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Performance of Trellis-Coded Direct-Sequence
Spread Spectrum with Noncoherent
Reception in a Fading Environment

Victor Wen-Kai Cheng and Wayne E. Stark

Abstract—n this paper, we consider the performance of differ- modulated using BPSK. The receiver consists of a demodulator
ent coding schemes for direct-sequence spread spectrum (DS-SSJfor each chip or code symbol) followed by a decoder, which
in a nonselective Rician faded channel. The Nordstrom—Robinson is a soft-decision decoder for the repetition code. If an error-

(NR) code, a nonlinear code that has large distance for a given . . . . .
rate combined with a trellis code is examined. A bound is COITecting code is used in addition, then essentially the system

developed on the error probability for this trellis-coded NR €mploys concatenated coding.
(TCNR) code with noncoherent reception over a frequency- Viewing a DS-SS system in this manner makes it clear
nonselective Rayleigh or Rician fading channel with additive that one can use other codes besides the repetition code,
white Gaussian noise (AWGN). This bound is tighter than the ; ; ; ; ;
standard union bound. Our results indicate that the standard which while haVI_ng good distance properties has a poor
union bound can be significantly different from the more accurate rate. One _ch0|ce IS orthog_o_nal codes. Orthogona] codes have
results obtained from the improved union bound. In addition, half the distance of repetition codes, but ha¥etimes as
there is a considerable coding gain at high signal-to-noise ratio many signals. Biorthogonal codes have the same minimum
(SNR) for the TCNR code over the conventional DS-SS code at distance as orthogonal codes, but can transmit one more
the same date rate. bit of information. Biorthogonal codes, however, cannot be
Index Terms—Direct-sequence spread-spectrum communica- employed in a noncoherent system.

tions, fading channels, trellis-coded modulation. An M-ary orthogonal code of lengtv, A/ < N, has
minimum distanceNV/2. If the output of the encoder for
|. INTRODUCTION eachlog, (M) information bits is modulated using BPSK, the

i data rate idog, (M)/N. Thus, in general, orthogonal codes
I N A CONVENTIONAL direct-sequence spread-spectiuaye |ow rate while having good distance properties. It is

((DS-SS) communication system, a single data bit is rangs, jmportant to consider the number of nearest neighbor
m|tted using a pseudo_random séquence or its negative %@Iewords, which affect error probability, especially at low
binary phase-shift keying (BPSK). Typically, there al  jona|.to-noise ratio (SNR). For orthogonal codes, there are
chips of the pseudorandom sequence for each informatipi 1/y_1 nearest neighbors. Clearly, one can use a subcode
bit transmitted. For a conventional system, the number gfie orthogonal code in order to reduce the number of nearest
chips per information bit is a measure of the interferengg,ighinors, but with no distance gain. This, however, sacrifices
rejection capability of the system when used in an environmeffye rate A method to reduce the number of nearest neighbors
with multiple-access interference or multipath fading. Thgino,t sacrificing data rate is to use a combination of an
demodulation consists of (assuming perfect synchromzaﬂo&)[hogona' code with a trellis [1] at the expense of complexity.
a correlgtqr matched to the pseudorapdom sequence followeg, s paper, we wish to explore a coding scheme to achieve
by a decision device. An error-correcting code such as conygper gata rate and lower error probability. In Section II, the

lutional code or block code can be used to provide additiong rdstrom—RobinsofNR) code [3] is introduced. This nonlin-

protection, usually at the expense of data rate or processg*g code, a member of the class@fdockcodes [3], has good

gain. Nevertheless, better performance is usually achieved Wiiance and rate parameters and can be efficiently decoded

coding. , . ) , with a noncoherent soft-decision algorithm. The NR code has
An alternative view of this system, which makes generabsg cogewords of length 16 with the minimum distance 6.

izations and modifications easier to visualize, is as a streamgf, 256 codewords are divided into 8 cosets. each with 32

information bits that are encoded by a repetition code of Ien%'ibrthogonal codewords. For noncoherent demodulation, we

N. Each bit is repeatedV times. The output of the enCOderqonsider a subcode of the NR code obtained by using only 16

is then scrambled by a pseudorandom sequence before b%ﬂﬂogonal codewords in each coset. Tinisdified NRMNR)

. . . . code has 128 codewords (or modulation vectors) of length 16.
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That is, every path connecting two consecutive states in ttie demodulator under consideration is noncoherent, only the
trellis corresponds to a signal from the modified NR code beimgthogonal subcode of the NR code can be used. This subcode
transmitted over an independently faded channel. The chanhat 128 codewords of length 16. The 128 codewords are
is assumed to be constant over the duration of transmissiordofided into 8 cosetsBy, By, B>, B3, By, B;, Bg, and By,

a single vector from the modified NR code. At the receiveeach of 16 orthogonal codewordBy is composed of the 16-
noncoherent reception is employed. In Section IV, we examinew vectors in the Hadamard matri¥3; (i = 1, ---,7) is

the error performance of the TCNR code. An upper and loweomposed of the 16 codewords of weight 6 in each of the
bound on the error probability are derived. In Section V, weosets of the NR codeThis subcode is called the modified
generalize the code to also consider trellis-coded KerdoblR (MNR) code. The weight enumeratet(z) of the MNR
codes. The error performance of the TCNR code and Kerdootde, and the weight enumeratdg(z) of the cosetB; (i =

code is compared to that of a conventional DS-SS code wih---, 7), is

the same data rate in Section VI. Finally, we present some

numerical results for a pure Rayleigh fading channel, an Ao(2) =14 157" (2)
additive white Gaussian noise channel, and a Rician fading Ai(2) =162°  (i=1,2,---,7) 3)
channel in Section VII. 7

A(z) = Ai(z) = 1+ 1122° + 1525, (4)

Il. CoDE

. - . The distance between the codewords implies a correlation
Consider a standard, but not necessarily linear binary error-

. ween words. For rtain Wi h ibl
correcting code. The code has lengii and number of cgtrelleaetioﬁgdaereo ds. For a certain codewojg the possible
codewords M. That is, the code consists aff vectors

¢, -+, ¢y Of length N from the alphabet 0, 1 (in this paper (v,,v,) =16, Vn (5)
M = 2% for some integerk). The weight enumerator for (., v,) =0 v v €Bi, m#n (6)
the code, denoted by;, i = 0, 1, ---, N, is the number s ’ T mm o

of codewords of (Hamming) weight For linear codes, the (U, vn) =F4, v, € B, v, € By, 0 # ()

weight enumerator is identical to the distance distributiogyhere (3, ) = S" | z;y¢ denotes the correlation between
This is also true for the codes considered in this papggciorsy — (z1 T Zn) ;ndy = (y1, -+, yn). If ONly By

although the code will not be linear. This property is calleg sed, the data rate is 4/16 (four information bits over 16
geometric uniformityor distance uniformityWhen a code has channel chips). By adding,, Bs, - -, B; to By, we increase
this property, the analysis and simulation are greatly simplifigfe number of codewords from 16 to 128 while decreasing the
because the conditional error probability does not depend @fhimum distance from 8 to 6. Thus, we have decreased the
which codeword is transmitted. Thus, we can assume agnimum distance by 25% while having increased the rate
particular codeword is transmitted to get the uncondltlongb 75% to 7/16. However, the number of nearest neighbors
error probability. Finally, when transmitting a binary VECIOfymps to 112, which affects the error probability. In addition,

¢; = (¢, -+, ¢iv) With components 0, 1, the translation ©qhe complexity of the decoding of the NR code is roughly
'the components in the setl, —1 via v;; = (—=1)c will take eight times that of the original codBy.
into account the usual BPSK modulation. If additional complexity is allowed, we can further modify

One class of interesting codes is the ort_hogonal code. Thi$ NR code to increase the minimum distance to eight and
code hasM = N and can be formed by finding any set ofyny slightly decrease the rate to 6/16. To do this, a four-

orthogonal basis vectors for the space of binafyvectors. giate trellis with branches labeled by the MNR codewords
One convenient set of orthogonal vectors is the Hadamard getsed [1]. As is shown in Fig. 1, we label each of the

(the orthogonal vectors are the rows of tNeby N Hadamard qtg0ing branches of the trellis with the cosets of the MNR

matrix). Thus, the distance distribution is code to form a TCNR code, an example of finite-state codes
1 if i=0 [2]. To encode, we divided each six information bits into
A= {]\77 ~1, ifi=N/2 (1) two and four bits. The two bits determine which coset and,

hence, which outgoing branch of the trellis, while the four
This code transmitdog, (V) bits of information using the bits determine which codeword in that coset is transmitted. If
channelN times, so the rate ibg,(N)/N. we label the brancheBy, ---, B; appropriately [4], we can
An biorthogonal code of length 16 obtained from th&hange the distance structure of the code to get rate 6/16.
Hadamard matrix plus its negative has 32 codewords of lengthe minimum distance of this new code is back to eight
16 with minimum distance 8. If we start with this biorthogona®nd the number of nearest neighbors is reduced back to 15.
code, we can increase the number of codewords up to 2¥@te that we have simultaneously increased the minimum
by carefully adding selected cosets of the biorthogonal coflistance of the code and decreased the number of nearest
to the erglnal code, \_Nlth the minimum d|St_ance slightly 1A codeword of weight six can be substituted by its negative, which is
decreasing to 6. By doing so we get the nonlinear NR codecodeword of weight ten in the same coset, with an equivalent effect in

[3]. The 256 codewords are divided into 8 cosets, each of goncoherent reception. But to make the system easier to understand, we
biorth | d ds. Th . if N choose the codewords of weight six. This may not be practical since in real
lorthogonal codewords. € geometric uniformity pmpeni}ﬁplementation we would likeéB; to be a translate aBy, for all i. However,

is satisfied with the NR code, although it is not linear. Sindehas no effect on the performance.
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BoB4B2Bs  So The transmitted signal is then

s(t) = VE, v(t) cos (2n f.t + ¢)

where £, is the transmitted powerf,. is the carrier frequency

BiBsB3Br 5 (assumed to be much larger than the chip rafe)l/and¢ is
a random phase unknown to the receiver, which is assumed to
be fixed during each codeword duration716

The channel is modeled as a nonselective (Rician) fading
channel. In this model, the received signdt) consists of
a direct path (unfaded) signal, a diffuse (faded) signal, and
additive Gaussian noise

BGB2B4B() S

B:B3BsB  Ss r(t) =c/ Esu(t) cos(nft + ¢+ 0.)
Fig. 1. Four-state trellis. + 'V E; v(t) cos(2r fot + ¢+ 6r) + n(t)

wherec is a fixed number[" is a Rayleigh random variable,
andé. and@r are uniformly distributed ovej0, 2x).

The receiver processes the received signal with the usual
TCNR b“i) noncoherent receiver. The output of the receiver at time
Decoder ;

((+ DT, is

bo b 1--- | TCNR
Encoder

Fig. 2. Communication link.

2 (l-l—l)TC
Ty = / r(t) cos(2m f.t) dt
1e Jir,

neighbors. Furthermore, the TCNR code still has the geometric 9 (I+1)T,
uniformity property, which makes it easy to analyze or to —jf / r(t) sin(27 fot) dt
simulate. The disadvantage is the increase of the complexity e Jie
in encoding/decoding. =[ee/ (P40 LTI+ /B vy 4 2

where z; is a zero-mean complex Gaussian random variable
[ll. COMMUNICATION SYSTEM with variance N,.

In this section, we describe the models used for the trans-Without loss of generality, we employ vector notation to
mitter, channel, and receiver, as shown in Fig. 2. The ddgpresent the transmitted and relevant portions of the received
sequence to be transmitted is denotgg} and is assumed waveforms and the additive noise [8]. All vectors here are of

to be an infinite data sequence with independent identicah%ﬂgth 16. .
distributed values. That i®r{b; = 0} = Pr{h; = 1} = 1/2.  The output codeword of the TCNR encoder is =

The data sequence waveforift) is given by (vi, -+, Ulgg. Notice that noww is scaled to unit length
el = 08, w2 = 1 [8]. Therefore,v;, = +1/4, Vk.

i ) The transmitted signal over the channelsis= v/E,v. The
b(t) = Z bipr, (t = 1) energy in each codeword i&;. Since six information bits
=T are transmitted with each signat, = 6E,. We assume a
wherepr, (t) is the waveformpr, () = 1 for ¢ € [0, T3) and nonselective fading channel with propagation gain

zero elsewhere. The bit duration and the data rate isTy. k= (ce’® +a) (8)
The data sequencfl;} is encoded into the coded sequence
{v;,} using an TCNR code. Each componeptof the encoder Wherec is the unfaded component of the channel, a fixed real
output can take values of1. number,f = (¢ +6..) is the phase of the unfaded component,
For the TCNR code, each six bits of information plus theniformly distributed over0, 2r), anda = I'e(®*%r) is the
state of the encoder determine a sequence of length 16 toSeatter component, a complex Gaussian random variable with
transmitted. The duration of each component of that sequerv@iance2o?. Assumef and« are independent and the channel
is denoted byr.. The waveform out of the encoder is denotet slow fading s@ and« remain constant during each symbol
by v(t) and is given by interval 1&.. Thus, givend, x = (cejé + «) is a complex
Gaussian random variable with mea#? and variance 2.
= The parameters and o may be given physical interpreta-
u(t) = Z wpr, (t = K1e) tions. The quantity: is the strength of the direct component
h=—eo and 2? is the mean-square value of the diffuse (faded)

wherepy. (t) = 1 for ¢ € [0, 7,) and zero elsewhere. Eachcomponent of the received signal. We defipe = ¢? /207

16-b codeword from the encoder is represented by a vecfs the ratio of the energy received via the direct path to the
of length 16 average energy of the random component. for= oo, the

model is that of a pure additive white Gaussian noise (AWGN)
v= (v, -+, V16)- channel, while fory? = 0 the channel is a pure Rayleigh faded
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channel. For situations in betweér< +? < oo, the model is
that of a Rician fading channel. The average received power is
related to the transmitted power via the fagtet+242). Thus, |
if E, is the energy transmitted per signal then the average !
received energy is |
Sl:

Up(1)

So

E, = (02 + 202)E5 !
=(v* 4 1)20%E,. |
1
The received signal is denoted by Sz:
1

r=rs+z=(cc® +a)s+z
Us(1

1
1
i
. ]
where x = (ce’? + a) is the propagation gain due to the '
channel fading and represents complex white Gaussian noise, i

mdependent of and « Fig. 3. Decoding at nodé3.

= (Zla T 216)-
Since noncoherent reception is assumedntle&ic U; from

The mean and variance of are given byE[z] = 0 and ghecific branch denoted by the cod@tis the maximum

121 — Py L.
Ef|zi|°] = No for all 4. |IR;. ;||* within that B;
IV. ERROR PERFORMANCE Ui = max(||Ri, ol 1R, 1|, -+, [|1Ri, 151)
_ i 2
In this section, a lower bound and several upper bounds on = mflx(”@v v, ;)17 (14)

the bit error probability of the TCNR code are derived. The ) ) )
upper bounds include the standard union bound, the unionThe Viterbi decoding rule is employed. At each node of

Bhattacharyya bound, and an improved union bound. the trellis, the survivor path is the one among all the paths
joining that node with maximum metric. Ld¥;(t) = the

metric from B; at time intervalt. For example, as is shown in

) ) o ~ Fig. 3, at nodeB, the survivor path is the one with maximum
The receiver co_rrelateg; with Y i all 4, 7, whereym IS among[Uo(1) +Uy(2)], [Us(1)+Us(2)], [U2(1) + U(2)], and

the jth godeword in theth cosetB;. Let R; ; represent the [Us(1) + Us(2)].

correlation output at the receiver, i.&; ; = (r, v; ;). SINC@ ~ Ag'mentioned in the Introduction, every modulation vector

the geometric uniformity property holds for the TCNR codgyom the modified NR code is assumed to be transmitted over

without loss of generality, we assume the all-zero codewogd ingependently faded channel. Thus, after the modulation

A. Receiver Output

11 1 - o :
o,0 = (3, 3, -+, 1), the first codeword iBy, is transmitted. yeciors are determined an interleaver that permutes the order
Then of the modulation vectors is used. At the receiver, a similar
- JVE. = VE, (L, 1 1 g) deinterleaver is employed. Because of thigk) and «(l),
s Lo,0 - (39 . © 6(k) andé(1), or z(k) andz(l) are independent &, I, as long
r=rstz= (U5 e, TV 4 ask # 1.
4 4
k= (cd® + a). (10) B. Pairwise Error Probability

First, we examine an incorrect path of lengthbranches
labeled byL codewordse; = [v(1), v(2), ---, v(L)]. Let
Ro,0 =(r, vo,0) = (¢’ + &) VE, + Zo,0 (11) <o = [u0,05 20,0, =+ Lo, ol @ndr, = [r(1), £(2), ---, (L)]
Ro,; = {r, vy, ;) = Zo,jy j=1,2 ..., 15. (12) be a received vector of length. The metric for the path

corresponding tac, is

The correlations of with codewords inBy is as follows:

The correlations of with codewords inBy, Bs, ---, andBy is I
. . 2
cei® + o) VE, W =" (i), vy, 0)I*-
Rij=(r,v; ;)= (e ta)vhs 1 ) + Zi, 5, im1
i=1,,7.Vj (13) The metric for the path corresponding ¢g is
where Z; ; = (z,v; ;) = Erlle +(z,/4) is a complex L )
Gaussian random variable wit[Z; ;] = 0 and E[|Z; ;|?] = V=37 (), w@)l*.
i=1

No, Vi, j. Notice that E[Z; ;Z5 ] = (v j, vy y)No =

0, No, or £No /4 from (5)—(7). Thus,R; ; is also @ complex The pairwise error probability between ande; is given by
Gaussian random variable with known mean and variance for

Vi, J. P{cy — e} =Pr{lW <V} (15)
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Assume this specific patk; passes throughy , ! times andL =m = 1, (from stateS, to stateSo), i.e., po, 1,0, €rror
(we call these time interval$,, ¥ = 1, ---,1), through within By only, which will be discussed later. As fen = 0,
codewordsy, ; € By = (Bo \ vg,0) m times (we call these denotep), = po o, (this means none of the branches goes
time intervalst,, k = 1,---, m), and through codewordsfrom state.s; to stateSs).

in B, = (By U --- U Byr) n times (we call these time 1) Fory2 = 0, that is, pure Rayleigh fading [5]

intervals 7, k& = 1, ---, n) in the trellis. In other words, o y

Q(t&)v Ty Q(t” = %o, 0, Q(tl)v MR Q(tm) € By, andl+m+ ;o A " Z n+k—1 /3 (17)

n = L. Note thatt;’s and¢;’s are the time it goes from state Pn =\ N7 B) = k A+

Sp to stateSy, or from stateS, to stateSs in the trellis. The -

pairwise error probability betwees), andc; depends only on where
[, m, andn and not the specific codewords. Thus, the pairwise
error probability betweewr, andc; is given by A= V(0w +¢0)2/2 = 92, — (00 — 90)/2
— 2 —p2 -
Pley = ez} = Pr{(W = V) <0} = pr.om . = Vlgut )2 = ohy + (00 = 00/
In order to calculatep; ., », we simplify the expression and

for (W — V). Taking into account the structure of the two

_ 2
codewords, we can expre$E and V' as puw =20"(Es/No) + 1

_ 20%(E,/No)

i m v +1
W= 37 etk w0,0) >+ Y e (). o, o)l 2ot (BN 1
=, = b= Y
2
+ D e, 2,00 2) For~? > 0, Rician fading [6], [7], let
k=1
{ m /3, - /3
V=" (i), vo o) IP + Y IKe(tn), vy, )7 PuwPu = P
k=1 k=1 A
n and )\/ = ﬁ
+ > (), v Pty T Py
k=1 then
Now, by cancelling common term§l}’ — V') can be written as ;o Q< fr g )
m pn vV 7’2 + 1 ’ \Y4 7’2 + 1
W-V= r(tx), v 2 {r(t), vo D2 n—1 Nm
2 Irt) o o) =), )1 peersen 5 g <97 )
n m=1—n
+ 3 [, wo, )17 = [I{r(m), wlm)IP)- far
k=1 : Irn m (18)

Notice thatp; . » is independent of. Since allr(¢)'s are
assumed mdependent because of channel interleaming,,

can be regarded as the error probability of binary, noncoherent, B T
square-law-combining receiver with independent, but not Q(u, v) _/V re Lo(pz)
necessarily identical diversity. Thus, from [8] (we let= 0.5

in [8, egs. (5.6a), (5.6b), and (5.6¢)])

where Q(p, v) is Marcum’s () function

Pim,n < 310D DY (16) f- 2nc2 B, [, — 1 — <pwb/3’/2 + (0w +1)/16]
where No(A + )
1 /202E, -1 2nc2E [, N +1 — %DX/2 + (N —1)/16]
b= {HZ( No 1” 7= \/ No(A+ )
—Z 62E /No
1 (202E,/No — 1) r=\/\p

202E !
Dz:|:1+ < 1>:| 1 —n n—1
64 NOV —Um0 + <1 + _2> Z
8 2B, /No }
1+ 2 (202E,/No — 1)

il SR

We can calculate the exapf ,, » whenm =0 orn = 0. In
our trellis, the only possible condition far=0isl=n =20 —F, —m(1/7) m < —1.
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I, () is the modified Bessel function of the first kind of So S
order m, and I,,,(-) = I_,,(*). ém0 is the Kronecker delta:
bmo = 1 for m = 0, 6,,,0 = 0 otherwise. The above indicates T e eoeeeT
that p/, is independent of/’s. 1

S S PO S

C. Weight Enumerator ‘:\\\ G},gs S o7

In this section, we determine the weight enumerator. To ‘,(x,'G e \‘X’/
begin, redefineH(x, y) to be the weight enumerator of S, ’_/_\y'g:_‘s....(_’_/_\yl_\_ S,
By and G(z) to be the weight enumerator of the cosets s M FAA ,Gz N RN Jrale =
By, ---, B7. Usually, the weight enumerator is of the form AN esse 1NN
H(z) = 141528, (2), and G(z) = 1625, (3), but since the TN PN
system is noncoherent, this format is no longer useful. We S3 "____;;}....é’ _____ ~ S

need to employ different notations y, and z in H and G ) o )

since their metrics are different and not additively measuratjig: 4 Transition in the trells.

in noncoherent reception. Letspecify a codeword of weight

zero, y specify a codeword of weight eight, andspecify a  Ga(z, b) = Gs(z, b) = Gu(z, b) = G5(z, b)

codeword of weight six. Thus =2(b+ 4b% + 60° + 4b* +b°) = bG (2, b) (23)

H(z, y) = =+ 15y. (19)  Gg(z, b) =Gr(z, b) = 2(b* 4 4b° + 6b* + 40° + b°)
The first termz comes from the all-zero codeword, , =b0G1(z, b). (24)
and the last term 1p comes fromBy = Bo \ vg0 = In the above, a termb* implies that there are codewords
{vo, 1> Yo, 25 "5 Yo, 15} All 15 elements inB, have the same which are encoded witk input ones and6 — k) input zeros.
metric, so they are all symmetric tg, , and have the same Define the overall weight enumeratek(z, y, z, b) of the
(pairwise) error probability. Similarly TCNR code, which is

G(Z) =16z (20) A(.’IZ’, Y, z, b) = H(.’L’, Y, b) + Z a1, m, n,kxlyrnznbk

where 16 comes from the 16 codewords in eith8y, Bo, - - -, Lm,n,k
or B;. All the 16 elements in any coset in the above have the (25)
same metric.

Each outgoing branch of the trellis is encoded with siwhere the exponent df corresponds to the number of infor-
information bits in the following way. The first two bits mation bits= 1 on a path andy, ,,, , is the number of the
determine the coset of the branch and the last four bitgm, » paths stated above with input ones. Therefore
determine which codeword in the coset

oo

B07 Bi: 0 Ow(determining the codewords) A($7 Y, 2, b) =H+ Z (Gl GG G7)Tk(G4 G2 GG)t (26)
B27 B;: 1 Ow(determining the codewords) h=0
B47 B;: 01 M(determining the codewords)
B67 B7: 1 1M etermining the codewords)* G5 G2 G3
(det gtk d ds) T=0s G, G,
In order to evaluate the standard union bound, the number G; H Gy

of paths beginning in stat8y, diverging from stateS,, and
remerging later withl components equa| tQO o+ ™ COMpo- The first termH is from the top level path of the trellis, and the

nents inB,, andn components inB,,, is needed. Let; second term comes from all the divergent paths. As is shown
be the nurrlwber of such paths. Thé“weight enumerat’g;y?herms':ig' 4. The vecto(Gy G Gi)! denotes the transformation
e,y 2) =3 a #ly™ 2" Another contribution to from state O to states 1, 2, and 3 in the trellis, and the vector
» Sy ~) — I.m.n ,m,n <. .
. : 1T o . (G1 Gg G7) denotes the transformation from states 1, 2, and
the weight enumerator by the Frar15|t|pn frasig to So, will (3 Sacﬁ to7)state 0. Théth row in the matrix?” combines the
be denotedH(a:., y) =+ 1oy mdpa’gng one path Iab.eled transformation from states 1, 2, and 3 to stat€herefore, the
Vg, o, 15 paths inBy, and no paths inB,. Thus, the weight term (G Gl G) T (G G Gl )t Specifi I d
) 1Ge G 4 G Gg)* specifies all divergent paths
enumeratorA(z, y, z) of the TCNR code is labeled by exactlyk + 2) codewords.
Alz, y, 2) = H(z, y) + Z a1, m, n Y™ 2" We know that
L,m,n 0o
What we are really interested is the bit error probability Z TF=(I+T+T?*+7°+..)=I-T7)""
P,. Thus,H and & should be modified as follow<; is the k=0
weight enumerator of3;): 1-G; -Gy e -1

H(z,y, b) =2 + y(4b + 61% 4 4b° + b%) (21) =| -G 1-G4y -Gj
Gi(z, b) =2(1+ 4b + 6b* + 4b° 4 b*) (22) -Gz -H  1-G,
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Thus, after careful analysis The factor% comes from the fact that each codeword is

Qi(z, y, 2, b) encoded from six information bits.

Az, y, 2, b) = H(z, y, b) + oz, y, 2, b) (27)

E. Improved Union Bound

where
One important characteristic in the analysis of the TCNR

Qule, g, 2, b) =Gilz, b)(,b4 +0°+0) +Gi(z D) code is that orthogonality is still preservedfifiy even after flat

(0% =07 =) + Gi(z, b)H (x, y, )V fading, which is depicted in (11) and (12[R,,oRj, ;] = 0
Qox, y, 2, b) =1 = Gi(z, b)(2b+ 1) + G3(z, b)(2b—v*)  forall j =1, 2, ---, 15. Therefore, instead of pairwise error

— Gi(z, b)H(z, y, b)b probability g, we can calculate the exact error probability

within By. Define Pr(By) as
and G1(z, b) is given in (22).
Pr(Bo) = Pr[u(t) € {ug 1, -, vo,15}]

D. Standard Union Bound ) 15 )
= Pr{|[Ro,o(t)[I" < max [ Ro, ;(®)II"]}-

The standard union bound on the error probability is the
summation of the pairwise probabilities of all the incorrect

paths. From Section IV-C, we know the incorrect paths ard'€n: from [9]

from the following two parts. 15
1) Errors fromB, Only: For errors within By only, the 15 (_1)k+l<k)
termyb* in H(z, y, b) denotes an incorrect codeword i, Pr(By) =
with & input ones. At any time interval, let g = pg, 1 o be k=1 k+ 1+ 2ko? <E>
the pairwise probability of(¢) to any single codeword i3, No
This can be calculated as A= (B [No) [kt 142ko™ (Eo/No)]} - (30)

g = Pr{||Ro,o®)|I” < [Ro . (DI*} =
= Pr{|[Ro,o()[I* < || Ro,15()|I*}
= Pr{||[cc’®® + a(®)] VEs + Zo, oD < || Zo,1(t)|]2} Prlu(t) =vg 1] = - = Pru(t) = vo 15] =

e—{v?0® (E:/No) /(0% (Es /No)+1]} h b bability withi: is thus[22 .
202 (B2 /No) + 2 The exact |terro_r pro_a_llty wit uB_o |st_ usg[l—;) Pr(Bo)].
Therefore, following similar reasoning in Section IV-D, we

2) Errors from All Divergent Paths:For a single divergent obtain the improved union Bhattacharyya boundn
path labeled with{l+m+n) codewordqu(1), - - -, v(I+m—+

In addition, because of symmetry

PI‘(B()).

-
01|H

n)], where! branches are labeled hy, o's, m branches are 1132 R 19 Quz,y, 2 b) y=Dy,z=D-
labeled by codewords i, andn > 1 branches are labeled ** < 6|15 Pr(Bo) + 2 9b Qa(z, y, 2, b) ot
by codewords inB,, its pairwise probability is bounded = (31)
by pi,m,n < 1/2D7DZ (17). The corresponding term in
Qi(z, y, 2, b)/Q2(z, y, 2, b) of this path iszly™2"b*, and Furthermore, let
the number of such paths i§ .. n .

In conclusion, the standard union bound on bit error prob- 5 T . 2. b n=co .
ability P, is 50 % = Y Aoon "t

I kin=1
b, Sl g H(.’L’, Y, b) g:g + Z kal,rn,n,kpl, m,n |- + Z Al:"%n:k,xlynlznbk .
6 | db I,m,n, k Lm>0;n, k'

(28) We can obtain an even tighter bound by calculating the exact
And if we take the union Bhattacharyya bound on the secopdirwise probabilityp;, for the first L terms inz"
component in (28)

n=L
npk’
110 y= Z Ao,0,n, k2" | 2npr,
Png %H(.’E, Y, b)|ilj=f k'sn=1 B
0 1 Dy, 2=D 3> Ao |op.
L.m npk|y=Ly,2=01z V=
+ b Z 5 O, kY2 /g _Lk, L+1
Lm,n, k , Lk
170 = = > Avonilph—35D0b
=5 {% H(z, y, b)[}Z] k';n=rllzoo
419 @y 2 b)y=p,:=p. ] (29) +1 > Ago,n 12" |op..
2 9b Q?(xv Y, 2, b) e=b=1 k’3n=1
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Therefore, the improved union Bhattacharyya bound becomes p: 5, 5; 5, B, B B, B, B BBy BlyBl Bl Bl Sox

~ 7 B/ B/ B/ B/ B/ B/ B/ B/ B/ B/ B/ B/ B.’ B/ [g/ B/
B<EPi(By)+dh Y Aymawl'DyDI oy B s M e e o
31231331431580 Bl B‘Z BS B4 B5 [gf‘) 87 BR BQ BIOBII SZ

. ./
- Lm>0in, k B%SB%QBéOB%lBieB§7B:ISB£QB%OB%1B%2B%33%4[3%53:203%7 S
n 1 Z A / bk/ By By BygBy1B13B13 B4 Bis By ?1 B, By By By By By 3,
6 0,0,n, kPn By Bys Byo By Bys By Byo By Ble Bl Bis Ble Byo By By Bys Sy
kin=1 B} By By By By By BioBj B, Bi3 B4 BisBy Bl By By S,
. N ni Ao s anbk’ 3%03%13%23%33%4 B%SB%SB%,,B%SB%,B%O B{“ B;/GB£719§,(B’}9 Sv
12 U, m, z B1g B4 B13 B, Bl B1o By By By Bg By By By B, B By Sy
kin=L+1 Igi’ilBIIZOB;QB;SB;7BéﬁBé5Bé4B;3BézB;IB'IEOB;QB{XB;7B;6 S,
16 ~ 1 0 Ql(xv Y, Z, b) y=Dy,z=D. Bl BBy Bx By Bg By By By By Bl By BisB14B13Bl: Sio
= 4_5 PI‘(B()) + E % W B§7B§6BésBgzxBésBézB/mBéoB/wB{sBi"(B{e;BhHéngégB/zx St
1o W le=b=1 Bi By By By By By B By BisBiyBi3B1,B1,B1oBy By Sy
1 =L , D7 Big Bhg Byy Boo Ble Bls By Bl By Bag By Big By Boe Byg Bay Siy
+= Y A 0,n,k<pn - 7) (32) By By B By BBl BlLBLBL Bl BY B BL Bl By By Si4
k'in=1 Blo B1sBi7 Bl By Biy Bhy By By By By Boy By By, By Bhy Sis

Notice that (32) is tighter than (31) since the last term in (312_19. 5 16-state trellis.
is always nonpositive.

First, consider a conventional DS-SS system using an 8-ary

. o orthogonal code’s, where each codeword iy consists of
Obviously, the lower bound of the error probability is fromyjos ‘chins. If the chip duration affs is the same as that of

F. Lower Bound

the errors inB, only the TCNR code, then both codes will have the same data rate.
p, > % [% Pr(f}o)] = % Pr(f}o)_ (33) This is because iy, 3 b of information are transmitted over
eight channel chips, which makes the rate’af3/8, the same
V. TRELLIS-CoDED KERDOCK CODE OF LENGTH 64 as that of the TCNR code, 6/16. Therefore, a fair comparison

Th d h b ined far the NR cod can be obtained between thk and the TCNR code. Similarly
€ co Ie V\;eth a\|/<e deerll exrémmef ISO tﬁr,16 e3 N COG€WR TCK code which has rate 10/64 can be compared to a 32-
an example ot the ®erdock codes of leng [3]. Now, w ry orthogonal code with five information bits. Also, the TCK

‘é"fhltg exIp<Ior§ 0$r§[u3y fturt?tlze rto trt'e Kerorl]ock code O(j Iefnlgzt ode which has rate 14/256 can be compared to the 128-ary
—K1. Ko, is divided into 32 cosets, each composed of 128, 011" (40 o rate 77128,

biorthogonal codewords, with the minimum distance at 2  Consider the comparison of 8-ary orthogonal with the

The geometric uniformity property is still satisfied wilig,. . P
. . TCNR code. The receiver output when us S
Again, only the orthogonal subcode Bfs, can be used in a ver output w usiog |

noncoherent system. Thus, we get a modified Kerdock code of Ro =(cé’® + o) VE, + Zo (37)
length 64,K§,, which is divided into 32 cosetB}, - - -, Bj, R. =7, i=1.9 7 38
g — g J=4 4 ( )

and each coset contains 64 orthogonal codewords of length
64. The weight enumeratad’(z) of Kg,, and the weight whereE, = 3E,. Thus, following the same procedure in (30),
enumeratorAj(z) of the cosetB;(i = 0,---,31), iS as we can get the exact bit error probabilif;(Csg) [9]

follows: ]
Ap(z) =1+ 632*2 (34) ’ 4 (=1)k+t <k>
Aj(z) =642, (i=1,2,---,31) (35) H(Ch) =7 2_: ,( B
31 b=l 12k (3
Al(z) = Z Aj(z) = 14 19842"° 4 632%2.  (36) - A= (B /No) I+ 142k (BN (39)
—~ )

When K, is combined with a fully connected 16-stateThe factor: comes from the fact that for alf-ary orthogonal
trellis shown in Fig. 5, we obtain a trellis-coded Kerdockode, P, = (2M~1/2M _ 1) P.oqeword-
(TCK) code of length 64 (TCK64). In the TCK64 code, 10 We can determine the performance at high SNR quite
b of information is transmitted in 64 channel chips, and thusasily. For pure Rayleigh fading from (30), (33), and (39), the

the rate of the TCK64 code is 10/64. asymptotic approach aP, at high SNR of is (we normalize
Following similar procedures in Section IV, we obtain théhe energy toE; in the following):

union bound, the improved union bound, and the lower bound .

of the TCK64 code over a Rayleigh or Rician fading channel. 15 (=1 <1‘)> -1

16 k 1 Ey
Py(TCNR) ~ — > < 2) <—)

VI. COMPARISON OFTCNR wWITH A CONVENTIONAL DS-SS 45 k1 k 120 No
In this section, we look at the asymptotic performance at -1

high SNR’s and compare the performance of a TCNR code ~ <M) <ﬂ> (40)

and trellis-coded Kerdock code with an orthogonal code. o? No
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7 (=1)kH1 <7> . Kerdock code using translates of a 64-ary signal set ivthd
Py(Cy) ~ 4 Z k ERYEAY bits determining the path through the trellis @nét 1 = 6 bits
Bs =g k 602 / \ Ny determining the transmitted signal along a particular path has

=t rate 10/64. The orthogonal set of size 32 has rate 5/32.

0.247\ [ E, -1 The error probability of the trellis-coded system at high
~ < ) <F> (41) SNR's is dominated by error events at the minimum distance.
0 These error events are errors within the coset of the orthogonal
The above indicates that there is a 4.0-dB gairEy N, at code. Thus, the symbol error probability for these events is
high SNR in pure Rayleigh fading. As has been expected, the
TCNR code has better performance, at the expense of trellis P

o2

(k + Da(2M)

complexity. - E,/No

For white Gaussian noise and high SNR, the performance . .
of the TCNR code is 3 dB better than the orthogonal code Bow. (k + 1+ )E, = E;. Thus
the same rate. This is due to the fact that for a fixed energy
per bit the energy per symbol in the 8-ary orthogonal case is P = (k + 1)G(EM) .
3E, while in the TCNR case i$E;. ’ (k+1+10)E/No

For the Kerdock codes a similar comparison can be made. . .
However, the computation using an expression involving zﬁso of the_k + 1+ Dbits only ks + 1 can be in error for a
alternating series does not yield a stable algorithm to complﬁrt]én'mum distance error event. Thus
the error probability. Instead a standard integral expression is E+1 12 oM a(2M)
used. LetM be the size of the orthogonal set of codewords. Let b= {k Iy J 22M — 1) By /Ny
k be the number of bits for the orthogonal scheme wliete o/No
log, (M). For the 16-ary orthogonal scheme, if we emplofqy the same bit error probability the SNR needed is reduced
By only, which is a conventional DS-SS orthogonal schemg,, the trellis-coded system by the factor
k = 4 bits of information are transmitted in each codeword,
with codeword probability’,, o and bit error probability?, . E+14+11°(2M —1) a(M)
For pure Rayleigh fading and high SNR the symbol error G= { 1 } (2M — 2) a(2M)
probability is given by

ka(M) From the above, by finding the value Gf we may predict the
P.o= Z./N performance of other Kerdock codes [1], [3] in trellis-coded
s/470 version with noncoherent reception. For the case of length 64
where Kerdock codes the gain is 4.60 dB while for the case of length

<M _ 1) 256 Kerdock codes the gain is 4.93 dB. Of course, the gain is

n achieved with significantly more complex receivers.

0 = o 2:_31 ()0 A

The energy per bit is related to the energy per symbol by
E, = kE,. The bit error probability?;, o is related to the
symbol error probability by

VIl. NUMERICAL RESULTS

In the figures to follow, we plot the bounds on the bit error
probability versus the average received SNR. In Fig. 6, the
curves of the union bound, the improved union bound, and the
P = M p lower bound are shown for the case of the TCNR code over
BOT oM -1 Y a Rayleigh fading channeh? = 0). We takeL = 20 in (32)
Thus, the bit error probability is related to the energy per bit bf;% gvitntirr:etazzgzjvsj ;Orll?r? ebs(;un?:.RSa:)r/T giléﬁ(f)gd:ﬁ;u!thsa?;iﬂiz
Ma(M) (E, -1 improved union bound, the lower bound, the.simulation results,
Py o= m <F> and the error performance of the conventional DS-SS code
0 with the same rate, are shown in Fig. 7. In Fig. 8, the curves
The above shows, at high SN, o is proportional to the of the union bound, the improved union bound, and the lower
inverse of SNR. The constant{}/) starts out as one for bound are shown for the case of the TCNR code over a Rician
M = 2, but approachek (2) for M large. fading channel withy? = 7 [we takeL = 10 in (32) to get the
For comparison purposes consider a trellis code usingimproved union bound]. Simulation results are also shown in
union of translates of an orthogonal set of siz&. Each the figure. For the same Rician fading channel, the improved
branch in the trellis is labeled by a coset of an orthogonahion bound, the lower bound, the simulation results, and the
set of size2M. The minimum distance codewords form arerror performance of the conventional DS-SS code with the
orthogonal code. The TCNR code or TCK code can transnsidme rate, are shown in Fig. 9. From Figs. 6 and 8, we can
k + 1+ bits wherel bits determine which path in the trellissee that the improved union bound is a fairly tight upper bound
to take whilek 41 bits determine which signal in the coset ofat high SNR in either Rayleigh or Rician channel fading. This
an orthogonal set to transmit. For example, the trellis-codesibecause at high SNR, most termsAiz, y, z, b) except
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Fig. 7. Comparison of error probabilities of TCNR and orthogonal moduldrig. 9. Comparison of error probabilities of TCNR and orthogonal modula-
tion over a Rayleigh faded channet?( = 0). tion over a Rician faded channe{{ = 7).

H(z, y, b) vanish, i.e., the errors are fro, only, which is Finally, the performance of the TCNR code over an AWGN
also our lower bound. channel with no fading and its comparison with the conven-
At high SNR, the asymptotic performance of the unioflonal DS-SS code is shown in Figs. 10 and 11. From Fig.
bound is 10, we can see that now the standard union bound is barely
10 16 4/ 1 EN\! separable from the improved union bound. Fig. 11 shows that
6 a5 1@ U Dle=gp=1 = T o= < ) <FO> the TCNR code has a 3-dB improvementAi/N, over the
(42) conventional DS-SS code.
_ ) i In Figs. 12 and 14, the curves of the union bound, the
f';lnd the asymptotic performance of the improved union bouﬂqproved union bound, and the lower bound are shown for

1S the case of the TCK64 code over a Rayleigh fading channel
EQH(Q; y, b)| o _16 Pr(By) (v> = 0) and a Rician fading channeh{ = 7). The
6 b » I #=Pr(Bo)/15,b=1 = 45 . .
_, comparison of the TCK64 code and a conventional DS-SS
~ <0-098318> <ﬂ> ~ code with 32-ary orthogonal codewords of length 32, which
B o? No has rate 5/32, is shown in Figs. 13 and 15. There is a 4.6013-
Thus, for pure Rayleigh fading and high SNR the improvedB gain in £, /N, at high SNR. Similar to the TCNR code,
union bound is tighter by 6.56 dB than the standard unidhe TCK64 code has better performance than the conventional
bound. DS-SS code.

o2
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In this work, the upper and lower bounds on the error proba-
bility have been derived for a different schemes for DS-SS, the]l
NR code in a trellis-coded version, over a nonselective fadin
channel with noncoherent reception. Our results indicate that
the improved union bound we have derived performs a more
accurate upper bound than the standard union bound. Th[l%
is because we can calculate the exBe{D3,) for arbitrary
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VIII. CONCLUSION [6] P. A. Bello, “Binary error probabilities over selectively fading channels

+2. Our results also indicate that the TCNR code has a better
error performance than a conventional DS-SS at the same data
rate.

Larger gains than those shown above can be achieved
combining the MNR code with a 8-state or even up to a 6-
state trellis by dividing the cosets into subsets. This is believ
to achieve a lower error probability while maintaining the san
data rate. However, the complexity increases with the numk
of states. Similar possibilities for the trellis-coded Kerdoc
code exist as well. Another important issue that needs to

addressed is the performance in a frequency-selective fading
channel, in which the orthogonality in each coset may no
longer be obtained after transmission.
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