rules and construct an allocation scheme that
achieves the bound. We discover that despite the inclusion of a switching
cost the proposed allocation scheme achieves the same asymptotic
performance as the optimal rule for the bandit problem without switching
cost. This is made possible by grouping together the samples in a certain
fashion. Finally, we illustrate an optimal allocation scheme for a large
class of distributions which includes members of the exponential family.

I. INTRODUCTION

AWELL investigated class of resource allocation problems is
the multiarmed bandit problem which in its simplest form can
be described as follows. There are p = 2 statistical populations
whose distributions are parametrized by an unknown 6 € 6. How
should we sample Xx;, X,, * * - sequentially from the p populations
in order to maximize, in some sense, the expected value of the
sumJ, = X + X3 + *** + x,as n > ?

Various versions of the above problem have been addressed in
the recent control and statistics literature. Solutions have been
obtained by Lai and Robbins [1], [2], and by Anantharam,
Varaiya, and Walrand [5]. To the best of our knowledge none of
the formulations of the multiarmed bandit problem presented so
far addresses the issue of switching cost. _

In this paper we formulate a multiarmed bandit problem with
switching cost and present asymptotically optimal allocation
schemes. The idea we exploit is the following. Since the
introduction of a switching cost obviously discourages frequent
switching, we need to sample in blocks. The surprising result we
discover is that despite the inclusion of such an additional cost,
our allocation schemes achieve the same asymptotic performance
as the optimal solutions for the problem with no switching cost.

The paper is organized as follows. In Section II we precisely
formulate a multiarmed bandit problem with switching cost and
introduce the total regret associated with an allocation rule. In
Section III we present a lower bound on the total regret, and in
Section IV we construct allocation rules which achieve this lower
bound. In Section V we illustrate such an allocation scheme for a
large class of distributions which includes some members of the
exponential family.

II. PROBLEM FORMULATION

Let IT;, - -, II, be statistical populations specified, respec-
tively, by univariate density functions f(x; 8,), - - -, f(x; 6,) with
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respect to some measure v, where f(-; ) is known and the 6,’s are
unknown parameters belonging to some set ©. Assume that
{= 1% f(x; 0)dv(x) < o forall § € ©. Let

k@ := | 50w @1

and define

p* o= max {u(0)), * -, n(0p)} =pn@*)=p(;%

for some j* € {1, ---, p} where 6* = 0;x.

An adaptive allocation rule ¢ consists of a sequence of random
variables @,, ¢, - - - taking values in the set {1, + - -, p} such that
the event {¢, = j} (‘‘sample from II; at stage #°") belongs to the
o-field F,_, generated by ¢, X, ***, @n_1, Xn_. For n < oo let

2.2)

T,() = Y, 1{¢i=j}

i=1

2.3)

denote the number of times that the rule ¢ samples from II;
through stage n, and let

Jpi= 2 X;. 2.4
i=1
Then by Wald’s lemma (cf. [4])
P
EJ,= E r(OHET,()). 2.5
j=1
Define the sampling regret
R,(0):= np*~EJ,= Y, (p*-p@)ET,(j) (2.6
S8 <u*
where § = (6, ---, 0,).
Also, let
Sa0) 1= Y U{$i=Jj, di 1%/} Q.7
i=2
and define the switching regret
p
SW,(6) := C Y, ES,(j) 2.8)
j=1
where C > 0 is the fixed switching cost.
Further, define the total regret
R,(0) := R, (®)+SW,(0). 2.9

We want to maximize, in some sense, (EJ, — SW,) which is
equivalent to minimizing the total regret R,(6). Note that it is
impossible to do this uniformly over all parameter configurations
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0. For example, the rule ‘‘always sample from population II,"
will have zero regret when u(6;) < u(9;) forallj € {1, ---, p}.
However, when a parameter configuration has u(6,) > u(6,) for
some j # 1, this rule will have a regret proportional to 7.

We call a rule uniformly good if for every parameter
configuration 6

R,(0)=0(n%) (2.10)

for every @ > 0. Such rules do not allow the total regret to
increase very rapidly for any 6. We restrict our attention to the
class of uniformly good rules, and consider any others as
uninteresting. The problem formulation is now complete.

In what follows we make extensive use of the Kulback-Leibler
number which is defined as

10, M= S: [log (f(x; 6)/f(x; M)Lf(x; 6) dv(x). (2.11)

The Kulback-Leibler number is a well-known distance measure
between two distributions.

The main results of the paper, appearing in Sections III and IV
are derived under the following technical assumptions.

A.1: 0 < I(B, N) < o whenever u(\) > u(6).

A.2: For every € > 0 and 6, A € O such that u(A\) = u(f),
there exists 6 > 0, such that

»

|10, N~ 16, )| <e if p\)=p(N)<p(N)+8.

A.3: YA€ Oand vé > 0, 3N’ € Osuchthat u(\) < p(\’) <
n(\) + 6.

A.4: The parameter configuration 8 = (6,, - -
w) < p* = w(*) forall j # j*.

The assumption 7(6, A) > 0 is automatically satisfied whenever
w(N) > u(8). The condition I(f, \) < oo implies that the
distribution of the samples under the parameter 6 is absolutely
continuous with respect to the distribution of the samples under
any parameter A such that u(A) > u(f). Such a condition can be
expected to be satisfied for most parametric families of distribu-
tions which are mutually absolutely continuous. Assumption A2 is
a right continuity condition on 7(@, M) for fixed @ and u(A) = u(9).
Assumption A3 is a denseness condition on the space ©O.
Assumptions A2-A3 are needed to obtain the lower bound on the
total regret. Assumption A4 implies that there is a unique best
population among all of the p populations. This assumption is
essential in obtaining the upper bound on the total regret.

*, 6,) is such that

1. A Lower BOUND FOR THE TOTAL REGRET

In this section we note the extension of the lower bound
obtained by Lai and Robbins [1] to our problem. We state this in
the form of Theorem 3.1.

Theorem 3.1: Assume that Assumptions A1-A3 hold. Let ¢ be
any uniformly good allocation rule, i.e., ¢ satisfies (2.10). Then

i) lim inf ET,(j)/log nz1/1(9;, 6*) 3.1
for any inferior population II;, i.e., u(6;) < u(0*) = p* and
consequently

(w*—p @)

TN ¢-2

ii) lim inf R,(8)/log n= E
e Fu<pr
Proof: Follows from Theorem 1 of Lai and Robbins [1].[]

We shall call rules that attain the above lower bound asymptoti-
cally efficient, i.e.,

(u*—u(,)
R,(®)~ < > ——-—J> log n (3.3
Ju@p<ut 1), 6%)
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Fig. 1. Block allocation scheme for p = 4.

IV. CONSTRUCTION OF ASYMPTOTICALLY EFFICIENT RULES

In the first part of Section IV-A we motivate the idea of block
allocation and then introduce a specific block allocation scheme.
In this scheme we employ upper confidence bounds that are
constructed in Section IV-B. Finally, in Section IV-C we derive
an upper bound on the total regret of our allocation scheme. This
bound is asymptotically equal to the lower bound of Theorem 3.1.
Consequently, the proposed allocation scheme is asymptotically
efficient.

A. Block Allocation Scheme

In view of Theorem 3.1, if ¢ is an asymptotically efficient rule,
then the number of samples that ¢ takes from any inferior
population II; up to stage n is about (log n)/I1(6;, 6*). With no
knowledge of the time instants at which the samples are taken
from the inferior populations, all we can infer about the
contribution from population II; to the switching regret up to stage
n is that it is at most about (2 log n)/I1(f;, 6*). (The largest
contribution to the switching cost occurs when every sample from
population TI; involves switching to and from it.) Clearly any
asymptotically efficient rule must ensure that the samples chosen
from any population are grouped together in blocks in such a
fashion that the contribution to the switching cost is much smaller
than the above upper bound, in fact o(log #). Furthermore, the
block lengths must increase with n.

With this idea in mind we construct a ‘‘block allocation
scheme’’ in two steps. We first determine, a priori, intervals of
time, and over each interval we sample from the same population.
Then, at the beginning of each interval we adaptively decide
which population to sample from. The intervals are chosen so that
if we ensure the expected numbers of samples from each inferior
population is O(log n), the expected number of switches is
automatically controlled to o(log n).

Step 1: To facilitate analysis, time is first divided into
““frames’’ numbered 0, 1, 2, ---. Each frame f is further
subdivided into ‘‘blocks’’ numbered 1, 2, 3, - - -. All the blocks in
a frame are of equal length. Each such block can thus be uniquely
identified by (f, i) where f is the frame number to which it
belongs, and i is the block number.

Furthermore, let

N denote the time instant at the end of frame f,

by denote the block length of each block in frame f,

k; denote the number of blocks in frame f.

We choose the block lengths and frame lengths (N, — N;_,) as
follows:

Frame#(f) bf Nf—Nf,l

0 1 D

@.n

22 _oau-n?
J S —————.‘ - p.f.

S

Such a block allocation scheme is illustrated in Fig. 1 for p = 4.
We now derive lower and upper bounds for Ny, the time
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instants at the end of frame f. These bounds will be used
extensively in subsequent analysis.

2i2 _2(i-1?
i

S [ 2i% _yu-1? )

] pi+p

2i2_pG-1?
NS (222 ) pis
4 §=:l< - >pl p
=p2”+p Y i
i=1
sp2f2+pf2. 4.3)

Therefore, Ny ~ p2”?, and log Ny ~ f2. On the other hand, the
block lengths by = f.

Step 2: To start up our allocation scheme, in frame 0 we sample
once from each population. From then on we proceed as follows.
The beginning of each block (f, /) is a comparison instant, n(f,
i) (=Ny_; + (i — 1)by); at that time we decide which population
to sample from. We sample from the chosen population for the
entire block (f, i), i.e., by times. To decide what population to
sample from, at each comparison instant n we employ upper
confidence bounds U, () for u(f;), the mean of each population
I1;. We define the leader as the population II;, for which

Uﬂ(jn)ZUn(j) V.I e {]’ ”"p}'

At each comparison instant we choose to sample from the
leader. (Ties are resolved by choosing any population among the
leaders.)

B. Construction of Upper Confidence Bounds

To fix ideas, let Y|, Y,, +--, be i.i.d. random variables with
a common density function f( y; f) with respect to some measure
v, where ¢ € © denotes an unknown parameter. Let g,;: R' = R

(n=1,2,--+;i=1,2, -+, n) be Borel functions such that for
every § € ©
Py{gn(Yy, -+, Y)zp(@®)  forallisn}=1-o(n"") (4.4)

lim sup [Ej [sup {1=i<n|g.(Yy, -, Yi)=p(\)}Vlog n]
o

1
s]———(a’ N 4.5)
whenever u(A\) > u(8), and

8ni is nondecreasing in n=i for every fixed i=1, 2, - --.

(4.6)

We now make use of the functions g,; to define our upper
confidence bounds. Let Yj;, - -, Yjm be the samples drawn
from population IT; up to stage n (i.e., T,(/j ) samples out of a total
of n samples). Then at each comparison instant n( f, i} the upper
confidence bound U,(j) for u(f;), the mean of population I1;, is
given by

Un(F)=8urn(jy(Yj1, "5 Yizu(j) 4.7)
foreachj € {1, ---, p}.

Denote by ¢* the allocation rule constructed in Sections IV-A

and IV-B.
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Heuristics: Conditions (4.4)-(4.6), which define the upper
confidence bounds, play a very crucial role in proving asymptotic
efficiency of the proposed block allocation scheme. That is why
we discuss their intuitive meaning below.

Conditions (4.4), (4.5) relate the behavior of the sequence of
upper confidence bounds U,(j) of population II; to the actual
mean u(6;). They upper bound the deviation above and below the
actual mean.

Condition (4.4) shows that asymptotically the upper confidence
bounds U,(j) of population IT; (for any j) will very rarely fall
below its actual mean.

Conditions (4.5), (4.6) can be interpreted as follows. Consider
two populations; a population IT; whose mean u(6;) is unknown,
and another population IT, whose mean p(6;) = u(A) is known.
Assume that we employ the following block allocation scheme. At
each comparison instant (defined in the same way as before) we
compare the upper confidence bound U,(;j) of II; to u(\) and
choose to sample from II; if U,(j) = u(M\), and from I,
otherwise. Then, if u(\) > u(6;), the expected number of samples
from population II; up to stage /V, is upperbounded by log V, times
a factor which measures how statistically distinct the population
IT; and II, are. The statistical distance between II; and II; is
measured by the Kulback-Leibler number. This interpretation of
4.5), (4.6) is not only intuitively appealing but is also in
agreement with standard results from statistical sequential analysis
(Lai [3], Siegmund [6]). Moreover, it motivates the proposed
block allocation scheme as follows. In the absence of knowledge
of u(6y) it is reasonable to substitute u(6,) by an upper confidence
bound that now in addition satisfies (4.4) so that the same results
are maintained. These considerations are reflected in the analysis
in Section IV-C.

In addition, conditions (4.4)-(4.6) allow us to substantiate the
notion of an asymptotically efficient rule, which extends the
notion of a consistent rule, proposed by Robbins in [7]. Briefly,
consistent rules are rules that achieve optimality in an average cost
sense, i.e., lim,—.o(EJ, — SW,)/n = u*. Consistent rules have
been constructed in [7]. Consider only two populations a, b and
let {@;} >, and {b;} 7, be two fixed disjoint increasing sequences
of positive integers such that a,/n — o and b,/n — oo. At the
time instants corresponding to either sequence the allocation rule
forces the selection of the respective population a or b. At other
time instants the rule selects the population with the largest sample
mean. Consistency of the above rule is easily established using the
strong law of large numbers and the sparseness of the sequences
{a;} and {b;}. If asymptotic efficiency of the allocation rule is
desired we should ensure that the normalized total regret
n~1R,(0) tends to zero at the fastest possible rate as n = oo. This
can only be achieved if the selection of the time instants {;}, {b;}
is not done a priori but adaptively from the data. Conditions
(4.4)-(4.6) ensure that the sequences {a;} and {b;} are indeed
generated adaptively at the best possible rate.

C. Upper Bound on the Total Regret

Theorem 4.1: Under the block allocation rule ¢*, for all # and
every j such that u(9;) < u*

i) Eﬂ",,(j)s( +0(1)> log n, 4.8)

1
16, 6%)
ii) EgS.(j)=<o (log n), 4.9

and consequently, for all @ satisfying Assumption A4
jii) lim sup R,(8)/log n< 3 (u*—p(6))/1(6), %). (4.10)
e )<t

Proof:
Proof of 4.1 i): We shall first prove i) for n = N, the end of
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frame /, i.e., we shall show that Hence, by (4.5)

i Ep(Term1]) _ 1
‘T‘nsnup lOg N[ _I(Gj, 0*) ’

1
Ey TN[(j)S <W+ 0(“) log N;.
Js

Let j* be such that u(fx) = u(0*) = p*. (In case there are
more than one j*, choose any one.) Let # A denote the number of
elements of a set A. Then for any fixed j such that u(6;) < u*

Proof of Claim 2:

]
TN[(j)= 2 bf[#{l SiSkf D o* samples from Hj at
=0

comparison instant n(f, i)}]
=1+ b#{1<i<ks: ¢* samples from II, at
r=t
comparison instant n(f, i), U,(j*)= [l,(oj*)}
+#{l=<i<k;: ¢* samples from II; at
comparison instant n(f, i), U,(j*)<p(0;%)}]
/
=1+ E bA#{l<i<ks: U,(j)=p(6*), and ¢*
f=1
samples from II; at comparison instant n(f, i)}]
1
+3 bl#{lsi<k;: Up(j*)<p@w}]
f=1
=1+ Term 1+ Term 2 (say).
Claim 1:

lim su Ey [Term 1] - 1
raP\ Tleg N, )16, 0%

Claim 2: Ey [Term 2]1<o0(1) log N,

Proof of Claim 1:

!
Term 1= Y, b#{l<i=<ky: Up(j)Zp(6*), and ¢*
r=1
samples from II; at comparison instant #n(f, i)}]

/
2 f[#{l <lSkf gnTn(j)(

Yira(iy) Z 1 (6%),

and ¢* samples from [I; at comparison instant

n(f, D}l by (4.7)

I
= bit{1=i<ks: gng,((Yjn *
/=1

s Yimu(i)) Zp(6%),

and ¢* samples from II; at comparison instant

n(f, H}] by (4.6)
<sup {1=i=N|gni(Y1,

Then, by (4.1) and (4.2)

» Y= u(0*)} + b

Eg [Term 1]

log N, SE@,» [sup {ISiSMlgN;i(Yij Tty

Y= u(0*)})

log N+ 1/log (p27%).

]
Term 2=y, byl#{l<i=<k;: U,(j)<u(})
f=1

! Ky
=S b S H{U.GH<p@)}-

f=1 =1
Then,
1 kr
Ep [Term 21= Y, by 3, Po{Un(/*)<p(@)}
s=1 =1

! kr
E E Pﬁ,*{gm( Yier, ©o0 Y <plbx)
f= i=1

for some f<n}

—2 be o(n™1)

i=1

! kr 1
B <,2 fzn(fﬂ))

=0 (log N})
Thus, by Claims 1 and 2

by (4.4)

(by Appendix R;).

1
EyTrn(j)= (1(0 0*)+o(1)> log N,.

Now we extend this result for any arbitrary n. Let / be such that
N,_; < n =N,
Clearly

EyTo(J) _Eo[ Tn(]
logn = log N;_,

1 log (p2%+pI?)
T to(l) | ———
1(6;, 6*) log (p2¢-b?)

1
= <———](0p 0*) +0(1)> .

This completes the proof of i).
Proof of 4.1 ii): Let I be such that N,_; < n < N,. Then,

T, T;
S(J)<1+2 Nf(j) fo 1(.’)
f—

TN ) 2 ThdJ)
= E 7 E .

S=1 f+
T Uy 4 1
NI +E TNf(J) [f f+1]
T o <
NI +E TNf(j) [fz] .
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By (4.8)

EygTn,(J)
—‘—N_1/1(0,, 6%).

lim sup

Therefore, for any given e > 0 3fy such that Vf = fo

E, TNf(j) <1710, 6%)+

log Ny — ” €
Hence, by (4.3)

Ey Ty, (/)= (1/1(9;, %) +¢) log (p2/*+pf?)

=K(@f?

Thus, for n > Ny,

for some K(e).

EyTn(j) 'S EeTn )

Ey(Sn(j )= +
/ Pt Vi
K(e)12 = f EgTh )
St KO+ Y —F—
f=f I=1 f
<K(€)2]+ M(e)
where
T Eg T, (j)
M@= —f—zf—
/=1
Consequently,

EoSn(j)<EoSn(j)<K(€)21+M(E)
logn “logN,_,~ (I-1)?

Proof of 4.1 iii): By (4.8) and (2.6) it follows that

Ri®=| 3 (w*—p@)/16; 0*)+0(1)] log n. (4.11)

Jp@p<p*

=o0(1) proving ii).

Under the additional Assumption A4 we have from (2.8)

SW,0)=C | Y, ES.(j)+ES,(j*)

it
<C [2 3 ES,,(j)+1]
it
=o0(log n). 4.12)
Hence, by (2.9), (4.11), and (4.12), iii) follows. 0O

In view of Theorems 3.1 and 4.1 the block allocation scheme
¢* that we propose in this section is asymptotically efficient, i.e.,

R.(0)~ [ > (@)1, 6%)

Ju@) <u*

log n.

_Thus, despite the imposition of a switching cost we are able to
recapture the same asymptotically optimal performance as Lai and
Robbins [1] achieve in the nonswitching cost case. The block
allocation scheme proposed in this section is crucial in achieving
this performance. By grouping together samples from each inferior
population in blocks, we manage to maintain the number of
samples from each inferior population at about log n/1(6;, 6*) and
to limit the number of switches to o(log n).

V. UppER CONFIDENCE BOUNDS FOR SPECIAL DISTRIBUTIONS

In this section we construct upper confidence bounds for a
family of distributions under the following assumptions: A.1-A.3
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and
O=R, 5.1
w(6)= 51 xXf(x; 0) dv(x) 6.2)
is a strict monotone increasing function of the parameter 6
log f(x; 8) is concave in 6 for each fixed x, (5.3)
S: Xf(x; 6) dv(x)<oo  foreach6 € ©.  (5.4)

Conditions (5.1)-(5.4) are satisfied by some members of the
exponential family of distributions, for instance, the normal
distribution. We prove that the upper confidence bounds we
construct satisfy conditions (4.4)—(4.6). Lemmas 5.1 and 5.2 are
needed for the proof.

Lemma5.1: LetS, = X; + +--
iid.,, EX; > Oand let N = X
1(inf;»,S; < 0).

Then the following are equivalent.

+ X, where X, X3, * - are
LS =0, L =27

a) E(| X;]21(X1=0)<
b) EN< o
c) EL< .

Proof: See Hogan [7]. O
Lemma 5.2: Let S, = X; + X, + --- + X, where X, Xy,
co-areiid., 0 < EX; < . GivenA4 > 0,let L, = Z7_,
1(inf;»,S; < A). If E (| X;|?1(X1 = 0)) < oo, then
ELA 1

11m | Sup 3 = E_Xl

Proof: Fore > 0

® EX
Li-3 1 <}g£ (S,-—ll—+;'>50>s
n=1

Now we need to consider the i.i.d. r.v.’s Z; = X; — EX;/(1 +
€).

A(l+e)
EX,

E{|Z,|*1(Z,<0)}

‘ , -
co ([ ()] (<2}
1+e 1+e

<2E{|X:|21(X,<0)}

EX,
+2E {IX.|21 <O<X,s—'>}
1+€
5 <EX1>2
1+e

< oo,

Thus, by Lemma 5.1 it follows that for some constant K(e)

A(l+e
EL < (X )+K()
hm | sup %<IE}T;

By letting ¢ = O we get the desired result.
Using Lemmas 5.1 and 5.2 we construct upper confidence
bounds in two steps described by Theorems 5.1 and 5.2.
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Theorem 5.1: Let Yy, Y,, - - - be a sequence of i.i.d. samples Thus, we must examine the sum of i.i.d. variables
from a population. Let s w
n W o
o f(Y; 0+w) X:=L< ot ogf(Y;Ml (w) dw
Wi(6)= S H 70 I(w) dw w<o+ t

where Y, has the distribution f(x; 6). These random variables have

where I: (— o, 0) = R, is a positive, continuous function with mean
{o _Hw)dw = 1. For any K > 0 let

J(Yy; 0) J(Yw
= 1 ! d
VG, Y, -+, Y, K)=inf {0] W6)=K}. s EX=E [°gf(y,, N §a<w<o+5 7y e ™ w]
Then, forall A > 6§ =10, \)—e>0 for e sufficiently small.
1 Also EX; < oo, Next we prove that E[|X,|21(X; < 0)] < o so
i) P{0=V(, Yy, -+, Y, K)  forall iZl}Zl—E ) that we can use Lemma 5.2 to upperbound E, L.
Note that
1
ii) lim Egy[sup {iz1|V(i, Yy, -+, Y;, K)=\ :
) A o K g [sup {i=1|V(i, Y )= OzXll(XlsO)ZS logf(Yl, w)
b<w<f+6 S(Yi; M)
=1/1(6, N).
. . . . . f( Yl; W) o
Proof: By (5.3) it follows that W;(6) is nondecreasing in 0, 1| Tsst) P(w) aw
S(Yi; N)
s0 that
Vi, Yy, -+, Y, K)<0 = Wi@)=K. E,[(X1(X;<0))?]
Now S(Y; w) S(Y; w) 2,
= SKKM E [(l"g Fven ) \Fagn =t | Fmaw.
{VG, Yy, «-+, Y, K)<8  for some i=1}
c {Wi@)=K for some i=1}. Now
; 2 X;
W(6) is a nonnegative Martingale under 6 with mean 1. Thus, by Sf (x 0 [IOg ﬁx ;v)] 1 (jf'ix :’)) = 1> dv
the sub-Martingale inequality (cf. [4]) . %N ’
Py{Wi0)=K for some iz=1}<1/K - Sf("; 070 N Js w o, TG W) 2
SO w)y o flxsA) S N)
establishing i). .
Let Ly = =, I(inf,, W) < K). . (f"" W’<1> dv. (5.6)
Given e > 0 “choose 0 < & < A\ — 6 so that J(x;s )
(10, w)|<e  if8<w<O+6. Observe that
. . . . 4
[Tl;:lsellsla;:;smble due to Assumptions A2, A3, and (5.2).] a) x [log x]? s; on {x=1},
{W,(\) =K} b) since A>w>0, there is 0< o<1 such that w=af +(1 —a)\.
0 6.7
- {log 5 Hf(Y” AW o) dwlog K}
oy SJ(YsN) By (5.3) for each x, f(x; w) = f(x; 8)*f(x; N)"~2. Hence,
S 0)f(x; M)
J(Ys w) — 2 < f(x; )42 (x; N)e. (5.8)
c —
- { Sﬂ<w<6+6 H S(Y5 N lw=N) dwslog K} S(x; w)
Let w* = o\ + (1 — a)f. By (5.3) again
= S Hf i W) jo () dwlog K~log A SO 00D N <f(x; wE). (5.9)
o<w<o+s oy (Y55 N) - ’ ’ B
Combining (5.6)-(5.9), we obtain
where 4
Eg[Xll(XISO)]ZS-e—2 .
=S Iow=2) dw, I*(wy="=N
P<w<h+d A ‘We may now use Lemma 5.2 to conclude that E,Ly < oo and
By Jensen’s inequality sup ZoLx EyLg 1
K«ao log K I, N —¢’
{WiM) =K}

Letting e — 0O gives

: SYs W . EyL 1
E; 4 < K~ A .
{ Sﬂ<w<6+6 <f( Ys )\)> (W) dw=log K —log } ’ 11m loeg 11; 0N (5.10)
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We now bound EyLy from below. Define the stopping time
Ty=inf {i=1|W;,\)=K}.

Notice that Ly = Ty — 1. Thus, EyTx < oo.

Write
(Y, 0) (Yo N+ w)
Iw) d
i = Hf(Yb )\)S m’I_Il AY,, 0 (w) dw
=A:M;
where
1Y ) 0 (Yo At W)
= Hf(Y,, N M=l H ST o

and M, is a Martingale under @ of mean 1. We observe that
log K< Ey log Wr(N)=Eqy log Ary +Ej log M7,
<Ey 10g AT[(+ log EGMTK
=10, N EsTx<I(6, N\)EgLy

which along with (5.10) establishes ii). O
Theorem 5.2: Let g.u(Y;, - -+, Yi) = ulV(, Yy, -+ -, ¥}, n(log
n)?)] for some p > 1. Then for any A > 6
i) Pp{gn(Yy, -*+, Y)) > p@ foralli < n} = 1 — O(n~'(log

n)~r

ii) lim sup,—o [Eglsup {1 = i < n: g, (Y1, - -,
log n] = 1/I(6, N)

iii) g,; is nondecreasing in n = i for fixed /.

Proaf: i) follows from i) and ii) from ii) of Theorem 5.1, iii)

follows from the form of V(¥, Y1, - Y;, K') and the assumption
that u(6) is monotonically increasing in 6.

Theorem 5.2 shows that upper confidence bounds g, con-
structed above satisfy the required conditions (4.4)-(4.6). This
concludes our construction.

Y) = uN}V

VI. CONCLUSIONS

Despite the inclusion of a switching cost, our allocation scheme
achieves the same asymptotic performance as the optimal solu-
tions for the case without switching cost. This is made possible by
grouping together samples into blocks of increasing sizes, thereby
reducing the number of switches to o(log 7).

Notice that the block length and frame lengths are prescribed in
advance and not generated adaptively from the data. With our
block scheme if we can ensure that the number of samples from an
inferior population is O(log n), then we automatically control the
number of switches to o(log n).

Although in our problem formulation we consider a fixed
switching cost, we can equally well handle switching costs which
vary with time and with the pair of populations between which
switching occurs, provided the switching cost is bounded.

Assumption A4 is essential to obtain asymptotic efficiency. If
we do not have a unique best population, then the number of
switches among superior populations can be arbitrarily large.

APPENDIX

(by=1)

(see explanation below)

905

1
Slog N[+1+;+Nl—l

1
1

> fE
PR (V)

_1+ LU 11

No No+1 N-1 N N
+ ! + ! +oe 4t ! + !
Ni+2 Nij+2 N—2 N,-2

1
+—
N,

—+

+N2

<1+ 1 T 1 + 1

"Ny No+1 Ni-1 N, -1

+1+ ! + ! +--~+——1—+—1—
N N+1 M+2 No—3 N,-2
+ ! + ! +1+
N,-2 N,-1 N,

N,—ll

=Y 3 E

=Ny

REFERENCES

T. L. Lai and H. Robbins, ‘‘Asymptotically efficient adaptive
allocation rules,”” Adv. Appl. ‘Math., vol. 6, pp. 4-22, 1985.

T. L. Lai and H. Robbins, “Asymptotlcally efficient allocation of
treatments in sequential experiments,” in Design of Experiments, T.
J. Santner and A. C. Tamhane, Eds. New York: Marcel Dekker, pp.
127-142.

T. L. Lai, “‘Some thoughts on stochastic adaptive control,” in Proc.
23rd IEEE Conf. Decision Contr., Las Vegas, NV, Dec. 1984, pp.
51-56.

S. M. Ross, Stochastic Processes. New York: Wiley, 1983.

V. Ananthraman, P. Varaiya, and J. Walrand, ‘‘Asymptotically
efficient allocation rules for multi-armed bandit problem with multiple
plays—Part I: LLD. Rewards; Part II: Markovian rewards,”” IEEE
Trans. Automat. Contr., vol. AC-32, pp. 968-982, Nov. 1987.

D. Siegmund, Sequennal Analysis. New York: Spnnger-Verlag,
1985.

M. Hogan, “Momcnts of the minimum of a random walk and complete
convergence,”” Tech. Rep. 21, Dep. Statistics, Stanford Univ., Jan.
1983

H. Robbins, ‘“Some aspects of the sequential design of experiments,”
Bull. Amer. Math. Soc., vol. 55, pp. 527-535, 1952.

(1]
[2]
B3]

[4]
i5]

(6]
(71

[8]

Rajeev Agrawal was born on December 1, 1963 in
Lucknow, India. He received the B.Tech degree in
electrical engineering from the Indian Institute of
Technology, Kanpur, in May 1985. In 1987 he
received the M.S. degree in electrical
engineering-systems from the University of
Michigan, Ann Arbor, where he is currently
completing the requirements for the Ph.D. degree.

At the University of Michigan he has been a
Research/Teaching Assistant since 1985. His
currerit research interests are in stochastic systems,
stochastic adaptive control, resource allocation problems, stochastic
scheduling, communication networks, and communication systems.

Mr. Agrawal received the Outstanding Graduate Student Award for
electrical engineering-systems in March 1988 from the College of Engineering
at the University of Michigan.



906 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 33, NO. 10, OCTOBER 1988

Manjunath V. Hegde (S’84-M’87) received the
B.Tech. degree in electrical engineering from the
Indian Institute of Technology, Bombay, India, in
1979, the M.M.S. degree in finance from the
University of Bombay, Bombay, India, in 1981, the
M.S. degree in statistics from the University of
Toledo, Toledo, OH, in 1983, and the Ph.D. degree
in computer, information, and control engineering
x\ from the University of Michigan, Ann Arbor, in
N 1987.

From May 1981 to August 1982, he worked as a
Financial Consultant for 20th Century Financial Services P. Ltd., Bombay,
where he was involved with Eurodollar syndications. Since August 1987 he

has been an Assistant Professor of Electrical and Computer Engineering at
Louisiana State University, Baton Rouge. His research interests include
communication and information theory, coding theory, game theory, and
stochastic optimization.

Demosthenis Teneketzis, for a photograph and biography, see p. 523 of the
June 1988 issue of this TRANSACTIONS.




