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Abstract

This paper gives algorithms for determining isotonic regiens for weighted data at a set of poiftsn
multidimensional space with the standard componentwiderorg. The approach is based on an order-
preserving embedding df into a slightly larger directed acyclic graph (dag)where the transitive closure
of the ordering onP is represented by paths of length 2Gh Algorithms are given which, compared to
previous results, improve the time for a sehgioints by a factor oé(n) forthe Ly, Lo, andL ., metrics. A

yet faster algorithm is given fak, isotonic regression with unweighted dafa,, isotonic regression is not
unique, and algorithms are given for findig, regressions with desirable properties such as minimizing
the number of large regression errors.
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1 Introduction

A directed acyclic graph (dagy = (V, E) defines a partial ordex over the vertices, where far,v € V,
u < v if and only if there is a path from to v in G. A real-valued functiork on V' is isotonic iff whenever
u < v thenh(u) < h(v), i.e., it is a weakly order-preserving map of the dag into r& numbers.
By weighted data on G we mean a pair of real-valued functio($, w) on G wherew, the weights, is
nonnegative and, the values, is arbitrary. Given weighted dafaw) on G, an L, isotonic regression is
an isotonic functiory on V' that minimizes

(X ey w@)|f(v) - g(v)fp)l/p if 1 <p<oo
maxyey w(v)|f(v) — g(v)| p =00

among all isotonic functions. Thregression error is the value of this expression, aptb) is theregression
value of v.

Isotonic regression is an important form of non-parameggression, and has been used in numerous
settings. There is an extensive literature on statistisa wf isotonic regression going back to the 1950’s [2,
3, 14, 31, 39]. It has also been applied to optimization [4,21d and classification [8, 9, 36] problems.
Recent applications include learning from large data déts24, 28], analyzing data from microarrays [1],
sleeping coordination in sensor networks [19, 41], and ggrgata mining [40]. As data sets grow in
complexity the flexibility and generality offered by nonrametric regression is increasingly appealing.

We consider the case whelé consists of points inl-dimensional space] > 2, where pointp =
(p1,...,p2) precedes poing = (q1,...,qq) iff p; < ¢;forall 1 < i < d. ¢ is said to dominate, and



Figure 1: Level sets for 2-dimensional isotonic regression

the ordering is known as domination ordering, matrix omgrior dimensional ordering. Here it will be
called multidimensional ordering. Each dimension need only be a linearly ordered set. For pbearthe
independent variables may be white blood cell count, age, tamor severity classification< I < III,
where the dependent variable is probability of 5-year saiviReversing the ordering on age and on tumor
classification, for elderly patients the isotonic assumpis that if any two of the independent variables are
held constant then an increase in the third will not decréassurvival probability. There is no assumption
about what happens if some increase and some decrease.

Figure 1 is an example of isotonic regression on a set of p@ainarbitrary position. There are regions
where it is undefined and regions on which the regressionristant. These constant regions kel sets,
and for each its value is the, mean of the weighted values of its points. Hoy this is the weighted
average, fotl; it is a weighted median, and fdr.,, is the weighted average of maximal violators, discussed
in Section 5. Given data valugs a pair of vertices: andv is aviolating pair iff v < v andf(u) > f(v).

Multidimensional isotonic regression has long been stlifli®] but researchers have cited the difficul-
ties of computing it as forcing them to use inferior subgésuor to restrict to modest data sets [6, 10, 12,
13, 25, 29, 32, 33, 38]. Faster approximations have beerapmat but their developers advised: “However,
when the program has to deal with four explanatory variattesore, because of the complexity in comput-
ing the estimates, the use of an additive isotonic modeldpgsed” [33]. The additive isotonic model uses
a sum of 1-dimensional isotonic regressions, greatlyiotisiy the ability to represent isotonic functions.
For example, a sum of 1-dimensional regressions cannotiatkdy represent the simple functien= z - y.

We present a systematic approach to the problem of findirigrigoregressions for data at poirftsat
arbitrary locations in multidimensional spack.is embedded into a bipartite d&g= (P U R, ') where
|R|, |E| = ©(|P]). For anyu,v € P, u < v in multidimensional ordering iff there is anc R such that
(u,r), (r,v) € E. Further,r is unique. This forms a “rendezvous graph”, described irtiGed.1, and
a “condensed rendezvous graph” where one dimension haspéesistructure. In Section 4 we show that
an isotonic regression of a setwfpoints ind-dimensional space can be determine@i(mz) time for the
Ly metric, ©(n?) time for the L, metric, and in®(n'-%) time for theL; metric and unweighted datd...
isotonic regression is not unique, and in Section 5 variegsession are examined, exhibiting a range of
behaviors. This includes striét,, isotonic regression, i.e., the limit, as— oo, of L,, isotonic regression,

All of our algorithms are a factor @ (n) faster than previous results. The “soft theta” notati®nomits
poly-logarithmic factors, but the theorems give them eifhji. Some of the algorithms use the rendezvous
vertices to perform operations involving the transitivestire in9(n) time, instead of thé(n?) that would
occur if the transitive closure was used directly. For examime algorithm for strictL., regression for
points in arbitrary position iiz)(n) faster than the best previous result for points which forraegtid,
despite the fact that the latter only requif@&:) edges.

Section 6 has some final comments. The Appendix containsa pfaoptimality of the condensed
rendezvous graph for 2-dimensional points.



Figure 2: Every point: € A is dominated by every poirite B

2 Background

The complexity of determining the optimal isotonic regiesss dependent on the regression metric and
the partially ordered set. For example, for a linear ordes ivell-known that by using “pair adjacent
violators” [2] one can determine thk, isotonic regression it®(n) time, and theL; and L., isotonic
regressions i® (n log n) time. For tree orderings the fastest algorithms t@ke log n) time for the; [36],
L, [26] and L, [37] norms. For a general dag withvertices andn edges, the fastest known algorithm for
L1, due to Angelov, Harb, Kannan, and Wang [1], takgsm +n? log n) time, and forL, the fastest takes
©(mlogn) time [37]. ForL,, the algorithm of Maxwell and Muckstadt [21], with a modestrection by
Spouge, Wan, and Wilber [34], tak€$n*) time. This has recently been reduce®?>m +n>logn) [36].

Figure 2 shows that multidimensional orderingropoints can result i (n?) edges. Since the running
time of the algorithms for general dags is a functiomofas well asn, one way to determine an isotonic
regression more quickly is to find an equivalent dag with feegges. A natural way to do this is via
transitive reduction. Theansitive reduction of a dag is the dag with the same vertex set but the minimum
subset of edges that preserves therdering. However, in Figure 2 the transitive reductionhis same as
the transitive closure, namely, all edges of the f@rb), a € A andb € B, i.e., the directed dag(s 4.

A less obvious approach to minimizing edges is via embedddyen dagsGz = (V, F) andG =
(V',E"), anorder-embedding of G into G’ is an injective mapr : V' — V' such that, for all,,v € V,
u < vin Giff 7(u) < 7(v) in G’. In Figure 2 a single vertex could have been added in the middle and
then the ordering could be represented via edges of the feray) and(c, b), i.e., onlyn edges.

Given weighted datéf,w) on G and an order-embedding 6f into G’, anextension of the data to G’
is a weighted functiorif’, w’) on G’ where

/ oy = ) ) ww) if v =7(u)
Fv),wi(v) = { y,0, y arbitrary otherwise
For anyL,, metric, given an order-embedding @finto G’ and an extension of the data frafhto G’, an
optimal isotonic regressiofi’ on G’ gives an optimal isotonic regressignon G, wheref(v) = f(x(v)).
For any embedding it will always be thit C V' so we omitr from the notation.

3 Multidimensional Ordering

Other than linear orders, the most common orderings for kvigotonic regressions are determined are
multidimensional orderings. Algorithms for isotonic regsions on multidimensional orderings, without
imposing restrictions such as additive models, have cdretex on 2 dimensions [5, 12, 14, 23, 29, 30, 34].
For the L, metric and 2-dimensional points, the fastest known algorit taked (n?) time if the points are
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Figure 3: Rendezvous tree,= 7

in a grid [34] andd(n? log n) time for points in general position [36], while fdr; the times aré (n logn)
and©(nlog® n), respectively [36]. These algorithms, which are based aradyc programming, are sig-
nificantly faster than merely utilizing the best algorithan §eneral dags.

There do not appear to be any algorithms giving exact realtsimensions> 2 which don't also
apply to arbitrary dags. Applying algorithms for generajjsléo points in general position results@rin?),
O(n*), andO(n?logn) time for Ly, L, and L., respectively. Here algorithms will be given which reduce
the time by a factor 08 (n), based on an order embedding into a sparse graph descriloed be

3.1 Rendezvous Dags

Ordering on a seY’ of points will be represented by an order-embedding into@ag (V U R, E') where
|R|, |E| = ©(|V]). G is bipartite, with edges betwedn and R. Foru,v € V, u < v in multidimensional
ordering iff there is an: € R such thatu, z), (x,v) € E. Further,z is unique.

Since multidimensional ordering and isotonic regressioly depend on relative coordinates, for each
dimensioni, 1 < i < d, if the points havey; different coordinates in that dimension then we assume they
are0,...,n;—1. We call thesanormalized coordinates. Points can be converted to normalized coordinates
in ©(dnlog n) time, and in the same time can be ordered so the first dimeissi@mnied slowest and the last
dimension the fastest. This ordering respects the orderirig. From now on we assume that the points are
in normalized coordinates and in order.

Given an integen > 1, let/ = [lgn] and letj, - - - j2j1 be the binary representation pE {0...n—1}.
Define sets of real values (j) andr+(j) in {3,2...,n— 3} as follows:

5,5--
r1(G) = e e 01 4+ 5 : 1<k <4, Gy =0, jo---jpra0111 + 5 <n—1}
rH(j) = {011l + 301 <k <0, jp =1}

E.g., ifj = 11010 thenrT(j) = {11010.1, 11011.1} andr+(5) = {11001.1, 10111.1, 01111.1}. Figure 3
shows that-" ands+ have a simple interpretation: for integers< b their least common ancestsiis the
unique point inrT(a) N r+(b). We call s the rendezvous point of a andb. Technicallyr" and+ should
includen as a parameter, but since it will always be clear from theeodrit is omitted.

Rendezvous points provide an order embedding of the linefriog onV' = {0,...,k—1} into the
bipartite dagz = (V U R, E) where

R = {L.. k-3

k—1

E = |/ ({(z‘,w) cxer(i)}U{(y,i):ye ri(i)}>

=0
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Figure 4: Rendezvous vertices in 2 dimensions

Fori,j € V,i < jiff there is ans € R such that(i, s), (s,j) € F, and ifi £ j then there is no path from
toj in G. Thus itis an order embedding. The embedding is not veryiefiicin that| E| = ©(k log k), but
it naturally extends to higher dimensions.

Let V be a set of: points ind-dimensional space. For a point= (z1,...,z4) € V let RT(z), RY(x)
be the sets of-dimensional points:

R'(z) = {1, wa) i € 0 (@) U {a}, i = 1od) \ {a}
RHz) = {1, wa) v € () U {a}, i = 1od) \ {a}

Since different points il > 2 dimensional space may have the same coordinates in somasians,z;
is added to-"(z;) andr+(z;). However, using this at all dimensions would giveso it is removed from
R'(z) and R*(x). Just as for the linear order this is an order embedding, and,fv € V, v < v in
multidimensional ordering iff there is a uniques R'(u) N R¥(v). Figure 4 illustrates rendezvous points,
many of which could be pruned if desired. E.g., the point (0101.1) has only an incoming edge frarf
while (000.1, 10) has only an outgoing edgelio

Therendezvous dag of V, R(V), is (V U R, E), where

R = | (RT(U)URi(v))

veV

£ = U (o) e e B} U 2 e R0

veV

Since |RT(v)], |R*(v)] = ©(log?n), |R|, |E| = ©(nlog?n). However, there ar®(n?) potential
rendezvous points, so to efficiently constr@®@t)’) one needs to generate only the relevant ones.

Proposition 1 Given a set V' of n points in d-dimensional space, d > 2, R(V) can be constructed in
O(nlog? n) time, where the implied constants depend upon d.

5



Scaffolding structureS used to generat® R vertices and edges
Top tree 1st dim, dashed lines connect to 2nd

Figure 5: 2-d Rendezvous Graph #éf = (0,0), X = (1,1), Y = (2,0), Z = (2,1)

Proof: A simple multidimensional structure, tiseaffolding, S, is used to creat®& (V). The top level ofS
is a tree corresponding to dimensibnwhere the nodes point to trees corresponding to dimersietc.,
until dimensiond is reached. Each node of the trees indHedimension points to a vertex & U R, where
each vertex has linked lists for incoming and outgoing edgésach level the trees are as in Figure 3. The
scaffolding is used to index vertices so that the edgds @an be added efficiently, but is not part®{V")
and can be deleted on@&(1) has been created. The scaffolding is similar to multidiriered structures
used for range queries and finding closest pairs of points [7]

Initially S empty. Whenever vertices are added to a tree at some dimeitisgoentire path to that vertex
is created (an initial segment, and perhaps the entire paly,already exist). l.e., we are not building a
binary search tree by the usual insertion process, butrrathieing the rendezvous tree, with predetermined
shape, for that dimension. Forc V/, firstv is inserted, them' (v) and R¥(v). The vertices inR'(v), and
similarly Ri(v), are added in a depth-first order, where the first dimensioies/séhe slowest, recursively
calling the second dimension, etc. At #i& dimension all ofv’s rendezvous points lie along a single path,
and hence it take®(log n) time to create them (if they haven't yet been created by sdimer eertex) and
add the edges. Sin€@(log?~! n) trees are reached in ta" dimension, the total time is as claimed.

Figure 5 is an example of the scaffolding that would be coestd for the pointst = (0,0), X =
(1,1),Y =(2,0), Z = (2,1) in [0..2] x [0..1]. The top tree corresponds to the first dimension, aeceh
of its vertices the dotted vertical lines indicate the treg@&sponding the second dimension. Each vertex of
the lower tree creates a vertex®f The vertices ofR are a subset of [0, 0.5, 1, 1.5, 2, 2)6]0, 0.5, 1].

One can reduce the size of the dag and the time to construgtabserving that the construction is
inefficient for 1-dimensional space. E.g., the rendezvagfdr{0,1,...,7} has edges fromo0, 1,2, 3}
to rendezvous verte3.5, from 3.5 to{4, 5,6, 7}, from {0, 1} to 1.5, etc., for a total of 24 edges. A more
efficient representation would just have edges from 0 to Iy 2,tetc. We use this linearization of one
dimension in a condensed version of the rendezvous graph.

For a pointz € V, wherez = (z1,.. . ,2q), let Rl (z) and R(z) be sets ofi-dimensional points where

Ri(z) = {(@1,y2,--,ya) i € (i) Ui}, i = 2.d} \ {a}
Ri(z) = {(@1,y2,--,ya) : i € rH(ws) U{mi}, i = 2.d} \ {w}
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Figure 6: Condensed rendezvous dag corresponding to Fgure

The condensed rendezvous dag of V', R.(V), is (V U R, E.), where

R = U (Rl URHW))
veV

E. = FE'U U <{(v,w) czxeRI(w)}U{(z,v):ze Ri(’u)})

veV

andE’ is edges of the fornp, q) wherep = (p1,...,p4), = (q1,--.,qq), pi = q;for2 <i < d,p; < q1,
and there is n@ = (r1,p2,...pq) IN V U R, such thatp; < r; < ¢;. That is, for all points agreeing on
their lastd — 1 coordinatesF’ puts them in linear order by their first coordinate. For twolspointsu and
v, with u < v, itis no longer true that there is a rendezvous vestaxich thai(u, x) and(z, v) are edges in
Re(V).

ClearlyV is order embedded iR.(V') and|E,
version of the dag in Figure 4.

R.| = ©(nlog?~! n). Figure 6 shows the condensed

Proposition 2 Given a set V' of n points in d-dimensional space with multidimensional ordering, d > 2, in
©(nlog?~! n) time one can construct R..(V), where the implied constants depend upon d.

Proof: A (d—1)-dimensional scaffolding structutg. will be constructed, similar to the scaffolding used in
R(V). S. corresponds to dimensions .. d. Instead of pointing to a vertex, a node in i€ dimension
points to a linked list of all vertices with the same fidall coordinates. Points il are processed in lexical
order, with the first dimension varying the slowest. Wher- (z1,...x4) € V is processed, as before it
is inserted and theR! (x) and R} (z) are inserted using depth-first recursion. For epehR](z) a vertex
will be added to the tail of the list at the node &f representing,, with an edge fronx: to this new vertex,
and fory € R!(x) the new tail vertex has an edgeator

Even inR. many of the rendezvous vertices may be unnecessary, rdignguestion of whether the
results in Proposition 2 are optimal in terms of the numbesdges required. In the Appendix it is shown
that they are optimal for points in 2-dimensions, but therogality for d > 3 is unknown.



4 L, and L, Isotonic Regression

For a set ofn d-dimensional pointsg > 3, applying the algorithms for general dags result®im?) time

for Ly [1], ©(n*) [21] for L, and©(n?° logn) for L; on unweighted data [36]. If the points are in a grid
the times ared(n?logn), ©(n?logn), andO(n?®logn), respectively. By using rendezvous graphs one
can significantly reduce the times for points in general tomsi and forL; with unweighted data can also
reduce the time for points in a grid. Theorem 3 was also natdd4d] (citing this paper).R. is used in a
straightforward manner in Theorem 3, while the structur&gflays an important role in Theorem 4.

Theorem 3 Given aset V' of n pointsin d-dimensional space with multidimensional ordering, d > 3, and
given weighted data (f,w) on V/, an isotonic regression of (f, w) can be found in

e O(n?log?n) timefor the L, metric, and
e O(n3log?n) timefor the Ly metric,
where the implied constants depend upon d.

Proof: If N andM represent the number of vertices and edgé8.ifi/), then the result fof.; comes from
using the algorithm of Angelov et al. [1]. It has a number afy&ts, each takin@ (M + N log V) time. The
number of stages is linear i, not IV, since the flow problem being solved at each stage is onlyauefedt
vertices with nonzero weights. This yields the time clainfedl .

For L, the partitioning approach in [36] solves a bindry isotonic regression problem at each stage,
using the algorithm just described. The number of stagebeof.t algorithm is linear in the number of
vertices, and here too only the vertices of nonzero weightelevant.O

When the data is unweighted a different approach can be wseth f The algorithm uses stages of
isotonic regressions on binary functions. lebe a{0,1}-valued function onl’. Since the regression
values forL; isotonic regression can always be chosen to be data valuég,ragression oh can itself be
{0, 1}-valued. Theviolation graphis (V, E’), where there is an edde, v) € E’iff u < vandh(u) > h(v),
i.e., iff they are a violating pair. The violation graph camdonstructed by pairwise comparisonsgifn?)
time, and might havé®(n?) edges. Using this the approach below would t&Ke? log n) time. However,
there are fewer rendezvous vertices, and they allow onerforpeoperations involving violating pairs more
quickly than can be done on the violation graph itself.

Theorem 4 Given a set V of n pointsin d-dimensional space with multidimensional ordering, d > 3, and
given unweighted data f on V, an L, isotonic regression can be found in ©(n'® log?*! n) time, where the
implied constants depend upon d.

Proof: A sequence of partitioning stages will be used. For dataegalu< b, where no data values are in
(a,b), let f’ be the function which is atv € V if f(v) < a, andb otherwise. Lety be an{a,b}-valued

L, isotonic regression of’ and letV, = {v € V : g(v) = a} andV}, = {v € V : g(v) = b}. In [36] it

is proven that an isotonic regression fobn V' can be formed by an isotonic regressionfadbn V, where

all regression values are data valges, and an isotonic regression gfon V;, where all regression values
are data valueg b. By choosinga, b so that at least one is a median data value, &téog n) partitioning
stages an isotonic regression has been determined. Lemhmaw8 ¢hat the binary isotonic regression at
each stage can be completeddifn!® log? n) time. O

The fact that an’; isotonic regression of &a, b}-valued function can be chosen to be, b}-valued
greatly simplifies its structure when the data is unweighted
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Lemma 5 Givenadag G = (V, £) and an unweighted {0,1}-valued function ~ on V/, let C' be a minimum
cardinality vertex cover of the violation graph. Then the function & given by

- | h(v) ifoeV\C
h(v) = { 1 —h(v) otherwise

isan L, isotonic regression of h.

Proof: For any isotonic functiory on V, the set of vertices wherg # h must be a vertex cover of the
violation graph. Let” be a minimal cardinality vertex cover. The size(@fsets a lower bound on thi,
regression error, and tHe regression error df is |C|.

To show thath is isotonic we need only show that no new violating pairs weteduced. Letl/; =
{v eV :h(v) =i} fori e {0,1}. There are two cases,v € Vp, u < v, u € C butv & C, oru,v € Vi,
u<v,v € Cbhutu ¢ C. Their proofs are similar, so assume the former holdszlLetu with x € 17, i.e.,
they are a violating pair. Because< v, thenz, v is also a violating pair. Since we assumed tha C, it
must be that: € C'. However, since this is true for ail for which z, u is violating, thenC' \ {u} is also a
vertex cover, contradicting the minimality 6f. O

Lemma 6 Given a set V of n points in d-dimensional space with multidimensional ordering, d > 2, and
given an unweighted {0, 1}-valued function f on V/, an L, isotonic regression of f, with all regression
valuesin {0, 1}, can be found in ©(n'° log? n) time, where the implied constants depend on d.

Proof: A concise representation of the violation graph can beeesitstructed fronR (V). LetV; = {v €
Vi f(v) =i}, i € {0,1}. LetR’ be R(V) minus the edges iR'(v) if v € 1, and minus the edges in
R*(v) if v € V1. Foru < v € V, there is a path of length 2 fromto v in R’ iff they are a violating pair.

Lemma 5 shows that to find an isotonic regression it sufficéistiba minimum cardinality vertex cover
of the violation graph. It is well known that such a cover candbtained in linear time from a maximum
matching of the violation graph. Since the violation graplipartite and unweighted, the Hopcroft-Karp
algorithm can be used to find a maximum matchin®@inE|,/n) time, whereFE is the set of edges. We use
R’ to reduce the number of edges required. Without it, the timelsvbe© (n?5).

The Hopcroft-Karp algorithm ha3(/n) stages, where at each stage a maximal set of disjoint augment
ing paths of minimal length is found. Each stage involveseabth-first search followed by edge-disjoint
depth-first searches. The time of each stage is linear inuh®ar of edges, assuming all isolated vertices
have first been removed. It is straightforward to implemextthestage usin@’ where a path of length
¢ used in the violation graph is represented by a path of le@gtim R’. E.g., there might be vertices
A=A{ay,...,a;} € Vi andB = {b;,..., by} € V| where allA, B pairs are violators and share the same
rendezvous vertex. However, in the Hopcroft-Karp algorithm one never usesertbanmin{j, k} edges
from A to B, and any subset of edges of this size can be representedhsy/thedughr- in R’. It remains
true that the time is linear in the number of edges, whidB(ia log? n). Thus the total time is as claimed.
O

5 L Isotonic Regression

Isotonic regression using the,, metric is not unique. For example, with unweighted data 5,4-%n
{1, 2,3}, an L., isotonic regression must be 0 at 1 and 2, with a regression ef5. The regression value



at 3 can be anything in the range [0, 9] and maintain the isofmoperty without increasing the error. This
flexibility can be both a blessing and a curse. In general lifpgrithms are much faster than those for
and L, but the regressions produced may have some undesiralgerpes.

We slightly extend the definition of violating pairs ¥eeakly violating pairs, i.e., pairs of vertices, v
whereu < v and f(u) > f(v). Note that a single vertex is a weakly violating pair. Fortieesu, v let
wmean(f,w: u,v) be the weighted averadev(u) f (u) + w(v) f(v))/(w(u) + w(v)). Using this as their
regression value has equal error at both vertices, demet¢ed_err(f, w: u,v). Usingwmean(f,w : u,v)
as the regression value atandv minimizes theirL, regression error if they are violating since if the
regression value at has smaller error then it must be greater thanean(f,w : u,v). The isotonic
constraint forces the regression valuevab be at least as large as thatuatwhich increases the error at
v. Similarly, the error atv cannot be reduced. More generally, for a level et V, its L., mean is
wmean(f,w: u/,v"), whereu', v maximizemean _err(f,w : u,v) among allu,v € L.

For dagG and data(f,w), let Max denote the pointwise maximum of all,, isotonic regressions.
It is straightforward to show thaWlax is an L., isotonic regression, as iglin, which is the pointwise
minimum. The fastest algorithm known fdr,, isotonic regression on arbitrary dags produbésx or
Min in ©(mlogn) time [37]. Itis a slight modification of the indirect appréaased in [18], where they
determine if there is a regression with erepusing parametric search to narrow down the range of

The most commonly studiell, isotonic regression iBasic. For data( f, w) on dagG, Basic(f,w) at
vertexz is wmean(f,w : u’,v’), whereu', v" maximizemean_err(f, w : u,v) among all weakly violating
pairsu, v such thaty < z < v. ArelatedL, isotonic regression algorithm Rrefix [37]. Let

pre(v) = max{wmean(f,w: u,v):u =< v}
Prefix(f,w)(u) = min{pre(v):u < v}

For unweighted dat&Basic at v simplifies to(max{f(u) : v < v} + min{f(u) : v > v})/2, which can
be computed ir©(m) time via topological sort.Prefix can similarly be computed in the same time. For
weighted data, for general dags the fastest known apprsdoHirst determine the transitive closure. Given
the transitive closureRrefix can easily be determined @(n?) time sincepre(v) only involves predecessors
of v. The combination of predecessors and successors u&ginmakes it more complicated, though it
too can be determined i(n?) time by using an approach described in [22].

The strict L, isotonic regression, Strict, is the limit, asp — oo, of L, isotonic regression. It has
been called the “best besf,, isotonic regression [20], and the limit process is knowrhas‘Polya algo-
rithm” [27]. The fastest known algorithm for general daggoines first finding the transitive closure, after
which Strict can be determined i@ (n?log n) time [35].

We call the abovd., isotonic regression mappings since they map a dag and weighted datéf, w)
to a function onG. These mappings differ significantly in their mathematjwadperties. For example, a
mappingM is monotonic iff for every dagG and weight functionw, if pointwise f; < f,, then pointwise
M(f1,w) < M(fa,w). Prefix andBasic are monotonic, as can be easily seen from their constryciiah
Strict inherits monotonicity since all,, isotonic regressions are monotonic fok p < oo. However,Min
is not monotonic as can be seen by considering the unweiditetions (0, 0, 0) and (0, 2, 0), for which
Min is (0, 0, 0) and (-1, 1, 1), respectively. Similarijax is not monotonic. AlsoPrefix, Basic andStrict
always have regression values that are within the rangetafvddues, while the above example shows that
this need not be true favlin, and similarly forMax. In some applications this would not be acceptable.

Another aspect concerns large regression errStact minimizes the number of large errors [35], in
that, for any dad~ and data f,w), if g # Strict(f,w) is an isotonic function o, then there is & > 0
such thaty has more vertices with regression erporC' than doestrict(f, w), and for anyD > C, g and

10



Strict(f,w) have the same number of vertices with regression errd@p (there might be @ < C where
g has fewer vertices with regression ergord than doesStrict, but the emphasis is on large errors). For
example, for the function with values 3, 1, 2.5 and weight8,2, Strict is 2, 2, 2.5, as are all,, isotonic
regressions fot < p < oo, but the otherl, regression mappings considered here all have a nonzero erro
for the third value. Prefix and Basic have a weaker property that is straightforward to prove:[3&] C
be the regression error @f,, isotonic regression. IPrefix has regression errar’ at vertexv then all L,
regressions have the same value.alhe same is true d8asic. Min andMax have far different behavior,
in that at anyv, one or both of them has the largest regression erromatong allL . isotonic regressions.
Thus for weighted data on general dags there is currentlyaeise relationship between the time of an
algorithm and the desirability of the regressions it prauddowever, for points id-dimensional space the
speed differences are less dramatic. The best previousrasel [18, 35, 37]:

e d = 1: ©(nlogn) for all of the regressions mentioned above, &) for Prefix and Basic if the
data is unweighted;

e d > 2, points form a grid:Min, Max: ©(nlogn); Prefix, Basic: ©(n?); Strict: ©(n?logn); and
©(n) for Prefix andBasic if the data is unweighted,;

e d > 2, points in general positiorPrefix, Basic: ©(n?); Stict, Min, Max: ©(n?logn)

where the implied constants depend upbnThe results fold > 2 are based on using the best algorithm
for arbitrary dags, though whenewRrefix is faster tharMin and Max they can be found more quickly by
determining the regression error Bfefix and using it to find them i®(m) time. Note that for weighted
data andd > 2, for Prefix, Basic andStrict there is no difference between points in a grid and points in
arbitrary position, and for points in general position riesing to unweighted data does not speedPugfix
nor Basic.

For points in general position, using rendezvous graphs iWshow:

Theorem 7 Given aset V' of n pointsin d-dimensional space with multidimensional ordering, d > 2, and
given weighted data (f,w) on V, an L, isotonic regression can be found in

a) O(nlog? ! n) timefor Basic and Prefix if the data is unweighted:;
b) O(n logd n) timefor Prefix, Max, and Min;
©) O(nlog?*!n) timefor Strict,

where the implied constants depend upon d.

The proof will be in parts. The proof of b) fétrefix is in Section 5.1, and the proof of ¢) is in Section 5.2.
The remaining results come from creatiRg(1) and then using the fastest algorithm for arbitrary dags.

5.1 Prefix L., Isotonic Regression

There is a geometric approach to computingghefunction used irPrefix. On a graph of regression error
as a function of regression value, the ray with endp@fitt), 0) and slopav(v) gives the regression error at
v of using a regression value f(v). For anyu < v, the ray with endpoinff(«),0) and slope-w(u) gives
the regression error at of using a regression valué f(u). If u < v are a weakly violating pair then the
intersection of these rays gives their weighted mean anggoonding error. The set of rays corresponding
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to all of v’s predecessors is as in Figure 7. The line segments cordsgpto the maximum error at each
regression value is an upper envelope, which will be callddaeasingrror envelope. The intersection of
the increasing ray correspondingudavith the decreasing error envelope corresponding to itdguessors
gives the value opre(v) and the regression error aof using this value. By storing the error envelope in
a balanced tree ordered by slope, it is easy to insert a rdydet@rmine the intersection of a ray with the
envelope, i (log t) time per operation, whereis the number of segments in the envelope.

Proof of Theorem 7 b): The time is dominated by the time to compute since once it has been computed
a reverse topological sort g®.(V) yields Prefix. The motivation behindR.(V') will be used, but an
order embedding will not be constructed. Instead, a sweeade through the first dimension, keeping a
(d—1)-dimensional scaffolding” corresponding to the union of all rendezvous vertices emevad so far,
merging vertices with the same finél— 1 coordinates. IMR.(V') a leaf of " pointed to a linked list of
all vertices with the corresponding finél 1 coordinates, but now it has an error envelope corresponding
to all points which have an incoming edge to the rendezvousces with these coordinates. When the
sweep encounters a new vertex V/, first pre(v) is computed by computing error envelope intersections at
vertices corresponding tB;(v). There are onlyd(log? ! n) of these and thus the time to comppte(v)
is ©(log? n). Oncepre(v) has been computed, then the ray corresponding isinserted into the error
envelopes corresponding ) (v). This too can be performed @(log? n) total time.

The vertices are processed in topological order, and thussifa predecessor afthen its information
has been added to the error envelopes befar@) is computed. Further, any envelope encountered in the
calculation ofpre(v) will only contain rays corresponding to predecessors. af

5.2 Strict L., Isotonic Regression

Algorithm A computesStrict. A proof of correctness, and the fact that there are eniierations of the
loop, appears in [35]. The algorithm in [35], applicable adags, first uses the transitive closure to find all
violating pairs. Here rendezvous vertices are used to fiqpbitant violating pairs incrementally.(v) and
U(v) are lower and upper bounds, respectively, on the regressioe atv. Violating pairs are examined
in decreasing order ofiean_err, which is howStrict minimizes the number of vertices with large errors.
As an example, on vertices < vy < v3 < v4 < v5 < vg SUPPOSE the values are (4, 3, 2, -3, 3, 0) with
weights (1, 4, 1, 4, 1, 1). The first violating pair examined-sv,, with mean_err=12 andwmean=0. At
the end of the loopL is (—, 0, 0, 0, 0, 0)[J is (O, 0, O, 00, c0), andS'is (—, 0, —, 0, —, —)va, v Were a
violating pair withmean_err=2.4, butv, was removed from consideration onceStsalue was determined,
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1 forallveV, L(v) = —o0, U(v) =0

2 while there is a violating pair

3 letw < v be a violating pair maximizingnean_err(f, w : u, v)
4 y =wmean(f,w : u,v)

5 if y < U(u) then

6 S(v) = max{y, L(v)}

7 forallv’ < v, U(v') = min{U(v'), S(v)}

8 forallv’ = v, L(v') = max{L(v"), S(v)}

9 removev from violating pairs
10 if y > L(v) then
11 S(u) = min{y,U(u)}
12 forallv’ < u, U(v') = min{U(u'), S(u)}
13 forallv' = u, L(v') = max{L(v"), S(u)}
14 removeu from violating pairs
15 end while

Algorithm A: ComputingS = Strict(f,w) on dagG = (V, E)

and hence the next violating pairis, v, With mean_err=2 andwmean=2. At line 5,U(v;) < y because
the constraint lowerind/(v;) imposed by the earlier violating pair forces greater ertor;ahanv; and
vg Iimpose on each othef(v;) is thus determined (and assigned in line 11) because amgefatunstraint
on it would have error at most that imposeddgy SinceS(v;) is closer tof (vg) than f(v1) was, the old
constraint is not relevant at and lines 69 are skipped. At the end of the Igos (0, 0, —, 0, —, —). The
next violating pair isvs, vg, with mean_err=1.5 andwmean=1.5, resulting inS = (0, 0, —, 0, 1.5, 1.5). The
final violating pair isvs, v3, with mean_err=0, wmean=2, U (v3) = L(v3) = 0. S(v3) is set to O at line 6.
Given the transitive closure, Algorithm A is quite simpleitoplement. The violating pairs can be
determined and sorted in decreasingan_err value, so line 3 is merely stepping through this order. Each
edge of the transitive closure is used at most once in termpddting/l or U values, and hence the total
time of the while loop is linear in the number of edges. Thestttal time is dominated by the initial sorting.
Applying this directly would take (n? log n) time, but this can be reduced via rendezvous graphs.

Proof of Theorem 7 c): There are only two important aspects: keeping track offttendU values, and
determining the violating pair maximizingean_err. The full rendezvous dag.(V'), will be used.

We keep track of. andU values by storing them at rendezvous vertices. Whengéyey is needed
(e.g., line 10), the vertices iR*(v) are examined and the largestvalue is used. Whenevdr values are
updated (e.qg., line 8), they are updated at the verticé® {m). Similar calculations are done féf(v).

We keep track of the globally worst violating pairs by usingrerity queue based on the rendezvous
points. For each rendezvous point its priority is the worsbreamong all pairs rendezvousing at that
point. Thus line 2 is implemented by removing the worst paineadezvous point at the head of the queue.
For the next iteration of the loop, to efficiently find new nrasil violating pairs at line 2 note that only
rendezvous points involving or v might have a new worst violating pair. Whenever a rendezymist’s
priority changes its position in the queue may change, ngpitiriowards the back. There are at most
@(logd n) rendezvous points involving or v, and the time to change their positions in the priority quisue
O(logn) per point, so the total time for maintaining the priority geeover all iterations of the while-loop
is ©(nlog?™tn).
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The only remaining step is to determine maximal violatorseatlezvous vertices. Initially each ren-
dezvous vertex- has an decreasing error envelope of rays correspondingrticessv € V' for which
r € R'(v) and an increasing error envelope corresponding to verticesV for whichr € R¥(u). The
intersection of these envelopes corresponds to the maximlating pair which rendezvous at When a
vertexwv is being removed from all violating pairs (e.g., line 9),réy must be removed from the envelopes
at R'(v) andR*(v), and at each the (potentially) new maximal violators aremeined. Deleting rays from
an envelope is more complex than inserting them since ratsdid not have a segment on the envelope
may suddenly be uncovered and have one. However, the “expeatlators” lemma in [37] shows that at
a rendezvous vertex with a total éfincoming and outgoing edges, the total time to do all openatiis
O(klog k). Since there are at moSt(n log? n) edges, this completes the proof of the theorem.

The repeated violators lemma mentioned above is based @eihiedynamic algorithm of Hershberger
and Suri [16], which shows that for a collection/ofays, after @ (k log k) setup phase each deletion takes
O(log k) time. “Semi-dynamic” refers to the fact that only deletimtsur after the setup. There is as of yet
no algorithm guaranteein@(log k) time per operation for both insertions and deletions.

6 Final Comments

Isotonic regression is becoming increasingly importaneasarchers analyze large, complex data sets and
minimize the assumptions they make [1, 28, 40]. Howevergthas been dissatisfaction with the slowness
of algorithms for multidimensional isotonic regressiondaesearchers have been forced to use approx-
imations and inferior models [10, 12, 29, 33]. As recently2841, Saarela and Arjas [32] said “...the
guestion remains whether one can find computationally bEasjeneralizations to multiple dimensions”.
The algorithms developed here are exact and reduce the yiraddator ofé(n).

Some of the algorithms merely use the fact tRatis not very large, while for others the structureTof
plays a central role. Thé., Prefix andStrict algorithms for general dags utilize the transitive closared
here the rendezvous verticesfihwere used to perform operations on the transitive closune mificiently
than can be done on the closure itself. For weighted datalard2 the algorithms are faster for points
in general position then the fastest previous results fartpon a grid, even though a grid has or(n)
edges. The same is true fbj isotonic regression with unweighted data. Eqr Lo, L. Min andMax the
general algorithms do not rely on the transitive closure thiede had been a factor éf(n) difference in
time between grids and points in arbitrary position. Comsgeilhrendezvous graphs narrow the difference to
a poly-log factor by reducing the number of edges.

In some applications there are dimensions with only a feweslsuch as “sc M < L". If the number
of values in dimensionis n;, then, by ordering the dimensions so thais the largest, the number of edges
in R.(V), and the time to construct it, is

d
S} (n . H log nz>
i=2

It can be shown that if the points form a grid (e.g., a comdegeut in a statistical design), then the number
of edges is maximized when the grid iglalimensional cube, for whicR, has< n(1 + [lgn]?!/d% 1)
edges. Thus for grids the implicit constants in O-notatpidly diminish with dimension.

There is another way to reduce the time when the data is nisatignic. For datd f,w) on dagG,
at vertexv let H(v) = max{f(u) : v <= v} andL(v) = min{f(u) : v > v}. If H(u) < L(v) thenv
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is not between a violating pair and its regression value égllf (v) (for L., this might not be the correct
value for Min and Max). Hence it can be removed before the regression algorithimvigked, as can
rendezvous vertices which have only incoming, or only oungioedges. More generally, for edge ), if
H(v) < L(u) then the edge can be removed. Such pruning may be particuksful for L, regression since
it employs a sequence of partitioning stages, each of wigighires computing a binary regression [36]. If
the regression i$a, b}-valued,a < b, then a vertex with f(v) < a may have predecessors with larger
data values, but if all ar€ a thenv can be pruned in this stage since all will be mapped fior the binary
regression problem.

Another practical aspect is that the worst-case timép’regression,@(ﬁ), requires rather extreme
data. Lety be the isotonic regression. At each stage the weightedgeéfaf the data values is determined
and the vertices are partitioned into those where C and those where > C' (the values ofy aren't
known, but it can be determined where they will be above coweél) [21, 34, 36]. The algorithm is then
recursively applied to each piece. If the vertices, in a logical order, have unweighted data values 1, 2,
6, ...n! then at each stage the largest element ends up in a partitigeltf, resulting inn — 1 stages. If
more balanced partitioning occurs the time can be significdaster. Whether there is an algorithm for
multidimensional orderings which 8(n?) in the worst case, and whether there is one whidh(is?) for
general dags, are open questions.

Finally, the rendezvous graph itself may be of interest lreosettings where a parsimonious represen-
tation of multidimensional ordering is useful.
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Appendix: Optimal Size of Order-embeddings

For points in 2-dimensional space the condensed rendedawbadd (n log n) edges, and here we show
that there are sets of points in 2-space for wifi¢h log n) edges are needed. One example is the bit-reversal
permutation: given integér > 0, let V' be the set of 2-dimensional poinf&iyi,_1 . .. i1, i1i2... 1) 1 i €
{0,1}}, i.e., apointis inV if its b-bit 2nd coordinate, in binary, is the reversal of its 1strdimate.
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Proposition 8 Let V' be the b-bit bit-reversal permutation, ordered by 2-dimensional ordering. Then for
any dag G, if there is an order-embedding of V' into G then G has at least %|V| lg |V| edges.

Proof: Note thatG is not restricted to 2-dimensional ordering.

To prove this, leG = (V', E’) be a dag and be an order-embedding &finto G. Let k" denote the bit
reversal ofc. ThenV = {p(i) : 0 < i < n — 1}, wherep(i) is the 2-dimensional poir(i", i) andn = 2°.
Note thatp(0), p(1),...,p(n — 1) have been ordered by their second coordinate.Vget {p(2i) : 0 <
i <n/2}andV; = {p(2i +1): 0 <i < n/2},ie.,V,is those points where the highest bit of their first
coordinate isc. Elements ofl; can precede elements Bf, but not vice versa. In particular, for anyy,
where0 <i,j <n — 1, thenp(i) < p(j) ifand only ifi < j and eithemp(j) & V orp(i) & V.

Vertexp(n—2) € Vp is dominated by(n—1) € V;, and thus there is a path @& from =(p(n—2)) to
m(p(n—1)). Lete(1) denote the first edge on this path. Since no other point ddespén —2), removing
e(1) from E’ does not alter the fact thatpreserves the 2-dimensional ordering, with the possibtegbion
that there may be elemeni§j) € V; for whichp(j) < p(n—1) butx(p(j)) no longer precedes(p(n—1)).

LetU; = {p(n—2j+1) : 1 < j <} C V4. By induction, forl < i < n/2, suppose one has found
i edgesE; = {e(j) : 1 < j < i} such that, foranyp,q € V,if p & Vyorq &€ U;, thenp < ¢in V if
and only ifr(p) < m(q) in (V', E' — E;). To find edges(i+1), sincep(n—2i—2) € V; is dominated by
p(n—2i—1) € V; — U, there is a pathr in (V', E' — E;) from w(p(n—2i—2)) to m(p(n—2i—1)). Let
v € V' be the first vertex om such that there is no path fromto any vertex inr(15). Since the endpoint
m(p(n—2i —1)) has this property must exist, and it cannot bep(n—2i—2)) since there must be a path
fromitto m(p(n—2i)) € w(Vy). Lete(i+1) denote the incoming edgeain 7. This edge cannot be on any
path leading tor(V; — U;+1) since otherwiser(p(n—2i—2)) would be dominated by such a point, violating
the order-embedding property becapée—2i—2) is not dominated by any point i, — U; ;1. Similarly, it
cannot be on any path that startsrifi/; ) since otherwise such a point would have a path to the presieces
of v in 7, and hence would have a path to the paitt(n—2i)) € =(Vp), which is impossible. Therefore
e(i+1) is only on paths fromr (V) to (U, +1). ThusE; 11 = E; + e(i+1) has the requisite properties for
the induction.

OnceFE, ), has been determined, 1&" = £’ — E,, 5, i.e.,n/2 edges have been removed. The dag
G" = (V',E") has the property that if < ¢ andp,q € V; or p,q € Vi, thenw(p) < 7(q) in G".

If we further remove all edges i’ which are not on any path from(p) to 7(q) wherep,q € V; or

p,q € V1, then the resulting dag has the same property. Furthers ittranected components, one of which
containsr (1) and another of which containg ;). V, andV; are both isomorphic to thie-1 bit-reversal
permutation, and thus we can recursively remove edges fieilndomponents. The process can be repeated
b times, removing:/2 edges at each stage, so there must be atledst= 1|V|lg|V| edgesO
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