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Abstract

We consider the problem of multiple descriptions (MD) source coding and propose new coding
strategies involving both unstructured and structured coding layers. Previously, the most general achiev-
able rate-distortion (RD) region for the /-descriptions problem was the Combinatorial Message Sharing
with Binning (CMSB) region. The CMSB scheme utilizes unstructured quantizers and unstructured bin-
ning. In the first part of the paper, we show that this strategy can be improved upon using more general
unstructured quantizers and a more general unstructured binning method. In the second part, structured
coding strategies are considered. First, structured coding strategies are developed by considering specific
MD examples involving three or more descriptions. We show that application of structured quantizers
results in strict RD improvements when there are more than two descriptions. Furthermore, we show that
structured binning also yields improvements. These improvements are in addition to the ones derived in
the first part of the paper. This suggests that structured coding is essential when coding over more than
two descriptions. Using the ideas developed through these examples we provide a new unified coding
strategy by considering several structured coding layers. Finally, we characterize its performance in the
form of an inner bound to the optimal rate-distortion region using computable single-letter information
quantities. The new RD region strictly contains all of the previous known achievable regions.

1 Introduction

The Multiple-Descriptions (MD) source coding problem arises naturally in a number of applications such
as transmission of video, audio and speech over packet networks and fading channels [[1]] [2]. The multiple-
descriptions (MD) source coding setup describes a communications setting consisting of one encoder and
several decoders. The encoder receives a discrete memoryless source and wishes to compress it into several
descriptions. Each decoder receives a specific subset of these descriptions through noiseless links, and pro-
duces a reconstruction of the source vector with respect to its own distortion criterion. The parameters of
interest are the rates required for transmitting the description and the resulting distortions at the decoders.
The objective is to design communications schemes which result in the optimal asymptotic trade-off between
these two groups of parameters. The problem has been studied extensively [3]] [4] [S] [6] [7] [10]], however,
the optimal asymptotically achievable rate-distortion (RD) is not known even for the most elementary case
when only two descriptions are considered. The two-descriptions setup is depicted in Figure [T} Evidently,
for the individual decoders (which receive only one description) to perform optimally the encoder must
transmit the two-descriptions according to the optimal Point-to-Point (PtP) source coding schemes. This
may require the two-descriptions to be similar to each other. On the other hand, if the descriptions are sim-
ilar, one of them would be redundant at the central decoder (which receive two descriptions). In fact, this
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decoder requires the two-descriptions to be different from one another in order to yield a better reconstruc-
tion. The main challenge in the MD problem is to strike a balance between these two situations. The best
known achievable region for the this communications setting is due to Zhang and Berger [6]. In the Zhang-
Berger (ZB) strategy, the encoder in the first step sends a common and coarsely quantized version of the
source on both descriptions, then in the next step, the encoder sends individual refinements for each decoder
on the corresponding descriptions. The ZB coding strategy was generalized in [7]] for the case where there
are more than two descriptions. In this strategy, first, a common coarsely quantized version of the source is
sent to all the decoders, then in the next step, several refinement layers are transmitted. For the symmetric
[—descriptions problem, a coding scheme based on random binning was considered in [_§] which outper-
forms the VKG scheme. This involves generation of independent codebooks followed by random binning.
Although the MD problem has a centralized encoder, the strategy involving random binning was proved to
be useful. This was further improved upon by a new coding scheme in [9] based on certain parity-check
codes. However all the three schemes do not fully exploit the common-information among every subset of
individual descriptions. For example in the three-descriptions problem, there can be common-information
between the first and second descriptions which is not common with the third description. A new coding
scheme called Combinatorial Message Sharing with Binning (CMSB) was considered in [10,|12]] which
provided a unified achievable RD region for the general /-descriptions problem. This scheme provided a
grand unification of the schemes based on conditional codebooks and the schemes based on random bin-
ning, which in turn results in the largest achievable RD region for the problem and subsumes all previous
coding schemes. The name is due to the combinatorial number of common-component codebooks present.
It can be noted that CMSB scheme is based on a construction of random codes where the codewords are
mutually independent, and where the codebooks do not have any algebraic structure.

In this paper, we provide a new coding strategy for the general /-descriptions problem which strictly
subsumes CMSB strategy which is the best known in the literature till now. The coding strategy is based
on the common-information perspective. Taking a cue from the two-descriptions ZB strategy, we propose
that for the general /-descriptions problem the encoder constructs a common constituent codebook for each
subset of the 2/ — 1 decoders. So, for each subset of the decoders there is one common component in the
overall coding scheme. This implies that the number of constituent codebooks grows double-exponentially
in /. However, we prove that only an asymptotically exponential number of the codebooks are necessary in
terms of contributing to the rate-distortion region, and the rest are redundant. This significantly simplifies the
coding strategy. As an example, for the / = 3 case, there are 221 = 128 possible common code components,
but only 17 of the corresponding codebooks are non-redundant. It turns out that one can identify all of the
non-redundant codebooks by associating them with the Sperner families of sets [[13]]. As a result, we call
the new scheme the Sperner Set Coding (SSC) scheme. The CMSB scheme utilizes 14 codebooks for the
3-descriptions problem. We prove analytically that the addition of the 3 new codebooks in the SSC scheme
results in an improved achievable RD region. In other words, we show analytically that the CMSB scheme
is not complete. Additionally, we propose a generalized binning approach which improves upon the CMSB
scheme and further enhances the SSC scheme. We characterize the asymptotic performance of this coding
scheme using computable single-letter information quantities. This forms the first part of the paper. Similar
to the coding scheme of CMSB, the SSC scheme uses random unstructured codes.

It has been observed in several other multi-terminal communications settings such as the Broadcast
Channel (BC) [16]], Interference Channel (IC) [[17], variations of the MAC channel [[18]] [19] and the Dis-
tributed Source Coding (DSC) problem [20], that the application of algebraic structured codes results in
improvements over random unstructured codes in the asymptotic performance limits. Based on the inherent
dualities between the multi-terminal communication problems and the corresponding coding schemes, these
observations suggest that one may get such gains in performance even in the MD problem.
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Figure 1: The Two-Descriptions Setup

In the second part of the paper we show that SSC coding scheme which is based on unstructured codes
as mentioned above is not complete. We provide several specific examples of 3- and 4-description problems
and example-specific coding schemes based on random linear codes that perform strictly better than the
above SSC coding scheme. Subsequently, we supplement the above SSC scheme with new coding layers
which have algebraic structure. We restrict our attention to the algebraic structure associated with finite
fields. We present a unified coding scheme which works for arbitrary sources and distortion measures. We
characterize the asymptotic performance of this coding scheme using computable single-letter information
quantities. We interpret the SSC coding as capturing the common information components among 2/ — 1
decoders using univariate functions, and the algebraic coding supplement as capturing common information
among 2!/ — 1 decoders using bivariate and multivariate functions.

The rest of the paper is organized as follows. Section [2] explains the notation used in the paper. Section
[3| provides an overview of the ideas developed in previous works and provides the groundwork for the next
sections. In Section 4 we present a new unstructured coding strategy which improves upon the CMSB
scheme. We show that there are two different types of gains compared to the previous scheme: the first is
due to the addition of several common-component codebook layers, the second is due to a more generalized
binning method. In Section 5] we identify examples where improvements due to structured coding materi-
alize in the MD setup. In this section, we investigate three different examples. In two of the examples the
achievable RD region is improved via using linear quantizers, and in the other example the gains are due
to linear binning. In Section [f] we generalize the ideas in the previous section and provide an achievable
RD region for the general /-descriptions problem. Since the characterization of RD region is involved and
complicated we provide the final RD region through several steps, adding new coding layers in each step.
Section 7] concludes the paper.

2 Definitions and Notation

In this section we introduce the notation used in the paper. We restrict ourselves to finite alphabet random
variables. We denote random variables by capital letters such as X, U and their corresponding alphabets
(finite) by sans-serif typeface X, U, respectively. Numbers are denoted by small letters such as /, k. Sets of
numbers are also denoted by the sans-serif typeface such as M, N. Specifically, we denote the set of natural
numbers by N, and the field of size g by F,;. The set of numbers {1,2,...,m} is also denoted by [1,m]. am
is used to express the vector (a1, @2, ..., @) Where M = {1,2,...,m}. A collection whose elements are sets
is called a family of sets and is denoted by the calligraphic typeface M. For a given family of sets M we
define a set M = [Umem M as the set of numbers which are the elements of the sets in M. The family of sets
containing all subsets of M is denoted by 2M. A collection whose elements are families of sets is denoted by



the bold typeface M. The collection of families of sets {A;, Ay, ... A, } is also represented by Apn. Random
variables are indexed by families of sets as in U 4. For the purposes of brevity we will write Um, m,,...M,
instead of Uy where M = {M{, M,, ..., M,} wherever the notation doesn’t cause ambiguity. U 7\4 denotes a
vector of length n of random variables, each distributed according to the distribution Py,,. For € > 0 and
n € N, we denote the set of n-length vectors which are e-typical with respect to Py, by AZ(Up(). We use
the definition of frequency typicality as given in [[14]] in this paper.

We denote a set of random variables as follows Uy = {Up|M € MJ}. For two collections of families
M; and M», we write [U, V], m,) to denote the unordered collection of random variables {Uw,, Vi, }. Let
N; € M;,i = 1,2, and define N = (N1,N3). We express this as N c (M;, M>). Unions, intersections and
complements are defined for (M, M) in the same manner. A family of sets is called a Sperner family of
sets if none of its elements is a subset of another element. In other words a family of sets S is a Sperner
family if AN,N’ € S,N ¢ N’. For any given set M, the three families ¢, {¢} and {M} are all Sperner
families. For a set M, we define the collection of families of sets Sy as the set of all Sperner families
whose elements are subsets of M except for the three trivial Sperner families mentioned above. So we have
Sm = {SIAN,N’ € S,N ¢ N'}\{¢, {¢}, {M}}.

For the general [-descriptions problem, we define the set L = [1,/], and this set represents the set of
all descriptions. Each decoder receives a subset of these descriptions. Let /[; € L,i € [1,n] for some n.
We denote the decoder which receives descriptions [y, /,...,[, by the set N = {l1,D,..,I,}. Define the
family of sets £ 2= 2- — {¢}. This family of sets corresponds to the set of all possible decoders. We further
explain the notation through an example. Consider the three-descriptions problem. In this case we have
[ = 3, the set of descriptions are L = {1, 2,3}. There are seven possible decoders. The set of all decoders
is L = {{1}, {2},{3},{1,2},{1,3},{2,3}, {1, 2, 3}}. Consider the two families of sets M; = {{1,2}, {1, 3}} and
My, = {{1}, {3},{1,2}}. In this case, M = {1,2,3},i € {1,2}. Define the set M = {M;, M,}. The set of
random variables {U(,, U, } is denoted by Um = Uy, m,- Here M is a Sperner family, but M, is not a
Sperner family since {1}, {1,2} € M, and {1} C {1, 2}, furthermore M; € S but M, ¢ S.. The second part
of the paper is involves application of linear codes and their cosets. The following gives a formal definition
for such codes,

Definition 1. Let g be a prime number. A (k,n) linear code C is characterized by its generator matrix Gixy
defined on Fy. C is defined as follows: C = {uGlu € F’;}. A coset code C' is a shifted version of a linear code
and is characterized by a generator matrix Gix, and a dither b" defined on F,. C' is defined as follows:
C’ % {uG +blu € Fi}.

We will make frequent use of nested linear codes. A pair of nested linear codes is defined as follows,

Definition 2. For natural numbers k; < k, < n, let Gyxn, and AG,—i)xn be matrices on F,. Define C;,C,
as the linear codes generated by G, [G|AG], respectively. (C;,C,) is called a pair of nested linear codes with
the inner code C; and the outer code C,. Nested coset codes are defined as shifted versions of nested linear
codes.

3 Preliminaries

3.1 Problem Statement
The general [-descriptions problem is described in this section. The setup is characterized by a discrete

memoryless source with probability distribution Px(x), x € X, where X is a finite set, and the distortion
functions dy : X X Xy — R*,N € L, where Xy is the reconstruction alphabet. We assume that the
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distortion functions are bounded, and that the distortion for the n-length sequence (x", ") is given by the
average distortion of the components (x;, X;). The discrete, memoryless source X is fed into an encoder. The
encoder upon receiving a block of length n of source symbols produces [/ different indices called descriptions
of the source. These descriptions are sent to the decoders. Each decoder receives a specific subset of the
descriptions. Decoder N, N € £ receives description i for all i € N. Based on the descriptions it has received,
the decoder produces a reconstruction of the source vector.

Definition 3. An (n,01,0,,...,0;) multiple-descriptions code consist of an encoder and | L| decoders:
e : X" - [1,0],i €L,
fus]|o.en—- X Ne £

ieN
The achievable rate-distortion (RD) region is defined as follows,

Definition 4. The RD vector (R;, DN)icL Ner is said to be achievable if for all € > 0 and sufficiently large
n, there exists an (n, 01,0, ..., 0)) multiple-descriptions code such that the following constraints are sat-
isfied:

1 8% <Rt eViel,
2. Exa|dn(fu(e(X")ien), X")| < Dn + €, YN € L.

The achievable RD region for the [-descriptions problem is the set of all achievable RD vectors.

Remark 1. Although the reconstruction alphabet can be different from the source alphabet, throughout this
paper we assume that the two alphabets are the same for the ease of notation. The results hold for the
general case.

3.2 Prior Works

In this section we present a brief description of some of the previous known schemes, and state the corre-
sponding inner bounds developed for the achievable RD region. One of the early strategies for coding over
two descriptions was the El Gamal - Cover (EGC) strategy [5]]. Similar to all the other strategies explained in
this section, the EGC scheme relies on random, unstructured codebook generation. The following theorem
describes the corresponding inner bound to the achievable RD region which results from the EGC scheme.
Note that this is an alternative way to characterize the inner bound described in [5]].

Definition 5. For a joint distribution P on random variables (Uy1y, Ujpy, Uj12), X, Q) and a set of recon-
struction functions gy = {gn : UN = X,N € L}, the set RDecc(P, gr) is defined as the set of RD vectors
satisfying the following bounds:

R > I(U1y; X10), Ry > I(Upy; X10), (D
Ri + Ry > I(Uyy, Uppy; X10) + I(Uy1y; Uy |Q) + 1(Uq1 2y; XUy, Uy, Q) (2)
Dy > E(dn(gn(UN, 0), X)),N € L. )

Theorem 1 (EGC). The RD vector (R1,Ra, D1y, Dy2y, Dy12y) is achievable for the two descriptions prob-
lem, if there exists a distribution P and reconstruction functions gy such that (Ry,Ra, D1y, Dp2y, Dy12)) €

RDEeGe(P, g1



In the EGC scheme, two codebooks Cyjy and Cyp are generated independently based on the marginals
Py, and Py, 0. The two codebooks should be large enough so that the encoder can find a pair of jointly
typical codevectors in the two codebooks. If the codebooks were generated jointly based on the joint distri-
bution Py, 10, R1 + Ra = I(Uqy, Upy; X1Q) + I(Uy 235 X|Uj1y, Upy, Q) would ensure the existence of such
jointly typical codevectors, however in the EGC scheme, since the codebooks are generated independently,
a rate-penalty is inflicted on the encoder. The term I(Uj1y; Uiz|Q) in ) is a manifestation of this rate-
penalty. Towards reducing the rate-penalty a new coding strategy was introduced. The resulting achievable
RD region is called the Zhang-Berger [ZB] region. The region is given in the following theorem:

Definition 6. For a joint distribution P on random variables (U1 2y, U1y, Uy, Uq1 2y, X) and set of recon-
struction functions gy = {gn : Un = X,N € L}, the set RDzp(P, gr) is defined as the set of RD vectors
satisfying the following bounds:

Ry 2 I(Upy 25, Un; X), Ro 2 1(Uqyy g2y, Uy X),
Ri + Ry > I(Uyny 21 X) + LUy 25, U 2y, Upty, Uppys X) + 10Uy Uyl Uqy ),
Dy > E(dn(gn(Un), X)),N € L.

Theorem 2 (ZB). The RD vector (Ry, Rz, Dy1y, Dy2y, Dy12)) is achievable for the two descriptions prob-
lem, if there exists a distribution P and reconstruction functions gy such that (R1,Ra, D1y, Dp2y, Dy12)) €
RDzp(P, 8 1)

The closure of the union of all the achievable vectors is called the ZB rate-distortion region and is denoted
by Rﬂzgi

RDzp = CZ[U RDzp(P, 8[)]-

Pgr

The scheme differs from the EGC strategy in the introduction of the random variable Uy, (o). The random
variable Uyiy,() is called the common-component between the two descriptions. In the EGC scheme, in order
to send U{l} = (U{l}, U“},{Q}) and U{z} = (U{z}, U{l},{2}), one has to pay the following rate-penalty:

I(Uqy; Upy) = HWUpy ) + 1003 Uyl Upgap).
But in the ZB scheme the rate-penalty is reduced to:

I(Upy2 X) + 10Uy U U = 10U X) + 100y Uy lUp )

The following definition provides a characterization of the common-component between two random
variables,

Definition 7. Let X1, and X3y be two random variables. W is called a common-component between X1,
and Xy, if there exist functions h; : Xy — W, i = 1,2 such that W = hi(X(1y) = ha(X(p)) with probability
one, and the entropy of W is positive.

It was shown in [6] that in a certain two-descriptions setup, the addition of Uy ) enlarges the RD
region. We call such a random variable non-redundant. The following definition gives a formal description
of a non-redundant random variable:

Definition 8. In a given achievable RD region for the [-descriptions setup, characterized by a collection
of auxiliary random variables, an auxiliary random variable U is called non-redundant if the RD region
strictly reduces when U is set as constant.



Example 1. We provide an overview of the example in [[6] where the ZB rate-distortion region is strictly
better than EGC rate-distortion region, since it is used extensively in the following sections. Consider
the two-descriptions setting. Here X is a binary symmetric source (BSS), and the side decoders intend to
reconstruct X with Hamming distortion. The central decoder needs a lossless reconstruction of the source.
In [6]], it is shown that the rate distortion vector (Ry, Ra, D1y, D2y, Dy12)) = (0.629,0.629,0.11,0.11,0) is
achievable using the ZB scheme but not the EGC scheme.

Typically, in a given RD region, a codebook is associated with each random variable. We call a codebook
non-redundant if it is associated with a non-redundant random variable. In ZB coding scheme, the codebook
corresponding to Uyyy 12} is non-redundant.

The idea of constructing a codebook carrying the common-component between the two random variables
is the foundation of most of the schemes proposed for the general /—descriptions problem. One can even
interpret the main difference between these schemes to be the way the common-component between different
random variables are exploited.

As explained in the introduction, the best known achievable RD region for the /[—descriptions problem
is the CMS with binning (CMSB) strategy. In this strategy a combinatorial number of common-component
random variables are considered. We explain the coding scheme for the three-descriptions case. The code-
book structure is shown in Figure 2| There are two layers of codebooks, a layer of Maximum-Distance
Separable (MDS) codes and a layer of Source Channel Erasure Codes (SCEC’s). The codebook C is de-
coded at decoder N if AN" € M,N’ c N. The codebooks are binned independently, and the bin numbers
for the MDS code C are carried by description i if i € | J N. Whereas the bin number for each SCEC is

NeM
carried by only one description i where i € () N. Let RDcysp denote the resulting RD region achievable
NeM
using CMSB strategy (see [[10L[11]]).
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Figure 2: The structure of CMSB codebooks in the three-descriptions problem

4 Improvements Using Unstructured Codes

Our objective is to provide a new achievable RD region for the /-descriptions problem, which improves
upon the RD region given by the CMSB strategy. This is based on a new coding scheme involving both
unstructured and structured codes. The achievable RD region and the corresponding coding scheme is
presented pedagogically in two steps. In the first step, presented in this section, we provide an RD region
achievable using unstructured codes. This region is strictly better than the CMSB region. In other words
this is an improvement upon the CMSB region using only unstructured codes. In the second step, presented



in the next two sections, this is enhanced with a structured coding layer which improves the performance
even further. In other words we show that the codebooks associated with the structured coding layer are
non-redundant.

4.1 Main Results

We describe the key ideas for the case / = 3. There are 7 distinct decoders, one associated with every
non-empty subset of L = {1,2,3}. That is, we identify the set of decoders with £ = 2“\¢. The new
achievable RD region that we provide improves upon the CMSB rate-distortion region on two factors. The
first comes by adding extra codebooks, and the second comes by a more general binning method. Using
the common-component perspective, we associate with every non-empty subset M of these 7 decoders an
auxiliary random variable and a corresponding codebook. That is, we identify the collection of auxiliary
variables (and their codebooks) with 2£\¢. Each codebook is binned multiple times. If a description is
received by at least one decoder in M, then a bin index of the codebook associated with M is sent on that
description.

Although it appears that the strategy involves the generation of a doubly-exponential number of code-
books (in /), we show that most of these codebooks are redundant, leaving only an asymptotically expo-
nential number of non-redundant codebooks. While the remaining codebooks are generally non-redundant,
only a small number of them are such in most of the examples we consider in this paper.
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Figure 3: The SSC codebooks present in the three-descriptions problem

It turns out that a codebook is non-redundant if and only if it is associated with a a family of sets in
S.. So, instead of 63 codebooks, we have just 17. Since the indices of the codebooks are associated with
the Sperner families of sets, we call the scheme the Sperner Set Coding (SSC) scheme. A schematic of the
codebook collection is shown in Figure [3] We start from the left and from the top. The first two codebooks
can be identified as (3, 2) and (3, 1) MDS codes. The next six codebooks can be identified as three (2, 1)
MDS codes, and three (2,2) MDS codes associated with decoders which get two descriptions. The next
three can be identified as (3, 2) source-channel erasure codes (SCEC). The next three can be identified as
(3, 1) SCEC’s (similar to the codebooks used in the EGC rate region). All these 14 codebooks are considered
in deriving the CMSB rate region. The final set of codebooks are new. They can be identified as three (2, 1)
MDS codes associated with decoders that receive disjoint subsets of descriptions. The following theorem
characterizes the achievable RD region for the SSC scheme:

Definition 9. For a joint distribution P on random variables U a, M € S| and X and a set of reconstruction
Sfunctions gy = {gn : UN = X,N € L}, the set RDssc(P, gr) is defined as the set of RD vectors satisfying
the following bounds for some non-negative real numbers (P pmi, "M, i m s,

H(UwIX) 2 ) (HUp0)=rp0, YM C S, @)
MeM



HUwIUp )< D, (HWUM +D ppti =), YL C My, YN € L, )

MEMy\(LUMy) ieM
rm < HUp),YME S,
Ri=> pmi Dy = Eldu(en(Un). ). ©)
M

where My is the set of all codebooks decoded at decoder N, that is My = {M € S |AN" c N,N" € M},
and My denotes the set of all codebooks decoded at decoders N, & N which receive subsets of descriptions

received by N, that is 1\7IN £z UN,,_C_N MNp’

Theorem 3. The RD vector (R;, DN)icL Ner is achievable for the |-descriptions problem, if there exists a
distribution P and reconstruction functions g r such that (R;, DN)ieLner € RDssc(P, gr)-

The closure of the union of all such achievable vectors is called the SSC achievable rate-distortion region
and is denoted by RDssc,

RDssc = cl

URZ)SSC(P, gL)J-

Pgr

In order to clarify the notation we explain the random variables decoded at each decoder in the three-
descriptions problem. When / = 3, we know S| has 17 elements. In the formulas, My corresponds to the set
of random variables decoded at decoder N, whereas My corresponds to the set of random variables which
are decodable if we have access to strict subsets of the descriptions received by N. Here are the random
variables decoded at decoders {1} and {2, 3}:

decoder {1}: Uy 2,31 Uniyizp, Uny sy Uiz s, Uy
decoder {2, 3}: Upy 21431, Ugn2n41.31002.30 Uiy Uneys Uy
Unesy Upnian 31Uz U2z Ui anesy Uy, Uy, Up sy

So as an example M}, = {{{1}, 2h 31 fin @ fon e o 2.8y, {{1}}} which are all the codebooks
decoded at decoder {1}.Also Mz 3) = {{{1 L% 31 {2 {0, 33, {2k 6, {en 3, {en ),
{23}, {{3}}}, and these are all the codebooks which are decoded at decoders {2} and {3).

Lemma 1. The SSC rate-distortion region is convex.

Proof. See Section in the appendix. mi

Remark 2. For every decoder N € L, we have defined the reconstruction as a function of the random
variable UN. However, decoder N decodes all random variables U y where M € M. The following lemma
shows that the RD region does not improve if the reconstruction function is defined as a function of Umy
instead.

Lemma 2. The RD region in Theorem [3| does not change if the reconstruction function at decoder N is
defined as a function of Uw,.



Proof. See Section[A.2]in the appendix. i

Remark 3. In the scheme proposed in Theorem 3| there are |SL| codebooks. We know that the size of S| is
the number of Sperner families on L minus three. The number of Sperner families is called the Dedekind
numbers [24)]. There has been a large body of work in determining the values of Dedekind numbers for
different I. It is known that these numbers grow exponentially in l. As an example the number of codebooks
necessary for l = 2,3 and 4 are 3, 17 and 165. However in all of the examples in this paper it turns out that
many of the codebooks become redundant and only a small subset are used in the scheme.

Proof. Before proceeding to a more detailed description of the coding strategy we provide a brief outline.
For each family of sets M € S, the encoder generates a codebook C ,( based on the marginal Py,, indepen-
dently of the other codebooks. Intuitively, this codebook is the common-component among all the decoders
N such that N € M, and it is decoded in all decoders N’ > N. Codebook C, is binned independently and
uniformly for each description i if i € M. The description will carry the corresponding bin number for the
codewords in each of the corresponding codebooks. Each decoder reconstructs its corresponding codewords
by finding a unique set of jointly typical codevectors in the bins it has received. The existence of the jointly
typical set of codewords is ensured at the encoder by the way of satisfaction of (), whereas at the decoder
unique reconstruction is warranted by ().

Codebook Generation: Fix blocklength n and positive reals (o1, ') For every M € S, gen-

ie/\~/I,MeS|_‘ -
erate a codebook Cp( based on the marginal Py, with size 2""M. For the ith description, if i € M, bin
the codebook Cyq randomly and uniformly into 2"°M bins (i.e. randomly and uniformly assign an index

[1,2"%°Mi] to each codeword in C 4, and the index is called the bin-index.).

Encoding: Upon receiving the source vector X", the encoder finds a jointly-typical set of codewords
u'y» M € S Bach description carries the bin-indices of all the codewords corresponding to its own binning
function.

Decoding: Having received the bin-indices from descriptions i € N, decoder N tries to reconstruct Cy if
M € MNn. In other words the decoder finds a unique vector (uy )nem Of jointly typical sequences in the
corresponding bins. If the vector does not exist or is not unique, the decoder declares error.

Covering Bounds: Since codebooks are generated randomly and independently, to find a set of vectors U’y
that is jointly typical with the source vector X", the mutual covering bounds (4) are necessary based on the
mutual covering lemma [21].

Packing Bounds: For decoder N, description i is received if i € N. Since binning is done independently
and uniformly, to find a unique set of jointly typical sequences (uy JNem, the mutual packing bounds (@) are
required by the mutual packing lemma [21].

O

Remark 4. There are two main differences between the new scheme and the previous CMSB scheme. First
there are additional codebooks present. As an example in Figure 3| the three codebooks in the right column
are not present in the CMSB scheme. Second, description i bins all of the codebooks M such that i € M. We
will show in the next sections that these additional codebooks contribute to an enlargement of the achievable
RD region. In other words we prove that all of the additional codebooks are non-redundant. Also we show
that the new binning strategy improves the achievable RD region.

10



4.2 Improvements Due to additional codebooks

Consider the general /-descriptions problem. In this section we prove that a codebook C 4 is non-redundant
if M e S|_.

Remark 5. It is straightforward to see that addition of a codebook C aq where M & S| is not going to result
in a larger achievable RD region. To see this consider the three descriptions problem and assume we add
the codebook C(1y1.2). By our definition this new codebook is decoded if we either receive description 1
or both descriptions 1 and 2. In this case the codebook is decoded in exactly those decoders where Cyyy is
decoded. This means that merging these two codebooks does not change the packing bounds whereas it may
relax the covering bounds. So such a codebook would be redundant. This is the reason why we consider
only those codebooks which are associated with Sperner families.

Remark 6. There are three Sperner families for which we do not construct codebooks: {¢,{¢},{L}}. It is
clear that Ug and U\g) are not necessary since they are not decoded at any decoder. Furthermore one can
use the proof provided in [25|] to show that U\ is also redundant.

The next lemma proves that the random variables considered in Theorem 3| are non-redundant.

Lemma 3. The random variable U 1 is non-redundant for every M € Sy.

Dec 1 —»

Dec 12 —»

WV

Dec 123 —»

Encoder
b

Dec 3 —»

Figure 4: Three Descriptions Setup Showing Cyj 2 3) is not redundant.

Proof. We provide the proof for the / = 3 case and give an outline of how the proof is generalized for / > 3.
The codebooks Cy1y, Cpa), Ci3), C12), Ci13), Ci231 Ciiyga Cranizys Cnizys Cuaon gy Cuznesys Cisesys
The new codebooks are Cy 23}, Ci13),2) and Cy23)41). We prove that C(y2)3; is non-redundant using the
following example, the two other codebooks are non-redundant by symmetry.

We build on Example [I]to construct a three-descriptions example as shown in Figure ] As explained in
the previous section, it is known that Uy () is non-redundant. Let R; = 0.629,i € {1,2}, and Dy; 2y = 0. Let

D" = mgn{D|(0.629, 0.629,D, D, 0) € RDzp}. @)

Let P be the set of probability distributions Py 000Uy X such that (R, Ry, Dy, Digy, Dy ay) = (0.629,
0.629, D*, D*,0) belongs to RZ)ZB(PU‘ 2 Uiy UpyX»> 8£) for some g as given in Theorem Define the joint

distribution P? as follows:
Uny2.Uy.Up.X

% A : .
PU“MQ),U(”,U(Q),X - arglnf I(U{l}’{z}’X)
Py 201Uy X€EP

11



Let P}‘Jmm « be the marginal distribution of U{y) ) and X. Define a random variable W that is correlated
with X such that Pyy = P;]unz) y- Let N be a binary random variable independent of X and W with

P(Ns = 1) = 6,6 € (0,0.5). Define W = U1y2y A Ns where A denotes the logical AND function. Let
Py x, Py be the induced joint and conditional distributions, respectively.

Example 2. We proceed by explaining the new example. The source X is a BSS, decoders {1, 2} and {3} want
to reconstruct the source with respect to Hamming distortion and the central decoder wants to reconstruct
the source losslessly. Decoder {1} wants to reconstruct the source with respect to the distortion function
given by:

dy(x, %) = —1og(Py (x19))

Lemma 4. The following RD vector does not belong to RDcpys p, where Uy 243 is constant. The vector
belongs to RDss ¢ given in Theorem[3|which is achievable using the SSC scheme:

(R1,R2, R3, Dy1y, D12y, D3y, Dyi23) = (I(X; W),0.629 — I(X; W), 0.629, D, D*, D*, 0),

where D' = E(djy(X, W)).

Proof. We provide the intuition behind the proof first. In the coding scheme in Theorem [3] the only code-
books capable of carrying the common-component between decoders {1,2} and {3} are Cyy)3), C2),(3)
Cuy.21.3) and Cyp 23.43)- We have set the distortion constraint at decoder {1} such that this common message
can’t be carried exclusively on either of the descriptions 1 and 2, but rather both descriptions are necessary
for the reconstruction of the common codebook. So the codebook Cj; )33 can’t be empty. The proof is
provided in Section in the appendix. O

So far we have shown that the additional codebooks are non-redundant when / = 3. The argument can
be extended to the case when [ > 3, an outline of the general argument is provided in appendix [A.4] o

4.3 Improvements Due to Binning

The second factor contributing to the gains in the SSC rate-distortion region is the binning method. In the
SSC scheme all descriptions i € M carry independent bin indices of codebook C 4. This is different from
the CMSB strategy where each codebook is binned by a specific subset of the descriptions based on whether
the codebook is a SCEC or an MDS codebook. We prove through a three-descriptions example that the RD
region enlarges due to binning in the SSC scheme, even with the three additional codebooks. We show in
the following example that the bin indices of Cj ») (1,3} should be carried by all descriptions.

Example 3. The example is generated by modifying Example [2]and is illustrated in Figure[5] The source X
is BSS. djy(X, W) is defined as in Example Decoders {1,2} and {1, 3} want to reconstruct the source with
Hamming distortion and decoder {1, 2, 3} wants to reconstruct the source losslessly.

Lemma 5. In order to achieve (Ry, R, R3, D1y, Dy1 2y, Dy1.3), D1.2.3)) = (W3 X), R — I(W; X), R — [(W; X),
D', D, D,0) we must have p{12)(13)2 + P{1,2),(1,31.3 > 0.

Proof. See Section[A.5]in the appendix. O
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Dec 12 [—»

Dec 123 —»

Iapoour]
\

Dec 13 [—»

Figure 5: Example Showing Improvements Due to Binning

5 Linear Coding Examples

Before providing a unified RD region which uses both unstructured and structured codes (step 2), in this sec-
tion, for pedagogical reasons, we look at three examples of /—descriptions problems and provide example-
specific coding schemes based on linear codes that perform strictly better than the SSC scheme which is
based on unstructured codes. This shows that the SSC region is not complete and a structured coding layer
is necessary. These coding schemes are unified and presented in the next section.

5.1 Gains Due to Linear Quantizers

We create a three-descriptions setting where reconstructions of bivariate functions are necessary.

Example 4. Consider the three-descriptions example in Figure [f] Here X and Z are independent BSS.
Decoder {1}, {2} and {3} wish to reconstruct X, Z and X +Z, respectively, with Hamming distortion. Decoders
{1,2},{1, 3}, and {2,3} wish to reconstruct the pair (X, Z) with distortion function

dxz((X,2),(X,2)) = du(X, X) + du(Z, Z).

We are interested in achieving the following RD vector:

Ri =1-hy0),i €{1,2,3},Dy1y = Doy = 6,, D3y = 6 % 6,Dy12) = Dy1 3y = Dpp 3y = 26. (8)

First we argue that in this example, description 3 should carry a bivariate function of descriptions 1 and 2.
Decoders {1} and {2} operate at the optimal PtP rate-distortion function. So the corresponding descriptions
have to allocate all of their rates to satisfy their individual decoder’s distortion criteria. Since the distortion
constraint at decoder {1} only relates to X, this description only carries a quantization of X, and by the same
argument description 2 carries a quantization of Z. Then description 3 has to carry the sum of these two
quantizations so that the joint decoders’ distortion constraints are all satisfied. Since structured codes are
efficient for transmitting bivariate summations of random variables, we expect that using structured codes
would give gains in this example as opposed to unstructured codes. First, we prove that the RD vector is
achievable using linear codes.

Lemma 6. The RD vector in (8) is achievable.

13



Dec 1 X

Dec 2 4

-4 >
>
>

<
N

>

\

|

-

A A~

Dec 23 X, Z

IOpOOUT]

>

|

Dec 3 X +HZ

4

-

\
y

A A

Figure 6: Three-Descriptions Example with a Vector Binary Source

Proof. Encoding: Construct a sequence of random linear codes C" of rate 1 — /;(6) + €,, where €, is going
to 0. It is well known that such a sequence of linear codes can be used to quantize a BSS to Hamming
distortion 6. Define the following:

X" = argmingecrdu(x", ")

7" = argminenecrdu(Z", c")
Since X" and Z" are codewords and the codebook is linear, X" + Z" is also a codeword. Description 1 carries
the index of X", description 2 carries the index of Z" and description 3 carries the index of X" + Z".

Decoding: Decoders {1} and {2}, receive X" and 2", respectively, so they satisfy their distortion constraints.
Decoder {3} reconstructs X" + Z". Lemma shows that the distortion criteria at this decoder is satisfied.

Lemma 7. In the above setting, we have %E(dH()A(” + 27 X" + Z") — § % 6.

Proof. See Section [B.1]in the appendix.

O
Decoder {1,2} receives X" and Z", so it satisfies its distortion requirements. Also decoders {1,3} and

{2, 3} can recover X" and Z" by adding X" + Z" to X" and Z", respectively. This shows that the RD vector in
(8) is achievable using linear codes.

Next we show that the SSC scheme cannot achieve this RD vector.

Lemma 8. The RD vector in does not belong to RDssc, i.e., it is not achievable using the SSC scheme.

Proof. See Section [B.2)in the appendix. i

—_—
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5.2 Gains Due to Linear Binning

In the SSC scheme, there are two stages in the codebook generation phase. In the first stage unstructured
codebooks are generated randomly and independently, and in the second stage these codebooks are binned
randomly in an unstructured fashion for each description. In the previous example it was shown that in
the first stage, it is beneficial to generate codebooks with a linear structure. However in that example there
was no need for binning. In the next example, we show that the binning operation needs to be carried out
in a structured manner as well. This is analogous to the gains observed in the distributed source coding
problem [[I5]] where the bin structure needs to be linear. Consider the four-descriptions example in Figure[7]

A~

Dec 1 X

|

»

Dec 12 | X

|

\

<

r
IOpOOUT]
- i i

X,z ec 23 X +7Z

>

\

Dec 34 14

»

Dec 4 4

Figure 7: An Example Showing the Gains Due to Linear Binning

Example 5. X and Z are BSS’s. X and Z are not independent, and they are related to each other through a
binary symmetric channel with bias p € (0, %). In other words X = Z+ N,, where N, ~ Be(p) is independent
of X and Z. Decoders {1} and {4} wish to decode X and Z, respectively, with Hamming distortion. Decoders
{1,2}, {3,4} and {2, 3} require a lossless reconstruction of X, Z and X + Z, respectively. We are interested in
achieving the following RD vector:

Ry =Ry =1—-hy(p), Ry = R3 = hy(p), D1y = Dyay = ©)

S

We show that the RD vector in (9) is achievable using structured codebooks and linear binning in the
next lemma.

Lemma 9. The RD vector in (9) is achievable.

Proof. Codebook Generation: Take an arbitrary sequence of positive numbers €,, where €, — 0 asn — co.
For any large n € N, fix rj,, = 1 — hp(q) — €, and r,, = 1 — hp(q) + €,. Construct a family of nested coset
codes (CY, Cy) where C!' C Cj such that the rate of the outer code is r,, and the rate of the inner code
is riy. Choose C?' such that it is a good channel code for a BSC(p), and choose Cj, such that it is a good
source code for quantizing a BSS to Hamming distortion p. The existence of such nested coset codes is
well-known from random coding arguments [27]. Next we bin the space F) into shifted versions (cosets)
of C!. Let #; be the Voronoi region of the codeword 0" in C. Any vector x" € F] can be written in
the form x" = V" + ¢},v" € P;,c] € C. Define the ith bin as V" + C} . This operation bins the space
into |P;| = 2"(P+&) bins. The bin number associated with an arbitrary vector x” determines exactly the
quantization noise resulting from quantizing the vector using C7 with the minimum Hamming distortion
criterion. We denote the bin number of x" as B;(x"). A similar binning operation can be performed using
C’. Denote the bin number of x” obtained using shifted versions of C7 by B,(x").

1
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Encoding: The encoder quantizes x" and z" using C/ to Q,(x"), and Q,(z"), respectively. It also finds the
bin number of the two source sequences B;(x") and B;(z"). Q,(x") is transmitted on the first description,
B;(x") is transmitted on the second description, B;(z") is transmitted on the third description, and Q,(z") is
transmitted on the fourth description.

Decoding: Since the outer codes are good source codes, the distortion constraints at decoders {1} and {4}
are satisfied.

We argue that the Voronoi region of 0" in C7 is a subset of the one for C7'. This is true since C' C Cj.
Hence, having B;(x"), decoders {1, 2} and {3, 4} can calculate B,(x"). As mentioned above the bin number
determines the quantization noise, so the decoders can reconstruct the source losslessly using the bin number
and the quantization vector. Decoder {2, 3} receives B;(x") and B;(z"). We have x" = Q;(x") + B;(x") and
7' = Qi(Z") + Bi(Z"), so Bi(x") + Bi(") = X" + " + Qi(x") + Q;(z"). Since C7 is linear, Q;(x") + Q;(z") is a
codeword, and x" + 7" can be thought of as the noise vector for a BS C(p). We constructed C?' such that it is
a good channel code for BSC(p), so the decoder can recover Q(x") + Q(z") from x" + 7" + Q;(x") + Qi(Z").
Then by subtracting the two vectors it can get x* + 7". O

Although we have used linear codes for quantization as well as binning, the linearity of the binning
codebook C7 is critical in this example. In fact, it can be similarly shown that one can achieve the RD vector
in @[) with Cj chosen to be a union of random cosets of C7'. This is in contrast with the previous example
where the quantizing codebook was required to be linear.

Lemma 10. The RD vector in ({9) is not achievable using the SSC scheme.

Proof. See Section [B.3]in the appendix. i

5.3 Correlated Quantizations of a Source

It can be noted that in the case of SSC scheme, the unstructured quantizers are generated randomly and
independently. As observed in these two examples, in order to efficiently reconstruct the bivariate summa-
tion, it is beneficial to use the same linear code for quantizing the source. However, in the two examples
the source was a vector with two components which were separately quantized using identical linear codes,
and the analysis of the coding scheme required only standard PtP covering and packing bounds for linear
codes. In the more general case, evaluation of the performance of identical, and more generally, correlated
linear codes for MD quantization, requires new covering and packing bounds. This is illustrated through
the following scalar source example which is depicted in Figure [§] The setup is constructed based on the
no-excess rate example described in [[6] for the two-descriptions problem. In the two-descriptions example,
the source X is BSS, and the distortion functions at all decoders is Hamming distortion. For the special case,
called no-excess rate regime, when R| = Ry = %, it was shown that the EGC region is tight. Here Dy
is the distortion Dy 2y at decoder {1, 2}, and the minimum side distortion Dyj; = Djp) achievable was shown
to be %(1 — (1 -2Dy)(2 — V2)). The three-descriptions example is given as follows.

Example 6. The source X is BSS, the distortion functions at decoders {1}, {2}, {1,2}, {1,3} and {2, 3} are
Hamming distortions, and the distortion function at decoder {3} is the following general distortion function,

0 ifx=2%
dizy(x, %) =1« ifx=0,x=1
B ifx=1,%=0
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Figure 8: Scalar Source Example with Correlated Quantization

where @ and (8 are positive real numbers. We are interested in achieving the RD vectors with the following
projections:

1 — hy(Dy) 1
Ri=R, = %,Dm = Dy = 5(1 = (1-2Dp)(2 - V2)),
Dy12y = Dy 3y = D3y = Do, (10)

Our objective is to evaluate the optimal (R3, D3}) trade-off. The following lemma provides the RD
vectors achievable using linear codes.

Lemma 11. The RD vector in (I0) is achievable using linear codes, as long as the following constraints are

satisfied:
R32%+hb(\/§—1)—hb(¥]—hb(2D0) (11)
Dy > a(\/z— 1)D0 +ﬁ[[#)(1 - Do) + %) (12)
hb(D0)+2hb(¥)+hb(2(\/§—1)D0)+hb(2(\/§—1)(1 —Do))z 1. 13)

Proof. Consider the following definition.

Definition 10. Let F, be a field. Consider 3 random variables X, U and V, where X is defined on an
arbitrary finite set X, and U and V are defined on F,. Fix a PMF Pxyy on X X F, X F,. A sequence of code
pairs (Cy, C3), where C; C Fgforj = 1,2, is called Pxyy-covering if Ve > 0,

PX"AW" V") € AZ(U, VIX") N C; X Ca}) = lasn — .
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First, we derive new covering and packing bounds for joint quantization of a general source X (i.e. not
necessarily binary), using two pairs of nested coset codes. Let (C;,C,) and (C;, C,) be two pairs of nested
coset codes with generator matrices G and G, shown in Figure E] which share the inner code C;. If r; = 0,
the two codebooks are generated independently. On the other hand, if r, = 7/, = r;, the two codebooks are
the same, so this construction generalizes the previous constructions.

Gl GZ

Q
@Q

AG AG

) - U

(t—°u)-u
o
!

(?,LA

Figure 9: Codebook Construction for Lemma

Lemma 12 (Covering Lemma). For any Pxyy on X X F, X F, and rates r,, 1, and r; satisfying (I4)-(17),

there exists a sequence of two pairs of nested coset codes (C,,C;) and (C,,, C;) which are Pxyy-covering.

ro > logq — HUIX) (14)
r, > logg — H(VIX) (15)
ro + 1, >2logq— H(U,V|X) (16)
ro +r,—ri >logqg— H(aU &, BVIX),Va, 8 € F,\{0}, (17)
Proof. See Section [B.4]in the appendix. i

Remark 7. The only difference between the new mutual covering bounds and the ones for independent
codebook generation is the presence of the constraint (I7). If r; = 0, (I7) is redundant, so we recover the
mutual covering bounds for independent codebook generation as expected. If r; # 0, (I7) is non-redundant.
There is an intuitive explanation for this additional bound. Define C3 = aCi &, fC>. C3 is a coset code
with generator matrix G = [G' G’ AG'Y, and the size of this codebook is 2""*"s™")_ Suppose there are
codevetors ¢, € Cy and ¢, € C; jointly typical with X with respect to Pyyy, then aci ®, ey € Cs is jointly
typical with X with respect to Poye,pvx. This implies that C3 should have size at least 2nlog g-H(aU®,BVIX))
by the converse source coding theorem.

Definition 11. LetFF,, U,V and X be as in Deﬁnition@] A sequence of code pairs (Cy, Cy) and bin functions
B; : C; — [1,2"1],i € {1,2} is called Pxyv-packing if for all € > 0,

A, el # (¢, ),
(ch,c?) e AWU,VIX)(N Cy X Cy,
(et e)) € AWU, V)N Cy x Ca,

Bi(cy) = Bi(c,"), Ba(cy) = Ba(c))

Pl{x"

— 0asn — oo.
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Lemma 13 (Packing Lemma). For any Pxyy on X X F, X F, there exists a sequence of two pairs of nested
coset codes (C,,C;) and (C,,,C;) and bin function B;,i € {1,2} which are Pxyy-packing, if r,, 1), p1 and p;
satisfy

ro —p1 <logg — H(UIV), (18)
r, —p2 <logqg— H(V|U), (19)
(ro —p1) + (rl, — p2) < 2logg — H(U, V). (20)
Proof. See Section[B.5]in the appendix. i

We proceed with explaining the achievability scheme. Define the joint distribution in Table[T|on random
variables Vj1j, Vj2) and X.

Vi
y e 00 01 10 11
0 1a-py | Flp Mlpy | E¥p,
1 ipy | Ea-py | Ea-py | -
Dy)

Table 1: Joint distribution on X, V() and Vjy.

H(\V1),VilX) HV1y,Vi1X)
— — s +€

Codebook Generation: Setr =r, =7, =ri=1-
and p3 = H(Vj1; ® Vig)) — w + €. Construct a family of coset codes C with rate r. Also, construct
three binning functions B; : C* — [1,2"%],i € {1, 2, 3}.

+e€,and p; = po = H(Vy1y)

Encoding: Upon receiving source sequence x", the encoder finds ¢ and ¢} in the codebook, such that
they are jointly typical with x" with respect to Py, v, x. Such a pair of codewords exists as long as the
covering bounds in Lemma |12 are satisfied. In the case at hand it can be readily checked that r,, ) and r;
satisfy the bounds. Description 1 carries the bin index of ¢ using By, description 2 carries the bin index of
¢; using B, and description 3 carries the bin index of ¢} + ¢} using Bj.

Decoding: Decoder {1} receives the bin index carried by description 1, and reconstructs ¢} as long as
there is a unique codeword in the bin which is typical with respect to Py,,,. The following packing bound
ensures correct decoding with arbitrarily small error:

HVg) <1-p1+ri.

By the same arguments decoder {2} reconstructs ¢; correctly. Decoder {3} reconstructs ¢} + ¢; with
arbitrarily small error since the following packing bound is satisfied:

HVa + Vo) <1 -p3+r;
We conclude that all the decoders which receive two descriptions would have access to ¢} and ¢. De-

coders {1}, {2} and {3} announce their decoded codewords as their reconstruction of the source. The recon-
struction function at the decoders which receive two descriptions is given as follows:

0 cli=c2=0

1 Otherwise
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This implies that the RD vector stated in the lemma is achieved from strong typicality. O

The following lemma shows that some of the RD vectors in Lemma[IT]are not achievable using the SSC
scheme.

Lemma 14. The RD vector in (I0) is not achievable using the SSC scheme for the following values of a and
B and when the equality holds in (I3)):

L=2¥2-0Dy o122 (1= Do)
22— V2)Dy 2 2 - V(1 - Do)

a = log,

For example, Dg = 0.035, @ = 4.566 and § = 2.495 satisfy the above constraints, where we have rounded
the parameters up to the third decimal place.

Proof. See Section [B.6]in the appendix. i

6 Achievable RD Region using Structured Codes

In this section, we provide a new achievable RD region for the general /—descriptions problem by enhancing
the SSC coding scheme with a structured coding layer. We present this region in four stages. In the first
stage, we prove that the SSC region can also be achieved using structured codes. In particular, we use
independent nested coset codes for each auxiliary random variable, and exploit the pairwise independence
of the codewords to show the achievability of the SSC region. In the subsequent stages, we add coding
layers that facilitates the reconstruction of multi-variate functions of the auxiliary random variables. The
improvements due to these additional layers comes from exploiting the algebraic structure of the codebooks.
In the second stage, we only allow the reconstruction of a bivariate summation of codewords. In the third
stage we extend this to a multi-variate summation of the codewords. In the fourth stage, we consider the
general case involving the reconstruction of an arbitrary number of multi-variate summations at the decoders.

6.1 Stage 1: Achievability of the SSC Region Using Nested Coset Codes

Definition 12. For a joint distribution P on random variables Uy, M € S| and X, and a set of reconstruc-
tion functions gy = {gn : UN = X,N € L}, the set RD (P, gr) is defined as the set of RD vectors satisfying

the following bounds for some non-negative real numbers (O M, To M) ;e ¥ pm s, *

H(UMIX) 2 ) (1ogg= 7o), YM C SU @
MeM
HUmUp ) < D, (ogg+ Y pptj o) VL C My, YN € £ (22)
MEMN\LUMN Jel1:L]
R; = ZPM,i, Dy = E{dn(hn(UN, X))}
M

where ro p < logg,YM € Sy

Theorem 4. The RD vector (R;, DN)ieLNes is achievable for the I-descriptions problem using nested coset
codes, if there exists a distribution P and reconstruction functions g r such that (R;, DN)ieL Nex € RD1(P, g1).
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Proof. The encoding and decoding steps are exactly the same as the ones in the proof of Theorem [3] The
only difference is in the codebook generation phase. In this phase, for every M € S|, we generate a coset
code Cpq with rate rp(, generator matrix Gy, and dither byq. Gpq and by are generated randomly and
uniformly for every M. The bounds in are the mutual covering bounds for independently generated
coset codes. These bounds ensure encoding can be carried out without error. The bounds in (22)) are the
mutual packing bounds in each decoder. They ensure errorless decoding.

Lemma 15. The RD region in Theorem{|is equal to the SSC RD region.

Proof. See Section[C.I]in the appendix. i

6.2 Stage 2: Reconstruction of a summation of two codebooks

In the first stage we constructed one codebook for each subset of the decoders. However, only the codebooks
corresponding to the Sperner families of sets are shown to be non-redundant. We interpret this using the
notion of common-information as defined by Gacs, Korner, Witsenhausen [30]] [31]]. Let K(A1; Ay) denote
the common information between any two random variables A; and A;. The common information among
m random variables A;, Ay, ..., A, is a vector of length (2™ — m — 1) of information that is common among
every subset of m random variables of size at least two. When m = 3, the common information is given by

[K(A1;A2;A3), K(A1;A2), K(A1;A3), K(A; A3)].

This was referred to as univariate common information in [17], as each of these components are charac-
terized using univariate functions. We interpret the scheme in the first stage (SSC scheme) as capturing
the common-information components among the random variables associated with 2/ — 1 decoders using
univariate functions.

For m = 3, this notion of common information was generalized using bivariate functions to the following
seven-dimensional vector in [17]]:

[K(A1;A2;A3), K(A1;A2), K(A1; A3), K(A2; A3), K(A1; A2, A3), K(A2; At Az), K(A3; A1, A2l

There are seven degrees of freedom in having information common among 3 random variables. The latter
three are called bivariate common information components as they are characterized using bivariate func-
tions of random variables. In this sense, the addition of the structured coding layers in the next stages can be
thought of as capturing the common-information among 2/ — 1 decoders using bivariate and, more generally,
multivariate functions.

We extend the notion of bivariate common information to m > 3 random variables as follows. To
characterize a bivariate common information component, we consider three subsets of Nj, N, and N3 of
{1,2,3,...,m}. Define K(ANl ;AvN2 R AN3) as a bivariate common information component among Ay, Ay, . .., Ap,
where AN,, is the information that is common among Ay;,. For example for m = 4, let N; = {4}, N, = {1,2}
and N3 = {3}. This characterizes the information in A4 that can be computed by a conference via a bivariate
function of (i) the information common between A and A,, and (ii) the information in Asz. This concept can
be extended to define multivariate common information among m random variables.

We return to our discussion on the achievable RD region for the MD problem, where m = 2! — 1. In the
second stage, we aim to capture the bivariate common information among random variables associated with
2! — 1 decoders. In particular, we reconstruct a summation of two codebooks. From the above arguments,
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instead of one codebook for each subset of decoders as in the first stage, in this stage we need to construct
one codebook for every triple of subsets of the decoders. For a given triple of sets of decoders, the third
set of decoders reconstruct a bivariate summation of a random variable corresponding to the first subset and
a random variable corresponding to the second subset of decoders. This is explained in more detail next.
We add two new codebooks to the SSC scheme. The underlying random variables for these two codebooks
are denoted by V4, and Vz, where A; € Si,i € {1,2}, A; # Ay. We construct two pairs of nested coset
codes for these two random variables. The two nested coset codes have the same inner code. The codebook
corresponding to Vg, is decoded at decoder N if A; € My, furthermore, the sum of the two codebooks is
decoded at decoder N if Az € My\{A;, A»}, where Aj3 is an element of S|. For example, let us choose
A; = {{i}},1 € {1,2,3}. In this case the first codebook is decoded whenever description 1 is received, the
second codebook is decoded if description 2 is received, and the sum is decoded whenever description 3 is
received. This corresponds to the coding schemes we presented for example {}, where Vi, = X + Ns and
Va, = Z + Nj. The following theorem describes the achievable RD region using this scheme.

Definition 13. For any three distinct families A; € S|,i = 1,2, 3, and for a joint distribution P on random
variables Up, M € Si, Va,,j € {1,2}, and X, where the underlying alphabet for all auxiliary random
variables is the field F,, and a set of reconstruction functions gy = {gn : Un — X,N € L}, the set
RD,(P, g ) is defined as the set of RD vectors satisfying the following bounds for some non-negative real
numbers (O, ro,/\/()l.EM/\/[eSL and po.a; i» r(’)’ﬂj,i e A, je{l1,2,3} and r;:

HUwVEIX) > )" (logg—rom) + ). (logg—7,),YM c SLE C A (23)
MeM &E€E
H(Um, Wy aplX) 2 " (logg—rom) +logq =1, 5, VM C S, Var, B € F,\(0} (24)
MeM
H(U, V, Wi ITU, V,Wigg ) < D (108 +) patj = o) +) (102G + D" postj =7 p0s YL C My
MeMy\MnUL jemM MeMN\MNUL jeM
MN{Ailie[1,3]}

(25)

Ri= ) pmi  Dn = Eldn(in(Un, X)) (26)
M

where (a) A £ (A, Ao}, () MN 2 M, (A, j € (1,2)1A; € Mn)L (A3, 1, 11A; € My, (¢) My £
UNeNMINL () 1), g =10 a0+ 1, 5, = Tio (€) Tom S log g, and (f) W ap = aVaa, +,8Vy(2|z|

Theorem 5. The RD vector (R;, DN)icL Nes is achievable for the [-descriptions problem, if there exists a
distribution P and reconstruction functions g p such that (R;, DN)ieLner € RD2(P, gr).

Before providing the proof we explain the bounds in the new RD region. (23)) and (23] are the mutual
covering and packing bounds which are also present in the Theorem 3] respectively. (24)) is a generalization
of the additional covering bound derived in the Lemma in [I2] Note that the common component among
decoders N € A is the pair (Ugx,, Va,), and similarly for A,. The common component among decoders
N € Aj is the pair (Ua,, Wa,.1.1), and observe that W, 11 = Vg, + Va,.

Proof. Given a joint distribution Py,y x, and codebook and binning rates satisfying the bounds in the theo-
rem we prove achievability of the RD vector in (26).

'We have used the script A to denote subscripts of random variables throughout the paper. However, the collection {As, @, 8} is
used as the subscript for W since the random variable is defined using « and g.
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Codebook Generation: Fix blocklength n. For every M € S|, independently generate a linear code C
with size 2""eM. Also generate two nested coset codes C A; = (G, C,, y{f.), j € {1,2} where the inner code has
rate r; and the outer codes have rates 7/ A Define the set of codewords C, #, = C, 4, + Cp.4,. The size of

. nr’
o0,A 4 — /
Co.71; 1s 27 >3, where Foas = Toa, ¥ 710

uniformly with rate 2"°Mm.i |

.z, — Ti- For the ith description bin the codebook Cy( randomly and

Encoding: Upon receiving the source vector X", the encoder finds a jointly-typical set of codewords c .
Each description carries the bin-indices of all of the corresponding codewords. The encoder declares an
error if there is no jointly typical set of codewords available.

Decoding: Having received the bin-indices from descriptions i € N, decoder N tries to find a set of jointly
typical codewords cpq, M € M. If the set of codewords is not unique, the decoder declares error.

In order for the encoder to find a set of jointly typical codewords, the mutual covering bounds (23)) and
(24) should hold. This is a generalization of the result in lemma[I2]and we omit the proof for brevity. The
bounds in (25]) are the mutual packing bounds at each decoder.

O

Remark 8. Here we have considered the general case where ‘A; are chosen arbitrarily from S|. It turns out
that only certain choices of A; would give non-redundant codebooks and thus provide improvements over the
SSC scheme. One can show that the codebooks are redundant if AN € A; U Ay, N’ € Az such that N C N'.
For example take A, = {{1}, {3}}, Az = {{2}} and Az = {{2,3}}.

6.3 Stage 3: Reconstruction of a summation of arbitrary number of codebooks

In this section we reconstruct a multi-variate summation of an arbitrary number m of random variables at
one decoder where m € L and the summation is with respect to a finite field F,. Following the steps in the
previous section, we add m new codebooks to the original SSC scheme. Let M = [1,m]. The underlying
random variables for these codebooks are denoted by Vg,,k € M. The random variable V4, is decoded at
decoder N if A, € My. We take the families Ay, k € M to be distinct. The random variable ;e Vg, is
decoded at decoder N if A1 € My, where A, is an element of S| . The following theorem describes the
achievable RD region:

Definition 14. For any m € L, and m + 1 distinct families A; € S, i € [1,m + 1], and for a joint distribution
P on random variables Up, M € S, Va,,k € M and X, where the underlying alphabet for the auxiliary
random variables is the field F,, and a set of reconstruction functions gy = {gn : UN — X,N € L}, the set
RD5(P, g ) is defined as the set of RD vectors satisfying the following bounds for some non-negative real
numbers (P, rO’M)iEM,MGSL and Po A, is Lo, At i> r(’)’ﬂk,i €A, ke[l,m+1]andr;,,,J CM:

H(UwVEIX) > )" (logg—rom) + ). (logg—r, )+ YM C SLE C A, @7
MeM &EEE
H(UMWEX) 2 Y (logg—rop) + ) (logg—r,z),YM c S, F C B, (28)
MeM FeF
H(U,V, Wl LUV, Wiz ) < Y (0gq+) patj= o) + ) 108q+ 3" poptj =7, p), VL C My
MeMy\MyUL jem MeMy\MyUL jeM
M{Ailie[1,m+1]}
(29)
Ri= > pmi  Dn=Eldn(in(Un, X)) (30)
M
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where (a) A = {FAr, k € M}, (b) B = {(Ams1,amlam € FFY, () 1y = Dikeg Ty, 1, — TiaagsJ = {kleie # 0},
(d) Zywucy Tiay < Tiay, ¥ C M, (€) My = (MN, (A AL € MN) ((As1, am)lAns1 € My, @i = 1,0 € M)),
(f) M\ = UN’gN Mn, (g) rom < logg, and (h) Wa,.ian = DieM a;Va,.

Theorem 6. The RD vector (R;, DN)iclL Nes is achievable for the [-descriptions problem, if there exists a
distribution P and reconstruction functions gy such that (R;, DN)icL ner € RD3(P, gr).

Toward proving the theorem we need the following definition.

Definition 15. A set of m coset codes C'} n k € M is called an ensemble of nested coset codes with parameter
(r7)jcm if the size of the intersection Cq, = (\rey Ca, is equal to 2™ for all J ¢ M.

It is straightforward to show that one can always generate an ensemble of nested coset codes Cg,,k € M
with parameter (riq,)scm as long as 3’ y.jcp Fia, < Tia,»¥J C M. It is enough to choose the rows of the
generator matrices of C,, k € J such that they have nr; ,, common rows, similar to the case of Figure [0}

Proof. We provide an outline of the proof. The codebook generation for codebooks C ¢, M € S is similar
to the previous scheme. For random variables V#,,k € M we construct an ensemble of nested coset codes
Ca,, k € M with parameter (r;,,);cm. The encoder chooses a set of codewords from all the codebooks that
is jointly typical with the source sequence. The following is a generalized covering lemma which shows that
if (27) and (28)) is satisfied such a set of codewords exists.

Definition 16. Let F, be a field and define M = {{1},{2},...,{m}}. Consider m + 1 random variables X,
Viiy,i € M, where X is defined on an arbitrary finite set X and V;y are defined on F,. Fix a PMF Pxy,, on
X X FJ. A sequence of m-tuples of codebooks (C {"l.}){i}e M is called Pxy, ,-covering if:

Ve > 0, P({X"| I € AZ(VpmlxX™) N TjemCiy}) — 1 asn — oo.

Lemma 16 (Covering Lemma). For any Pxy,, on XXF(/]V[ and rates r, jy, {j} € M satisfying -, there
exists a sequence of ensemble of nested coset codes C"M with parameter (r; y)ycm which are Py y,-covering.

HVglX) 2 )" (ogq=ro), VT € M 31)
leg
HWilX) 2 > (logq—rom) VT € MK c N (32)
aMe’K
> ry <rgVCM, (33)
Jda

where, (a) N = {am € F’;}, (b) Wy, = ZjeM a;Vijand (c) roay = ZjeJ Foujy = Tig>J = {klay # O}.

Proof. The proof of the lemma follows the same steps as in lemma|[I2] We provide the intuition behind the
proof. Given that there is a set of codewords in the codebooks Cy, j € M which are jointly typical with the
source sequence, for any linear combination C = 3’ oy @,Cy;) there is a codeword which is jointly typical
with the random variables X, V(, Wy, YM, N. From a PtP perspective, the rate of codebook C must satisfy
(31) and (32). This rate can be calculated by counting the number of rows in the generator matrix of C which
1S N7y - O
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The packing bounds at each encoder can be written in the same way as in the previous section and are
given in (29). B is defined such that Wp is the set of all possible linear combinations of V., ’s.

6.4 Stage 4: Reconstruction of an Arbitrary Number of Summations of Arbitrary Lengths

In this section for completeness, we provide a coding scheme where we reconstruct multi-variate summa-
tions of random variables at an arbitrary number of decoders, and these summations each have arbitrary
lengths. Of course, due to the large number of random variables the coding scheme becomes extremely
complicated. Let the number of the summations be s, and for each summation, let the length of the sum-
mation be denoted by m; € L,i € [1,s]. Define the sets S = [1,s] and M; = [1,m;],i € S. Following
the steps in the previous sections, we add m; new codebooks for each summation. The underlying random
variables for these codebooks are denoted by Vg, ,,k € M;,i € S. The random variable Vg, , is decoded at
decoder N if Ay; € M. Fix the prime number g;. The random variable 3’ jcp, V., ; is decoded at decoder N
if Ay, 41,0 € M, where the summation is carried out in the finite field F,,. The following theorem describes
the achievable RD region.

Definition 17. For a joint distribution P on random variables Up, M € S, V., k € M;,i € S and X, where
the underlying alphabet the auxiliary random variables is the field F,, and a set of reconstruction functions
gr ={gn : Un = X,N € L}, the set RDjinear(P, gr) is defined as the set of RD vectors satisfying the fol-
lowing bounds for some non-negative real numbers (P p.i» To M)y pes, A4 Po. A ji> Po. At ivjis oA Jk €

Xk,i,k €[l,m+1],ieSandriq,;,J CM;,i€S:

H(Unm, VElX) 2 ) (logg=rop0 + ) (logg—roe), YM C SLE C A, (34)
MeM EcE
H(Um, WelX) > > (logg—rom) + ) (logq=roz), YM c SLF C B, (35)
MeM FeF
H(U, V, Wi LUV, Wiz D) < D (0gq+ ) pat =t + Y (ogg+ > popj=r)p), YL My
MeMy\MyUL jeM MeMy\MyUL jeM
N Ay sli€[1,ms+1],5€S}
(36)
Ri=>pmi Dy = Eldn(in(Un, X))). (37)
M

where (a) A = U;ies{Akilk € Mi}, (b) B = Uies{(Am+1,i- am,dl@ji € o}, (¢) oA, 1om; = 2ked To A, —
Fiay»Ji = {klak; # 04,1 € S, (d) Xyycy Fiay, < iy, ¥ € Miyi € S, (e) MN = (MN, {Arilk € M;,i €
S, Ari € MNLA(A 41, am,)[Am+1 € M, a; = 1)), (f) Mn = UnenMNs (8) Tom < logg and (h)

m;
Wﬂm+1,i»(YM,»,i =2 j=1 a/jlivﬂk‘,i'

Theorem 7. The RD vector (R;, DN)icL Ner is achievable for the |-descriptions problem, if there exists a
distribution P and reconstruction functions gy such that (R;, DN)icL Ner € RDjinear(P, 81)-

Proof. This is a straightforward generalization of the previous step, since the proof is similar, it is omitted.
o

Remark 9. Similar to Theorem[3|one can identify the non-redundant codebooks in the above scheme. One
can show that a large number of possible codebooks become redundant in this case as well.
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7 Conclusion

We provided several improvements over previous coding strategies for the MD problem. First, we showed
that the CMSB strategy can be enhanced using additional unstructured quantizers and a new unstructured
binning approach. We demonstrated these gains using examples involving binary sources and three de-
scriptions. We provided the resulting RD region for the /-descriptions problem with arbitrary sources and
distortion functions. Additionally, we proved that all of the new codebooks in our scheme are non-redundant
for the /-descriptions problem. In the second part of the paper, we introduced structure in both the quantizer
construction as well as in the binning functions. We showed through several examples that the improvements
derived in the first part can be extended if structured quantizers and binning functions are utilized. The RD
region in the first part of the paper was further improved upon by introducing additional linear coding layers.
Lastly, we combined the ideas in the two parts to provide a new and strictly improved achievable RD region
for the [-descriptions problem.

Appendices

A Proofs for Section 4

A.1 Proof of Lemma/(l

Proof. Let (R;, Dy)ieLner € RDssc(Pux) and (R}, D})icL nes € RDs SC(P{J’X). Without loss of generality,

assume U{l},{2},{3} = UEl},{Z},{}}' Let 0{1}5{2}’{3} be defined on U{l},{2},{3} X {O, 1}. Also let 0/\4 = UM if
M = {{1}, {2}, {3}4}. For A € [0, 1], define a new distribution PU,X as follows:

e (i = | APux®D 121431 = (1421431, 0)
UxA (1= DPyx,x) Gy e = (e D

Then it is straightforward to check that A(R;, Dn)icLnes + (1 = D(R}, D))ieLner € RDs SC(P[N]’X). O

A.2 Proof of lemma/[2

Proof. We provide an outline of the proof. Fix M’ € £. Consider a new scheme where the reconstruction
function at decoder M’ is defined as fiw : [ mem,, Um — X with the rest of the reconstruction functions
defined as in TheoremE} Let the RD vector (R;, Dn)icL Nes be achievable in the new scheme using the dis-
tribution PUsL, x and reconstruction functions fiw, gm, M € L\{N}. We provide a new probability distribution
PU§L,Xand reconstruction functions g, : Um — X,M € L to shows that the RD region given in Theorem
contains (R;, DN)icLNes- To construct the probability distribution define U jw = Up, M € SN\{{M’}}, and
Uy = (Uw, fwr(Uwm,,))- As for the reconstruction functions define gy,(Um) = gm(Um),M € L\{N} and
ew(Uly) = fw(Um,, ). Itis straightforward to check that with these parameters, the RD region in theorem
contains (R;, Dn)icL Ner- Intuitively, since the reconstruction functions are the same, the same distortion is
achieved by both schemes. As for the rates, in the first scheme, wherever Upy is decoded, all of the random
variables Uyy,, are also decoded. So, adding a function of these random variables to Upr does not require
additional rate. O
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A.3 Proof of lemma {4

Proof. Let Uy = W, Uiy =W, Ung = X, Ugpy = X5, where X; are the reconstructions at decoder {i} in
the two user problem in Example[I] Then it is straightforward to check that the RD vector is achievable from
Theorem [3] Next, assuming the codebook C1 2,3 is empty, we consider all of the remaining 16 codebooks
in the SSC scheme and show that the RD vector is not achievable.

Step 1: In this step, we argue that the only non-trivial codebooks are Cy1y, Ci3y, Cy1y,3),Ci1,2) and Cppy 43}
Due to the structure of the problem, a number of the codebooks are functionally equivalent, meaning they
are decoded at exactly the same decoders. So we can merge these codebooks without any loss. For example,
description {2} is only received by decoders {1, 2} and {1, 2, 3}, hence we can merge Cjp, into Cy; ) without
any loss. Cy1 31,4231, Ci1.3), Ci2.3y and Cyy 23y are only decoded at decoder {1, 2, 3} so they are redundant from
the results in [25]. C{1},2) can be merged into Cyjy since decoder {2} is not present. Cj} (2,3} 1S equivalent
Ci2,3,41y can be merged with Cyy. Also Cyj2) can be merged with Cy; 23 and is eliminated. So we are left
with four codebooks C{l}, C{3}, C{l},{3},C{1,2} and C{z},{g}.

Step 2: In this step, we show that if we set U3y = W and Ujj) = ¢ , there would be no loss in terms
of RD function. The codebooks Cyjy and Cjj) 3y are decodable using description 1. Since decoder {1} is at
PtP optimality, these codebooks only carry W. To be more precise there is a Markov chain (U i Unyey) ©
W o X, which we prove in the following lemma.

Lemma 17. In a PtP setup assume the decoder is at optimal PtP RD. It receives variables Uy, and the
reconstruction function is f(Um). Then the following Markov chain holds Uy < f(Um) © X.

Proof.
(@)
R > I(Un;; X) = I(f(Uw), Unt: X) = I(f(Un); X) + I(Unt: XIf(Un))
()
> R+ 1(Um; XIf(Um)) = I(Um; XIf(Um)) = 0,
where in (a) we used the fact that f(Uyy) is a function of Uy and in (b) we used the PtP optimality. O

Since W is decoded both at decoder {1} and {3}, if we replace Uyyy,3y with (Uy1y 3y, W), the decoders de-
code the same random variables as before, so no extra rate is required. Also, from the lemma (U{1y, Uj1y3)) <
W < X. Hence, we conclude that we can set Ujj) (3 = W and Ujjy = ¢ without any loss in terms of distor-
tion.

Step 3: Assume there are random variables U1y 3) and Uy 3y = (W, U’(2)3)) such that the RD vector is
achievable in the SSC scheme. From the Markov chain W <& W < X, description 1 is not used in the
reconstruction in decoders {1, 2}, {3} and {1, 2, 3}. If we set Uy = ¢, the distortions constraint in decoders
{1,2}, {3} and {1, 2, 3} are satisfied. So we have constructed a scheme to send the descriptions at a lower
rate (by setting Uy, = ¢) without any loss in terms of distortion in these three decoders. This contradicts
optimality of the random variables chosen for the two user scheme.

A.4 Proof of lemma 3 for 1>3

We have proved that if C(12)3y = ¢, the RD vector is not achievable but if the constraint is lifted the
scheme can achieve this RD vector, so the codebook is non-redundant. For the general /-descriptions prob-
lem, we provide an outline of the non-redundancy proof for Cgr, H € Si. Let {a1;,a2,...,an,},1 €
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[1,k] be the elements of . Then to construct an example where Cyy is non-redundant, first consider a
set up where for any i, each set of three decoders {ai;, az;,...,an.;} and {ay 11,0241, ..,0an,,,i+1} and
lari, a2, ..., 40,4, a1,i+1,02, - - ., An,,i+1} are as in the two user setup in Example Then there should
be a common component between each two of the descriptions. It is straightforward to show that the
common components must be the same for all of the decoders, otherwise since the codebooks are inde-
pendent there would be a rate-loss as explained in the previous section. We ensure that the common com-
ponent can be decoded only when all descriptions aj ;az, .. . ay, iG1,i+102, - . - Gn,,, i+1 are received and not
when a subset of the descriptions is received. This is done by adding decoders {ay;}, {a1,, az;} through
lari, a2, ... an, i, A1,i41, 02,41, - - - Gn,,, i+1} Such that each of them would be at PtP optimality by receiving a
refined version of W (i.e {a; ;} would receive W and {a1,i, a2} would receive a refinement of W and so on).
In this way the only codebook that can carry W without rate-loss is Cyy. O

A.5 Proof of Lemmal[3

Proof. Letpy12).1312+P11.2),11,3),3 > 0, description 1 carries W to decoder {1} with rate I(W; X). Descriptions
2 and 3 send W to decoders {1,2} and {1, 3} by sending a refinement on Cyj )1 3). In other words Uyyy =
W, Unouz = W, Upp = X, and Unp = X, similar to the proof of Lemma Then one can check
that the RD vector is achievable using the SSC scheme. Next, assume 12} (132 + P1.2).41,31.3 = 0, then
pu2niay = 0,1 € {2,3}). As in the previous section, we begin by eliminating the redundant codebooks for
this communications setting.

Step 1: In this step we argue that only the codebooks Cyj 3y, Cy12y Cy1y and Cyy 2)(1,3) are non-trivial. Due
to the structure of this communications setting many of the codebooks are functionally the same and can be
merged together. The codebooks Cy1) 2).43)> Ci1),43}» Ci1),12)> Cr2.3).41) are decoded at all four of the decoders
and can be merged with Cyy). Cy3),2,3) can be merged with Cy; 3y since decoder {2, 3} is not present, by the
same argument Cjj ) 13),(2,3) 1S concatenated with Cy12) (13}, also Cy12)23) and Cy12),3) are merged with
Cu.2)- Cuszy and Cypy g3y are combined with Cyj 2y 2.3). Lastly since decoders 2 and 3 are not present, Cya)
and Cy3j can be merged into Cy ) and Cyy 3), respectively. So only the four codebooks Cyy 3y, Cy1 2y Cy1y and
C{l,z}’{1’3} remain.

Step 2: By the same arguments as in step 2 of Lemma@ we can set Uy = w.

Step 3: By assumption, the codebook Cjyj 2} 1.3} is only carried by the first description. However, the code-
book is not decoded at decoder {1}. Since the decoder is at PtP optimality, Cy; 2;1,3) can’t be sent through
the first description either (i.e p(1 2)(1,3)1 = 0 and Cy 2;,(1,3) can be eliminated.).

Step 4: After Fourier-Motzkin elimination, the covering and packing bounds for the remaining three code-
books give the following inequality,

Ry + Ry + R3 > I(Uy1 25, Upay; XIW) + I(Up1 3y, U o)) W) + I(W; X) (38)

By the definition of W we have W & W o X and I(W; X) < I(W; X), so the bound above is strictly larger
than the case when W is replaced by W (i.e. when Uj; 2413y = W.). This concludes the proof.
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B Proofs for Section 5

B.1 Proof of Lemma
Proof.
%E(dH(f(" ® 2" X" @ Z") = %E(WH(XH S 2" @y X" @y Z)
= %E(WH(X” S X" @y 2" @y Z)
= %E(dH(X” @ X", 72" @, ZM).

Note that X" @, X" is the quantization noise of quantizing X" and Z" @, Z" is the quantization noise of
quantizing Z". Since the source vectors are independent, the noise vectors are also independent and the
summation converges to ¢ * ¢ (The arguments are similar to the ones given in [28].).

B.2 Proof of Lemma

Proof. We assume that there exists a probability distribution P on X and Us, for which the RD vector is
achievable using the SSC scheme and arrive at a contradiction. Since all of the decoders are present in this
setup, we need to consider the SSC with all the codebooks present, so the proof is more involved than the
proofs in the previous section.

Step 1: In this step we show that description i, where i = 1, 2, does not carry any bin indices for codewords
from codebook Cyq if M ¢ My;;. Descriptions 1 and 2 only carry indices which are used in the reconstruction
at decoders {1} and {2}, respectively. This is true since these two decoders are receiving information at
optimal PtP rate-distortion. Note that this does not mean the corresponding codebooks are empty, we can
only conclude that no bin indices for the codewords are sent through these descriptions. For example if
M={{2},{1,3}}and i = 1, then pp; = 0.

Lemma 18. Fori € {1,2}, and M such that {i} ¢ M, pp; = 0.

Proof. From optimality at decoder {1} we have the following equality:

R; = I(Um,;X,Z) (39)
Consider the following covering bound on the random variables U, :

HUw, X, 2) > " (HUpM)=rp0), (40)
MEM(,‘)

also we have the following packing bound at decoder {i}:

HUw,) < D (HWUM +ppi = ), @1
MEM(,‘)
adding (@0) and @T)) we get:
> omi 2 (U3 X, 2), 42)
MEMU)
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Ri = Y pmes, P> comparing this equality with completes the proof. i

Step 2: In this step, we show that there are no common codebooks decoded at decoders {1} and {2}. Since
decoder {1, 2} receives descriptions 1 and 2 at optimal RD from a PtP perspective, the random variables
decoded at decoder {1} must be independent of those decoded at decoder {2}. From the next lemma we have
that if M € M, N My then rpq = 0.

Lemma 19. Consider the setup in Figurem let (Ry, Ra, D1, D2, Dy1 2y) be such that Ry + Ry = RDy,,,(Dy1.2)),
where RD (D) is Shannon’s optimal PtP RD function for distortion function d at point D. For any distri-
bution Py, Up,.Uy12.Up ) Which achieves this RD vector, the following conditions must hold: 1)Uy 1L Uy,
and Ci1y ) = ¢

2)If in addition R; = Rde(Di),i € {1,2} then, U{1,2} o (U{l}, U{z}) o X.

Proof. Consider the following packing bounds:

Dec {1} : H(U1y2), Upty) < H(Uqy2) +HU 1) +pqay,2)0 P00, =iy = (43)
Dec {2} : H(Ujy,121, Uppy) < HUpy2) +HUyy) +pp212 o212 =20 = 12) (44)
Dec{1,2} : HUj 21Uy 2, Upty, Upy) < H(U (1 2)) +p11,201 011,22 = F1,2) (45)

Also the mutual covering bound:

H(Up12), Upy, Upy, Uyl X) > H(Uqpy) + HUy) + HU ) + HUqyq2)) — gy — iy — 72y — TaL2)

(46)
Now we add inequalities (43}{45)) and subtract (46), we get:
I(U2), Uy, Uy, Uiy X) + 10Uy UplUpy2) < Ry + Ro =y
Using the condition Ry + Ry = RDy,,(Dy1,2)) we conclude:
I(Uny: UplUpy ) + riagzy <0 47)

From (47) one may deduce Cyj)2) = ¢ and Uyyy 1L Uypy. Furthermore we get:

Ry + Ry = I(U1 2y, Upyy, Upys X) = I(Upy; X)+1(Uppy; X)+1(Uqry; Uyl X) +1(Uq 25 XUy, Uy,

where the right-hand side of the second equality is the sum-rate of the two-descriptions problem. Using the
conditions R; = RDy,(D;), i € {1, 2}, we have:

I(Uy1y; Uyl X)+1(Ugn 233 XIU 1y, Upy) = 0.
So (U1 2y; X|Uy1y, Uygzy) = 0, which gives the desired Markov chain in (2). m]

Assuming the original scheme achieves the RD vector in the theorem, we give a new scheme which also
achieves the RD vector. We propose that the encoder operates as before, but decoder {1,2} decodes U
only if M € My or M € Mp,. It needs to be shown that the RD vector is the same. First we consider
the resulting rates. The covering bounds are not changed. The packing bounds are the same at all decoders
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other than decoder {1, 2} since the same variables are being decoded at those decoders. M1y "Mz, = ¢. Let
My, and My, be subsets of M;j; and Mj). We need to show that the following packing bound is satisfied:

H(Um,,» Us Uy, - Usp,) < > (HUM) + Pt +Pm2 = M) (48)
MEM(”UM(Q)\M(”UM(”

We have the following two packing bounds from decoders {1} and {2}:

H(Uw Uy, < > (HUM) + pans = 70 (49)
MEM(])\Ml

H(UmgUyi,) < > (HUM) + pat2 = 70 (50)
MEM(z)\Ml

Note that from arguments in Lemma([I9] Uwm,,, is independent of Uwm,,,. Hence adding #9) and (50), we
get [@8). This proves that the packing bounds are also the same.

From lemma@ we have Uy, ,, <> Umy,» UM, < X, Z. Lemma@ shows that the new scheme achieves
the same distortions as the previous one.

Lemma 20. Let the random variables U, V, X be such that U < V < X. Then for an arbitrary distortion
Sfunction f : X x X = R*, there is an optimal reconstruction of X using U and V which is a only function of

V.

Proof. We know that the optimal reconstruction function for X given U and V is given by:

g(u,v) = argmin E(f(X, X)|u,v) = arg min E(f(X, X)|v),
xeX xeX
which is only a function of V. m]

By these arguments, codebook Up, is eliminated if M € M”,z}\ﬁu’z,. Also in the new scheme,

,,,,,,,,,

sssss

we have eliminated 7 codebooks.
Step 3: We have the following lemma:

Lemma 21. From optimality of rate and distortion at decoders {1, 3},{2, 3} we have:
P{2,3},3 = P(1,3},3 = P{2,3,,{1},3 = P{1,3},{2},3 = 0

Proof. First we argue that pp>3)3 = 0. If this is not true, it contradicts optimality at decoder {1,3}. U 3) is
not decoded at decoder {1, 3}, but its bin index is carried through description 3. So if the bin index is non-
zero, one could reduce R3 by setting the bin index equal to O without increasing distortion at decoder {1, 3},
this contradicts optimality at that decoder. By the same arguments py; 33 = 0. Now assume pj2 3,413 # 0.
We show that this contradicts optimality at decoder {1, 3}. U231 is decodable using description 1 (since it
is decodable at decoder {1}). Hence, if we set pj2 3} 11,3 to O (i.e. do not send the bin index on description 3),
then decoder {1, 3} can still decode Uj3 1 using description 1. So the distortion is the same at this decoder,
but the rate R is reduced which contradicts optimality. By the same arguments, p(132)3 = 0. O
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Step 4: We proceed by showing that r(; 3y = rp3) = 0. So far we have shown that none of the descriptions
carry the bin indices for these codebooks.Consider the following packing bounds in decoders {1}, {2, 3} and
{1,3}:

HUnUny3Uay) < HUpy) + HU ) + HUs) ) + Ry —ray — rag ey — resi
HUpUp U3 Upns U Un s UpsimUnsyes) < HUp) + HU;) + HUpye)+
H(Upy3y) + HUpsy) + HUp3),02) + HUpsy1y) + HUp sy 03) + Re + R3 — rgy — rzy — rysy—
213} T T23) T FU3)2) T TR3)) T T3)23)
HUua3)UnmUpUnys U Unsie UpsinUn ayes) < HUp ) —rag)

We add the above inequalities and subtract the mutual covering bound on all RV’s, we get:

HUWUn 3 Upsyay) + HU U Uy 3 U3 U sy U sy U sy U 3ye.3))
+HUn3)Unm U Unye Unns Unasia Uesin Unsie.s)

= HUny, Uy, Uy, Uy Upisr Unnsnias Uasnans Uay Unsyes), UnailX, 2)
<HWUpz) + HUpgzyay) —rasy —respy + R+ R+ R3

= (U 31U Uss U{ LU Ui sy UpsyyUn siesy X, Z2) + 1(Ug, 3 Ups s X, 2)+
LUy 3y X, ZIU U Uy 3 Uy 3y U sy U sy U syesy) < Ry +R2 +R3

= I(X,Z; U{1,3}|U{1} Ui Uy U {%}U13 WesmUnsyesy) =

This imposes the Markov chain Uj1 3 < UnyUs /Uy Ui Un syt Uesnin U sz < X, Z. Hence
by the same arguments as in step 2, we can eliminate Cy; 3. Also by the same arguments Cjp3) can be
eliminated.

Step S: In this step we eliminate Cyy) (3) and Cyy) (3

Lemma 22. The following equality holds:
PULBLL = PULBLS = PRLBL2 = PRk =0

Proof. Assume py1)3),1 > 0. We claim this contradicts optimality at decoder {1, 3}, since Uy, 3) can readily
be decoded from the bm number carried by description 3, so setting p(1)3,1 to 0 would decease rate without
increasing distortion. The rest of the proof follows by the same argument. O

Now consider the following packing bounds at decoders {1}, {3} and {1,3} and the mutual covering
bound:

HUnUpny 3 Upanny) < HUgy) + HUpy ey + HUpspay) + R — ray — rag ey — resy)

H(U3 Uy 33Uy, {3}) < H(U )+ HUpyay) + HUpysy) + Rs — pp3iesys — ey — raysy — rens)

H(U1 31,025 UnsialUnm Uy Uy Uy Usiay) < H(Ug sy ea) + HUG 3102y + 00342303 — Fi3LR3)
H(U{l}U{3}U{1},{3}U{z},mU{1,3}{2}U{2,3},{1}U{1,3},{2,3}|X, Z) 2 H(Uyy) + HU3) + HUy3) + HUp) 3))

+ HWUp3)12) + HUp ) + HUp 3,31 — ray + 130 — Fayek = FRue) — 735620 — Hesni — 1i3nes)

Adding the above packing bounds and subtracting the mutual covering bound we get:

HUW U Upsay + HUs Uy Uy + HUp 33 Un sielUn U Uny 31 U6 U 3),00)
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- HUWUpUnyay e Un s UesinUn ,e3)X, 2) < Ry + Ry + HU ) — ruy )
= IUnUn,Upsin: UsUnys Upep+
IUmU3UnyUpsUn s UesmUnsnesX, 2) - HUnys) < R+ Rz — raygs)
= IUnUpaa;: U UpelUne) + rae <0

Particularly r(1) 3, = 0, by the same arguments ry3) (3, = 0.

Step 6: So far we have shown that only C{l}, C{z}, C{3}, C{Lg}’{z}, C{z,g},{l} and C{1’3}{2’3} can be non-trivial.

From optimality at decoders {1} and {1, 3} we have the following equalities:

Ry = 1(Upy, Uz X, Z), Ry + Ry = I(Uqy, U ay 1y, Ugsy, U 31,42, Ui 31,423 X, 2)
Hence we have:
R3 = I(Ug), Un sy Unsies): X ZIU0 s Upsyan)
Define the following:

| s
N5 =X + hiy(Upiy, U zy00)
Ng*é 2X+7Z+ h{3}(U{3})
13 a
Ny~ = Z + hia3)(Upy, Upsyig, Uy U sz Un sy es)

(5D

(52)

(53)
(54)
(55)

where A1) is the reconstruction of X at decoder {1}, i3y is the reconstruction of X + Z at decoder {3}, and

hy1 3y is the reconstruction of Z at decoder {1, 3}. Then from (52):

R3 > I(hy13)(), hizy(U3)); X, ZIU 1y, Upp 3y, 3241 ()
=> R3 > I1(Z+ N1’3,X +7Z+ N§*6;X, Z|U{1}, U{2,3},{1},X + N({Sl}))

= Ry = HZIUpy, Upsyp X + NS~ HZIZ + NP X+ Z+ N2, Uy, Upsn, X + N

(@)
=Ry > 1 - HZIZ+ N}, X +Z+ N5, Uny, Uy X + N

= Ry > 1 - H(Z|Z+N}?)
= Ry > 1 - HN,’|Z + Nj°)
(b)
= R3 > 1— hp(6)
All the above inequalities must be equality. In particular we have:
@=ZoZ+NP o X+Z+N2, X+ N
= NP o Z+N? & Z+ N3+ N

1,3 1,3 1,3 3 {1}
= Ny~ © Z+ Ny~ o Ny~ + Ny 5+ Ny

Note that from (b), we can conclude that Z is independent of N 1.3 , we have N ;’3 and N;’3 + Ng* st N({sl

independent. Define N’ £ N3

{1} .
s T Né . We have:

P! + N = 0) 2 PV N7 = N = 0) = PV = OV = 0)

b
B PV = 0,N¥ = 0) = (1 - )PV’ = 0, NI = 0) + PV = 1, N = 1))
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= P(N' =0,N{"” = 0) = TP(N = 1L,N =1y

(a) holds since N’ 13 and Ny L34 Ng* st N{l} are independent. In (b) we have replaced P(N({Sl’3 AN = 0) by

PN = 0,N" =0y + PN = 1N = 1),

Define a = P(N’ = 1, N\ = 1), then by the same calculations (N’ = 1, NI = 0) = (1 - 6)(1 - La),
so PN' = 1) = 1 -6+ 21a. Notea = PIN' = 1,N'" = 1) < PN = 1) = 6, hence using
PIN=1)=1-6+ 256 a, we get P(N" = 1) < 6 with equahty if and only if a = 6. Also note that Z + N’ is
available at decoder {1, 3} so P(N’ = 1) = ¢ and a = 6, otherwise there is a contradiction with optimality of
hy13). If a = ¢, then N({Sl’3} is equal to N’. So by the same arguments we have:

=N 4 N = N N

6*(5
where
Ng =7+ hi2y(Upy, Up13),021) 9
Ny? £ Z + hpyy(Upy, Unaien Uk Upann, Unaes) oD

Since Né” il N({Sz}, NI N3 and N2 g N23 we have:

N = N2 N = N NE

5 Vo5 N5+N5

We argue that Cyy 3) (2}, Ci2.3),11) and Cyj 3)12,3) can be taken eliminated without any loss in RD. To prove this
assume we have a scheme With Py, o Up1.Un s Uy Up U - Construct new random variables Uyyy =
X+N({Sl}, U{l}, U“},{z’g}, U{z} = Z+N({52}, U{z}, U{z}’{1’3} and 03 = U{3} and eliminate the rest of the codebooks.
From the independence relations above, the packing bounds would stay the same. Since we have merged
codebooks, the covering bounds would loosen, and it is straightforward to see that the reconstructions at
each decoder are still the same. We are left with four codebooks, Cy, C2) and C(3. Note that since decoder
{1} is only decoding Cyjy we must have p1,1 = r{1; = R;. This is deduced from the packing bound in decoder
{1}
H(Ugy) < HUpy) + ppya — ray = ray < pya

But p(1),1 < rq1y so they are equal. The same argument gives p2)2 = r(2; = Ro, and p(3)3 = r3; = R3. Also,
from optimality at the joint decoders and lemma|[T9} we have U; 1L U, Vi # j.

HWUyy, Uy, U{3}|X,Z) > H(U{l} +HWUppy+ HUpy — R —Ry—R - 3
= Uy, Upyp, U X, 2) + 1(U31 X, Z, Uy Upgy) <R+ R+ R
= IUp; X, Z, Uy, Upy) <R3 (58)

Note that Ry +R3 = I(U1y, Uy; X, Z) and Ry = I(U{yy; X) from optimality at decoders {1} and {1, 3}. SoR3 =
I(Up3); X, Z|Uyyy). Replacing R3 into (58), we get I(Usy; UppylUyy, X, Z) = 0. So we have the Markov chain
Uiy © Upy, X, Z < Upy. By the same arguments we can derive the Markov chain U3y < Uy, X, Z < Uy,
Using lemma [23| and the previous two Markov chains we get Uz <> X,Z < Uy, Ujp). Take the Markov
chain U3y & X,Z & Uy, along with Z 1L X, Ujyy we get U3y, Z <> X < Uyyy. Also from the optimality of
the reconstruction of X at decoders {1} and {1, 3}, we have:

I(Upy; X) = 1Uny, Uy X) = 10Uy XIUpy) =0

From the above and Z 1L X, Uyy), we conclude U3y, Z <> Uyyy < X. Applying Lemma 23| we get Z, U3y 1L
X, U{]}.
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Lemma 23. Let A,B,C and D be RV’s such that A < B,C <& Dand A < B,D < C, and also assume there
is no b € B for which given B = b there are non-constant functions fp(C) and gp(D) with f,(C) = gp(D)
with probability 1. Then A & B & C, D.

Proof. This lemma is a generalization of the one in [22]]. We need to show that p(A = a|B = b,C =¢,D =
d)=pA=aB=>bC=c,D=4d)foranya,b,cc, d,d. Note since functions f;, and g, do not exist,
it is straightforward to show that there is a finite sequence of pairs (c;, d;) such that (c1, Dy1}) = (¢, d) and
(cn»dy) = (¢’,d") with the property that either ¢; = ¢;+1 or d; = d;iy1 and that p(B = b,C = ¢;,D = d;) # 0.
Then from the first Markov chain if d; = d;;.1, we have p(A = a|B=b,C =¢;,D =d;) = p(A=a|lB=0b,C =
ci+1, D = diy1), also if ¢; = ¢;41 the second Markov chain gives this result. So p(A = a|B =b,C =c¢;,D = d,)
is constant on all of the sequence particularly p(A = a|B=b,C =¢,D=d)=p(A=alB=b,C=c",D =
d). O

Let g(U{1y, Uyzy) be the reconstruction of Z at decoder {1, 3}. We have:

Z Pz, ugry, wiz)dp(g(ugy, u3)),z2) < 6 = Z pugy) Z Pz, u3))dp(gugy, uz)),z) <0

Z,U(1),U(3) Uiy ZU(3)

So there is atleast one w1y € Upy such that 3., o p(z, uz)du(g(uqy, uz), z) < 6. Let gu, (U)) = gluqy, Ugzy)
be the reconstruction of Z using U(3;. By the same argument we can find a reconstruction of X using Uy3),
then I(Uy3y; X, Z) > 2(1 — hy(6)) from a PtP perspective which is a contradiction. O

B.3 Proof of Lemma

Proof. We provide an outline of the proof here, the arguments are similar to the ones in the previous proofs.
Step 1: I Any codebook which is not decoded at decoders {1}, {1,2}, {2,3}, {3,4} and {4} is redundant.
This implies that there are at most only 17 codebooks which are non-redundant. These codebooks are Cyi,
» Cinza Cinsars Canay Crnanea Cinenzs) Cp Ciana) Cianinz Cianzanin2.Cn2Cray Ciaa
Ci21.2.3) -Cl21,3.4) Cra3).43.4) and Cp12,42.3),(3.4)-

Step 2: In this step we prove that the only non-trivial codebook decoded at decoder {i} is Cy;; fori = 1,4. All
pOSSible codebooks decoded at decoder {1} are C{l}, C{l},{2,3}, C{l},{3,4},C{1},{4}, C{1}7{2’3},{3,4} and C{l},{2,3},{4}.
From optimality at decoder {1, 2}, Cyj)2,3) is redundant. The reason is py1} 23,2 = 0 otherwise we can
set it to zero without any loss in distortion at decoder {1, 2} which contradicts optimality, also any random
variable that description {3} carries must be used in reconstructing Z at decoder {3, 4} because that decoder
is at optimality, which means pj1) 12,3)3 = 0 so the codebook is decoded at decoder {2, 3} but not sent through
either description {2} or {3}, from similar arguments as before the codebook is redundant. Same arguments
can be provided to deduce redundancy of Cy1)3.4}, C(2,3)> Ci1),2,31,13.4) and Cy1),2,3),44)- This implies that only
Cy1; is decoded at decoder {1} and Cy4y at decoder {4}.

’’’’’

we have:
IUny, U oy, U o231, U 213,45 U 2),42,3),3.41: X) =
(@)
Ri + Ry > I(Up1y, Upn 2y, Ugi 21,4231 U1 21,4341 U1 2),42.3),3.4): X, Z)

B

where (a) follows from the usual PtP source coding results. Comparing the LHS with the RHS we conclude

2145 f51 9

ested in U1 2),3.4) U1 21,12,31.43.4) < X < Z. By the same arguments and using the optimality at decoder
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{3,4}, we get U12)434)> Up1.2),231.34) < Z < X. These two Markov chains along with lemma [23] prove
U1 2,341, U1 2),231.3.4) L X, Z. So these two variables are not used in reconstructing the source and the
corresponding codebooks are eliminated.

Step 4: The only remaining codebooks are Cy1), Cuay, C1.2), Ci34)> Cr12),2,3) and C23),(3.4). From opti-
mality at decoders {1,2} and {3, 4} we must have U{l}, U{l,z}, U{]yz},{zg} o (X, 2) & U{4}, U{3,4}, U{2,3},{3,4},
also U{]},U{l,z},U{lvg},{zﬁ} o Xo Zand X o Z o U{4},U{3’4},U{2,3}’{3,4}. From lemma@ we get
U, Unap Unaps © X © Z o Uy, Upay, Ups)pa)-

Lemma 24. For random variables A,B,C,D, the three short Markov chains A < (B,C) & D, A & B & C
and B & C < D are equivalent to the long Markov chain A & B & C < D.

Proof. We only need to show that A & B < D, the rest of the implications of the long Markov chain are
either direct results of the three short Markov chains or follow by symmetry. For arbitrary a, b, d we have:

P(D=dB=b,A= a):ZP(C =c|B=b,A=a)P(D=dA=a,B=b,C=c)
ceC

= ZP(C =c|B=b)P(D=dB=b,C=c)=PD=dB=b)
ceC

We get an inner bound for R, + R3 at decoder {2, 3}:
Ry+R3>minl(U,V;X,Z2) = HX,Z) = 1 + hy(p),

where the minimum is taken over all Py yx z for which the long Markov chain U < X < Z < V is satisfied
and (U, V) produce a lossless reconstruction of X + Z. This resembles the distributed source coding problem
in [15]]. So the RD vector can’t be achieved using random codes. O

B.4 Proof of Lemmal[12

Proof. In this proof we use bold letters to denote vectors and matrices. Fix integers n, [, I’ and k. Choose the
elements of the matrices AGyx,,, AGllax” and Gy, and vectors B" and B” randomly and uniformly from F,,.
The codebooks C, and C;" are defined as follows:

Co = {aG + mAG +Bla € F;,m € F})

C,={bG+m'AG’ +B'lb € F,,m' ¢ F,}
For a typical sequence x with respect to Py, we define 6(x) as the function which counts the number of
codewords in C, and C/, jointly typical with respect to Pxyy:

0= >, Twv)eALU,Vx)

ueC,,veC,

= Z Z Z [{aG + mAG + B = u,bG + m'AG’ + B = v}
m,m’ a,beﬂi"; (u,v)eAX(U,VIx)

Our goal is to find bounds on n, [, I’ and k such that P(6(x) = 0) — 0 as n — oo.

For a € F’; and m e IFfI, we denote the corresponding codeword as g(a, m) := aG + mAG + B. Similarly
define g’(b,m’) := bG + m’'AG’ + B’ forany b € F’; and m’ € IFf]'. The following lemma proves several
results on the pairwise independence of the codewords.
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Lemma 25. The following hold:

1. g(a,m) and g'(b,m’) are distributed uniformly uniform over Fy.
2. Ifa # 4, then g(a,m) is independent of g(a, m).
3. Ifb # b, then g’(b,m) is independent of g’'(b, m’").

4. If B and B’ are chosen independently and uniformly over Fj, then g(b,m’) and g’(a,m) are indepen-
dent.

Proof. Follows from [17]], and the fact that B, B’ are independent and uniform. O

We intend to use Chebyshev’s inequality to obtain:

4var{0(X)}

PIOCX) = 0} < o

Lemma 26. For X € A(")(X) we have the following bound on V”ig{gg() :

2
var{6(X)} 9" HUVIX) . q" >-n(HUIX) q" >-n(HVIX) q" o =n(H(U,VIX)=maxizo H(UVIX.V+U))

E{g(x)}z _C] [+ q 2k ql+l’qk ql+l’qk ql+l’qk
n n 1 1 1 1 1
+ cl] k2 ) + f{ k2_n(H(V‘X)) + 1l + p + [+’ vk + I'+k
q4q q 49 q q q q q

Proof. We calculate the expected value of 6(X) for any X € A(E">(X ):

Eoxi= > > > >, P® Plgam =ug(hm)=v

xeAX(X) me]pl a#b (u,v)eAZ(U,VIx)

’
m'cF,

q

m,m’ xeA(X) a#b

Also:

E{0(X)’} = Z D00, 2, Ple@m)=ug@m) = ig'(bm)=v,gBm) =)

m, m ad pp (Wy) @VHEAX(U,VIX)
(59)
Using Lemma 25}
Ps 2 P{g(a,m) = u,g(d 1) = i, g(b,m’) = v, g(b,m’) = ¥}

= — X P{go(a —a,m-mm) =u-1i,g\b-bm -i)=v-7
qn

’

At this point we have to consider several different cases for the values of a,d, b, b, m, i, m’, i’

>/

1) m=m,m =m
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l.lzazﬁ,b:f)ﬁPsz%6(u—ﬁ)(5(v—€')

12:a=a,b#b= P, = 3,16(u )

1.3:a¢ﬁ,b=f)=>Ps=an(5(v—v)

l4:a#8,b#b= P, =Y, q%ndm—ﬁ—a/(v—ff)) + Tln(l — Yaer, 6u - - a(v - ¥))
2) m#mm =

2.1:a=§,b=5:>PS=q%6(v—ff)

2.2:a:§1,b¢l~):>Ps=%

23:a#a,b=b= P, = 3,16(v )

2.4:a¢ﬁ,b¢5:>Ps:q+n

Cases when m = m,m’ # m’ and m # m,m’ # M’ are similarly considered but the derivations are
omitted for brevity. Considering cases 1.1-4:

E{H(x)zlm:ﬁl,m’zﬁm’}:z [ZZ Z qzn ZZ Z = (60)

a=2a p=p (u, v)eA”(U VIx) a=a pxp (W,v),(w,¥)

F02 D mt X 2 2 DI NC)

a#a ph=p (u,v),(d, V) a€F,\{0} a#a b+#b (u,v),(@,9)
b-b=a(a—a) Y-Y=a(u-1)
a€F,\0
1
R IPIED IR W (©2)
acf—{0)aZa  beb vy 1
b-b#a(a—a) Y- V#a(u-i)
@€F,\0

Consequently:
E{0(X)*lm’ = i, m’ = i)

' 2k
f] q4" A n(H(U,VIX)) q ‘] n(H(U,VIX)+H(V|X,U)) q q n(H(U,VIX)+H(U|X,V))
<—212 + —2 + —2 +
2n 3n 3n

q q q

U 3k I+ Ak
9 49 An(H(UVIX)+maxq0 HUVIX.V+aU)) | 9" q 2 2n(H(U,VIX))

q3n q4n ’

where we have used Lemma 8 in [29] to get the fourth term. After considering all the cases, the only
non-redundant bounds are the ones mentioned in the lemma. ]

So, the following bounds need to be satisfied:

ro + 1, >2logqg— H(U,V|X)
r, + r; —r; 2 logg — min{H(U|X), H(V|Z)}
ro+r, —ri>logg— H(U,V|X)+ ma&&H(U, VIX,V +alU)
aF

o

ro 2 logg — HUIX))
r> logq - H(V|X))

min{r,, )} >
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Observe that
HWU,V|IX,V+ aU) = HU,V,V+aU|X) - HV+aU|X) = HU,V|X)— HV + aU|X)

B.5 Proof of Lemma (13

Proof. The proof follows the same arguments as that of Lemma [I2] We provide an outline of the proof.
Define the probability of error P, as follows:

P, = P({(x,u,v) € X" X C1 X C2|A(0’, V") € AZ(U, V) N Ba(u) X B2(V)})
We define a new conditional probability of error for any triple x,u,v € Ac(X, U, V):
Pexuy = PAW, V) € ALU, V) N Ba(u) X By (V)X = x, (W, V) € C1 X C2)

Clearly if Pjxu,y goes to O for all X,u,v € A(X,U, V) as n — oo, then P, goes to 0. Also define: Pyyy =
P((x,u,v) € X" X C1 X C2), and Poxuy = PejxuyPxuy. We have:

Pauy= Y. > > >,  PXPg@m)=ug®bm)=yv

xeAZ(X) me[pfl a#b (u,v)eAZ(U,V|x)
m/e]Ff;

1 ql+l’ q2k
=D, 2, D MUV VRIP() =, = T2 V00O
q* q2n

m,m’ xeA(X) a#b

CERDIDINWINDINDIEDINEPINEE

M X ad pp (WVE @V bie[1,2%1]bye[l1,272]
m’ ANUVIX) AMUV)

P{g(a,m) = u, g(@, 1) = @i, ¢'(b,m’) = v, ¢'(b, ') = ¥)P{B1(u) = Bi(&) = b1, Br(w) = B() = b»)

Note that the binning is done independently and uniformly, so P{B;(u) = Bj(ii) = by, Bo(u) = By(ii) =
by} = 2721+P2)  The rest of the summations are the ones which were present in the proof of Lemma
Again we have to do a case by case investigation of the summation. The only new bond comes from the
case whenm =mandm’ =W, a # a,b # band a — @ = i(b — b). We have:

A= Z Z Z Z q—3n2—n(P1+pz)

m,m a,a b,f, (u,v)e (,v)e
a#a _ANUVIx) AXUYV)
a—a=i(b—b) u—ii=i(v—¥)

’

I+
q q3k2nH(U,V|X)2nH(U,V|U+iV)2—n(p1+p2)

q3n

Dividing this last term by Py yv:

k
_A L HnHWMUY )y 4p2)
Pxuv 4"

which goes to 0 if the following is satisfied:
ri—p1—p2<logg—HU,V|U +iV) (63)

However as shown in the next lemma the new bound in (63) is redundant.
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Lemma 27. The inequality in Lemmall3|is redundant.

Proof. Assume there is a distribution Py, g,y for which (63)) is violated, we show that either (I7)) or (20) is
also violated. Conversely, as long as (I7) and (20) are satisfied, (63) is also satisfied. Assume we have:

(ro —p1) + (r;, —p2) < 2logqg — H(U, V)
ri—p1—p2>logg—HWU,V|U +iV),Vi € F,.

Adding the two bounds we get:

ro+r,—ri<logqg—HU,V)+HU,V|U +iV)
=logg— H(U +iV)<logqg—- H(U +iV|X)

which contradicts (T7).

B.6 Proof of Lemma 14

Proof. The proof follows the same arguments as in the previous two examples. First we assume there exists
a joint distribution Pyy such that the SSC scheme achieves the RD vector, then we arrive at a contradiction
by eliminating all codebooks. First note that from our definition of Py y,, v, direct calculation shows that
Ri + Ry = I(Vj1), Vi2y; X) = 1 = hyp(Do). This means that decoder {1,2} is at PtP optimality. Also by the
definition of the distortion function D3, decoder {3} is at optimal RD.

Step 1: From the optimality of decoder {1,2} and Lemma [I9] there can’t be any codebook common
between decoders {1} and {2}. So Cy1) (2 and Cy1),2),(3) are eliminated.

Step 2: From optimality of decoder {3}, description 3 can’t carry the bin number of any codebook which
is not decoded at that decoder. Also description 1 and 2 can’t carry the bin numbers of codebooks which are
not decoded at {1, 2} because of optimality at this decoder. So codebooks Cy 3},(2,3}, Cy1,3) and Cy23) are not
sent on any description and are redundant.

Step 3: The codebook Cyy) (2.3} is not binned by description 2 or 3. Description 3 can’t bin the codebook
since it is not decoded at decoder {3}, and that decoder is at PtP optimality. Note Cyj)(2,3) can be decoded
using description 1, so any bin information for this codebook that is carried by description 2 is not used at
decoder {1, 2}, since decoder {1, 2} is at PtP optimality we must have py1) (23)2 = 0. The codebook is not sent
on description 2 or 3, so by the same arguments as in the previous proofs it can’t help in the reconstruction
at decoder {2, 3} and is redundant. By the same arguments Cjp} ;1 3} is redundant.

Step 4: In this step we show that there is no refinement codebook decoded at decoder {1,2}. This
would eliminate Cy1 ), Ci1.2),13)> Ci1.2),(1.3)> Cr1.2),12.3) and Cy12),41,3),(2,3)- More precisely we show that the
reconstruction at decoder {1,2} is a function of the reconstructions at decoders {1} and {2}. This means
that sending a refinement codebook to decoder {1, 2} will not help in the reconstruction, so the codebook is
redundant.

To prove this claim we consider the two user example depicted in Figure [6]. Here all distortions are
Hamming distortions. We are interested in achieving the rate distortion vector (Ry, Ry, D1y, D2y, Dy12))
given in (1'115[) Let Px.uy,5.U1.Up.Up, o D€ @ distribution on the random variables in the two user SSC achiev-
ing this RD vector. Define X1, X, and X, as the reconstructions at the corresponding codebooks.
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Lemma 28. There are only two choices for the joint distribution Py g ¢, % ., furthermore in both choices,
X1 is a function of)A(l and X>.

Proof. Asinstep 1, from optimality of decoder {1, 2}, Cy1 2) is redundant. Also Uy and Uj; are independent
from Lemma Note that X; is a function of Uj1y and X, is a function of Upy, so X L X,. We proceed
by characterizing Py ¢ . Note that decoder {1,2} is at PtP optimality. It is well-known result that when
quantizing a BSS to Hamming distortion Dy with rate 1 — h,(Dy), the reconstruction is uniquely given by
X12 = X + Ng, Ng ~ Be(Dy) where Ny 1L X. X;, X, and X, are available at decoder {1, 2}, from optimality
at this decoder we must have:

1 — hp(Do) = I(X1, X2, X12: X) = [(X12,X) = 1 — hy(Dy).

So the inequality must be equality, which means I(X1,X2: X|X12) = 0. In other words the Markov chain
X1, X, & X5 & X must hold. Using the three facts DX =X®No,2) X, UL Xrand3) X1, X © X1 © X,
we can characterize all possible distributions on Py ¢ ¢ ¢ . Let X, ~ Be(a)) and X, ~ Be(ay). Then from
X0 X,, Py, g, 1s fixed. Assume the distribution Py ¢ ¢ is as given below: As shown on the table there

KL X2 00 01 10 1 Sum
0 POOO P()Ol P()l() POll %
1 P1oo Pioi Piio Py %
Sum (I'-=apd-a) (A-apa a (1 —ap) aya
Table 2

are 5 independent linear constraints on P;ji’s. We have:

1
Poi1 = 5 Pooo — Poo1 — Po1o, Pioo = (1 —ay)(1 —az) — Pooo, Pio1 = (1 —ayp)az — Poor,
1
P11o = (1 —ayp)az — Poo, P =aia - R Pooo + Poo1 + Poio
ay € [0,1],az € [0, 1], Pooo € [0, (1 —a1)(1 —az)l, Poo1 € [0, (1 — ar)az], Poio € [0,a1(1 — az)]
1 1
Pooo + Poo1 + Po1o € [5 —aiay, 5]

Using the Markov chain Xi,X, & X2 © X, we have Py g ¢ = g, Pyg,,Px, 2,5, S0 Pxx, %, 1s as
follows: We can minimize the resulting distortion at decoders 1 and 2 by choosing Pggg, Poor and Poio
optimally. Let P;“”A( < be the optimal joint distribution, we will show that there are two choices for P;X o

AL 5AD sA],AD
We have:

E(du(X1, X)) + E(dn(X2, X)) = PX; # X) + P2 # X)
= Py, £,0.0, 1) + Py g ¢ (1,0, 1)) + (Py 5, £,(0.1,0) + Py ¢ ¢ (1,1,0)) + 2(Py 5, £,(0.1, 1) + Py ¢ ¢ (1,0,0))

1
= Poo1 + (1 —ayp)az — Poo1 + Poio + (1 —az)ay — Poio + 2Do(Pooo + araz — 3 + Pooo + Poo1 + Po1o)

1
+2(1 - DO)(E = Pooo — Poo1 — Po1o + (1 — ar)(1 — az) — Pooo)

= (2D() - 1)a1 + (2D() - l)az + 4(2D0 - 1)P000 + 2(2D0 - l)P()()] + 2(2D0 - I)P()l() - 4D() + 3.
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1, X2

00

01

10

11

(1 = Dg)Pooo +
Do((1 —a)(1 -

(I = Dg)Poo1 +
Do((1 = ay)ay -

(I = Dg)Po10 +
Do(a (1 —az) —

(1 = Do)(} = Pooo —
Poo1 = Po1o) + Do(araz —

az) — Pooo) Poo1) Po10) 1+ Pooo + Poo1 + Poio)
DoPooo + (1 - DoPoo1 + (1 - Do Py + (1 - Do(% = Pooo — Poor —

Do)((1 —ap)(1 - Do)((1 — ay)az - Do)(ai(1 —az) - Po10) + (1 = Do)araz —

az) — Pooo) Poo1) Poio) 3+ Pooo + Poor + Poio)

Table 3

This is an optimization problem on ay, a2, Pooo, Poo1, Poio With respect to the constraints:

ay €[0,1],az € [0, 1], Pooo € [0, (1 —a1)(1 —a2)], Poor € [0, (1 —ai)azl, Poio € [0, ai(l — az)]
1 1
Pooo + Poo1 + Poio € [5 - ajay, 5]'
Also note that for fixed a; and a; the problem becomes a linear optimization problem (otherwise the con-
straints are not linear). So we fix a; and a; and optimize Poog, Poo1 and Pgjo for each value of a; and a;. In
this case the simplex algorithm provides a straightforward solution. We investigate the solution in several
different cases:

Casel: (1 —ap)( —ay) > %: Note that in the simplex algorithm, the variable with smallest (most
negative) coeflicient takes its maximum possible value first.Since Dy < %, (2Dg — 1) < 0, so the algorithm

would first maximize the value of Pgyy. Since (1 — ap)(1 — ap) > %, we have P, = % This along with

constraint Pyog + Poo1 + Poio € [% —ajay, %] sets P... = 0 and P}

001 010 = 0. So in this case:

E(dy(X1, X)) + E(dy(Xa2, X)) = 2Dy — Day + 2Dy — Das + 22Dy — 1) — 4Dy + 3
=1+ 2Dy - )(a; + a2).

Now we optimize on ay, ap such that (1 —a;)(1 —ap) > 1 Increasing a; or a, decreases the distortion so the

optimal value is achieved when (1 — a;)(1 — ap) = %, soa, =1-— m We have:

A N 1
E(dn(X1, X)) + B(dn(X2, X)) = 1 + (2Do = 1)(ay + 1 = -2—=)
(1 —a1)

\/’

Optimizing the value of a, we geta] = a; = 1— 72 These values give Py ¢ ¢ = Pxv,,v,,- Also replacing
the values in P;(n £,.%,> We get: which shows that X, is a function of X; and X,. Case 2: (1—a;)(1-ay) < %,

XIZXI’XZ 00 01 10 11
0 1 0 0 0
Table 4
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a; < %: In this case the simplex method yields the following set of optimal distributions:

3 k. K 1 k
Pyoo = (I —ap —az), Pyy, = a, Pyg = 57 (I-ap)-ay)—a,Py, =0
* k %k 1 k
Ploo=0,Pjy, = (I —apaz —a, Py, = (1 —ax)a; - 3 + (1 —a) -ax) +a, P}, =aiaz.
1

Where a € [a; - 3, % — (1 = ay)(1 — ayp)] is an auxiliary variable that does not play a role in the distortion
since the coeflicients of P, and P, are equal in the distortion formula. We get:

E(du(X1,X)) + E(du(X2, X)) = 1 + (2Do = (1 = a1)(1 — a2) + ayaz).

Note that since a; < %, the term (1 — a;)(1 — ap) + aa, is decreasing with a, so the distortion is increasing

. . % 1 . 1 1 . .
with @, and the optimal values are a5 = max(0, 1 — m), since ay < 5,45 =1- = replacing a; we
have:

A ot 1 —1
E(dn(X1, X)) + E(dn(X2, X)) = 1+ 2Dy = D5 + a1l = 77——)).

1
V2

Case 3: (1 —a))(l —a) < %,al > %,alaz < %: The probabilities are as in the last case with @ €
[0, % — (1 = ap)(1 — ay)]. The distortion is similar to the last case. Since a; > %, the distortion is decreasing
in aj. So a = 5.-. Which yields:

L

Solving for a; we geta; =1 — —=andintuna; = 1 - v & in the previous case.

- - 1 1
E(dn(X1, X)) + E(dn (X2, X)) = 1 + 2Dyy — D((1 —a)(1 - 2_01) +3)-

This would have no solution for optimizing a; at the given range.
Case 4: aja; > %: By the same arguments the optimal solution is
Péoo =1 —a)(l —az), P&)l =(1 _al)a2,P810 =(1 _a2)a1,P811 =0

1

PToo :O’PTm :O’PSIO :O’PTU = 7

Then P;i( P is: which is the second choice for the optimal joint distribution. Note that again X, is a

12.X1,%
X 00 01 10 11
0 3—22 V2 % 22—1 0
1 0 0 3
Table 5
function of X; and X>. |

Step 5:  We are left with Cy1),(3), C2),43)- C1y .Cy2) and Cyz). Let X; be the reconstruction at decoder {i}
fori e {1,2,3}.
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Lemma 29. The following Markov chains hold:

Uy Uy, Xi L Upgy3), Uy, X (64)
Uy, Uy, Upy ey Upypy © X1, X2 © X (65)
Uiy Uy © X1« X, Upy ), Uy (66)
Upyp) Uy © Xo « X, Uy i), Uy (67)
Uiy U Uy © X3 © X (68)
X1, X2, Upy, Uy « Uy Uppy ). X © Ups), X3 (69)
Uiy © Uy Upp), X1, Uy © X (70)
Up) « U Upp), X2, Uy © X (71)
Ug) © Uy Uppp X3, X1 © X (72)
Up) < Unysp Uy p), X3, X2 © X (73)

Proof. holds from Lemma[I9] From the optimality at decoder {1,2} and step 4 we have:
I(Uqy,3), Uy 3y, Uptys Upgy, X1, X235 X) = I(X1, X2 X) = 1 = hy(Dy),

which proves (65). Next we prove (66):

(a)
P(Uy 3y, Ugty, Ugay 31, Upy, X1, X) < ZP(U{l},B},U{1},X1)P(X2, U3y, UppP(XIX1, X2)
X3

= P(Upy 3y, Uy, X1)P(Upay 431, Upay) Z P(X>|Up), Uppy 3)P(X1X1, X2)
Xz

= P(Uj1y3), Ugty, X1 P(Uyay 31, U P(XIX1, Uyy, Uppy 3))
b
= P(Upy,3), Upty, X1)P(Uypay, Uy 31, X1X1)

In (a) we have used (64) and the Markov chain (63), in (b), we have used (64). (67) follows by symmetry.
(68)) can be proved using optimality at decoder {3} and the argument given in the proof of (64). We proceed
with the proof of (69). Consider the following packing bounds at decoder {1, 2} and {3}:

HWUuy, Upy, Uy Upynpy) < HUpy) + HUy) + HUy3) + HUpyp) —ri—rn—rz—rn3+Ri+ Ry
H(Upy 31, U3y, Usy) < HUy3) + HUpy3) + HU3) —ri3 —r3 —1r3 + R3

And the following covering bounds:

H(Upy, Upy, Uy, Uiy, U3 X) 2 HWUpy) + HWUy) + HWUj3))
+HWUpy3) + HUpy3) —r—rn—r—r3z—rg3
HUy 31, Upy3)1X) 2 HUqy3)) + HU2)3)) — 113 — 123

Adding all the bounds and simplifying we get:
Ry + Ry + R3 2 I(Uyy, Upay, Ugny 31, Upzyi31: X) + I(U 3, Uy 31, Ugsys X)) + 1(Uqy, Uy Ugsy|Uqy 3y Uy g3, X)

This resembles the two user sum-rate bound when the first user is sending descriptions 1 and 2 while the sec-
ond user transmits description 3. From optimality at decoder {1}2, Ry + Ry = I(U{1y, Upny, U531, Uppy 315 X)
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and optimality at decoder {3} yields R3 = I(U{l}’{:‘,}, U{2}’{3}, U{3};X). So I(U{l}, U{z}; U{3}|U{1},{3}, U{z},{3},X) =
0. This proves (69). We have:

P(Upy3), Uy X1, Uy 31, Uy, X)
=P(U1y,3), U2y, 131, X)P(U Uy 31, Uy 3y, XD PXIU 1,31, Uy 31 X1, U D P(U ) U1y, 3), Uiy 31 X1, Ut X)

(a)
= P(Uy 3y, Uy i3y, XOPWU 1y 31 Uy 31, XD PXIU 1y 31, Uy g3y, XOPU Uy, Uy 31, X1, Ugny, X)

b
@ P(Uy 3y, Uy i3y, XOPWU 1y 31, Uiy, XD PXNU 1y 3y, Uy g3y, XODPU Uy, Ugzy 31, X)

where (a) follows from (66) and Lemma [30] given below. (b) follows from (69). So we have shown that
Uy © Uiy Uiy X1 © X, Us), using Lemma 30| we conclude (70). (71) follows by symmetry. Lastly
we prove (72):

PX, X1, Us)lUpy31 Uy 31, X3)
=PX|U1y,31, U2y, 131, X3)P(U 3| Uqn 31, Uppyi3), X3, X)OP(X U810 Uppyp)s Xs Ugsys X3)

£ PX|Uy31> Uy X3)PU U 31> Ugay a1 X35 X)PCX U 1y 431 Upy o Xo X3)
=P(U3)|Upy 31, Uppy i3y, X3, X)P(X, X1|U 1,31, Uy2),43). X3)

b
= P(U3)|U1y 31, Uppy i3y, X3)P(X, X11U 1y 31, Uy 43, X3)

where (a) follows form[69] (b) holds because of (68). follows from lemma [30]
Lemma 30. For random variables A, B, C and D if we have A,B < C & D then A & B,C < D.

Proof. We have:

P(A,B,C,D) _ P(C)P(A, BIC)P(D|C)
P(B,C) P(O)P(BIC)

P(A,D|B,C) = = P(A|BC)P(D|C) = P(A|BC)P(D|BC)

O
O

Next we argue that if we set Ujy) to be equal to X; there would be no change in distortion and the rate
does not increase. First consider decoder {1, 3}. The optimal reconstruction function is given by

argmax,(Px\u 3 Uy U U (Xli1,35 U23, 1y, wi3))). We have:

argmaxy(Px\u, 5 Up.5Un U (X141 35 423, t1y, u3)))
(@
= argmax,(Pxju,, Uy 0 Uy Uy X1 (X135 U235 U1y, w3y, X1))
D)
= argmax,(Pxu,, 3 Upy a U X1 (X413, U23, 43y, X1))

where in (a) we used the fact that x; is a function of Uyyy, Uj1),3) and in (b) we use (70). So the distortion
won’t change at decoder {1,3}. Also the reconstruction at decoder {1} is X; so setting Uy = X; won’t
change the reconstruction at this decoder. At decoder {1,2} we showed in step 4 that X;, is a function
of X, X> where X5 is a function of Uy, (3}, Ujp), so setting Uyyy = X does not change the distortion at this
decoder either. The rest of the decoders do not receive Uyyy. As for the rate, note that X; was reconstructed at
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all decoders reconstructing Uyyy. So replacing Uy with X; does not require sending any extra information.
So we set Uy;; = X; without any loss in distortion and with a potential gain in rate. The same argument
combined with the Markov chains (71) sets Up) = X», also using Markov chains (72)) and (73) we set
U (3} = X3.

Lemma 31. The following constraints hold:

Pxx,x, is fixed and equal to Py y,, v, in the previous step. (74)
Pxx, is fixed and equal to Pxy, which is the optimizing distribution for decoder {3}. (75)
Uiy © X1 © Upypp X, X2 (76)
Upipy © X2 © Uy X, X0 (77
Uik Uprpy © X3 © X (78)
X1, X2 & X, Upyzyp Upysy < X3 (79)

Proof. was proved in the step 4. follows from PtP optimality at decoder {3}. follows from
(66), follows from (67). follows from (68). follows from (69). o

We proceed by bounding the cardinality of U1y 3) and Ujz) (3). Using Lemma [31] the joint distribution
between the random variables is given as follows:

P(Uq1y,43), Uy 31, X1, X2, X3, X) = P(Uqny 31, X1) P(Ujy 31, X2)P(X1X1, X2) P(X3|U1y,3), U2y 31, X)
P(Up,3)Up),13X3X)
P(Uny,3/Up2,3X)
P(U11,3U 2,431 X3) P(X3X)

= P(Uyy,i3), X1)P(Upy 3), X2)P(X1X1, X2) . (80)
e 26 2x.x P(Uny 3y, X1)P(Upy 31, X2) P(X1X1, X3)

= P(Ujy,3), X1)P(Upy 31, X2) P(X1X1, X2)

Also note that we have the following equality:

P(Upy 31, Upy 31, X) = ZP(X,X3)P(U{1},{3}U{2},{3}|X3) = Z P(U{1),13)1X1)P(Uj) 431 X2) P(X X1, X2)
X3 X1,X2

Denote P(X,XlaXZ) = Pxx1x2 and P(U{l},{3} = 9|X1 = 1) = ai(9)99 c U1’3,l. c {0’ 1} and P(U{Z},{3} — ’}’|X2 _
i) = Bi(y),y € Uzs,i € {0, 1}. We have:

PUULB)U(ZMS}|X3(Q’ ¥10)Px; x(0, 0)+PU<1>,<3>U<2>.<3)|X3(9a YID)Px; x(1,0)
= ap(0)Bo(y)Pooo + ao(0)B1(y)Poo1 + a1(0)Bo(y)Poro + a1(0)B1(y)Por11

PU(I),(S) U{Z),(3)|X3 (0’ ylo)PX_%,X(O’ 1)+PU¢1),‘3)U(2;,(3;|X3 (6’ )’| 1 )PX3,X(1 s 1)
= ao(@)Bo(y)P100 + ao(@)B1(y)P101 + @1(0)Bo(y)P110 + a1(0)B1(y) P11

Using the values given in Table (I]), we solve the system of equations:

Py, 5 Up) %3 (6, 710) = ao(0)Bo(y)
V2-1
2

1
Py, 5 Upax: (0 711) = (@1(0)B1(y) — ap(@)Bo(y)) + 5(010(9)&()’) + @1(0)Bo(y))

Hence the distribution in [8;0] is completely determined by «; and §;,i € {0, 1}.
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Lemma 32. Assume there exists a; and B;, such that Dy 3y < Do, then I(Uy1y 3yUy2)431X1X3; X) > 1=hy(Dy).
Proof. The proof follows from Shannon’s rate distortion function for PtP source coding. O

Based on the previous lemma it is enough to show that for every «; and g;, I(Uj1),3U2),13X1X3; X) <
1 —hy(Dy), in that case we have a contradiction. We need to maximize /(U1 3)U{2),3;X1X3; X) as a function
of a; and B;. We use the following lemma:

Lemma 33. Let X be a finite set and U be an arbitrary set. Let P(X) be a set of pmfs on X and p(x|u)
be a collection of pmfs on X for every u € U. Let g, j € [1,d] be real-valued continuous functions on P(X).
Then for every U ~ F(u) defined on U, there exists random variable U’ ~ p(u') with cardinality |U’| < d
and a collection of conditional pmfs p(u’|x) on X for every u’ € U’ such that for every j € [1,d]:

fu &i(Pxu()dF ) = )" gi(pxur (luHp(w)

1.405
1.4
1.395

1.39

l,

* 1385
1.38

1.375

1.37

0.6

0.2 0.4

P(U,,=0IX,=1) 0 o © P(U,,=0IX,=0)

Figure 10: PlOt Of maximum value Of I(U{]},{3}, U{z}’{3}, Xl, X3; X) + I(U{l}’{3}, U{2}3{3}, Xz, X3; X)

We want to use the lemma to bound cardinality of Uy 3. Take g1(puyy, 3,.x, 5%, x1U11.3) = Pxy v, (1u13)
and gZ(JDU(z},m,Xl,Xz’Xz»XlU{l},B}) = H(X|U{2},{3},X1,X3,X, U{l}’{3} = u1,3). Note that fixing the expectation on
g1 fixes the joint distribution in (80) and fixing the expectation of g, fixes the term we want to minimize. So
for any Uy1y3) minimizing I(Uy1y3 U2y, 3)X1X3; X) , there exists U] ; with cardinality at most 2, such that
the joint distribution and I(Uj1)3;U2).3)X1X3; X) are the same. So it is enough to search over Uy 3y with
cardinality 2. The same arguments hold for bounding the cardinality of U, 3. For this size of random vari-
ables, computer-assisted calculation shows that I(Uj1y 3}, Uj2y.431, X1, X35 X) + I(U1343), U231, X2, X35 X) <
1.42 < 2(1 = hp(Dg)) = 1.58 as shown in Figure @[ So we have a contradiction and the SSC does not
achieve the RD vector. ]
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C Proofs for Section

C.1 Proof of lemma (13

Proof. Index the inequalities in the SSC from 1 to K. For every inequality in the linear coding region (LCR),
there exists a unique inequality in the SSC with the same left hand side, index this inequality with the same
index used in the RCR. Let I} > R be a bound resulting from applying FME on the SSC. Assume the bound
results from adding inequalities indexed iy, i,. .., i, it is straightforward to show that adding inequalities
with the same indices in the LCR gives the same bound. The reason is that by our construction, the left-hand
sides would be the same. In the right-hand side, due to the FME, the terms involving r4 would be eliminated.
Define r;‘ =ry — H(U,) and r;,A = ro.4 — log(g), eliminating r,4 is equivalent to eliminating rl'4 or r;’A. |

Acknowledgment: The authors would like to thank Prof. Kenneth Rose of UC Santa Barbara
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