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Abstract

Algorithms are given for determining weighted isotonic nexggions satisfying order constraints specified
via a directed acyclic graph (DAG). For tlig metric a partitioning approach is used which exploits thoe fa
that L, regression values can always be chosen to be data valuemnding this approach, algorithms for
binary-valuedL, isotonic regression are used to fifg isotonic regressions far < p < oo. Algorithms
are given for trees, 2-dimensional and multidimensiondédngs, and arbitrary DAGs. Algorithms are also
given for L,, isotonic regression with constrained data and weight gllie regression with unweighted
data, and.; regression for DAGs where there are multiple data valudseavertices.
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1 Introduction

A directed acyclic graph (DAG)> with n verticesV = {v1,v9,...,v,} andm edgesE defines a partial
order over the vertices, whetg < v; if and only if there is a path from; to v;. It is assumed that the
DAG is connected, and henee > n — 1. If it isn't connected then the regression of each comporent
independent of the others. For a real-valued funcfi@ver V', f; denotesf(v;). By weighteddataon G
we mean a pair of real-valued functiofys, w) on V wherey is the data values ané is the non-negative
weights. A functionf on G is isotoniciff wheneverv; < v;, thenf; < f;. An L,, isotonic regressiomf the
data is a real-valued isotonic functiarover V' that minimizes

(Z?:l wi|y; — Zi|p)1/p 1<p<

max;] | w;|y; — zil p =00

among all isotonic functions. Thregression erroris the value of this expression. For a vertexc V' and
isotonic regressiom, the regression valuef v; is z;. Isotonic regressions partition the vertices itaoel
setswhich are connected regions where the regression valueaasiant. The regression value of a level
set is theL,, weighted mean of the data values.

Isotonic regression is an important alternative for stathgg@rametric regression when there is no confi-
dence that the relationship between independent variabléshe dependent one is parametric, or when an
independent variable is discrete. For example, one maguesthat average weight is an increasing function
of height and of S< M < L < XL shirt size. That is, if the shirt size is held constant tirerage weight
increases with height, and similarly the weight increa$dise height is fixed and the shirt size increases.
However, there are no assumptions of what happens if haigheases but shirt size decreases. Barlow et



ordered metric

set 14 Lo L
linear ©(nlogn) O(n) O(nlogn)
[1, 22] PAV *
tree O(n?) ©(nlogn) | O(nlogn)
[5] [15] *
2-dim O(n’logn) 0O(n?) O(nlogn)
grid * [21] *
2-dim 0(n?) 0(n?) O(nlog®n)
arbitrary * [21] [24]
d>3dim O(n?logn) O(nt) ©(nlogn)
grid * * *
d>3dim O(n?) O(n*) O(nlog?n)
arbitrary * * [24]
arbitrary | ©(nm + n?logn) O(nt) ©(mlogn)
[2] [14] [24]

* indicates that it is implied by the result for arbitrary eréd sets

Table 1: Times of fastest previously known isotonic regmsalgorithms

al. [3] and Robertson et al. [20] review work on isotonic esgion dating back to the 1940’s. This includes
use of theL, Lo, and L, metrics and orderings including linear, tree, multidimenal, and arbitrary
DAGs. These books also give examples showing uses of isotegiession for optimization problems such
as nonmetric multidimensional scaling.

Table 1 shows the fastest known isotonic regression algostfor numerous combinations of metric
and ordered set. “Dim” ordered sets have vertices that anégia d-dimensional space with the natural or-
dering, i.e.(a1,...,aq) < (b1,...,bq) iff a; < b;for1 <i < d. Ford = 2 this is also known as “matrix”,
“row and column”, or “bimonotonic” ordering, and for genktés sometimes called “domination”. Here it
will be calledmultidimensional ordering“Grid” sets are arranged in @&dimensional grid of extent; in
the s dimension, where, = Hle n;, and “arbitrary” sets have points in arbitrary locations.

For unweighted data the,, isotonic regression can be found@im) time using the well-known fact
that the regression value ate V can be chosen to b(eninvjvj Yj + max,, <, ¥;)/2. Forl < p < oo,
restricting to unweighted data does not appear to help, &ciidh 5.4 shows that restricting both data and
weight values can reduce the time required. Egrrestricting to unweighted data can be useful for dense
DAGs, reducing the time t®(n?5log n). This is discussed in Section 7.

For linear orderspair adjacent violatorsPAV, has been repeatedly rediscovered. Starting withitiali
data as: level sets, whenever two consecutive level sets violatéstitenic condition they are merged into a
single level set. No matter what order the sets are mergdorianyp the result is optimal. Simple left-right
parsing yields the., isotonic regression i®(n) time, Ly in ©(nlogn) time [1, 22], andL, in O(nlogn)
time [24]. Thompson's extension of PAV to trees [27] is dssed in Section 3.

For more general orderings PAV can give incorrect results. debitrary DAGs, Maxwell and Muck-
stadt [14], with a small correction by Spouge et al. [21],ega® (n?) time algorithm forL, isotonic regres-
sion; Angelov et al. [2] gave @ (nm + n?logn) time algorithm forL; and Stout [24] gave & (m log n)



time algorithm forL.,, based on a small modification of an algorithm of Kaufman aauahif [12].

Forl < p < oo the L, mean of a set is unique (see the Appendix), as is the isotegiession, but
this is not always true fof,;. TheL; mean of a set is a weighted median, dndregression is often called
median regression. A weighted median of the set of dgtaw ), with total weightWW = > w;, is any
numberz such thaty . w; > W/2 and EijZ w; > W/2. Since the weighted median of a set can
always be chosen to be one of the values in the set, there &/slanl, isotonic regression where all
regression values are original data values. In Section Zt#igaing approach is introduced, one which
repeatedly halves the number of possible regression vatiessch vertex. Since there are at mopbssible
regression values being considered, only a logarithmicbmurof iterations are needed. This approach is
applied to tree (Section 3) and 2-dimensional (Section d¢mmgs.

Partitioning is extended to general, isotonic regression in Section 5, where each stage invalves
binary-valuedL; regression. Algorithms are developed for “semi-exacttesgions where the answers are
as accurate as the ability to compute fhegmean, for approximations to within a specified accuracy,fand
exact regressions when the data values and weights areaioest

Section 6 considerg; isotonic regression when there are multiple values at eadkx; and Section 7
contains final remarks, including an observation conceriipisotonic regression on unweighted data.

For data(y, w), leterr(v;, z) = w;|y;—z|, i.e., itis the error of using as the regression value gt

2 Partitioning

For a closed sef of real numbers, arb-valued isotonic regressiois an isotonic regression where the
regression values are elementsSphaving minimal regression error among all isotofiiwalued functions.
Roundingz to {a, b}, wherea < bandx ¢ (a,b), results ina if < a andbif x > b.

LemmaZ2.1l For a DAGG and data(y,w), let S = {a, b}, a < b, be such that there is ah; isotonic re-
gression with no values ifu, b). Letz® be anS-valuedL, isotonic regression. Then there is an unrestricted
L, isotonic regressiom such thatz has no values iifa, b) andz® is z rounded toS.

Proof: Letz be an optimal regression with no values(inb). If there is no vertex; wherez; < a and
z; = b, nor any vertex); wherez; > b andz; = a, thenz® is z rounded taS. Otherwise the two cases are
similar, so assume the former holds. bdie the largest value such that there is a vertaxherez; =y < a
andz; = b, and letU be the subset df wherez] = b andz; = y.

Let [¢, d] be the range of weighted medians of the datd/orif ¢ > « then the function which equals
z onV \ U andmin{c, b} on U is isotonic and hag.; error strictly less than that &, contradicting the
assumption that it is optimal. f < a andd < b, then the function which ig® on V' \ U anda on U is an
isotonicS-valued function with error strictly less than that#5f contracting the assumption that is optimal.
Therefore[a, b] C [c, d], so the isotonic function which BonV \ U andb on U has the same error @s
i.e., is optimal, and has more vertices where it rounds’tthanz has. In a finite number of iterations one
obtains an unrestricted regression which rounds teverywhere[]

The L, algorithms herein have an initial sort of the data valueseGdataly ,w), letg; < ... < g
be the distinct data values in sorted order, wheris the number of distinct values, and gk, /] denote
{9k, ---,9e}. Ly partitioning proceeds by identifying, for each vertex, istdrvals ofy[1, n] in which the
final regression value lies. Léf[a,b] denote the vertices with intervgla, b] and letint(v;) denote the
interval thatv; is currently assigned to. Initiallint(v;) = g[1,»'] forall v; € V.



Lemma 2.1 shows that by finding an optim{g}, v, }-valued isotonic regressiatt, the vertices where
z®5 = ¢j, can be assigned t9[1, /], and those where® = g, can be assigned tG[¢+1,n']. The level
sets ofV/[1, /] are independent of those ®f[¢+ 1, /], and hence an optimal regression can be found by
recursively finding an optimal regression oiil, ¢] using only regression values i1, ¢], and an optimal
regression oV [/ +1,n'] using only regression values #ii¢+1,n’]. Keeping track of a vertex’s interval
merely requires keeping track dfand/ (in fact, ¢ does not need to be stored with the vertex since at each
stage, vertices with the same lower bound have the same bpped). When determining the new interval
for a vertex one only uses vertices with the same intervakath stage the assignment is isotonic in that if
v; < v; then eitheint(v;) = Int(v;) or the intervals have no overlap and the upper limihofv;) is less than
the lower limit ofInt(v;). Each stage halves the size of each interval, so eventilydre a single value,
i.e., the regression value has been determined. Thus tfeflza’| stages. Figure 1 shows the partitioning
intervals that are produced by the algorithm in Theorem 3.1.

An aspect that one needs to be careful about is that aftatigairig has identified the vertices with
regression values in a given interval, then the next paiitig step on that subgraph does not necessarily
use the median of the data values in the subgraph. For exasuplpose the values and weights on a linear
ordering are (4,1), (3,10), (1,1), (2,1). The first partititg involves values 2 and 3, and results in all vertices
being assigned to the interval [3,4]. Since the subgrapheiotiginal graph, using the median of the data
values in the subgraph results in an infinite loop. Instelael next stage uses partitioning values 3 and 4,
quartiles from the original set of values. One can use theianeof the subgraph if when the subgraph
corresponds to the range of valuesd] then only data values ifu, b] are used to determine the median.
Also note that it is the median of the values, not their weaghnhedian.

While having some similarities, Ahuja and Orlin’s scalirag £, regression [1] is quite different from
partitioning. In their approach, all vertices are inityaith their own level set, and whenever two vertices are
placed in the same level set then they remain in the samedetieln partitioning, all vertices are initially
in the same level set, and whenever two are placed in diffézeal sets they stay in different level sets. An
important partitioning approach is “minimum lower setsfsfiused by Brunk in the 1950'’s [4].

3 Trees

Throughout, all trees are rooted, with each vertex exceptdbt pointing to its parent. Star ordering, where
all nodes except the root have the root as their parent, & afalled tree ordering in statistical literature
concerning tests of hypotheses, where several hypothesesmpared to the null hypothesis.

Thompson [27] showed that PAV can be extended to tree ogieliy using a bottom-up process. A
level setS is merged with a violating level s&t containing a child of a vertex i iff 7's mean is the largest
among all level sets containing a child of a vertexsinAt each step, every level set is a subtree. Using this,
for an arbitrary tree the regression can be foun®im log n) time for the L, [15] and L, [24] metrics.
These times can be reducedd¢n) when the tree is a star [15, 24].

For Ly, Chakravarti [5] used linear programming in an algorithkirtg ©(n?) time, while Qian [18]
used PAV but no details were given. While PAV can be used terdehe L, isotonic regression in
©(nlogn) time, a partitioning approach is simpler and is used in theresions td_, isotonic regression in
Section 5. Figure 1 illustrates the stages of the followhwmptem for a linear ordering.

Theorem 3.1 For a tree ofn vertices and datdy, w), an L isotonic regression can be determined in
©(nlogn) time.
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Figure 1: Partitioning in Theorem 3.1: size is weight, baesthe interval regression value will be in.

Proof: Initially each vertex has interval[1,»n’]. At each partitioning stage, suppose vertgkas interval
glk, ). If k = £ then the regression valueatis ;. Otherwise, letj = |(k+¢)/2|. DefineZ(v;,0) to be
the minimal possible error in the subtree rooted;atith vertices inV [k, ¢], given that the regression at
is ¢;, and similarly forZ(v;, 1) andg;;. ThenZ satisfies the recursive equations:

Z(v;,0) = err(v;,y;) + Z{Z(u, 0) : w child of v; andInt(v;) = Int(u)}
Z(vi, 1) = err(vi,Yjn) + Z{min{Z(u, 0), Z(u,1)} : u child of v; andiInt(v;) = Int(u)}

which can be computed using a bottom-up postorder traversal
To recover the optimal solution for this stage and to deteenthe subintervals for each vertex, a top-

down preorder traversal is used. For the roots new interval igj[k, 7] or ¢[j+ 1, ¢] depending on which
of Z(r,0) and Z(r, 1) is smallest, respectively. Ties can be broken arbitraflgr a nodep, if its parent
initially had the same interval and the parent’s new inteivg/[k, j], then that ig’s new interval as well.

If the parent’s new interval ig[j+ 1, ¢], or had an initial interval different thapis, thenp’s new interval is
determined using the same procedure as was used for thd teotraversals for computing and updating
the intervals can all be done &(n) time per stage .

A faster algorithm, using neither partitioning nor sorting possible when the tree is star and, more
generally, when the graph is a complete directed bipari®&[D.e., the vertices are partitioned inkg and
V4, there is a directed edge from every verteX/into every vertex in,, and no additional edges exist. A
star corresponds td5| = 1.

Proposition 3.2 For a complete directed bipartite DAG af vertices, given datdy,w), an L, isotonic
regression can be determined@in) time.



Figure 2: The complete directed bipartite DAG 5 given via 2-dimensional ordering

Proof: Let V7 andV; be the bipartite partition of the vertices. Note that theran optimal regressian of
the formz; = min{y;, ¢} for v; € V; andz; = max{y;, ¢} for v; € V5, for some data value. Leta be the

largest data value such that
Sowz Y w

v €V1, yi>a vj€Va, yj<a

and letb be the smallest data value a. Then there is an optimdl; isotonic regression where either a
or ¢ = b. In linear time one can determingb, andc. .

Punera and Ghosh [17] consider regression on a tree withahetwonicity constraint thaf; = max{Z; :
vj a child ofv;} whenevery; is not a leaf node. This can easily be computed by modifyimgdifinition
of Z(v;, 1) to require that for at least one chil(u, 1) is used (even if it is not smaller thai(u, 0)), and
recording this child so that the proper intervals can berdeteed. The time remain®(n logn), which
improves upon thei®(n? log n) time algorithm.

4 Multidimensional Orderings

Isotonic regression involving more than one independenabie has often been studied (see the numerous
references in [3, 20]). A problem witli independent ordered variables naturally maps to a DAG where
the vertices are points in @&dimensional space and the edges are implied by dominatideriag, i.e.,
(aty...,aq) < (by,...,bq) iff a; < b; for1 < i < d. In statistics, when the observations are over a grid it
is sometimes called a complete layout, and when they argailyi distributed it is an incomplete layout.

A d-dimensional grid ha®(dn) grid edges, and thus the general algorithm in [2] shows tief.§
isotonic regression can be found @(n?logn) time. However for vertices in arbitrary positio(n?)
edges may be needed, as is shown in Figure 2, which would iastin?) time. The following theorem
shows that for points in general position the time can beaedwo®(n) for d = 2 and©(n?) for d > 3.

Theorem 4.1 For a set ofn vertices ind-dimensional space, given datg, w), an L; isotonic regression
can be determined in

a) ©(nlogn) time if the vertices form a grid] = 2,

b) ©(nlog®n) time if the vertices are in arbitrary locationd, = 2,
c) ©(n?logn) time if the vertices form a grid{ > 3,

d) O(n? log? n) time if the vertices are in arbitrary locationd, > 3,

where the implied constants dependdn



The proof will be broken into parts, with part a) in Sectiod 4nd part b) in Section 4.2. Part c) was
discussed above.

For d), letV be the set of vertices. In [25] it is shown that@{n logd—! n) time one can construct
aDAGG' = (V',E') whereV C V', |V'| = |E'| = ©(nlog? ' n), and for allv;,v; € V, v; < v; in
domination ordering iffy;, < v; in G’. One obtains d) by placing arbitrary values with weight Ol6n\ V'
and applying the general algorithm in [2], noting that thenfbver of stages is linear in the number of vertices.

41 2-Dimensional Grids

Our algorithm for Theorem 4.1 a) is similar to that of Spougan and Wilbur [21] forL, regression.
Suppose the vertices are a 2-dimensional grid with rowsr and columnd . .. ¢, wheren = r-c. Let
err((g, h), z) denote the error of usingas the regression value at grid locati@gnh). For the initial round
of partitioning, let/ = [n’/2] andS = {4y, Yes1 }. To determine an optimai-valued regression, l&f(g, h)
denote the optima$-valued regression error on the subdd. . g] x [1... ¢] subject to the constraint that
the regression value &, h) is 3.1 (and hence the regression values in ggwolumnsh+1.. . ¢|, are also
Je1), and that this is the leftmogt,; value in this row (hence all regression valueslin. . g] x [1... h—1]
areyy). DefineZ(g, c+1) to be the optimal regression error when all of the values angrarey;,.
Forge[l...rJandh € [1...c+1] let

h—1 c
Rig,h) = S er((g.k), go) + 3 err(g. k), dis)
k=1 k=h

Z satisfies a simple recurrence which can be computed in isiaiggaow order:

Z(g,h) = {ggg:g—l—min{Z(g—l,k’):ke[h...c+1]} zii M

i.e., if the leftmosty,; value in rowg is at columnh, then the optimalS-valued regression ofi ... g] x
[1...c] given this constraint will contain the optimal regression/b...g—1] x [1... ¢ that on rowg — 1
has its leftmosy,; value no further left than. For any row, the? andZ values can be easily computed in
©(c) time, and thus for all entries they can be compute®{n) time. The minimal regression error is the
minimum of Z(r, h) for h € [1...c+1]. As usual, by storing the value &fthat minimizes (1), the optimal
regression values and new intervals can be recovered &r limee.

For subsequent partitions the calculationR(fy, ~) is modified to include only values corresponding
to grid points in the same level set, i.e., those with the sameeval as(g, h). To determineZ(g, h), if
Int((g,h)) = Int((¢g—1,h)) then the minimum is taken over values at grid points with t@e interval
(these grid points are consecutive), whildrt((g,h)) # Int((¢—1,h)) thenZ(g,h) = R(g,h). This
completes the proof of Theorem 4.1 a).

4.2 2-Dimension Data, Arbitrary Position

To prove Theorem 4.1 b), since the coordinates in each dimease only used for ordering, their specific
values are not important. Assume the first coordinates haitees1 ... r, and second coordinates have
valuesl...c. One can view the vertices as being inaix ¢ grid where some of the grid points have no
data. Itis possible that- ¢ = ©(n?) and hence a naive use of Theorem 4.1 a) would reqdire’ log n)
time. However, one can exploit the fact that most of the gaoh{s have no data.



Suppose that the points have been sorted in increasing v, doreaking ties by sorting in increasing
column order. Thus it: > v thenwu occurs afterw in the ordering. Relabel the vertices so thais the
ith point in this ordering, with coordinate@;,c;). Forg € [0...n] andh € [1...c+1], when solving
the S = {9, Jur1} partitioning problem letZ (g, h) be be the minimal regression error for &rvalued
regression on the firgt points such that the leftmost, ; value is in columrf. (If none of{z,..., z,} are
in columnh thenZ(g,h) = Z(g,h+1).) DefineZ(0,h) to be 0 forh € [1...c+1].

Forge[l...nJandh € [1...c+1], one has

err(vg,¥e) + Z(g—1,h) if h>cy
Z(g,h) = err(vg,Yen) + min{Z(g—1,k) k€ [h...c+1]} ifh=c¢,
err(vg, Yep) + Z(g—1,h) if h <cg

This can be efficiently computed in a bottom-up manner by me&nperations on a balanced binary search
tree with noded . .. c+1, where at the)'" step the information about thg" point is added.

Ignoring the case of equality, the other cases ad¢v,, y,) to the interval of columng,+1...c+1
anderr(vg, ¥¢1) to the interval of columng ... ¢, —1, where the value of (g, h) is the sum of the values
added to columrh by verticesv; throughv,. It is well-known how to create a balanced tree where the
addition of a value to an interval of keys, and determinireygbm of the intervals covering an index, can be
computed inB(log n) time. Further, it can be augmented to also perform the mimmalculation needed
for the equality case in the same time bound. The final motificaneeded is in the equality case to insure
that for points above the'" one, when the intervals covering are summed they give the correct value. To
do this, to the degenerate index interi@|, c,] add the value which is the correct valuelofg, c,) minus
V(9—1,¢4). This makes the sum of the intervals covering colugpequal to the correct value.

The optimalS-valued regression error igin{Z(n,h) : h € [1...c+1]}, and theS-valued recurrence
values can be determined in reverse order, as for trees. ubseguent rounds one can partition the ver-
tices into two subsets containing the two new level sets.hEaand of partitioning can be completed in
©(nlogn) time, completing the proof of Theorem 4.1 b). Thus Theorelngproven.]

5 L, Isotonic Regression, 1 < p < oo

In this section we considek,, isotonic regression fotr < p < co. While it has been mentioned in the
literature, few concrete algorithms have appeareghfer 2. The only ones we are aware of involve linear
orders [1, 7, 26], with the fastest being Ahuja and Orlingoaithm [1] which take® (n log U) time, where
U is the maximum difference of any two data values and the teaué restricted to integers.

The approach used here builds on the resulté.forSection 5.1 introduces:“partitioning”, which plays
the same role as partitioning did fég. In Section 5.2 we find “semi-exact” isotonic regressionscivlare
as exact as the capability to compute the mean. E.g., they are exact féd,. In Section 5.3 we find
approximate solutions to within a given error, and in Secho4 it is shown that these can be made to be
exact, not just semi-exact, in restricted circumstances.

Runtime of thel,, algorithms L, isotonic regression will be determined via partitioningngsL, binary-
valued isotonic regression at each stage. The running tfrae b,, algorithm will be the number of stages
multiplied by the time to determine the regression valuesider the binary regression and then solve it.
For a given DAG the time to solve the binary regression at state is:

e tree:©(n), from Section 3,



2-dimensional grid®(n), from Section 4.1,

2-dimensional arbitrary®(n logn), from Section 4.2,

e d-dimensional gridd > 3: ©(n?logn), from Theorem 4.1 c),

o d-dimensional arbitrary] > 3: ©(n?log?n), from Theorem 4.1 d).
e arbitary: ©(nm + n?logn), from Angelov et al. [2].

The number of stages will not necessarily®gog n) since the regression values might not be data values,
and determining the values used for the binary regressigntaka a nonnegligible amount of time.

5.1 e-partitioning

We introduce a partitioning method which generalizes thétmming step used fof; regression.

Minimizing the weightedL; error in equation (2) below is the same as minimizing the Wweid L,,
error for{C, D}-partitioning since the new weights reflect the increaséét, error between rounding to
the closer of”, D and rounding to the further. The proof directly follows tbdtemma 2.1, with the added
simplification that thel.,, mean of a set is unique when> 1 (i.e., in the proof thereg = d). That proof
shows thay is unique as well, from which one infers that it has no value®j1).

Lemmab.1 Givenl < p < oo, a DAGG, and data(y, w), let f be theL,, isotonic regression. L&t < D
be such that no data value nor level set valugf @ in (C, D), and letg be anL; isotonic regression ot
with data(y’, w’), where

N 0, wi - [(D—y:)P — (C—y;)P]) if y; <C
W) = {<1, v [(5i—C)P — (5—DY)) otherwise @

Theng is unique {0, 1}-valued, andy; = 0 iff f; < C. O

Let C ande > 0 be arbitrary. To apply the above lemma with= C + ¢, since there are only finitely
many regression and data values there ig aofficiently small so that none are (i@, C'+¢). However,
since we don't know the regression, we doa’priori know how smalle needs to be, so we treat it as an
infinitesimal. Fory; < C the weight for the binary regression is the amount the weajht, distance will
increase fronC' to C'+-¢. Sincee is an infinitesimal, this is merelytimes the derivativev;p(C — ;)P .
Similarly, fory; > C the weight isc - w;p(y; — C)P~!. Since all weights have factors efandp they are
removed, i.e., the binar¥; regression problem being solved is on data of the form

PN (0, wi(C —y)Pt) if y; <C
(viows) = { (1, wi(y; — C)P~1) otherwise (3)

We call thise-partitioning.

Let f be theL, isotonic regression of the original data. For a level sehwiean< C' the sum of the
regression errors is a strictly increasing function of igahce from(C, as it is if the mean is- C. Thus, if
g is an isotonic regression for tlepartitioning, to minimizel, error it must be 0 on all level sets gfwith
mean< C and 1 on all level sets with mean C. For level sets of with meanC, g might be any value in
[0,1]. We partitionG by putting all vertices withy € [0, 1) into one subgraph, and those with= 1 into
the other. Regression values in the former will bé-ivo, C|, and those in the latter will be i, co).
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5.2 Semi-Exact | sotonic Regression

We call the belowsemi-exacsince it is as exact as one wishes to computeltheean of a set.

The values ofC used fore-partitioning are based on the “minimum lower sets” apphogl. At the
first stepC is the L, mean of the entire DAG. If there is more than one level set énisbtonic regression
there is at least one with mean C and at least one with mean C' and hence-partitioning produces
a non-trivial partitioning. Thus if it produces a trivial gigion the L, regression is the constant function
C and the algorithm is finished, while otherwise the two pieakthe partition are further refined. There
is the possibility that thel, regression is constant betpartitioning produces a non-trivial partitioning,
where each piece again hag meanC'. For analyzing worst-case time complexity this is no worsmtthe
partitioning when the isotonic regression is not constdut.alternative approach is to check if one piece
hasL, meanC, in which case both do and the regression valug.is

L,, isotonic regression may requif&(n) stages. For example, if partitioning is used for a lineaeard
the L, metric, and unweighted data 1, 4, 27, .n", then at each stage only the largest remaining value is
determined to be a level set. Another complication is that cemnot, in general, determine thg mean
exactly, and generating a sufficiently accurate approxonatay entail significant time. For a DAG of
n vertices with datdy, w), the time to determine all of the means utilized throughbet algorithm will
involve a part that is independent of the data, talir{@?) time, and a data-dependent p&p(n,y, w), that
depends upon the accuracy desired. This assumes the limgattata values have been determined, where,
if the mean i, then thebracketing data valuearey;, ¥;11 such thatj; < C' < ¢;41. The significance of
the bracketing values is discussed in the Appendix. Theybeattetermined by first usin@(log n) stages
of e-partitioning on the data values and then continuing wiffartitioning based on the means.

Combining the time to determine tlig, means with the fact that there may ®¢n) stages, each using
an e-partitioning taking time given at the beginning of Sectgmesults in the following:

Theorem 5.2 Let1l < p < oco. Given a DAGG and data(y,w), one can determine the semi-exdgt
isotonic regression in the following time:

o tree: O(n? + T,(n,y,w)),
2-dim grid: ©(n? + 7,(n,y,w)),

2-dim arb: ©(n?log n + T,(n,y, w)),

d-dim grid,d > 3: ©(n®logn + T,(n,y, w)),

d-dim arb,d > 3: ©(n3log?n + T,(n,y, w)),
e arbitrary: ©(n’*m + n3logn + T,(n,y,w)),

where the implied constants fdrdimensional DAGs are functions @f Further, forp = 2, 3, 4, and 5 the
regressions are exact artf}(n, y, w) = 0. O

Proof: Beyond the timing analysis discussed above, the only additiproof needed is the exactness claim.
That follows from the fact that polynomials of degreet can be solved exactly (see the Appendix)).

The results forL, improve upon Spouge, Wan, and Wilbuyn?) time algorithm [21] for arbitrary
points in 2-dimensional space; for = o(n?) improve upon theé(n*) algorithm of Maxwell and Muck-
stadt [14] for arbitrary DAGs; and improve upon using thégoaithm for d-dimensional data, both grids
and arbitrary, foel > 3.

By using PAV one can improve the result for trees wipds an integer:
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Proposition 5.3 Letp be an integep> 2. Given a tree5 and data(y, w ), one can determine the semi-exact
L,, isotonic regression in the following time:

e Glinear: O(n+ 7y(n,y,w)) if pis even and®(nlogn + 7,(n,y,w)) if p is odd,
e G arbitrary tree: ©(nlogn + 7,(n,y, w)).

Further, forp = 2, 3, 4, and 5 the regressions are exact &, y, w) = 0.

Proof: For PAV algorithms there are two components to time: the tionkeeep track of which level sets to
merge, and the time to merge the sets and compute their mesaa likear order the time to keep track of the
level sets i) (n), while for a tree order it can be done@1n log n) time [15]. In the Appendix it is shown
that for even positive integers the time to merge the setscampute their means 8(n + 7,(n,y, w)),
and forp = 2 and 4 each root can be found exactly in constant time. For oddiye integers, merging
the sets and finding their means tak®3: logn + 7,,(n,y, w)) time, and forp = 3 and 5 each root can be
found exactly in constant timé.]

5.3 Approximation to Within §

To find an approximation where the value at each vertex is at énloom the optimal regression value one
need only use regression values of the fan min}_; y;, for0 < k& < [(max]" ; y; —min?_; y;)/J]. Just
as for L1, one can do binary search on the possible regression valgésy the remarks at the beginning of
Section 5 concerning running time gives:

Theorem 5.4 Letl < p < co. Given a DAGG, data(y,w), anddé > 0, the time to determine thg,
isotonic regression to within is:

e tree: ©(nlog K),
e 2-dim: ©(nlog K) for a grid, and®(n log n log K) for arbitrary points,
e d-dim,d > 3: ©(n?lognlog K) for a grid, and®(n? log? n log K) for arbitrary points,
e arbitrary: ©((nm + n?logn)log K),
whereK = (max"_; y; — min]"_, y;) /6 and the implied constants fardimensional DAGs depend an{]

There has been extensive work on approximations, e.g., [B0,920]. A problem related to the one
solved here is to be given a constaht> 0 and find an approximation with regression error at ndosimes
that of the optimal error. However, to date there is none witlunning time which depends @n but is
independent of the data.

5.4 Constrained Data Values

In certain situations one can use approximate solutionshi@ee exact solutions. We first give a bound on
how close different level set values can be for unweightedryi data.

Lemma5.5 For 1 < p < oo there are constanta(p), 3(p) > 0 such that ifS; and S, are sets of no more
thann binary values then either theif,, means are the same or they differ by at leagt) /n°®).
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Proof: Let M (i, j) denote thel,, mean ofi 0’'s andj 1’'s. Simple calculus shows that

jq

(4)

whereq = 1/(p — 1). The difference between meand,(i1, j1) — M (i2, jo2), iS

Jily — JoIh
(I1 + 1) - (I2+ J2)

(5)

wherel; =i, J; = j{, I, = 4%, and.J, = ji. We will obtain a lower bound for this.

Wheni; + j; < n andis + j» < n, the denominator is no more than??. Letting A = j,i» and
B = joi1, the numerator is1? — B9, whereA and B are integers witl) < A, B < n?. EitherA = B, in
which case the level sets have the same value, or else tHey lojfat least 1. If; < 1, by concavity and
evaluating the derivative af? atn?, |A? — B?| > ¢qn??~2. Thus the absolute value of (5) is either 0 or at
least2qn?9-2 /4n%1 = a(p) /n®®P) for constantsy(p) and 3(p). A similar results holds wheg > 1, using
the fact thatz? is convex and the numerator is at ledst- 09 = 1. [

To convert an approximate isotonic regression into an exaet suppose level set values of the exact
isotonic regressiorf are in the range to b and differ by at least. Let S = {s; < s2... < s} be such
thats; < a, sp > b, ands;11 < s; +0/2for 1 < i < k. Leth be anS-valued isotonic regression of the
data. Since consecutive valuesére sufficiently close, no two level sets pbf different mean will round
to the same value &, even if one rounds up and the other rounds down. Thereforeaith vertex of G,
f(v) is the L,-mean of the level set df containingv.

Theorem 5.6 For 1 < p < oo, if data values are i{0, 1} and weights are i{1,..., W}, then for a DAG
G of n vertices the exack,, isotonic regression can be found in the time given in Thed@einwherdog K
is replaced byog nWW. The implied constants depend pn

Further, if data values are if0, ..., D} and weights are i{1,...,WW}, then the exacL, isotonic
regression can be found in the same time, whegdX is replaced bylog n D/

Proof: Sets with< n binary values with weights ifil, ..., W} have anL,, mean contained in the, means

of sets with< nI¥ binary values. Therefore means of such sets differ by at te@g /(nW)?®). If Sis

multiples of half of this, from 0 to 1, an optim&-valued isotonic regression will be a sufficiently close

approximation so that the trug, mean of its level sets is the desired regression. The nunfileéements in

Sis© ((nW)ﬁ(P)), so only©(log nW') rounds ofe-scaling are needed to identify the level sets of the exact

regression. Replacing their approximate value with thetexean (Equation (4)) finishes the calculation.
Extending the range of data values by is complicated by the non-analytic form of tlig, mean.

However, forL,, if data values are if0, ..., D} and weights are if1, ..., W}, then, by the same analysis

as above, the means of unequal level sets differ by at1¢#st1)?, independent oD, and their means are

in the interval[0, D]. Thus at mos® (log n.DW) iterations are required]

6 Multiple Values per Vertex

Several authors have considered the extension where tieemaudtiple values at each vertex, i.e., at ventex
there is a set of weighted valu¢gy; ;, w; ;) : 1 < j < n;} for somen; > 1, and theL,, isotonic regression

12



—_~
N =
aam
000
nNN©
==

(6.1,0.2) (2.1,0.7) (1.5,0.9)

(DD

- O

o=
o) =
-

A, (8.0,1.5)
(5.1,0.6) (2.0, 1.1)  (8.0,1.5)
(-1.0,0.4) (0.0,12) (-1.0,0.4)
(0.0,1.2)

Figure 3: Converting a DAG with multiple values per vertetoinne with a single value per vertex

problem,1 < p < oo, is to find the isotonic functioa that minimizes

1/p

> Z wj jlyi; — zil” (6)

i=1 j=1

among all isotonic functions. Fdr; this simplifies to single-valued isotonic regression whareach vertex
the value is the weighted mean of the values and the weigheisum of the weights, but this is no longer
true wherp # 2. Let N = """ | n,.

Robertson and Wright [19] studied the statistical propsriof L, isotonic regression with multiple
values and two independent variables, but no algorithm fuatirig it was given. Chakravarti [5] gave
a ©(Nn) time algorithm forL; isotonic regression for a tree, and for a linear order Pasjakue and
Yong [16] gave one taking (N log? N) time, and asked i® (N log N) was possible.

A simple approach to this problem is to transform it into orfeeve there is a single value per vertex.
Given a DAGG with multiple values per vertex, create a new DAGwith one value per vertex as follows:
if vertex v; € G hask weighted valuegy; ;, w; ;), 1 < j < k, then inG’ represent; with verticesu; ;,

1 < j < k; represent edgév;, v¢) in G with edge(vZ k> Ue1) In G'; and add edge&; j,v; j41) to G’ for
1 < j < k. Vertexv; ; has the weighted valt(@w, ) Wherey” is the ;" data value at; in decreasing
order andw’ is its corresponding weight. See FlgureG’ has NV vertices andn + N — n edges. An
optimal |soton|c regression af’ will have the same value far; ; ... v; ;, and this is the value far; € G
in an optimal solution to (6). The initial sorting at the veets take® (N log N) time.

An advantage of this approach is that one can invoke whasdgerithm is desired on the resulting DAG.
When the initial DAG was a tree the new DAG is as well, and tlings/t; regression can be determined in
O©(N log N) time. This answers the question of Pardalos et al. and inegrapon Chakravarti’s result.

For L, partitioning algorithms another approach is to merely useVavalues for the partitioning,
resulting in running times that are the same as in TheoremnwbBetelog K is replaced withog NV and an
Nlog N term is added, representing the initial sorting of the valaed the evaluation of regression error
throughout the algorithm. For largg, to reduce the time yet further this approach will be refined.

Theorem 6.1 Given a DAGG with multiple weighted values per vertex, withtotal values, an’; isotonic
regression can be found in the same running time as in Thebrémwherdog K is replaced bylog N and
an (N + nlog N)loglog N term is added.

Further, if G is fixed and onlyV varies then the regression can be foundilV) time.
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Proof: It will be shown that Qlog V) stages are needed and that the total time to initialize diatetsres,
find the values used for the binary regressions, and evahmtegression error, 3((N+n log N) log log V).
This, plus the time to solve the binary regressions on the DA€ds the results claimed.

For V{a, b], a andb now refer to regression valuesandb, rather than their ranks as in Section 2, since
their global rank will not be known. The values(in, b) at the vertices iV [a, b] will be calledactive values
Rather than finding a medianof all values in(a, b), it suffices to choose an approximate median among
the active values. This can be achieved by determining & eatex inV [a, b] the unweighted median of
its active values and weighting this by the number of actaieies it has. Let be the weighted median of
these medians, breaking ties by choosing the smaller vahgkletz’ be the next largest value at vertices in
Vla, b] (if z is b then set:’ to beb and = the next smallest value). No more than 3/4 of the active aine
Vla, b] can be in(a, z) and no more than 3/4 are (', b). Hence, no matter how the vertices are partitioned
into V[a, z] andV[2, b], in each of them the number of active values is no more thanf3Rbse inV[a, b],
and thus there are at mo®tlog V) iterations until there are no active values. A final panitiy step
determines which vertices should have regression vaklmed which should bé.

Initially the values at vertex; are partially sorted intdg NV “bags” of sizen;/lg N, where the values in
each bag are smaller than the values in the next. For eachéagiallest value, number of values, and sum
of weights in the bag are determined. The bags are organited ibinary tree using their lowest value as
the key. At each node of the tree is kept the sum of the weigtdglae number of values in the bags below.
This can all be done i®(n; log log N) time atv;, and©(N log log N) time overall.

Finding the median of the vertex’s active values, the nagst value above, and the relative error of
usingz vs. 2/, can each be determined by a traversal through the tree ameba time operation on at most
two bags (e.g., to find the relative error of usings. 2’ one needs to determine it for values inside the bag
wherez would go, and then use the tree to determine it for valuesdmutbe bag). Thus the time at at
each stage i®(n;/log N +loglog N), andO(N/ log N 4+ nloglog N) over all vertices. Since the number
of stages i9(log V), this proves the statement at the beginning of the proof.

To prove the claim concerning a fixed DAG and varyifgno bags are used. Each stage involves
multiple iterationsy per stage, where for each vertex the unweighted median attitge values is used for
one of the iterations. After each stage the number of actiees at a node is no more than half of what
it was to begin with, and thus stagetakesO (n(T(G) + N/2%)) time, whereT (G) is the time to solve a
binary-valuedL; isotonic regression o&'. Thus the total time i®(n(7(G)log N + N)), which is©(N)
sinceG andn are fixed. [

7 Final Comments

Table 2 is an update of Table 1, incorporating the resulthigygaper. Results fak, were not included in
Table 1 since polynomial time algorithms had only appeacediriear orderings [1, 7, 26]. The semi-exact
algorithms, and the exadt, algorithms in [14, 21], have a worst-case behavior wherd gactitioning
stage results in one piece having only a single vertex. tleauitig using the mean probably works well in
practice, but a natural question is whether the worst-das®dan be reduced by a factor@(n).

Partitioning can also improve the time féy isotonic regression for unweighted data on an arbitrary
DAG G = (V, E). Partitioning on values < b is equivalent to finding a minimum vertex cover on the
directed bipartite grapli/ = (V, E’) with vertex partitionV;, V», whereV; is those vertices with datd «
andV; is the vertices with datz b. There is an edgév;, v2) € E’, with vy € V; andwvy € Vo, iff vg < 3
in G, i.e., iff they violate the isotonic constraint. Verticesthe minimum cover correspond to those where
the value of the{a, b}-valued regression is the further efor b, instead of the closer. A simple analysis
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ordered metric
set Ly L,, 1<p<oo,semi-exact| L,, 1<p< oo, §approx Lo
linear ©(nlogn) ©(n+7,), peven ©(nlog K) ©(nlogn)
O(nlogn + 7,), podd
©(n*+1,), parb
[1, 22] PAV, + [1] *
tree ©(nlogn) ©(nlogn + 7T,), pinteger ©(nlog K) ©(nlogn)
O(n?+17,), parb
: [15] (p = 2), + : :
2-dim ©(nlogn) O(n?+17,) O(nlog K) ©(nlogn)
grid + 1] (p=2), + + *
2-dim O(nlog?n) O(n%logn + T,) ©(nlognlog K) O(nlog?n)
arbitrary + + + [24]
d>3dim O(n?logn) O(n®logn + T,) O(n?lognlog K) ©(nlogn)
grld * * * *
d>3dim O(n?log?n) O(n®log?n + T,) O(n?lognlog K) O(nlog?n)
arbitrary + + + [24]
arbitrary | ©(nm +n?logn) | O(n*m+n®logn+7,) | © ((nm+ n?logn)log K) | ©(mlogn)
[2] + + [24]

+: shown here

*. implied by the result for arbitrary ordered sets
K: (max}_; y; —min}", y;) /0

7, total data-dependent time to determibgmeans

Table 2: Times of fastest known isotonic regression allgorgt
“Semi-exact” is exactfop =2, 3,4, 5,andl; =73 =7, = 75 = 0.

using the fact that the cover is minimal shows that no newatitog pairs are introduced. For unweighted
bipartite graphs the maximum matching algorithm of Hopcaoid Karp take® (E+/V) time, from which

a minimum vertex cover can be constructed in linear tilkecan be constructed in linear time from the
transitive closure o7, and since the transitive closure can be foun@{n?-37) time (albeit with infeasible
constants), the total time over &l(log n) partitioning stages i®(n?® log n). For multidimensional DAGs
this can be reduced (é(nlf’) [25]. However, this approach does not help fgrregression since the binary
L regression problems generated are weighted even whentthées denweighted.

The L; median, and henck; isotonic regression, is not always unique, and a naturatipreis whether
there is a “best” one. A similar situation occurs fay, isotonic regression. Algorithms have been developed
for strict L isotonic regression [23, 25], which is the limit, as— oo, of L,, isotonic regression. This is
also known as “best best’,, regression [13]. Analogously one can define stficisotonic regression to be
the limit, asp — 17, of L,, isotonic regression. It can be shown to be well defined, aiscsiraightforward
to derive the appropriate median for a level set [11]. Howelke L, means, this median cannot always
be computed exactly. Apparently no algorithms have yet lakeloped for strict.; isotonic regression,
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though PAV is still applicable for linear orders and trees.

One can view Proposition 3.2, concerning complete bigagtiaphs, and Section 6, concerning multiple
values per vertex, as being related. The complete bipagtaph partitions the vertices into sefs and
P,. Viewing P; and P, as two nodes in a DAG with an edge fraRj to P, then the isotonic requirement
in Proposition 3.2 is that no element iy has a regression value greater than the regression valug/ of a
element ofP,, but there are no constraints among element®,ofior among elements df,. In contrast,
the model in Section 6 corresponds to requiring that evesyneht inP; has the same regression value,
and similarly for 7. The interpretation of multiple values per vertex as partihg elements, with no
constraints among elements in the same patrtition, can baded to arbitrary DAGSs, resulting in each node
of the DAG having an interval of regression values, rathanth single one. A technique similar to that in
Section 6 can be used to convert this problem into a standatdriic regression with one value per vertex,
but the special structure can likely be exploited to prodaséger algorithms.

Finally, the classification problem callésbtonic separatioj6] or isotonicminimal reassignmerj8] is
an isotonic regression problem. In the simplest case, sdapfheere are two types of objects, red and blue,
and at each vertex there is an observation of a red or bluetobjédere is a penalty for misclassifying a
red object as blue, and a perhaps different penalty for tip@gife error. The goal is to minimize the sum
of the misclassification penalties given that redblue and the classification must be isotonic. This is a
straightforward binary-valued isotonic regression problem. In the general case iithdered categories
there is a penalty for misclassifying an object of typas being of typej. Unfortunately, penalties as
simple as 0-1 correct/incorrect do not satisfy the partitig property in Lemma 2.1. However, for trees, the
dynamic programming approach used in Section 3 can be madifitnd an optimal isotonic separation in
a single pass takin@(kn) time. The time required for arbitrary DAGS is unknown.
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A Computing the L, Mean

The computation of thé ,-mean of a level set for generalis more complicated than fgr = 1, 2, oroc.
We are interested in identifying those aspects which mightore than linear in the time of the remainder
of the algorithm. We assume that the data values have besarfwe.

Simple calculus [11] shows that tlie, mean of the datéy , w) is the uniqueC' such that

S wily P = 3 wy(C gy (7)

yi>C y;<C

which does not, in general, have an analytic solution. Anartgnt aspect is to determine the data values
that bracket the, mean, i.e., to determine which are in the RHS and which are@h S of (7).

Given the bracketing values, the time to find the mean to eé@siccuracy may depend upon the data
and we make no assumptions concerning it. Giyem, and data(y,w), the total time to find allL,,
means used in the algorithm is decomposed into a part indepéwnf the data and the remaining portion,
denotedZ,(n,y, w), that is data dependent. For generdhe data independent portion requires evaluating
(7) for each set at least once per partitioning stage, argl@iu) time per stage. Since there can®én)
stages in each of the algorithms in Section 5, the data imaigme time for finding means 8 (n?) once
the bracketing values are known. By first partitioning oredatlues, all of the partitioning algorithms can
determine the bracketing values in time no more than theirengatime of the algorithm.

If pis an even integer, (7) reduces to finding the unique sollﬂfoﬁizlvn wi(y; — C)P~L=0,i.e., no
bracketing values nor presorting are required. This is aafufp—1)** degree polynomials, and hence can
be determined by summing up, over the data values, the deetcof each term and then evaluating the
result. Forp an odd integer once again the terms are polynomials so, ¢ivehracketing values, one can
use sums of coefficients to evaluate the summations in (AgeSoots of polynomials of degree 4 can be
found exactly in constant timfy = 73 = 7, = 75 = 0.

For PAV sets are merged rather than partitioned. This doeshange the data independent time for
generalp, but forp an even integer each set is reduceg o1 coefficients and merging sets merely requires
adding coefficients. Hence the data independent tingis). Forp odd the situation is a bit more complex
since the bracketing values are needed. One can constraldrecbd search tree where data values are keys
and at each node, for each term there is the sum of the coeffidieneath it. The only change from being
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on the LHS vs. the RHS of (7) is whether the term has a plus ousngign, and hence, given this tree,
one can descend through the tree and determine the bragkigia values in logarithmic time. Merging
sets corresponds to merging their trees, including maimigithe information about sums of coefficients in
subtrees. With careful merging this can be accomplishégi(inlog n) total time.
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