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Acoustic and Electromagnetic Wave Interaction:
Analytical Formulation for Acousto-Electromagnetic

Scattering Behavior of a Dielectric Cylinder
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Abstract—An analytical solution for the bi-static electromag-
netic (EM) scattering from an acoustically excited vibrating
dielectric circular cylinder is presented. The incident acoustic
wave causes a boundary deformation as well as a dielectric
inhomogeneity within the dielectric cylinder. First, a perturbation
method is developed to calculate the EM scattering from a slightly
deformed and inhomogeneous dielectric cylinder. Then, assuming
the vibration frequency is much smaller than the frequency of the
incident EM wave, a closed form expression for the time-frequency
response of the bi-static scattered field is obtained. The solution
for acoustic scattering from an elastic cylinder is applied to give
the displacement on the surface as well as the compression and
dilation within the cylinder. Both the surface displacement and
the variation in material density (dielectric constant fluctuation)
within the cylinder contribute to the Doppler component of the
EM scattered field. Results indicate that the Doppler frequencies
correspond to the mechanical vibration frequencies of the cylinder
and that the Doppler components only become sizeable near
frequencies corresponding to the natural modes of free vibration
in the cylinder. These resonances depend only on the object
properties and are independent of the surrounding medium. Thus,
utilizing the information in the Doppler spectrum scattered by an
acoustically excited object vibrating at resonance could provide a
means for buried object identification.

Index Terms—Acoustics, Doppler spectra, electromagnetic scat-
tering, perturbation techniques.

I. INTRODUCTION

GROUND penetrating radars (GPR) have been proposed
for the detection and identification of buried objects [1].

Applications of GPR include the detection of buried pipes and
cables, unexploded ordnance (UXO) detection, and both mili-
tary and humanitarian demining. The ability of GPR to detect
some buried objects is severely limited by the low dielectric
contrast between buried objects and the soil background. This
is especially true for antipersonnel (AP) landmines, which are
composed mostly of plastic. In order to increase the probability
of detection without increasing the false alarm rate, measurable
quantities that are characteristic of the objects of interest should
be exploited. One such quantity is the electromagnetic (EM)
Doppler spectrum scattered from an object being mechanically
vibrated by an incident acoustic wave. As proposed in an ear-
lier work by the authors [2], the acoustically induced Doppler
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spectra scattered from a buried object could be used as a means
for buried object detection/discrimination.

The idea of EM scattering combined with acoustic excitation
for detecting buried objects has been addressed previously [3],
[4]. Experimental results are reported in [5] and [6], where an
EM radar is used to measure surface displacement caused by a
traveling surface acoustic wave. In this approach, object detec-
tion is based on the small changes in surface displacement when
a buried object is introduced. Other experimental results are re-
ported in [7] where mechanical excitation is achieved through
high-pressure water jets. In this technique, both acoustic and
EM receivers are used to detect ground vibrations. To aid in
clutter rejection, however, distinguishing characteristics of the
objects of interest, such as the normal modes of free vibration,
should be incorporated into the detection scheme. In this paper,
the phenomenology associated with the scattered Doppler spec-
trum from an acoustically vibrated object is examined as a pos-
sible means of target identification. The proposed detection and
identification scheme is shown in Fig. 1.

Before an acousto-electromagnetic detection scheme can be
effective, the relationship between the vibrating mechanical
modes of an object and the scattered Doppler spectrum must
be understood. In [2], an analytical solution for the Doppler
scattering from a perfectly conducting circular cylinder in air
was formulated and the current paper will extend these results
to a solid dielectric circular cylinder. One of the simplest
scattering problems (acoustic or EM) for which an exact
solution exists involves an infinitely long circular cylinder in
a homogeneous background. An infinite cylinder provides an
accurate model for buried pipes and cables but is admittedly
not particularly descriptive of landmines. The purpose of this
paper, however, is not to develop scattering models for specific
landmines, but instead to demonstrate the phenomena associ-
ated with the acousto-electromagnetic scattering behavior of
dielectric objects in general. In this respect, the two-dimen-
sional (2-D) nature of the cylinder makes it a good candidate
for a phenomenology study without unduly complicating the
mathematics.

A vibrating dielectric cylinder exhibits two sources of
Doppler scattering: the cylinder shape variation and the dielec-
tric constant fluctuation within the cylinder. As the incident
acoustic wave vibrates the cylinder, both the cylinder’s shape
and density profile within the cylinder vary with time. Hence,
the EM scattering solution for an arbitrarily deformed, inho-
mogeneous dielectric cylinder is needed. Numerical techniques
could be employed to calculate the scattering from a deformed
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Fig. 1. Example scenario for acousto-electromagnetic object detection.

cylinder [8], but the acoustic induced vibrations considered
in the current paper are generally very small compared to
the EM wavelength and would require an impractically large
number of discretization points on the object. For example,
at an acoustic resonance the maximum displacement for the
cylinder considered in Section III is on the order of .
Consequently, analytical perturbation techniques were chosen
to calculate the scattered fields. Perturbation techniques can
provide analytical solutions to problems when the surface
irregularity and dielectric inhomogeneity are small and exact
solutions exist for the unperturbed problems. Perturbation
theory is an established analytical approach for scattering
solutions and was applied by Rayleigh [9] and Maxwell [10],
to certain scalar field problems. These methods have found
application in EM scattering from rough surfaces [11], [12]
cylinders [13]–[15], and spheres [16], [17]. In the current paper,
the scattering contribution from the boundary deformation
is obtained through a perturbation expansion of the exact
eigenfunction solution for a homogeneous dielectric cylinder.
Yeh [14] presents a methodology for this approach and derives
the perturbation coefficients for the specific case of a dielectric
elliptic cylinder with small eccentricity. For the present work,
however, the (time-varying) perturbation coefficients for an
arbitrarily deformed dielectric cylinder are needed and will be
derived using a similar approach. The contribution from the
dielectric fluctuation is formulated by expanding the interior
fields in terms of a perturbation parameter related to the di-
electric inhomogeneity and then using the induced volumetric
current to calculate the scattered field. This method is simply an
application of the well known Born approximation described
in [18]. It has been applied to scattering from inhomogeneous
dielectric rough surfaces [19] and from low contrast, buried
dielectric cylinders [20]. To the best of the authors’ knowledge,
application of this approach to an inhomogeneous dielectric
cylinder has not previously been done.

Assuming the acoustic vibration frequency to be much
smaller than the EM frequency, a Fourier transform can be used
to extract the Doppler spectrum from the time-varying deformed
and inhomogeneous dielectric cylinder. The time-varying dis-
placement on the surface and within the cylinder is obtained
from the analytical solution for the acoustic scattering from a

Fig. 2. Geometry for EM scattering of a plane wave from a dielectric cylinder
whose shape and dielectric constant profile are perturbed.

solid elastic cylinder. Several examples are presented to illus-
trate the relationship between the scattered Doppler spectrum
and the acoustic resonances of a dielectric cylinder. As will
be shown, the bistatic Doppler spectrum provides a means for
noninvasive measuring of the mechanical vibration modes of
an object. Furthermore, the effect of EM resonances in the
scattered Doppler spectrum will be examined.

II. A NALYTICAL DEVELOPMENT

A. TM Case

1) Shape Perturbation:Following the methodology pre-
sented in [14], an analytical solution for the EM scattering from
a slightly deformed dielectric circular cylinder is derived using
a perturbation method. Consider a plane wave incident upon a
perturbed dielectric cylinder as shown in Fig. 2. The radius of
the cylinder can be expressed in polar coordinates as,

(1)

where
unperturbed radius;
periodic and smooth function of ;
perturbation parameter assumed to be much
smaller than the wavelength and the radius.
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The standard method for calculating the scattered field from a
dielectric cylinder is the eigenfunction expansion of the total
field. From the development in [21], consider an incident TM
plane wave propagating along the -direction with a polariza-
tion parallel to the cylinder’s axis expressed as

(2)

where is the wavenumber in free space. When there is no per-
turbation on the surface (i.e., ), the scattered field external
to the cylinder is given by

(3)

with

(4)

where and are the wave impedances in free space and
within the dielectric, respectively, and is the wavenumber in
the dielectric. The scattered field internal to the cylinder is

(5)

with

(6)

Now, if a small perturbation is introduced on the boundary,
the scattered fields can be expanded in a perturbation series in

and , respectively. To the first order in , we may ex-
press the external field

(7)

and the internal field to the first order in

(8)

where and are unknown coefficients to be deter-
mined from the boundary conditions at the surface of the per-
turbed cylinder. The boundary conditions mandate that the tan-
gential electric and magnetic fields be continuous at the surface
of the cylinder. Note that the unit vector tangent to the perturbed
cylinder surface can be written

where
;

;
partial derivative of with respect to .

The tangential magnetic fields on the surface of the perturbed
cylinder for the incident, external scattered, and internal scat-
tered fields are given, respectively, by

(9)

(10)

(11)

Using Taylor series expansion, the eigenfunctions in the
above expressions can be approximated to the first order in
and , and are given in general by

(12)

where represents the Bessel or Hankel function ofth order
(or their derivatives) and represents either or accord-
ingly. Also expanding , , and in (2), (7)–(11) and keeping
terms up to first order in , two equations result for the per-
turbation coefficients and by applying the boundary
conditions at the surface of the perturbed cylinder. These equa-
tions are solved by expanding in terms of a Fourier
series with respect to with the th Fourier series coefficient
denoted

(13)

The explicit form for is found to be

(14)

where

The expression in (14) provides the TM solution for the scat-
tered field from a homogeneous dielectric cylinder with a per-
turbed cross section.

2) Dielectric Perturbation: A vibrating cylinder that is ini-
tially homogeneous will experience density fluctuations as the
cylinder vibrates. As a result, the dielectric constant will fluc-
tuate within the cylinder requiring a solution for the EM scat-
tering from a slightly inhomogeneous dielectric cylinder. Since
the dielectric fluctuations are small, we will once again develop
a perturbation technique to solve for the scattered fields. The
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technique presented here is similar to that used for scattering
from a low contrast dielectric cylinder given in [20]. The di-
electric constant of the cylinder can be written

(15)

where is a perturbation parameter assumed to be small (i.e.,
). Gauss’ law in a source free region asserts

Which indicates

Since does not contain a-component and the
electric field has only a-component for the TM case, we con-
clude that

Now it can be easily shown from Maxwell’s equations that the
wave equation for can be written

external to cylinder (16)

internal to cylinder (17)

Substituting the perturbation expression from (15) into (17)
gives

(18)

where . Since is small, can be expanded in a
convergent perturbation series in, and is given by

(19)

where is the scattered field from the unperturbed cylinder.
Substituting (19) into (18) and collecting equal powers of, it
can be easily shown that

(20)

Hence, the ( )th-order solution acts as the source function
for the th-order solution. Now, the first-order scattered field
external to the cylinder can be obtained by

(21)

where is the Green’s function for a source in-
ternal to the cylinder and the observation external to the cylinder.
After some lengthy manipulation, this Green’s function can be
shown to be [22]

(22)

where

Substituting (22) and the unperturbed scattered field from (5)
for in (21) and simplifying gives

(23)

where is the ( )th Fourier series coefficient
of when expanded in a Fourier series in. This
expression provides the TM solution for the first order scattered
fields from an inhomogeneous dielectric cylinder.

B. TE Case

1) Shape Perturbation:Similar to the TM case, the EM scat-
tering from a slightly deformed dielectric cylinder with a TE
incident plane is derived using the perturbation method. The ra-
dius of the deformed cylinder is given in (1). The incident mag-
netic field can be expressed as

(24)

The unperturbed scattered fields are given in (3) and (5) with
replaced by , and the coefficients and are given in
(4) and (6) with an interchange of and . When a small per-
turbation is introduced on the boundary, the perturbed fields can
be expanded in a perturbation series inand , respectively.
The external field is given by

(25)

and the internal field

(26)

The unknown coefficients, and , are to be determined
from the boundary conditions applied at the surface of the
perturbed cylinder. The boundary conditions specify that the
total tangential electric and magnetic fields be continuous at the
cylinder boundary. The tangential electric fields on the surface
of the perturbed cylinder for the incident, external scattered,
and internal scattered fields are given, respectively, by

(27)

(28)
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(29)

Using the Taylor series expansions in (12) for the Bessel and
Hankel functions and applying the boundary conditions results
in two equations for the unknown coefficients and .
Expanding in a Fourier series as in (13), neglecting
terms containing and higher, and solving for com-
pletes the solution for the TE solution for the boundary pertur-
bation

(30)

where

and

2) Dielectric Perturbation: As with the TM case, the di-
electric fluctuation induced by the mechanical vibration of the
cylinder will contribute to the scattered field. The dielectric con-
stant internal to the cylinder is again expressed by (15). The curl
of Ampére’s law, extended to the time-varying case, in a source
free region is given by

(31)

(32)

It can easily be shown from Maxwell’s equations that the wave
equation for is

external to cylinder (33)

internal to cylinder (34)

Substituting (15) in (34) results in

(35)

Since is small, both and will be expanded in a perturba-
tion series in

and (36)

Substituting (36) into (35) and equating equal powers of, it
can easily be shown that

(37)

Here the ( )th order solution generates the source function
for the th order solution. The first order scattered field external
to the cylinder can be obtained by

(38)

where is the Green’s function for the TE case
with a source internal to the cylinder and the observation ex-
ternal to the cylinder. From [22], this Green’s function can be
shown to be

(39)

where

Substituting (39) and the unperturbed internal scattered fields
into (38) simplifies to

(40)

where

and is the th Fourier series coefficient when
is expanded in a Fourier series in.

C. Acoustic Vibration

In order to calculate the scattered fields from an acoustically
vibrated cylinder, the boundary and dielectric fluctuations of the
cylinder due to the acoustic excitation must be known. A thor-
ough treatment of the acoustic scattering of an incident plane
wave from a solid cylinder is given in [23]. Inherent in this for-
mulation is the resulting mechanical vibration, which is of in-
terest to us. Both the surface displacement and interior displace-
ment of the cylinder are completely described by the displace-
ment vector, whose components are of the form [23]

(41)

(42)
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with the harmonic time dependence suppressed. The
acoustic vibration frequency is denoted, the propagation
constants and are for the compressional wave and shear
wave within the cylinder, respectively, and the coefficients
and contain rather lengthy expressions and can be found in
[2, Appendix]. For the cylinder shape variation, the cylinder’s
radial displacement at the surface depends on both
and but can be set equal to to the first
order. Thus, the displacement from (1) can be written

(43)

Rewriting with the time dependence explicitly shown

(44)

where and are the magnitude and phase, respectively,
of the coefficient for the th mode given by the expression in
brackets in (41) and are evaluated at . Equation (44) is in
the form of a cosine series in, so the Fourier series coefficients
for the exponential series representation of in (13) are
easily seen to be

(45)

where and for . Substituting coefficients
from (45) into (14) and (30) completes the solution for the time-
dependent shape variation for both the TM and TE cases.

Considering the dielectric constant to be a macroscopic ma-
terial parameter directly related to the dipole moment per unit
volume, the relationship between the displacement interior to
the cylinder and dielectric constant fluctuation is shown from
(61) in the Appendix to be

(46)

Furthermore, the divergence of the displacement vector has a
relatively simple form and can be shown using (41) and (42) to
be

(47)

Inserting (47) into (46) and expressing the time dependence ex-
plicitly gives

(48)

where and are the magnitude and phase, respec-
tively, of in (47). From this expression, it is apparent
that the series coefficients for the exponential Fourier series rep-
resentation of in are

(49)

where and for . Substituting the Fourier
series coefficients from (49) into (23) and (40) completes the

solution for the time-varying dielectric fluctuation for both the
TM and TE cases.

Note that both the shape variation and dielectric constant fluc-
tuation of the cylinder can be accounted for by expanding the un-
perturbed scattered fields in a perturbation expansion in terms
of both and . The expansions in and can be treated in-
dependently since the inclusion of terms containingare of
second order and higher. Hence, the total scattered field in-
cluding both shape and dielectric fluctuation is estimated by
coherently adding the results from the two perturbation expan-
sions described in this paper. Taking the Fourier transform of
the time-varying scattered field will provide the desired scat-
tered Doppler spectrum.

III. SIMULATION AND RESULTS

When the frequency of the incident acoustic wave is not
close to a mechanical resonance of the cylinder, it behaves as
an impenetrable rigid cylinder [24]. Consequently, significant
displacement, and thus, a measurable Doppler spectrum only
occurs when the incident acoustic frequency corresponds to
a resonant mode of the cylinder. To illustrate the Doppler
response at resonance, consider a 10 cm radius, solid cylinder
composed of polyethylene ( ) illuminated by an
incident acoustic plane wave in air with a power density of 1
kW/m at a EM frequency of 3 GHz. The first acoustic reso-
nance, corresponding to the 2nd mode, occurs at an acoustic
frequency of kHz for a 10 cm radius cylinder. The
density of polyethylene is 0.9 g/cm, with the velocities of
1950 m/s for the longitudinal acoustic wave and 540 m/s for
the transverse (shear) wave [25]. The backscattered Doppler
spectrum for a TM incident EM wave is shown in Fig. 3 for the

acoustic resonance where the effects of both surface and
dielectric fluctuations are included. The spectrum is discrete
since the vibration of the cylinder is periodic, and the first
Doppler harmonic occurs at a frequency coincident with the
acoustic vibration frequency. This indicates that the frequency
of vibration of an object can be determined by the location of
the first Doppler harmonic. The vibrating object is essentially
modulating the amplitude and phase of the scattered EM wave,
thus generating the Doppler spectrum.

A relevant topic to consider at this point is the relative
contribution to the Doppler spectrum from the two scattering
mechanisms described in this paper. As a comparison, the
bi-static scattering with TM incidence of the 1st harmonic
of the Doppler spectrum from the cylinder at the acoustic
resonance corresponding to is shown in Fig. 4, where
the contribution from the shape deformation and the dielectric
fluctuation are shown separately. Similarly, the contribution
from each for the acoustic mode is shown in Fig. 5. From
Fig. 4, the shape variation dominates the Doppler scattering for
the mode with the dielectric contribution around 40 dB
below that of the shape variation. However, Fig. 5 reveals that
for the mode, both the shape and dielectric variation
contributions are of the same order and both must be included
to obtain correct results. Note that the shape and dielectric
contributions are addedcoherently to obtain the complete
result. The bi-static scattering for TE incidence of the 1st
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Fig. 3. Backscattered Doppler spectrum for a TM incident plane wave from an acoustically excited, solid polyethylene cylinder with a radius of 10 cm at3 GHz.
Then = 2 acoustic resonant mode is excited at an acoustic frequency of 2.02 kHz.

Fig. 4. Bistatic scattering (TM incidence) of the 1st Doppler harmonic showing the relative contribution from the shape and dielectric fluctuationswith then = 2

acoustic mode excited.

harmonic of the Doppler spectrum from the cylinder, with both
shape and dielectric contributions included, is shown in Fig. 6
for the first two acoustic resonant modes.

To illustrate the effect of acoustic resonance on the scat-
tered Doppler spectrum, the magnitude of the 1st harmonic of
the Doppler spectrum is calculated as a function of acoustic
frequency and is plotted in Fig. 7 for TM incidence. The mag-
nitude of the 1st Doppler harmonic is highly sensitive to the

acoustic resonances of the cylinder. In fact, the magnitude of
the Doppler harmonic is negligible except around narrow reso-
nances corresponding to the acoustic resonances of the cylinder.
A similar result is observed for solid metallic cylinders in [2].
The first resonance occurs for the mode followed by the

, and modes. By sweeping acoustic frequency,
the mechanical resonances of the cylinder can be determined
from the Doppler spectrum. Furthermore, the frequency loca-
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Fig. 5. Bistatic scattering (TM incidence) of the 1st Doppler harmonic showing the relative contribution from the shape and dielectric fluctuationswith then = 1

acoustic mode excited. Shape and dielectric contributions are added coherently for the complete result.

Fig. 6. Variation of the 1st Doppler harmonic magnitude with� for TE incidence with both shape and dielectric fluctuations included. The first two acoustic
resonances are shown.

tions of these resonances are independent of the background
medium. These results apply to both TM and TE incidence. One
should note that a cylinder of different size or material prop-
erty will have different acoustic resonances. Hence, using the
EM Doppler spectrum scattered from an acoustically vibrated
object could provide a means of buried object discrimination
based on the location and distribution of the resonances in the
Doppler response.

Recognizing the sensitivity of the Doppler spectrum to the
acoustic resonances, it is natural to question whether the sensi-
tivity is also observed near EM resonances. The frequency loca-
tion of the EM resonances can be found by solving for the eigen-
values of the unperturbed, homogeneous scattering problem. As
an example, consider the TM scattering scenario. By expressing
valid solutions to the wave equation both outside and inside the
cylinder and enforcing the continuity of the tangential fields at
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Fig. 7. Variation of the first Doppler harmonic magnitude with acoustic excitation frequency for a TM plane EM wave incident upon a solid polyethylenecylinder.

Fig. 8. Variation of the backscattered 1st Doppler harmonic magnitude with EM frequency for TM incidence upon a solid polyethylene cylinder. Both then = 1

andn = 2 acoustic modes are excited, and both shape and dielectric contributions are included.

the surface of the cylinder, the determinant of the system can be
written

(50)

Roots of this equation represent the resonant frequencies of the
system and are generally complex quantities. For dielectric con-
stants close to unity, the roots lie far away from the real axis and

the frequency response is not oscillatory. As the dielectric con-
stant increases, the roots of (50) move closer to the real axis
with a corresponding increase in oscillation of the frequency
response. To illustrate the effect of EM resonance on the scat-
tered field from an acoustically vibrated cylinder, the Doppler
response (TM incidence) was calculated for EM frequencies
swept from the Rayleigh scattering region through the reso-
nance region and is shown in Fig. 8. For comparison, the un-
shifted (or “DC”) component of the backscattered spectrum is



LAWRENCE AND SARABANDI: ACOUSTIC AND ELECTROMAGNETIC WAVE INTERACTION 1391

plotted together with the first Doppler harmonic for both the
and acoustic modes. The unshifted compo-

nent corresponds to the scattering from an unperturbed dielec-
tric cylinder. Furthermore, both shape and dielectric contribu-
tions to the Doppler are included. From the figure it is seen
that the Doppler components of the backscatter undergo oscil-
lations in the resonance region but are not necessarily in phase
with the unshifted component. This result is not entirely unex-
pected since peaks in the unperturbed response are due to the
combined effects of multiple roots from (50) and the Doppler
components are likewise the result of multiple sources. Similar
results have been obtained for TE incidence. If the dielectric
constant of the cylinder is increased, the internal fields become
more sensitive to resonances, suggesting that the density fluc-
tuations might contribute more to the Doppler scattering. This,
however, is not the case. While the internal fields do become
more sensitive to resonances with increased dielectric constant,
the internal field strength is reduced because coupling from the
external source becomes weaker, thus reducing the effect of den-
sity fluctuations. Overall, the Doppler response is found to be
much more sensitive to the acoustic rather than EM resonances,
and a sweep of acoustic frequency is likely to provide better dis-
crimination capability.

IV. CONCLUSION

In this paper, an analytical formulation for the acousto-
electromagnetic scattering behavior of a dielectric cylinder has
been developed. Both shape variation and dielectric fluctua-
tions have been shown to contribute to the Doppler spectrum
observed in the scattered field. Results indicate that the Doppler
response of an acoustically vibrated cylinder is a strong func-
tion of scattering angle and highly dependent upon its acoustic
resonances. In fact, the only significant Doppler response oc-
curs when the object is excited at an acoustic resonance. Also,
the sensitivity of the Doppler response to EM resonances was
found to be much less than to acoustic resonances. The phe-
nomenology observed here can be applied to the area of buried
object detection and discrimination where a swept frequency
acoustic source is used to excite the buried objects and the mea-
sured Doppler response is used for detection and identification.
To fully extend the results here to buried objects, the scattering
from vibrating objects beneath an air-ground interface should
be considered and is reserved for future work.

APPENDIX

The permittivity of a dielectric material under acoustic vibra-
tion becomes inhomogeneous as the bulk density of the material
becomes a function of position. The dielectric of a material is
defined as [26]

(51)

where is the dipole moment per unit volume. is related to
the electric susceptibility () by

(52)

and

(53)

The dipole moment per unit volume is related to the number of
molecules per unit volume () multiplied by the dipole moment
of each molecule ()

(54)

Now suppose the mass of each molecule is, so the material
bulk density ( ) is given by

(55)

Condensation is an acoustic parameter that is related to the
bulk density and the displacement vector () by [27]

(56)

where is the unperturbed bulk density of the material. Sub-
stituting (55) into (56) we obtain

(57)

Multiplying both numerator and denominator by

(58)

(59)

(60)

where is the dielectric constant for the unperturbed material.
Hence, the fluctuating part of the dielectric constant is given by

(61)
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