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Abstract

Algorithms are given for determining weightdd,, weighted isotonic regressions satisfying order con-
straints given by a directed acyclic graph (DAG) witlvertices andn edges. An algorithm is given taking
©(mlogn) time for the general casd.., isotonic regressions are not unique, so we examine prepesti

the regressions an algorithm produces, in addition to the it takes. An approach based on calculating
prefix solutions is introduced, having better propertiemtthe fastest algorithm in several respects. Prefix
algorithms are used for determining isotonic and unimoegtessions over linear and tree orderings. Algo-
rithms are also given for determining isotonic regressiwhen the values are constrained to a specified set
of values, such as the integers, and for penalty functioaisatie not a metric.

Keywords: isotonic regression, monotonit,., minimax, nonparametric, unimodal

1 Introduction

A directed acyclic graph (DAG): = (V, E)) with n vertices andn edges defines a partial order over the
vertices, where, < v if and only if there is a path from to v. A function g on V is isotoniciff it is a
weakly order-preserving mapping into the real numbers,iffdor all v,v € V, if u < v theng(u) < g(v).

By weighted dataon G we mean a pair of real-valued functiofi w) on V', wherew, theweights is non-
negative, andf, thevalues is arbitrary. Given weighted datg, w) on G, an L,, isotonic regressiofis an
isotonic functiong on G that minimizes

(Spev w(v) - [f(0)—g@)[P)" if1<p< oo
maxeey w(v) - [f(v)—g(v)]  p=oo

among all isotonic functions. The, regression erroiis the value of this expression. For< p < oo the
regression values are unique, but farand L., they may not be. For example, on the verti¢es2, 3}, if
f=1(3,1,2.5) andw = (2,2, 1), thenL, isotonic regressions are of the fogf8) = 2.5 andg(1) = ¢(2) =
x for z € [1,2.5], while L, isotonic regressions are of the fogtil) = g(2) = 2 andg(3) € [2,4.5]. For
1 < p < oo the L, isotonic regression ig(1) = g(2) = 2, g(3) = 2.5. Figure 1 shows an example of an
isotonic regression. Note that the regression values fexal lsets, and that the regression is undefined in
some regions.

Shape-constrained regressions are of increasing impertsresearchers reduce their assumptions con-
cerning the underlying systems they are studying, and ageting power increases and algorithms im-
prove. Isotonic regressions have long been applied to a raiuge of problems in statistics [5, 15, 33, 40],
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Figure 1: An isotonic regression

optimization [6, 22, 26] and classification [11, 12, 37]. Betcapplications involving learning from, and data
mining on, large data sets [21, 28, 32, 41] and analyzingpbiokll data from microarrays [4]. Rather than
assuming a parametric form, such as a polynomial of spediigtee, isotonic regressions merely assume
that there is an underlying direction. For example, for thenkage of tumors being treated by radiation
and chemotherapy, it might be assumed that at any giventia@diavel the shrinkage increases with dose,
and at any given dose the shrinkage increases with radidtiowever, there may be no assumptions about
the ordering between a low dose and high radiation comloinats. a high dose and low radiation. In some
settings the independent variables are ordered but do metehmetric, such as 8 M < L < XL sizes.

Isotonic functions are also known as monotonic, monotomicgiasing, or order-preserving functions,
and theL,, metric is also known as supremum norm, chessboard dist@iehyshev distance, uniform
metric, minimax optimization, or bottleneck criterion.

We develop efficient algorithms for findinb,, isotonic regressions for weighted data,, isotonic is
not unique and the algorithms have significantly differegtidvior in terms of the regressions they produce.
Section 2 defines several isotonic regression algorithrdsl@rks at properties such as being monotonic
(defined in Section 2.2). Section 2.3 evaluates algorithmigims of the number of vertices with large
regression errors, looking beyond just minimizing the wersor. In Section 3 we show how to improve
Kaufman and Tamir’s algorithm for general DAGs [22], reggtin one taking®(m log n) time. A prefix
approach is then introduced which directly determinesaggjon values as opposed to the indirect search
used in Section 3, resulting in better behavior. In SectidnHused to find isotonic and unimodal regres-
sions on linear and tree orders.

Section 6 considers isotonic regression where the regressiues are restricted to a specific set, such
as the integers. It is shown that@{m) time one can convert an unrestricted regression into actestrone,
or, if the setis small, one can quickly determine the refgticegression without starting with an unrestricted
one. Section 7 discusses extensions where themetric is replaced by more general penalty functions,
such as those arising in some classification problems.de8tcontains some final remarks.

2 Background

Throughout we assume th@tis a single connected component, and hence n — 1. If it has more than
one component then isotonic regressions can be found foreesmponent separately.

The complexity of determining an isotonic regression delgean the regression metric and the partially
ordered set. For example, when the order is a linear ordemiell-known that a simple left-right scanning
approach using pair adjacent violators, PAV, can be useetermiine thel, isotonic regression i®(n)
time, L; in O(nlogn) time, andL., on unweighted data i®(n) time. In Section 5 an algorithm taking
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Figure 2: Themean andmean_err of (0, 0.5) and (2, 1.5)

©(nlogn) time is given forL., isotonic regression on weighted data.

For a general partial order the fastest known algorithmfor due to Angelov, Harb, Kannan, and
Wang [4], takesO(nm + n?logn) time. For L, the algorithm of Maxwell and Muckstadt [26], with a
modest correction by Spouge, Wan, and Wilber [34], taRé¢s*) time. For sparse graphs this can be
reduced tad(n?m + n®logn) [37]. For L., the best previously known i®(n log?n + mlogn), due to
Kaufman and Tamir [22]. Theorem 1 shows that this can be etlt@O (m logn).

Given weighted dat&f, w) on DAGG = (V, E), for vertexv € V, theerror of usingr as the regression
value atw, err(v,r), is w(v) - |f(v) —r|. Given verticesu and v, the weighted mean of their values,
mean(f,w: u,v), is [w(u) f(u) + w(v) f(v)] / [w(u) + w(v)]. Note thatmean(f,w: u,v) has equal error
for the two vertices. Letnean_err(f, w: u,v) denote this error.

There is a simple geometric interpretationnedan andmean_err: when regression values are plotted
horizontally and the error is plotted vertically, the raytlwk-interceptf(u) and slope—w(u) gives the
error for using a regression value belgifu) atw, and the ray with x-intercept(v) and slopew(v) gives
the error for using a regression value abg\(e) atv. The regression value where these lines intersect is
mean(f,w: u,v), and the error of the intersection pointigan_err(f, w: u,v). See Figure 2.

Foru,v € V,ifu K vandf(u) > f(v) thenu, v are a (weaklyyiolating pairandmean_err(f, w: u, v)
is a lower bound on the regression error. The only way the atre can be less thamean_err(f, w: u,v)
is if the regression value is larger than their mean. Howewver v implies that the regression valueiais
< that atv, so the regression atwould have an error larger than the error for the mean. Moneigdly,
given a setS C V, the L, mean of the weighted data ¢his mean(f,w: v’,v"), where

mean_err(f,w: u/,v") = max{mean_err(f,w: u,v) : u,v € S}
A straightforward approach to calculating this would t&kg.S|?) time. In Section 4 it is shown that this
can be reduced t©(|S|log |S|).
2.1 Regression Mappings

L. isotonic regression is not always unique, so we examineegptieg of the regressions produced by
various algorithms. Arl ., isotonic regression mappingnformally called a regression mapping, takes a
DAG G = (V, E) and weighted functiofif, w) on G and maps them to akh, isotonic regression dff, w).

In this section we present several regression mappings.



2.1.1 Basic and Prefix

A simple approach to computing a regression value at vertexo find a pair of vertices’, v that maximize
mean_err(f,w: u,v) among all violating pairs < x < v, and then useean(f, w: v’,v’) as the regression
value. (If there are two such pairs then they have the samea.) The values determined this way are easily
seen to be isotonic, and the regression erratds{mean_err(f,w: u,v) : v < v, f(u) > f(v)}, which is
optimal. This regression mapping, denofeic, has been studied at least to the 1970's [40].

We introduce a closely related regression, denétedix, defined as follows: let

pre(v) = max{mean(f,w:u,v):u <vandf(u) > f(v)}
Prefix(u) = min{pre(v):u < v}

For anyz € V, pre(x) = Basic,(f, w)(z), whereBasic, is theBasic isotonic regression on the DAG in-
duced by the verticeB, = {v € V : v < z}. TheL isotonic regression error dr, is max{err(v, pre(v)) :
v € V,.}. The construction oPrefix guarantees that it is isotonic, and optimality follows frémat of Basic.

For unweighted data the calculation asic reduces tdmax{f(u) : u < z}+min{f(v): = <v})/2
and thus it can be determined @(m) time by using topological sorting and reverse topologicatisg.
Prefix also can be computed #(m) time.

For weighted data, suppose the transitive closur@ &f given. It is straightforward to compuirefix
in ©(n?) time since the calculation @fe(v) is linear in the number of predecessors ofn contrastBasic
atv involves pairs of predecessors and successors, and hetreghtforward computation atcould take
O(n?) time andO(n?) overall. As noted in [4, 22], the calculationsatan be made linear in the number
of predecessors and successors by using techniques dedédgpMegido [27], givingd(n?) total time.
However, this is significantly more complicated than detamng Prefix.

Section 5 shows thadrefix can be efficiently calculated for some important DAGs, sugtireear and
tree orderings, without using the transitive closure. lditah, it easily extends to more general penalty
functions, discussed in Section 7. Penalty functions ne¢dba linear, and hence the linear programming
approach in Megido does not seem to apply, complicating ¢thepatation ofBasic.

2.1.2 Min, Max, and Avg

The Min L., isotonic regression of weighted daf#, w) is the pointwise minimum of all ., isotonic
regressions of f, w), andMax is the pointwise maximum. The pointwise minimum of isotofunctions
is isotonic, and since at any vertd4in has an error the same as at least dng isotonic regression its
maximum error is optimal. Hence it, and similaljax, is an L., isotonic regressionAvg is the pointwise
average oMin andMax. It is easy to show that for unweighted d&teg = Basic, but this need not hold for
weighted data. The fasteét,, isotonic regression algorithm computeéién, Max, andAvg, see Section 3.

While Min andMax can be rapidly computed, their behavior is not always dekrarhis is discussed
in Sections 2.2 and 2.3.

2.1.3 Strict

Thestrict L, isotonic regressiorfStrict) is the limit, asp — oo, of L,, isotonic regression. The limit exists
for all weighted data and DAGs, and the limit process is knasithe “Polya algorithm” [31]. It has been
called the “best bestl ., isotonic regression [23]. Algorithms to comp@erict, and proofs of some of its
properties, appear in [36].



2.2 Monotonic Regression Mappings

There is a natural pointwise ordering on functions, denetgdvheref <P g iff f(v) < g(v)forallv € V.
A regression mappiniyl is monotoniciff for any DAG G and weight functionv on G, for functions f and
gonG,if f <P gthenM(f,w) <P M(g,w). For isotonic regression, monotonicity is a natural propty
expect. It is straightforward to show that for< p < oo, L, isotonic regressions are monotonic mappings,
and thusStrict is as well.Basic andPrefix are also monotonic, as can be seen from their construction.
For unweighted datAvg = Basic, and hence it is monotonic, but for weighted data it isn’g.Hor ver-
tices{1,2,3}, letw = (4,4,1), f = (2,0,2), andg = (3,3,3). Thenf <P g, butAvg(f) = (1,1,3.5) £P
(3,3,3) = Avg(g). Min andMax are not monotonic even for unweighted data. E.gf, ¥ (1,3,1) and
g=(1,3,3) thenf <P g butMax(f) = (2,2,2) £P (1,3,3) = Max(g). Similar examples hold fa¥in.

2.3 Large Regression Errors

Let G be a DAG and f, w) weighted data or7. While all L, isotonic regressions have the same maximum
error, regressions can differ considerably in the numbeedices they have with large regression errors.

One of the important properties $frict is that it minimizes large errors [36]. Thatisgif£ Strict(f, w)
is an isotonic function oi7, then there is & > 0 such thaty has more vertices with regression erroiC
than doesStrict(f,w), and for anyD > C, g and Strict(f, w) have the same number of vertices with
regression errob> D (it is not necessarily true that f < C' thenStrict has fewer vertices tham with
regression errop ¢, but the concern is about the number of large errors). Fanpig for the unweighted
function (3, 1, 2),Strict is (2, 2, 2) whileBasic and Prefix are (2, 2, 2.5), i.e., their last value has an
unnecessary errollax is even worse, being (2, 2, 3).

Let D be theL . isotonic regression erroPrefix, Basic andAvg have a weaker property: if any of them
has regression errdp at vertexv, then all L, isotonic regressions have the same value &worAvg this is
obvious. FomBasic andPrefix, the definition ofBasic insures that the error atis < max{mean_err(f,w:
x,y) : x < v < y}, and the same is true frrefix. This is a lower bound on the larger of the regression
errors atr andy, and hence if the regression errorfisthen any isotonic function having a different value
would have larger regression errorzabr y and would not be aih..., isotonic regression.

Min andMax are at the opposite end of the spectrum, in that for any vertexe or both of them has
the largest regression erroriaamong allL ., isotonic regressions.

3 Isotonic Regression for Arbitrary Partial Orders

As mentioned above, for arbitrary DAGs tReefix andBasic regressions can be calculatedarin?) time

if the transitive closure is given. If it isn’t given, thenetliastest approach known is to first determine it.
For a DAG withn vertices andn edges the transitive closure can be determingdl(inin{nm, n*}) time,
wherew is such that matrix multiplication can be performedin®) time. It is known thatv < 2.376.

For Strict, given the transitive closure, the fastest known algoritakesO (n? log n) time [36].

A faster algorithm was provided by Kaufman and Tamir [22%inig © (n log? n+m log n) time without
needing the transitive closure. It is based on the inverskl@m of determining if there is a regression with
errore. They decide this using a feasibility test that tak¥s: log n + m) time. Here it will be decided by
using topological sorting, taking(m) time. We will show:

Theorem 1 Given weighted datdf,w) on a DAGG = (V, E), Algorithm A determines th®lin L.,
isotonic regression i®(m log n) time. Similarly,Max, and hencé\vg, can be determined in the same time.

5



initialize e
loop {parametric search determines newalueg
if Min fits through the windows then
if e-windows tight then exit
else decrease
else increase
end loop

Algorithm A: DeterminingMin L isotonic regression for an arbitrary DAG

A windowat v is a real-valued intervgh,, b,]. Given a set of windows$V = {[a,,b,] : v € V}, an
isotonic function throughV is an isotonic functiory for whicha, < g(v) < b, forallv € V.

Observation: A set of windowsW = {]a,, b,]} has an isotonic function through them if and only if the
following is an isotonic function througi’: h(v) = max{a,: v = v}.

The isotonic constraint forcggv) to be at least this large, and thus if it is not an isotonic fiamcthrough
W then there must be anfor which h(v) > b,. Sinceh(v) is the smallest possible value@among all
isotonic functions throughV, this implies that there is no isotonic function through Theh values can
be computed via topological sorting, and thus, given a setioflows, in©(m) time it can be decided if
there is an isotonic function through them.

A set of windows idight if there is an isotonic function through them and for at least vertexv, the
above procedure results irfv) = b,. Given anye > 0, the set ofe-windowsis the set of windows where
w(v)(f(v) — ay) = w(v)(b, — f(v)) = e. The minimumL., regression error among isotonic functions
is the e for which thee-windows are tight, and an isotonic function is &g, isotonic regression iff it fits
through these windows. At any vert&has the minimum possible value among all isotonic functiaheg
through the windows, and henceNBn. Max(z) = min{b,: v = z}.

Proof of Theorem 21 As noted in Section 2, the optimalis of the formmean_err(f,w : u,v) for some
u,v € V. Kaufman and Tamir utilized parametric search among thekees to locate determine the values
of e considered. This results in a logarithmic number of iterati so the total time is proportional ke »
times the time to check a given value«ofWe have shown that this can be don&ifm) time. O

Linear and rooted tree orderings have= ©(n) and hence for them Algorithm A is faster than Kaufman
and Tamir’s algorithm. Another important class with suchrspy ared-dimensional grids. That is, given
d positive integersiy, ..., ng, let V be all points ind-dimensional space of the forfa, ..., i;), where
ij € {l,...n;}foralll < j <d. Vhasn = H?:l n; points. Ifp = (p1,...,pq) andq = (q1,---,q4),
thenp < qiff p; < ¢; forall 1 < i < d. Note that this ordering can be represented by a standadd gri
where vertexp has an edge to all points of the formm= (¢, ..., qq4) Wherep < ¢ andzle g —p; = L.
This DAG hasO(dn) edges. Isotonic regression drdimensional points, which corresponds to havihg
independent variables, has been extensively studied %, 33, 34, 37].

Corollary 2 Given weighted datéf, w) on a linear, tree, ord-dimensional grid ordering, th&lin, Max
andAvg L isotonic regressions can be determinedsifv log n) time, where forl-dimensional grids the
implied constant is a function ef O
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Figure 3: Error envelopes

4 Error Envelopes

We will exploit properties of intersecting line segmentditml maximum violating pairs.

Given data(f,w) on a setS, for x > min{f(v) : v € S} let g(z) be theL., regression error of
using = as the regression value f¢o € S : f(v) < z}. This has a simple geometric interpretation:
for eachv € S, plot the ray with x-interceptf(v) and slopew(v). g is the set of line segments with
no points above them. See Figure 3 a). We call this upper @pwdheincreasing error envelopeand
max{err(v,x) : v € S, f(v) > x} is thedecreasing error envelopéf the envelopes intersect at regression
valuer, thenr is the L, mean ofS.

It is straightforward to use balanced search trees, ordsratbpe, so that the increasing and decreasing
error envelopes can be maintained an®{tog |.S|) time one can insert a new weighted point, determine the
value of the envelope at a given regression value, deterthneegression value having a given error, and
determine the point of intersection of a ray with an enveldpeleting points is more difficult and discussed
in Section 2.1.3. Given the error envelopes it is trivial édedfmine their intersection i@(|.S|) time and thus
one can determine the mean@r|.S|log |S|) time.

A slight variation on this will prove useful later. Given tecreasing error envelopé of a setS of
vertices, and given a vertex anerror query of E determines the intersection of the error envelope with
the ray withz-interceptf(v) and slopew(v), i.e., the ray representing the error in using a regressatueyv
> f(v) atv. The maximum error of these queries is the regression efusiog theL., mean onS.

Another operation involving envelopes is merger. The oiplgcgal aspect is that after two envelopes
are merged, using standard merging of balanced binarys¢i@es, some of the segments may need to
be removed. E.g., in Figure 3 b), when the envelope with Rotakeling and the one Greek labeling
are merged, segments B, C, apaill be removed. The endpoints of some of the remaining segsnaso
change. After the merger the removal can be performed inltirear in the size of the smaller envelope plus
the number of segments removed as follows: for all segmemnts the smaller envelope (Greek), determine
if they should be removed or which (if any) of the segmentsefdther envelope should be removed. The
process initiated by a Greek segment starts by examinirfpgest predecessor and closest successor in the
Roman ordering. E.g., in the figure, the merger will iniiidtlave the segments in the orderA, B, 53, ~,

C, D (recall that they are stored in increasing order of tekpe). If one considers, then it is above the
line segment in the Roman envelope which immediately pesxédn the ordering (B) and B is removed.
Then the predecessor of B in the Roman envelope is examioed,i®not over all of it so A remains. Then
the successor of B is examined, and it too is removed. Theaudsessor (D) is examined, and the process
initiated by is completed. (The process initiated bymmediately terminates). Thenis examined. The



Figure 4: Dynamic envelope intersections

remaining Roman immediate predecessor is A, which remaimg,the immediate successor is D, which
dominatesy and hencey is removed.

Given setsSy, S, of vertices, abipartite maximum violator®peration determines a pair of vertices
up € S1, ug € Sy that maximizemean_err(f,w : vi,v9) among all pairs where; € Sy, v, € Sy and
f(v1) > f(vg). If there are no such pairs then it returns the empty set. thatieS; and.S; might overlap,
in which case the operation does not correspond to an aaydéaring.

Lemma 3 (Repeated Violators) Given setsS; and S, of weighted values, i®(N log N) time one can do
an arbitrary sequence @ (V) deletion and bipartite maximum violators operations, véEr= |S;|+|5a|.

Proof: A decreasing error envelope féf, and an increasing one fdf,, will be used to determine the
violators. The envelopes will be threaded so that one cagrmi@ie the segments adjacent to a given seg-
ment in constant time. They are “semi-dynamic” since onlietilens change them once they are initially
constructed. Hershberger and Suri [20] showed how to cteatmitial envelopes, and perform all the dele-
tions, iNnO(N log N) time (they solved the semi-dynamic problem of maintainimg ¢onvex hull of a set
of planar points which, by duality, can be used to solve theremvelope problem).

Thus the only time remaining to be analyzed is the time neédd&dd the maximum violators. Given
the envelopes, the initial maximum violators can easilydetl in©(NV) time. For subsequent violators,
the only case of interest is when the segment deleted wasfdhe ones in the intersection. For example,
in Figure 4, suppose initially B and intersect, and then B is deleted, resulting in new segmentkd
increasing error envelope represented by dashed linesn@lentersection can involvg or a successor,
but nota. Further, on the increasing envelope it might involve C sitiat segment may have lengthened,
but cannot involve any successor of C. It might, howeverlver some predecessor of C. The intersection
is found by checking C, then its predecessor, etc., unts fiound. During this process it may also be
discovered that the intersection will involve a success$ar,@tc.

While a single deletion may take (V) time, if the new intersection does not involve C then no feitur
intersection can involve C until its predecessor has betatatt Therefore the total number of segments
examined over all iterations 8(N). O

The fact that only the semi-dynamic scenario is needed,owitany insertions, is fortunate since it is
not known how solve the fully dynamic convex hull problem(qN log N) time.

5 Linear and Tree Orderings

Isotonic regression on linear and tree orders has been osate¢ades. Recent applications of isotonic
regression on trees include problems involving web dat28, For linear orders it is widely known that

8



{DecErrEnv(v) is the decreasing error envelope{af: v < v} forv € V}

Using a topological sort traversal,
DecErrEnv(v) = U{DecErrEnv(u) : (u,v) € E}
Insert(f(v),w(v)) into DecErrEnv(v)
pre(v) = result of error query oDecErrEnv(v)

Using topological sort traversal in reverse order,
Prefix(v) = min{pre(u) : v < u}

Algorithm B: ComputingPrefix using topological sorting on DAG' = (V, E)

the L, andLL, isotonic regressions can easily be foun®if log n) and©(n) time, respectively. For rooted
trees, where the ordering is towards the root, the fastesiri& regression algorithms use a bottom-up pair
adjacent violators (PAV) approach [38], takign logn) time for theL; [37] and L, [29] metrics.

Corollary 2 shows that for thé ., metric, Min, Max andAvg isotonic regression on a tree can be deter-
mined in®(n log n) time. Here we show how to compuieefix in the same time. These,, algorithms do
not use PAV, but the fastest known ftrict does [36].

Theorem 4 Given weighted datéf, w) on atreel’ = (V, E), Algorithm B computes therefix L, isotonic
regression inA(n log n) time.

Proof: Envelope merging was described in Section 4. Using a caméube, all of the initial union op-
erations, including insertions, can be performe®im log n) time [8]. The time of the segment removal
during each merge is linear in the number of elements in tredlsnmenvelope, plus the time needed to re-
move each of the intervals. An interval is removed at mosedhooughout all of the mergers, so the total
time for removals iD(nlogn), and since the processes are initiated by segments in tHeesinee, the
total time for the initiation isD(n logn). This completes the proof of Theorem 41

5.1 Unimodal Regression

Given a weighted function on a linear order < ... < wv,, aunimodal regressiowy is a regression that
minimizes the regression error subject to the unimodal tcaims

g(v1) < g(v2) ... < g(vk) = g(ve+1) - - - = g(vn)

for somek, 1 < k£ < n. Unimodal orderings are also known as umbrella orderinggin@l modes may not
be unigue, which can be seen by considering the unweightedifun (1, 0, 1). Several unimodal regression
algorithms have appeared [10, 30, 35, 39] and applied tolgmb such as dose-response [13] and tree
growth [17]. For example, in dose-response settings witimjgeting failure modes”, as the dose increases
the efficacy presumably increases, but toxicity increasesedl. The goal is to find a dose that maximizes
the probability of being both efficacious and nontoxic.

A prefix approach was used in [35] to find the unimodal regogssf a linear order for thé., metric in
©(n) time, for theL; metric in®(n log n) time, and thel., metric with unweighted data i@ (n) time. For
the prefix approach the information that needs to be compitedch vertexy, is the regression error of an
isotonic regression on ... v. This is the maximum of the error of usinpge(i) atv;, 1 < i < k, which



can be computed gse is being computed. Once this is known, along with the comedmg information
for decreasing isotonic regressions@n .. v,, an optimal mode vertex faok.., is one that minimizes the
largest of these two errors. Thus, using Algorithm B gives:

Corollary 5 Given weighted dat&f, w) on a linear order ofn vertices, anL., unimodal regression can
be determined it®(n logn) time. O

This result was also obtained by Lin et al. [24].

The properties of unimodal regression are slightly diffiérdnan for isotonic regression. For example,
as the unweighted data (1, 0, 1) shows, there need not be adalimegression correspondingMax, i.e.,
one which is pointwise as large as any other.

For an undirected tree the unimodal problem is to find an @dtioot and the isotonic regression on the
resulting rooted tree. Agarwal, Phillips and Sadri [1] ganeexample motivating interest in this problem,
and showed that the, unimodal regression of a tree with unweighted data can bedfoud (n log® n) time
even when a Lipschitz condition is imposed. Yu and Mannot ¢ e algorithms for locating the mode of
a tree for a multi-arm bandit model with a bandit at each wenrhere the expected reward is unimodal.
Given the observations at the vertices, unimodal regressio be used to estimate the location of the mode
and decide which vertex to sample from next. This is simitathe use of unimodal regression in dose-
response settings with competing failure modes [13, 18jimddal bandit models have been examined at
least since the 1980's [19].

For the L., metric and unweighted data, unimodal regression on a tredts easy.

Proposition 6 Given unweighted dat# on an undirected treé” = (V, E), in ©(n) time anL., unimodal
regression can be found.

Proof: Letz be a vertex wherg achieves its maximum and lgtbe an optimall.., unimodal regression
onT. Letg be the function o" given byg'(v) = min{g(v),g(z)} forallv € V. If e = | f(z) — g(x)],
then||f — gllc > €. Sincef(v) < f(z) forallv € V, |¢'(v)— f(v)] < max{e,|g(v)— f(v)|}. Thus

llg' = flloo < llg — fllo» @and, sincey was optimal, so ig’. Further,g’ is isotonic when the tree is directed
with x as its root.
Thus, to find a unimodal regression it suffices to locate aexestith maximum data value, orient the

tree with this as the root, and uBeefix to determine the isotonic regression.

For weighted functions it is not immediately obvious whiartices can be optimal roots, but there are
edges for which one can quickly determine their correctraitton. Thepath fromw to v, for u,v € V,
means the simple path fromto v. For the weighted datgf, w) on the undirected tre€ = (V, E), letu, v
be such thatnean_err(f,w : u,v) = max{mean_err(f,w: p,q) : p,q € V}. Supposef(u) < f(v). If
in the directed tree is on the path fromv to the root then they are violators and the regression esrat i
leastmean_err(f,w: u,v). This is the error of the regression where all valuesra¢en(f,w : u,v), and
hence every vertex is an optimal root. To obtain a smalleessgon error it must be thatis not on the path
from v to the root of the directed tree, in which case the edge intitter, on the simple path from to v is
directed towards the root. This will be used to show the foithg):

Theorem 7 Given weighted datdf,w) on an undirected tre§d" = (V, E), in ©(nlogn) time an Ly,
unimodal regression can be found.
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Proof: The algorithm proceeds via recursion. Locate a pair of @esti, v which maximizemean_err. If
f(u) < f(v) then lete be the edge incident to on the path towards. Removee, which partitionsI” into
treesT) = (Wi, E1), To = (Vi, Es), whereu € V4. Recursively find an optimum roet for a unimodal
regression offl,. Lemma 8 proves thatis an optimal root for unimodal regression ®n Once an optimal
root is known thePrefix isotonic regression can be determinedifm log n) time.

To find u,v, setS; = S, = V and perform a bipartite maximum violator operation. Ofigeis
determined, all weighted values corresponding to it areoxad from.S; and.S; and the resulting sets are
used for the subproblem dfy. The repeated violators lemma (Lemma 3) shows that one caméins of
maximum violators during all recursive stepsarin log n) total time.

Lemma 9 shows that, givenandv, one can find: in ©(|V;|) time. Using this T} can be removed from
T, creatingly, in ©(|V1|) time. Thus the total time for recursively shrinking the sabs is©(n). O

Lemma 8 For an undirected tred” = (V, E) with weighted datd f, w), let uy, us be a pair which max-
imizesmean_err and for whichf(u;) < f(u2). Let{u;,z} be an edge on the path from to us. Let

Ty = (1, Ey), Ty = (V3, E9) be the subtrees ¢f induced by removing this edge, where € T and

x € Ty. Then an optimal root fol.., unimodal regression off, w) restricted to7% is an optimal root for
L+, unimodal regression dff,w) onT.

Proof: If the minimal regression error of a unimodal regressionZois mean_err(f,w : ui,ug) then all
vertices are optimal roots. Otherwise the regression vaiug must be> mean(f,w : uy,u9) and atu;
is < mean(f,w: uj,ug), and therefore any optimal root is if,. Letr be an optimal root of unimodal
regression off,, with g, being an isotonic regression @h with r as its root. Lets be an optimal root of
unimodal regression dh, with h; being an isotonic regression @nwith s as its root. Definé,. onT" as
follows:

hs(v) ifvel)
hr(v) = ¢ max{hs(u1),g-(v)} if vison the path from to z or the path fromr to uy
gr(v) otherwise

Sinceg, is isotonic with rootr and i is isotonic with roots, A, is isotonic onT" with root r. To show

that h,. is an optimal unimodal regression ®f since the regression error gf on 75 is no more than the
regression error di; onT', it suffices to show that pointwige. is always equal t@, or h; or between their
values. Only vertices on the paths fronto x or r to u, are in doubt.

If hs has a regression errer mean_err(f,w: uy, ug) thenhg(ugz) > mean(f,w: uy,ug) > hg(uq).
Sinceh; is non-increasing on the path frosto us, its value on all these vertices is h4(u1) and on the
path froms to u; hs is nonincreasing and is always hg(u;). 7 is a tree and hence there is a unique
path fromus to u;, and all edges on this path are on the path frono uy or the path froms to .
Thus on the path fromi, to uq, all hs values are> hg(uq), and therefore for any vertexon this path,
hy (v) € [min{g, (v), he(v)}, max{g, (v), hs(v)}].

gr also has regression errer mean_err(f,w : ui,ug) and hencey,.(uz) > mean(f,w : uy,ug) >
hs(u1). g, IS nonincreasing on the path fromo uy with all values> g, (u2), and hencé:. = g, on this
path. As before, all vertices on the path frerto = are in the path fromr to uo, whereh,. = g,, or the path
from wug to u;. Therefore for any vertex in Ty, h,(v) € [min{g,(v), hs(v)}, max{g,(v), hs(v)}], as was
to be shown.O

Lemma 9 Given an undirected tre@ = (V, E) and verticesu,v € V, u # v, letz € V be such that the
edge{u, z} is on the path fromu to v. Thenz can be determined i®(|V’|) time wherel’” C V is the set
of vertices in the maximal subtree’Bfcontainingu but not containinge.
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Proof: Let 7" denote the maximal subtree 6fcontainingu but not containinge. Let py, ..., p. be the
neighbors ofu. Viewing u as the root, leT; denote the subtree with ropt, i = 1, k. On eachl’; a preorder
traversal will be used. A global traversal is performed dieves: visit the first node in the traversal 6f,
then the first node in the traversal 'Bf, ..., first node irfl},, then the 2nd node in the traversallf, 2nd
node in the traversal dfy, .... If v is reached while traversing;, or for everyT;, ¢ # j, the final node in
the traversal off; has been reached, then= p; andT’ = {u} U{T; : i =1...k, i # j}. In all casesg

is identified and the number of nodes examined in the travefsg; is no more than the number of nodes
traversed in the other subtrees, i.e.Jih O

6 Restricted Regression Values

Isotonic regressions with restricted values have beenestumy several authors (see [3] and the references
therein), including their use in various classificationtgems, e.g. [14]. For integer-valued isotonic regres-
sion on a linear order, Goldstein and Kruskal [16] gav@ (&) time algorithm for theL, metric and Liu
and Ubhaya [25] gave @(n?) algorithm for theL., metric. Theorem 10 below, coupled with Theorem 4,
shows that foll, the time can be reduced &(n log n). Further, coupled with Theorem 1 it shows that for
any DAG an integer-valued ., regression can be found &(m logn) time.

We use an approach applicable to arbitrary DAGs and regresgilues restricted to a sétof real
numbers. AnS-valued L, isotonic regressions an.S-valued isotonic function which minimizes the,
regression error among dlvalued isotonic functionsS need not be finite, but does need to be a closed
discrete set, which implies that for any real numbeif any elements of' are> z then there is a minimal
such one, denoteftr | s, and correspondingly if any elements ate: then there is a maximal one, denoted
| ] s. Further, forz € S there is a unique successor if there are any elementsand a unique predecessor
if there are any elements z. If z < min{s € S} define|z|s = [z]s = min{s € S}, and ifz >
max{s € S} define[z|s = |z]s = max{s € S}.

One can quickly convert an unrestricted isotonic regressito anS-valued one. We assume that one
can determine the predecessor, successor, floor, andycieitintions in constant time.

Theorem 10 Given weighted datéf, w) on a DAGG = (V, E), a closed discrete set of real numbers,
and an unrestricted., isotonic regression of, an.S-valued L, isotonic regression can be determined in
©(m) time.

We first establish a straightforward property connectinlyies of restricted and unrestricted isotonic
regressions. For linear orders, Goldstein and Kruskal $b®jved that forl- integer isotonic regression,
rounding the unrestricted isotonic regression gives theecbregression, and Liu and Ubhaya [25] showed
that this is true for thd.., metric when the data is unweighted and the original regsassiBasic. While
these results were for integer isotonic regression, thefpicarry over to arbitrary closed discrete sets. How-
ever, for weighted data, or when the original regressiorotasic, integer-valued., isotonic regression
is a bit more complicated. For example, on verti¢esl }, suppose the data values are (0.6, 0) and weights
are (2, 1). Then the unique unrestrictéd, isotonic regression is (0.4, 0.4) yet the unique integérad
L regression is (1, 1), not (0, 0). While rounding does not gvgive the optimalS-valued isotonic
regression, it nearly does. For linear orders the followirag proven in [16] (forls) and [25] (forLs.).

Lemma 11 For 1 < p < oo, given weighted dat&f, w) on a DAGG = (V, E), a closed discrete set of
real numbers, and arh,, isotonic regressiory of (f,w), there is anS-valuedL, isotonic regressiorg such

thatg(v) € {|g(v)]s, [g(v)]s} forallv e V.
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Proof: Given p, let g be an unrestricted.,, isotonic regression, and lgt be anS-valued L, isotonic
regression. If there are verticesuch thag(v) > [g(v)]s then letu be one that maximizes the difference (a
similar proof holds if there are verticessuch thaij(v) < |g(v)]s). Let A = {v : g(v) =g(u) and §(v) =
g(u), v € V'}. For any vertexo ¢ A which is a predecessor of an elementhfg(v) < g(u) because the
fact that it isn’'t in A means eithefi(v) < g(u) or g(v) < g(u), but if only the latter holds then does not
optimize the difference. Similarly, if ¢ A is a successor of a vertex iitheng(v) > g(u).

Letz € S be the predecessor gfu). Note thatr > [g(u)]s. Let g’ be theS-valued isotonic function
whichisg on V' \ A andz on A. If the L, regression error of’ is the same as that gfthen recursively
considerg’. If the regression error af is less than that of theng was not optimal. If the regression error
of ¢’ is larger then the weighted mean 4fis greater tham. Lety = min{z, min{g(v) : g(v) > g(u),v €
V'}}. Raising the value of on A to y, and keeping it the same elsewhere, would decreasg,tleeror and
maintain the isotonic property, contradicting the optityadf g. O

To prove Theorem 10, lef be an unrestricted. ., isotonic regression and for € S let £, be the set
{v:|g(v)]s = r, v € V}. Note that this is a union of level setsgn No matter what choices are made for
the regression values withify., since these choices are eithesr its successor™ in S, they do not impose
any isotonic restrictions on the choices for other levet s@tce the values used dh are at least as large
as the upper values in any predecessor and no larger thaowhbe Values in any successor. Therefore we
can consider eachi, separately.

Forv € L,, define functionglown_err andup_err by

down_err(v) = max{err(u,7):u=<v, u€ L}

up_err(v) = max{err(u,r"):u>=v, u€ L.}

down_err(v) is a lower bound on thé ., isotonic regression error if the regression value & since all
predecessors i, must also have regression valueand similarlyup_err(v) is a lower bound if it is~™.
Let g be defined by
(o) = { r  if down_err(v) < up_err(v)
rT otherwise

Sincedown_err is monotonic increasing ofi,, andup_err is monotonic decreasing,is isotonic increasing.
At each vertex, changing the choice fgj(v) can never decrease the overall regression error, and hence a
optimal S-valued L, isotonic regression has been found.

Thedown_err andup_err values can be computed by topological sortin@ifm) time, completing the
proof of the theorem.O

The properties oPrefix, Basic andStrict are not preserved by the procedure in the lemma. For example,
consider integer-valued regression of the unweightedtiome (1, 1, 0) and (1, 0, 0). THe&trict regression
of each is (0.5, 0.5, 0.5), and the_err anddown_err values at every vertex are 1 for both. However, the
correct integer-value8trict regression of the first, i.e., the limit, @as— oo of integer-valuedL,, isotonic
regression, is (1, 1, 1), while for the second is (0, 0, 0). Btam the correct values one needs a more
sophisticated method of breaking ties whemnerr (i) = down_err(7).

Independent of how the choice is made in the lemma, the resglt not satisfy the properties of
Max or Min. For example, with function values (0.5, 1) and weights (2Max is (0.5, 1), which, when
converted to integer-valued regressions, results in (6r {3, 1). However, the integer-valudd,, isotonic
regression which is the pointwise maximum of all integdugd L., isotonic regressions is (1, 2). Of
course, this could be generated by first generating the tuictes Max, converting it to an integer-valued
L regression, determining the regression error, and thewy asvindows with this error.
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For small sets one can efficiently find &rvalued regression without starting with an unrestrictad.o

Theorem 12 Given weighted dat@f, w) on a DAGG = (V, E), and given a finite sef of real numbers,
in ©(mlog |S|) time anS-valued L, isotonic regression can be determined.

Proof: LetS = {s1,...,54}, let[sq, s3], 1 < a < b < d denote the interval,, . .. s, of values inS, and
forv € V leterrg(v,a,b) denotemin{err(v,t): t € [sq, sp]}. The algorithm determines intervals §fin
which the regression value forwill be assigned, where the intervals are progressivelydualintil they are
a single value, which is the regression value ofAt each stage the assignment is isotonic in that # v
then eitheru andv are assigned to the same interval or the intervals have ntapvandu’s interval has
smaller values than's. Initially each vertex is assigned to all 5f i.e., to[s1, s4).

Supposer is currently assigned t,, s;), and letc = | (a + b)/2|. Define

down_err(z) = max{errg(u,a,c): u = x, u currently assigned to [sq, sp|}

uperr(z) = max{errg(v,c+1,b): v = x, v currently assigned to [s4, sp|}

down_err(z) is a lower bound on thé ., regression error for vertices currently assignedstos;| if = is
assigned tds,, s.| in the next stage, angp_err(z) is a lower bound if it is assigned {61, sp]. Assign

x 10 [Sq, Sc) If down_err(z) < up_err(z) and to[s.41, sp] Otherwise. As before, this assignment is isotonic
and can be determined &(m) time.

To see that the final assignments form $ivalued L, isotonic regression, suppose they don’t. Let
€ be the regression error of aftvalued L, isotonic regression, and consider the first iteration atctvhi
some vertex was assigned to a half for which its erros is Let z be a minimal such a vertex, initially in
[sa, sp], @and assume it is assigned to the lower half (a similar argaelds if it is assigned to the upper
half). Thuse < down_err(z) < up_err(z). No predecessor af has error> ¢, thereforedown_err(z) =
errs(x,a,c). Since the error bound was not exceeded in previous itesattanust be thaf (z) > s. and
errg(z,1,¢) > e. Becauseaip_err(x) > down_err(z) there must be an’ - « initially in [s,, s] for which
errg(a’,c+1,b) = up_err(z) > e. Lety be a maximal such element. Similarlyts properties, it must be
that f(y) < sen anderrg(y,c+1,d) > e. Sincex < y, any.S-valued isotonic regression must either assign
a regression value te in [sq, s.| or a regression value ®@in [s.41, s4], contradicting the assumption that
there was ary-valued isotonic regression with errar O

7 Penalty Functions

One can interpret the goal @f,, isotonic regression as minimizing the maximum “penaltythet vertices,
given the isotonic restriction. This can be generalized dnafty functions that do not correspond to a
metric. When the possible regression values are from afggésiet (as in Section 6) this can be viewed
as a classification problem, with a penalty function givihg error of misclassifying a vertex. Few of the
algorithms rely on the fact that., is a metric, but rather on inequalities. Here we briefly dkeficanges
that are needed to obtain results for more general penaistifins. Isotonic regressions which minimize
the maximum penalty will be calleghinimax isotonic regressions

A modest extension is when the weights can be different fgneission values above the data value than
for regression values below it. I.e., for a vertethere are nonnegative weights, wy so thatw, (y — z) is
the error of using as the regression value when the data valug is> 2, andws(z — y) is the error when
y < z. For example, overestimating the capacity of a bridge isenserious than underestimating it. None
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of the algorithms in this paper, nor their time analysesuiregthatw; = w-, but rather depend on the fact
that errors and means of violating pairs can be found viasetgions of rays. Hence this generalization can
be easily accommaodated for all of the results in the prevemasions with no change in asymptotic run time.
A quite general extension is to nonnegative penalty funstjg (z,y) which give the penalty of using
x as the regression value ate V given datay. It may even be that for someandy, the x minimizing
po(z,y) IS noty. For example, in a Bayesian setting there may be prior digian atv and the posterior
after observingy has an MLE different thary. We require that for any € V, y € &, ande > 0, either
po(+,y) has no values< ¢, or there arer < b such thap, (x,y) < e for all x € [a,b] andp,(z,y) > € for
x ¢ la,b], i.e., thee-window is well-defined. It may be that = —oo or b = oo, which occurs when the
penalty has an upper bound. The requirement d¢haindows be intervals insures that for anye V' and
y, the functionp, (z,y) is a nonincreasing and then nondecreasing functian, efhere one of these two
components may be missing. Note that we allow the possilthiat any regression value at a vertex has
some penalty. Subtracting the minimum error from all othsecsthat there is at least one regression value
with no penalty, does not always result in the same isot@ygcassion.
We require that for any, v € V and datay,,, 3, atu, v, respectively,

pmean_err((u, yu)> (U> yv)) = glelél max{pu(:n, yu)> pv(x> yv)}

is well-defined, i.e., that the minimum is obtained.

Simplepenalty functions behave similarly to the standard errairicge A penalty functiorp is simple
if: p(y,y) = 0 for all y; for all y, p(z,y) is a continuous decreasing function offor < y and a
continuous increasing function affor = > y; and for allz, p(x,y) is a continuous decreasing function
of y for y < x and a continuous increasing function fpr> z. These properties insure thahean err is
well-defined, as ipmean((u,y.), (v, yy)), which is the unique value betwegpn andy, at whichu andv
have erropmean_err((u, y,), (v,v,)). We do not require that — oo in any direction, and it may be that
p(z,y) # p(y,x). There is a natural extension of unweighteg isotonic regression, namely that there is
a single simple penalty functignsuch thaip, = pforallv € V.

TheBasic andPrefix definitions in Section 2.1.1 extend immediately to simpleghy functions, retain-
ing their monotonicity property. Similar comments hold $arict. However, the time complexity increases
because we can no longer use properties of intersecting W&fgsassume that, (z,y), the bounds of an
e-window, pmean_err, and (for simple penalty functiongjmean can all be computed in unit time.

Theorem 13 For data f on a DAGG = (V, E), with penalty function®, for v € V, a minimax isotonic
regression can be determined in

a) O(n? + mlogn) time for general penalty functions,
b) ©(m) time for theBasic and Prefix regressions and an unweighted simple penalty function,

c) ©(n?) time for thePrefix regression and simple penalty functions, assuming thatamsitive closure
of G has been given,

d) ©(n?logn) time for theStrict regression and simple penalty functions, assuming thatrémsitive
closure ofG has been given.

Proof: For a), one can still usewindows, as in Algorithm A, but cannot use parametric deawchich is
based on the properties of straight lines, to determinentrinents. This can be remedied by computing
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pmean_err((u, f(u)), (v, f(v))) for all pairs of vertices:, v € V and using binary search on the errors. By
computing medians of subsets of these errors as the binargisproceeds, instead of presorting, the total
time is©(n? + mlogn). Just as for the reguldr., case one need not restrict theean _err calculations to
u < v, SO the transitive closure need not be determined.

However, there are some additional aspects. There may beae for which thee-windows are tight,
though there will be a smallestfor which there is an isotonic regression with maximum pgna(this will
be one of thepmean_err values). For example, jf(z,y) = min{1, |x — y|} and there is data (2, 0) then
any isotonic function has maximum penalty 1. This examme ahows thalin andMax might not exist.
However, simple changes can handle the situation wheimdows have infinite upper or lower bounds.

For b), for the unweighted case,

Basic(v) = pmean(max{f(u1) : u1 = v}, min{f(usz) : ug = v})

which, as before, can be shown to be isotonic and of minimaimmam penalty, and can be computed by
topological sortingPrefix can be similarly computed.

For c), usingpmean instead ofmean, one can compute thae function in Algorithm B at vertex in
time linear in the number of predecessors, and once agairisbionic and of minimal maximum penalty.
Basic is not included in c) because, as noted in Section 2.1.1gihseto required(n?) calculations per
vertex in the general case when linearity need not hold.

For d), Algorithm B in [36], which take®(n?logn) time if the transitive closure is given, can be
modified by replacing the standattan calculation withpmean. O

The transitive closure of linear and tree orderings can beroned in©(n?) time. This is also true for
points ind-dimensional space with componentwise ordering, evereipthints do not form a grid.

Corollary 14 For data f on a linear,d-dimensional, or tree order of vertices, with simple penalty func-
tions at the vertices, Rrefix minimax isotonic regression can be determinedifn?) time and aStrict
minimax isotonic regression can be determinedim?log n) time. For orders given byi-dimensional
points the implied constants are a functiondofO

8 Final Comments

Algorithm A is the fastest known algorithm fdr,, isotonic regression on an arbitrary DAG with weighted
data, taking®(mlogn) time. It improves upon th®(mlogn + nlog?n) algorithm of Kaufman and
Tamir [22] whenm = o(nlogn). The improvement is useful because the DAGs that are mostoory
used in isotonic regression, namely linear orders, treesd-alimensional grids, all haver = O(n).

The paper also introduced tReefix regressionBasic has been extensively studied, but computationally
Prefix seems more useful for weighted data, and has efficient eatesi® penalty functions. It also provides
a straightforward approach to problems such as unimode¢ssipn on a line. For arbitrary DAGs it is faster
to compute thastrict [36], the “best” L, isotonic regression mapping, though slower théin, Max and
Avg. However, for linear and tree orders it can be determinedukly asMin, Max andAvg.

Corollary 5 shows that by usingrefix one can directly determine ah,, unimodal regression in
©(nlogn) time, and thus the parametric search used by Chun, Sadakahdokuyama [10] is not nec-
essary. It would be interesting to find@(m logn) algorithm for arbitrary DAGs that is not based on
parametric search. In general, finding a replacement farpetric search is viewed favorably (see the
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paper by Agarwal and Sharir [2]). Except for Theorems 1 an@)l3he results presented here utilize di-
rect approaches with smaller constants than those of p&iansearch. On the other hand, the indirect
e-windows approach used in Theorem 13 a) allows extensioggite general penalty functions.

Beyond their computational time, another important aspéét,, isotonic regression algorithms is the
mathematical properties of the regressions they produdgs i$ not an issue foL,, isotonic regression
whenl < p < oo, but the nonuniqueness &f,, regression produces a range of algorithmic behavior. For
isotonic regression one would not expect that increasingta hlue results in the regression lowering at
other vertices, and this does not happenifpregression wheh < p < oo, nor for Prefix, Basic andStrict.
However, it can happen fdvlin, Max andAvg. In Section 2.3 it was shown that, in terms of minimizing
the number of vertices with large regression err6tsict is the best possible, anlvg, Basic and Prefix
are significantly better thain and Max. While the primary goal of_., regression is to minimize the
worst error, in some applications the number of large emught also be relevant. For example, if one is
locating service centers to minimize the worst distancedersice center [22], it might be beneficial if few
customers had to travel the maximum distance.

Further, theMax, Min, andAvg regressions can have values outside the data range. E fipefioinction
on{1, 2, 3, 4 with data values (2, 3, 1, 2) and weights (1, 4, 4,M)n is (-2, 2, 2, 2)Max s (2, 2, 2, 6),
andAvg is (0, 2, 2, 4). For some purposes an isotonic regressionualties outside the data range would
not be acceptable. While one could trim the values so thagtltbevithin the data rangeRrefix, Basic and
Strict have this property automatically, as dg isotonic regressions far < p < oo.

Overall, among the algorithms for general DAGs there is aarige relationship between an algorithm'’s
worst-case time to determine @n, isotonic regression and the desirability of the regressibproduces.
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