Abelian Group Codes for Channel Coding and

Source Coding

Aria G. Sahebi and S. Sandeep Pradhan
Department of Electrical Engineering and Computer Science,

University of Michigan, Ann Arbor, MI 48109, USA.

Email: ariaghs@umich.edu, pradhanv@umich.edu

Abstract

In this paper, we study the asymptotic performance of Abelian group codes for the the channel coding
problem for arbitrary discrete (finite alphabet) memoryless channels as well as the lossy source coding
problem for arbitrary discrete (finite alphabet) memoryless sources. For the channel coding problem,
we find the capacity characterized in a single-letter information-theoretic form. This simplifies to the
symmetric capacity of the channel when the underlying group is a field. For the source coding problem, we
derive the achievable rate-distortion function that is characterized in a single-letter information-theoretic
form. When the underlying group is a field, it simplifies to the symmetric rate-distortion function. We give
several illustrative examples. Due to the non-symmetric nature of the sources and channels considered,

our analysis uses a synergy of information-theoretic and group-theoretic tools.

I. INTRODUCTION

Approaching the information-theoretic performance limits of communication using structured codes
has been of great interest for the last several decades [1], [7], [14], [15]. The earlier attempts to design
computationally efficient encoding and decoding algorithms for point-to-point communication (both
channel coding and source coding) resulted in injection of finite field structures to the coding schemes
[12]. In the channel coding problem [24], the channel input alphabets are matched to algebraic structure
and encoders are represented by matrices. Similarly in source coding problem [18], the reconstruction

alphabets are matched to algebraic structure and decoders are represented by matrices. Later these coding
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approaches were extended to weaker algebraic structures such as rings and groups [2], [3], [11], [19],
[20]'. The motivation for this is twofold: a) finite fields exist only for alphabets with size equal to a
prime power, and b) for communication under certain constraints, codes with weaker algebraic structures
have better properties. For example, when communicating over an additive white Gaussian noise channel
with 8-PSK constellation, codes over Zg, the cyclic group of size 8, are more desirable over binary linear
codes because the structure of the code is matched to the structure of the signal set [10] (also see [3]),
and hence the former have superior error correcting properties. As another example, construction of polar
codes over alphabets of size p”, for » > 1 and p prime, is simpler with a module structure rather than
a vector space structure [29], [32], [33]. Subsequently, as interest in network information theory grew,
these codes were used to approach the information-theoretic performance limits of certain special cases
of multi-terminal communication problems [4], [17], [31], [36], [37]. These limits were obtained earlier
using the random coding ensembles in the information theory literature.

In 1979, Korner and Marton, in a significant departure from tradition, showed that for a binary
distributed source coding problem, the asymptotic average performance of binary linear code ensembles
can be superior to that of the standard random coding ensembles. Although, structured codes were
being used in communication mainly for computational complexity reasons, the duo showed that, in
contrast, even when computational complexity is not an issue, the use of structured codes leads to superior
asymptotic performance limits in multi-terminal communication problems. In the recent past, such gains
were shown for a wide class of problems [5], [23], [25], [30]. In our prior work, we developed an
inner bound to the optimal rate-distortion region for the distributed source coding problem [23] in which
cyclic group codes were used as building blocks in the coding schemes. Similar coding approaches were
applied for the interference channel and the broadcast channel in [26], [27]. The motivation for studying
Abelian group codes beyond the non-existence of finite fields over arbitrary alphabets is the following. The
algebraic structure of the code imposes certain restrictions on the performance. For certain communication
problems, linear codes were shown to be not optimal [23], and Abelian group codes exhibit a superior
performance. For example, consider a distributed source coding problem with two statistically correlated
but individually uniform quaternary sources X and Y that are related via the relation ¥ = —X + Z,
where + denotes addition modulo-4 and Z is a hidden quaternary random variable that has a non-
uniform distribution and is independent of X. The joint decoder wishes to reconstruct Z losslessly. In

this problem, random codes over Z.4 perform better than random linear codes over the Galois field of size

"Note that this is an incomplete list. There is a vast body of work on group codes. See [12] for a more complete bibliography.



4. In summary, the main reason for using algebraic structured codes in this context is performance rather
than complexity of encoding and decoding. Hence information-theoretic characterizations of asymptotic
performance of Abelian group code ensembles for various communication problems and under various
decoding constraints became important.

Such performance limits have been characterized in certain special cases. It is well-known that binary
linear codes achieve the capacity of binary symmetric channels [16]. More generally, it has also been
shown that g-ary linear codes can achieve the capacity of symmetric channels [14] and linear codes can
be used to compress a source losslessly down to its entropy [22]. Goblick [1] showed that binary linear
codes achieve the rate-distortion function of binary uniform sources with Hamming distortion criterion.
Group codes were first studied by Slepian [34] for the Gaussian channel. In [6], the capacity of group
codes for certain classes of channels has been computed. Further results on the capacity of group codes
were established in [7], [8]. The capacity of group codes over a class of channels exhibiting symmetries
with respect to the action of a finite Abelian group has been investigated in [11].

In this work, we focus on two problems. In the first part, we consider the channel coding problem
for arbitrary discrete memoryless channels. We assume that the channel input alphabet is equipped with
the structure of a finite Abelian group . We provide an information-theoretic characterization of the
capacity of such channels achievable using group codes which are cosets of subgroups of G", where n
denotes the block length of encoding which is arbitrarily large. This performance limit is equal to the
symmetric capacity of the channel when the underlying group is a field; i.e., it is equal to the Shannon
mutual information between the channel input and the channel output when the channel input is uniformly
distributed. In the general case, additional constraints corresponding to subgroups of the underlying group
appear in the characterization, and the achievable rate can be smaller than the symmetric capacity of the
channel.

In the second, we consider the lossy source coding problem for arbitrary discrete memoryless sources
with single-letter distortion measures and the reconstruction alphabet being equipped with the structure
of a finite Abelian group . We provide an information-theoretic characterization of the rate-distortion
function achievable using group codes which are cosets of subgroups of G". The performance limit
is equal to the symmetric rate-distortion function of the source when the underlying group is a field
i.e., the Shannon rate-distortion function with the additional constraint that the reconstruction variable is
uniformly distributed. For the general case, as in channel coding, additional constraints corresponding
to subgroups of the underlying group appear in the characterization, and this can result in a larger rate

compared to the symmetric rate for a given distortion level.



We use joint typicality encoding and decoding [13] for both problems at hand, which makes the
analysis more tractable. In this approach we use a synergy of information-theoretic and group-theoretic
tools. The traditional approaches have looked at encoding and decoding of structured codes based on
either minimum distance or maximum likelihood. However, the approach based on joint typicality does
not provide insight into error exponents as compared to traditional ones.

The paper is organized as follows: In Section II, some definitions and basic facts are stated which are
used in the paper. In Section III, we give two examples of multi-terminal communication problems where
the performance of group code ensembles is strictly superior to that of unstructured code ensembles. In
Section 1V, we introduce the ensemble of Abelian group codes used in the paper. In Section V, we
state the main results of the paper for both the source coding problem as well as the channel coding
problem. In Section VI, we prove the converse results for both problems and, in Section VII, we prove

the achievability results. We conclude in Section VIIL.

II. PRELIMINARIES

1) Channel Model: We consider discrete memoryless channels used without feedback. We associate
two finite sets X and )’ with the channel as the channel input and output alphabets. The input-output
relation of the channel is characterized by a conditional probability law Wy x(ylx) forz € Xandy € ).
The channel is specified by (X, Y, Wy x).

2) Source Model: The source is modeled as a discrete-time memoryless random process X with
each sample taking values from a finite set X called alphabet according to the distribution Px. The
reconstruction alphabet is denoted by a finite set ¢/ and the quality of reconstruction is measured by a
bounded single-letter distortion function d : X x U — R™. We denote this source by (X,U, Px,d).

3) Groups: All groups referred to in this paper are finite Abelian groups. Given a group (G, +), a
subgroup H of G is denoted by H < G. A coset C of a subgroup H is a shift of H by an arbitrary
element a € G (i.e., C = a + H for some a € G). For a subgroup H of G, the number of cosets of
H in G is called the index of H in G and is denoted by |G : H|. The index of H in G is equal to
|G|/|H| where |G| and |H| are the cardinality or size of G and H respectively. For a prime p dividing
the cardinality of G, the Sylow-p subgroup of G is the largest subgroup of G whose cardinality is a

power of p. Group isomorphism is denoted by =.

4) Group Codes: Given a group G, a group code C over G with block length n is any subgroup of
G™. A shifted group code over GG, C + B is a translation of a group code C by a fixed vector B € G".



Group codes generalize the notion of linear codes over fields to sources with reconstruction alphabets

(and channels with input alphabets) having composite sizes.

5) Achievability for Channel Coding: For a group G, a group transmission system with parameters
(n,©,7) for reliable communication over a given channel (X = G,), Wy |x) consists of a codebook,
an encoding mapping and a decoding mapping. The codebook C is a shifted subgroup of G™ whose size

is equal to © and the mappings are defined as
Enc: {1,2,---,0} = C
Dec: V" — {1,2,---,0}
such that

12m26 L a=nc(m)} Z 1 imtpecyny W (ylz) < 7
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Given a channel (X = G, Y, Wy x), a rate R is said to be achievable using group codes if for all € > 0
and for all sufficiently large n, there exists a group transmission system for reliable communication with

parameters (n,©, 7) such that
1
—log® > R — ¢, T<E¢€
n

The group capacity of the channel C is defined as the supremum of the set of all achievable rates using

group codes.

6) Achievability for Source Coding and the Rate-Distortion Function: For a group GG, a group trans-
mission system with parameters (n,©, A, 7) for compressing a given source (X, = G, Px,d) consists
of a codebook, an encoding mapping and a decoding mapping. The codebook C is a shifted subgroup

of G™ whose size is equal to © and the mappings are defined as

Enc: X" — {1,2,...,0},

Dec: {1,2,...,0} - C
such that E [d(X™,U™)] < A, where X" is the random vector of length n generated by the source,
and U™ is the reconstruction vector and is given by U™ = Dec(Enc(X")). In this transmission system,

n denotes the block length, log © denotes the number of “channel uses”, A denotes the distortion level

and the distortion d(x, &) between two vectors x and Z is assumed to be the average of the single-letter



distortion between the components z; and Z;. Let ©; denote the size of the range of the ith component of
the shifted group code. Given a source (X,U = G, Px,d), a pair of non-negative real numbers (R, D)
is said to be achievable using group codes if for every ¢ > 0 and for all sufficiently large numbers n,

t]lele CXiStS a gl()up tr a]lS]lliSSi()]l SyStelll With pal ameters ('IL, @7 A) f()l C()lllpIeSSillg t]le source Such that
og + € + € E og 3 l)‘ €.
n ’ ’ n i—1 ! ‘

The optimal group rate-distortion function R*(D) of the source is given by the infimum of the rates R
such that (R, D) is achievable using group codes.

The rationale for imposing the third constraint regarding the average entropy of single-letter recon-
struction samples is the following. Recall that in channel coding all codewords are used by definition.
However in source coding, we may have a situation where only a small fraction of the codewords in the
group code is used. In which case, one may have to use some form of entropy coding to remove the
redundancy. This leads to a different class of codes called nested group codes. We will not study this
class in this paper. To prevent this situation, we impose the third constraint. This also puts the source
coding problem on a similar footing as compared to the channel coding problem.

7) Typicality: We follow the notion of typicality as found in [13]. Consider two random variables
X and Y with joint probability mass function Px y (z,y) over X x Y. Let n be an integer and € be a
positive real number. The sequence pair (z™,y") belonging to X™ x Y™ is said to be jointly e-typical

with respect to Px y (z,y) if

1 €
Vae X, Ybe Y:|—N(a,blz",y") — Pxy(a,b)| <
n Faing

and none of the pairs (a,b) with Py y(a,b) = 0 occurs in (z",y"). Here, N(a,blz",y") counts the
number of occurrences of the pair (a,b) in the sequence pair (2™, y™). We denote the set of all jointly
e-typical sequence pairs in X" x Y™ by AM(X,Y).

Given a sequence z" € A7 (X), the set of e-typical sequences A7 (Y |z") is defined as
AL(Y]2") = {y" € V" [(«",y") € AL(X,Y)}

8) Notation: In our notation, O(e) is any function of € such that lim.o O(e) = 0, P is the set of
all primes, Z™ is the set of positive integers and R is the set of non-negative reals. Let |z|* denote
max{z,0}. Since we deal with summations over several groups in this paper, when not clear from the
cont(eé)t, we indicate the underlying group in each summation; e.g. summation over the group G is denoted

A~
by Z Direct sum of groups is denoted by €P and direct product of sets is denoted by ).



III. MOTIVATING EXAMPLES

In this section, we present examples of the use of group codes for two multi-terminal communication
problems, namely the distributed source coding problem and the interference channel coding problem.
In these problems, one can use group code ensembles to improve upon the asymptotic performance of

the standard random coding ensembles used in information theory.

A. Example in Distributed Source Coding

Consider a two-user distributed source coding problem in which the two sources X and Y take values
from Z,4 and a centralized decoder is interested in decoding the sum of the two sources losslessly. The
two sources need to be compressed distributively. Furthermore, assume that X is uniformly distributed
over Z4 and ¥ = —X + Z where Z is independent from X and is distributed over Z4 such that
Pz(0) =1—7 and Pz(1) = Pz(2) = Pz(3) = § for some 7 € (0,1). Let Ry and Ry be the rates of
the two encoders. Using Slepian-Wolf coding [35], which uses random unstructured codes, one can show

that the the following sum rate is achievable
Ry=Ri+Ry=HX,Y)=H(X,-X+Z)=H(X)+ H(Z) =2+ h(r) + 7log 3,

where h(-) denotes the binary entropy function. We present a coding scheme based on group codes that is
optimal in the sum rate and strictly improves upon the rate achievable using random unstructured codes.

Consider a fictitious discrete memoryless channel with input U and output V' related via V =U + Z,
where Z is independent of U. Let C be a good group channel code for the channel Py ;7. Using the

channel coding result in this paper (see Section VII), the rate of C can be arbitrarily close to
r = min <I(U; V), 21(U:; V|[U])) — min (2 _HU|V),2 — 2H(U![U]V))

where for g € Zy, [g] = g + {0,2}. Note that H(U|V) = H(Z) and

HU|UW) 2 BV - 2)[2)v) 2 H(Z|12)

where (a) follows since there is a one-to-one correspondence between ([V — Z], V') and ([Z], V) and (b)
follows since V' and Z are independent. Therefore, we have

r=min (2 - H(2),2—2H(Z||2))) W H(Z)=2—h(r) - rlog(3),

where in (a) we have used the relation, h(7)+7log2(3) < 2h(27/3), to show that I(U; V') < 2I(U; V|[U]).
The encoding scheme for the distributed source coding problem is as follows: Given a pair of source

sequences z", and y", the X-, Y-encoder send 2" 4+ C, and y" + C, respectively, to the decoder. In other



words each encoder sends the index of the coset of C that contains its source word. This implies that,
because of the closure of C with respect to group addition, and the commutativity of the group, the
decoder has z" + C, from which it can recover z" with high probability using the property of the code.

Therefore, using group codes, the following sum rate is achievable:
R =Ry + Ro = 2(2 — ) = 2max (H(Z), 2H(Z|[Z])) = 2H(Z) = 2h(r) + 2rlog(3) < Ry.

It can be shown that this rate is not achievable using random linear codes over Galois field of size 4.
The optimality follows from the standard information-theoretic arguments. The algebraic property of the
code—closure with respect to addition modulo-4— is exploited in reducing the sum rate from H(X,Y") to
2H(Z).

Consider another example with Pz(0) = 0.4014, Pz(1) = 0.2035, Pz(2) = 0.3356 and Pz(3) =
0.0595. Here H(Z) = 1.7669, 2H (Z|[Z]) = 1.8712. The achievable rate for distributed compression
using random unstructured codes or random linear codes is Ry = 3.7669 and that using random group
codes is Rg = 3.7424. We do not claim optimality for this example. Although random group codes over
7., are inferior to random unstructured codes in terms of point-to-point compression of the source Z, in

the problem of distributed compression of X and Y, they outperform the latter.

B. Example for the Interference Channel

Consider the problem of communication over the following interference channel between three pairs
of encoders and decoders. The 3-user interference channel [28, Example 7] has three inputs X7, X2 and
X3 which take values from Z4 and has three outputs, which are given by Y1 = X; + Xo + X35 + Ny,
Yo = Xs + N3y and Y3 = X3 4+ N3 where the additions are mod-4 operations and N7, No and N3 are
independent random variables distributed according to Py, (0) = 1—46;, Pn,(1) = Pn,(2) = Pn,(3) = %
for i = 1,2, 3. For simplicity, we assume o = d3 = d. The input X; is costed according to w(0) = 0,
w(l) = w(2) = w(3) = 1 but X and X3 are not costed. Let 7 be the cost constraint on X;. Let us
assume for simplicity d1,6 < i and 7 < %. Observe that the channel inputs of the second and the third
transmitters interfere with that of the first. There is no interference for the second and third receivers.

Consider the following optimal coding scheme based on group codes. Let C be a good group channel
code for the channel with input X, and output Y5. The same code is employed for communication
between X3 and Y3. Using the arguments used in distributed source coding, it follows that the following

rates are achievable for transmitters 2 and 3:

R2 = R3 =2— h((S) — 5log(3).



Note that X5+ X3 interferes with X at Y7, and the decoder wishes to decode the interference first. Using
the closure of C with respect to group addition, note that the rate of X3' + X&' is 2 — h(d) — 0 log(3).
The interference can be decoded reliably if the effective noise given by X; + N; satisfies: P(X; + Ny #
0) < P(Ny # 0) = P(N3 # 0). This condition implies that 6; + 7 — MT” < §. After decoding the
interference, the effective channel becomes (Y7 — Xo — X3) = X; + Ny, and the first transmitter can
communicate at the following rate, given by the capacity of this effective channel,
Ry =C*% sup  [(X1;Y1]Xo + X3).
Px, Ew(X1)<t
In summary, the rate triple (C*,2 — h(d) —dlog(3),2 — h(d) — dlog(3)) is achievable using group codes.

It can be shown that [28, Lemma 8] if
C*+2(2—h(5) —dlog3) > 2 — h(d) — 1 log 3,

then the above triple of rates cannot be achieved using either random unstructured codes or random linear
codes over the Galois field of size 4. The following example of d;, 7 and § satisfies all the conditions:
0 =7= % — @, d= %. Note that group codes outperform random codes in this case because there is

a match between the structure of the group code and the structure of the channel.

IV. ABELIAN GROUP CODE ENSEMBLE

In this section, we use a standard characterization of Abelian groups and introduce the ensemble of

Abelian group codes used in the paper.

A. Abelian Groups

For an Abelian group G, let P(G) denote the set of all distinct primes which divide |G| and for a
prime p € P(G) let S,(G) be the corresponding Sylow subgroup of G. It is known [21, Theorem 3.3.1]
that any Abelian group G can be decomposed as a direct sum of its Sylow subgroups in the following
manner

G= P 56 (1)
PEP(G)
Furthermore, each Sylow subgroup S,(G) can be decomposed into Z,- groups as follows:

Sz Pz )

reR,(QG)
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where R,(G) C Z* and for r € R,(G), M, is a positive integer. Note that Z}],VT[T’”' is defined as the
direct sum of the ring Z,- with itself for M, , times. Combining Equations (1) and (2), we can represent

any Abelian group as follows:

a2 D P =0 P Q}ZW (3)

peEP(G) reR,(G) peP(G) reR,(G) m
where ngb) is called the m™ Z,- ring of G or the (p,r, m)™ ring of G. Equivalently, this can be written
as follows
¢ P z= p z
(p,r)€Q(G) (p,r;m)€G(G)
where Q(G) C P x Z™ is defined as:

Q(G) ={(p,7)lp € P(G),r € Rp(G)}, “4)
and G(G) C P x Z* x Z™ is defined as:
G(G)={(p,r,m) e P xZ" x Z¥|(p,r) € Q(G),m € {1,2,--- , M, }}

This means that any element a of the Abelian group can be regarded as a vector whose components
are indexed by (p,r,m) € G(G) and whose (p,r, m)™ component a,,, ,,, takes values from the ring Z,-,
or as a vector whose components are indexed by (p,r) € Q(G), and whose (p, )™ component a,, - takes
values from the ring Z;\{p’r.

With a slight abuse of notation, we represent an element a of GG as

a= D

(p,r;m)€G(G)

Furthermore, for two elements a,b € G, we have

a+b= @ Up,rm Fpr Oprm
where + denotes the group operation and +,- denotes addition mod-p”. More generally, let a,b,--- ,z

be any number of elements of G. Then we have

a+ b + e+ 2= @ (ap,'l",m +pr bpﬂ”,m +Pr T +pr varvm) (5)
(pvrvm)eg(G)

This can equivalently be written as

[a+b+- 42,0 = aprm +pr bprim Fpr - Hpr Zprm
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where [-],.m denotes the (p,r,m)®

component of it’s argument.
Let Ig.prm € G be a generator for the group which is isomorphic to the (p,r, m)™ ring of G. Then
we have

(G)
A~

a = Z ap,r,m]IG:p,r,m (6)
(p,rm)€G(G)

where the summations are done with respect to the group operation and the multiplication ay . mlG.prm
is by definition the summation (with respect to the group operation) of Ig.p, ., to itself for ay ;. ., times.

In other words, a, ;mlG:prm is the short hand notation for
(G)

=~
ap,r,mHG:p,r,m = g I[G:p,r,m
1€{1, ,ap,rm}

where the summation is the group operation.
Example: Let G = Z4 & Z3 ® Z3. Then we have P(G) = {2,3}, S2(G) = Z4 and S5(G) = Zs ® 7.3,
RQ(G) = {2}, Rg(G) = {1,2}, MQ’Q = 1, Mg’l = 1, Mg’g = 2 and

G(G)={(2,2,1),(3,1,1),(3,2,1),(3,2,2)}

Each element a of G can be represented by a quadruple (a221,0a3,1,1,032,1,03,2,2) Where as21 € Za,
aszi11 € Zg and a32.1,0322 € Zg. Finally, we have HG12’271 = (1, 0, 0, 0), HG13’171 = (0, 1, 0, 0), ]IG13’271 =
(0,0,1,0), Ig:322 = (0,0,0,1) so that Equation (6) holds.

In the following section, we introduce the ensemble of Abelian group codes which we use in the paper.

B. The Image Ensemble

Recall that for a positive integer n, an Abelian group code of length n over the group G is a coset of
a subgroup of G". Our ensemble of codes consists of all Abelian group codes over G i.e., we consider

all subgroups of G™. We use the following fact to characterize all subgroups of G™:

Lemma IV.1. For an Abelian group G, let ¢ : J — G be a homomorphism from some Abelian group
J to G. Then o(J) < G; i.e., the image of the homomorphism is a subgroup of G. Moreover, for any
subgroup H of G there exists a corresponding Abelian group J and a homomorphism ¢ : J — G such
that H = ¢(J).

Proof: The first part of the lemma is proved in [9, Theorem 12-1]. For the second part, Let J be
isomorphic to H and let ¢ be the identity mapping (more rigorously, let ¢ be the isomorphism between

J and I:I). [ |
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In order to use the above lemma to construct the ensemble of subgroups of G™, we need to identify all
groups J from which there exist non-trivial homomorphisms to G". Then the above lemma implies that
for each such J and for each homomorphism ¢ : J — G", the image of the homomorphism is a group
code over GG of length n and for each group code C < G", there exists a group J and a homomorphism
such that C is the image of the homomorphism. This ensemble corresponds to the ensemble of linear
codes characterized by their generator matrix when the underlying group is a field of prime size. Note
that as in the case of standard ensembles of linear codes, the correspondence between this ensemble and

the set of Abelian group codes over GG of length n may not be one-to-one.

Let G and J be two Abelian groups with decompositions:

¢= P z

(p.r:m)€G(G)
J= @ zy
(¢,5,1)€G(J)

and let ¢ be a homomorphism from J to G. For (g, s,1) € G(J) and (p,r,m) € G(G), let

9(q,s,1)—(p,r,m) = [(b(]IJ:q,s,l )]p,r,m

where I, 5; € J is the standard generator for the (g,s,)™ ring of J and [¢(Ls.q51)]prm is the
(p,r,m)™ component of ¢(Ly.4s:1) € G. For a = @(q’s,l)egu) ags) € J, let b = ¢(a) and write
b= @(pmm) ) by, m- Note that as in Equation (6), we can write:

(/)

PN
a = Z aq,s,l]IJ:q,s,l
(¢,5,1)€G(J)
() ()
=~ =~

= Z Z HJ:q,s,l

(quvl)eg(J) iG{l,--- ’aquyl}
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where the summations are the group summations. We have

pﬂ” m = a)]p,'r,
() (J)
/\
( Z Z I[J:q,s,l
(g,8,1)€G(J) 1€{1,+ ,aq,5,1}
p,r,m

(@) (@) i
(a) ~~ ~~
= Z Z (b (HJ:q7s,l)

(g,8,0)eG(J)i€{1, ,aq,s.1}
dprm

(ZPT)
A=~

(ZPT)
v YT e
- J:q,s,l)]pﬂn’m

(q,s,l)eg(]) 7;6{17'“ 7a<1>b',l}
(Zp7')
=~

(o)
=Y gt [0 Wrgs )l
(a,5,)€G(J)

(Z:DT)
A=

= Z Qq,5,19(q,s,1)—(p,r,m)
(¢,5,1)€G(J)

Note that (a) follows since ¢ is a homomorphism; (b) follows from Equation (5); and (c) follows by
using ag,s1 [@ (Ly:q,s0)],,,,, as the short hand notation for the summation of [¢ (Ly.q,s,1)],, ., to itself for
g, times.

Note that g(q s1)—(p,r,m) represents the effect of the (g,s,1)™ component of a on the (p,r,m)"
component of b dictated by the homomorphism. This means that the homomorphism ¢ can be represented
by

(Z:u’")
A~

¢a)= P D gsi9gs i (prm) ™

(p,r,m)€G(G) (¢,:5,1)€G(J)
where ag,519(q.5,1)—(p,r,m) 15 the short-hand notation for the mod-p” addition of g(g s 1) (prm) to itself

for a, s, times. We have the following lemma on g(g s.1)—(p,r,m)"

Lemma IV.2. For a homomorphism described by (7), we have

Y(q,5.0)—(prm) = 0 Ifp#q
Y(g.s)—~(pam) EP Ly Ifp=q,r =5

Moreover, any mapping described by (7) and satisfying these conditions is a homomorphism.
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Proof: The proof is provided in Appendix IX-A. ]
This lemma implies that in order to construct a subgroup of G, we only need to consider homomor-

phisms from an Abelian group J to G such that
P(J) C P(G)
since if for some (g, 5,1) € G(J), ¢ ¢ P(G) then ¢(a) would not depend on a, ;. For p € P(G), define
rp = max Rp(G) (8)
We show that we can restrict ourselves to J’s such that for all (¢,s,1) € G(J), s < rq. Let (p,7,m) €
G(Q) be such that p = ¢. Since 9(q,s,)—(prm) € ZLpr and 7 <1y, we have
(Ag.509(050param))  (m0d P7) = ((agss)  (mod P')g(g,s.)>pram)  (mod p')
= ((agsg)  (mod p"*)g(g.s1)(pramy)  (mod p")

This implies that for all @ € J and all (g, s,!) € G(J), in the expression for the (p,r,m)™ component of
¢(a) with p = q, ag 5 appears as (aqs;) (mod ¢"). Therefore, it suffices for a4 5; to take values from

Z4 and this happens if s < 7.

To construct Abelian group codes of length n over G, let G = G". we have

nMy
=@ bn"-O DPr'- D 7z ©)

pEP(G) T€ER, pEP(G) T€ER, m=1 (p,r,m)€G(G™)
Define J as
kflv
- @ O - @ Obu- B a0
qeP(G qeP(G) s=1 I=1 (g,s,1)€G(J)

for some positive integers kqu.

Example: Let G = Zg ® Zg ® Zs5. Then we have

J Zk21@Zk22@Zk23®zksl@zk32@zlg5‘l
Define
= 2 Z Fa.s
q€P(G) 5=
and wy s = k“T for g € P(G) and s = 1,--- 1, so that we can write
rq kwg s

d DDz an

qEP(G) s=1 [=1



15

for some constants w, s adding up to one. Note that
G(J)={(g,5,1) : € P(G),1 <5 <71g, 1 <1 < kwg s}
Define
S(G) ={(p,s)lp € P(G),1 <5 <mp}. (12)

Note that S(J) = 9Q(J) = S(G).
The ensemble of Abelian group encoders consists of all mappings ¢ : J — G™ of the form

(Zpr)
~~

¢(a) = @ Z q,5,19(q,5,1)=(p,r,m) (13)

(p,r;m)€G(G™) (g,8,1)€G(J)

for a € J where g(ys1)=(prm) = 0 if p # ¢, 9(g,s)—(p,r,m) 1 @ uniform random variable over Z,-
if p=gq,7 <s, and g(41)—(p,r,m) i$ @ uniform random variable over p"~*Z,- if p = q,7 > s. The

corresponding shifted group code with parameters (n, k, w) is defined by
C={¢(a)+ Bla € J} (14)

where B is a uniform random variable over GG". The rate of this code is given by
r=11 ]| k ZZ 1 (15)
=—lo = — sw
n g n q,s 108 ¢
q€P(G) s=1
Remark IV.3. An alternate approach to constructing Abelian group codes is to consider kernels of
homomorphisms (the kernel ensemble). To construct the ensemble of Abelian group codes in this manner,

let ¢ be a homomorphism from J into G™ such that for a € G",

(qu)

P
¢(a) = @ Z p,r;mY(p,r;m)—(q,s.0)

(¢,8,0)eG(J) (p,r,m)€G(G™)

where g, rm)—(q,5,0) = 0 1 @ # D, G(p.rm)—(q,s,0) IS @ uniform random variable over Zy- if ¢ = p,s <,
and gy r.m)—s(q,s,1) 1S a uniform random variable over p*~"Zq: if ¢ = p,s > 1. The code is given by

C = {a € G"™|¢(a) = ¢} where c is a uniform random variable over J.

In this paper, we use the image ensemble for both the channel and the source coding problem; however,

similar results can be derived using the kernel ensemble as well.
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V. MAIN RESULTS

In this section, we provide an information-theoretic characterization of the optimal rate-distortion
function of a given source and the capacity of a given channel using group codes when the underlying
group is an arbitrary finite Abelian group represented by Equation (3). We define two subgroups of G
and then state two theorems using these subgroups, and finally provide an interpretation of the results

and these subgroups with two examples.

A. Definitions

Consider four vectors é, w, 1) and b. The components ép7 s and wy, 5 of 0 and w, respectively, are indexed
by (p,s) € S(G), and satisfy: 0 <, < s,
Z wps =1, wps>0.
(p,s)eS(G)
Let O denote the all-zero vector, and s denote the vector whose components satisfy s, = s for all
(p, s) € S(G).

The components 7, . s of 7 are indexed by (p,r,m,s), for every (p,r,m) € G(G) and every s €
{1,...,7,}, and satisfy 0 < 1, m.s < 7—|r—s|". The components by, ., of b are indexed by (p,r,m) €
P(G) and satisty by, .., € Zj,-. Let a be a probability distribution on the set of all  and b, where a,
denote the probability assigned to a particular n and b.

For é, and 7, define

_ : ot
0(n) = églgnrp\r 8|7 + Mprm,s

70 (p.rm)€P(C)
Define H,, < G and H77+9 < H, as

Hn = @ po(n)p,r,m Z}(jcn) (16)
(p,r,m)€G(QG)

Hn+é = @ pe(n+9)p,r‘.7rL Z](;n)7 (17)
(p,r,m)€EG(G)

where 7 4 0 denote a vector obtained by adding the components with index (p, s) in S(G).

For a given 6 and w, define R

_ Z(p,S)eS(G) Op,swp,s log p
2 (p.5)eS(G) SWp,s logp

“o
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B. Main Results

The following theorem is the first main result of this paper.
Consider a channel (X = G,), Wy x). For every 1 and b, let X, be a random variable distributed

uniformly over Hy,+b. Let [ X, 3], = 7771)4—H77+é which takes values from the cosets of H77+(9 in H,+b.

Theorem V.1. For a channel (X = G,Y, Wy x), the group capacity is given by
1

C = supmin Z anp I (Xop0; Y[ X0 0] 5)- (18)
w07 =TGNy
Proof: The proof is provided in Section VII-A2. [ ]

The following theorem is the second main result of this paper.
Consider a source (X, = G, Px,d), and distortion level D. For every n and b, let U,; be a
reconstruction random variable distributed uniformly over H,, + b and is statistically correlated with the

source X. Let us denote this collection of random variables as U. Let [Uyp]; = Uy p + H, .4

Theorem V.2. For a source (X ,U = G, Px,d), group rate-distortion function is given by

1
R*(D) = inf inf max — Y ay oI ([Ups)5; X), (19)
(D) Ua,w(;#,wé%: nbd ([Unp]g; X)

where infimum is over all o, w and U, such that
D> anBld(X,Uyy)]
n,b

Proof: The proof is provided in Section VII-B2. [ ]

C. Interpretation of the Result

In this section, we give some intuition about the result and the quantities defined above using several
examples. At a high level, w) s characterizes the normalized weight given to the Z,s component of
the input group J in constructing the homomorphism from J to G™, and 0 indexes subgroups of J. n
characterizes the the collection of input distributions used on the channel. ﬁ[ (Xnp; Y[Xyplg) in
channel coding and wiél ([Un,p] 53 X) in source coding denote the rate constraints imposed by the subgroup
Hn ¢~ Due to the algebraic structure of the code, in the ensemble, two random codewords corresponding
to two distinct indexes are statistically dependent, unless G is a finite field. For the channel coding
problem, when a random codeword corresponding to a given message index is transmitted over the

channel, consider the event that all components of the difference between the codeword transmitted and

a random codeword corresponding to another message index belong to a proper subgroup Hn g of G
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Then the probability that the latter is decoded instead of the former is higher than the case when no
algebraic structure on the code is enforced. For the source coding problem, when the code is chosen
randomly, consider the event that all components of their difference belong to a proper subgroup H77 +é
of GG. Then if one of them is a poor representation of a given source sequence, so is the other with a
probability that is higher than the case when no algebraic structure on the code is enforced. This means
that the code size has to be larger so that with high probability one can find a good representation of the
source.

Example: We start with the simple example where G = Zg. In this case, we have P(G) = {2}, ro = 3,
S(G)={(2,1),(2,2),(2,3)}, and Q(G) = {(2,3)}. Let n be the all-zero vector and b = 0. For vectors
w, 0 and @ defined as above, we have w = (w21, w22, w23), 0 = (é271,é272, 9}73) and 6 = 653 1. Recall
that the ensemble of Abelian group codes used in the random coding argument consists of the set of all
homomorphisms from some J = Zgw“ ® Ziw“ ® Z§w2‘3, and hence the vector of weights w determines
the input group of the homomorphism. Any vector 6 = (éz,l, 92,2, 9A273) with 0 < 9A271 <1,0< 9A272 <2

and 0 < 9273 < 3 corresponds to a subgroup Kj; of the input group J given by
Ké — 292,1 Zng,l @ 292,2 Ziwzz @ 29A2,3Z§w2,3

Similarly, any 0(n + é) =0, 31 corresponds to a subgroup Hn+é = 202517 of the group G.

Example: Next, we consider the case where G = Z.4 @ Zs. In this case, we have P(G) = {2,3}, ro = 2,
r3 =1, 8(G) = {(2,1),(2,2),(3,1)}, and Q(G) = {(2,2),(3,1)}. For vectors w, 0 and 8 defined as
before, we have w = (w1, w22, w3 1), 0 = (égyl, 0A272, §371) and @ = (022,1,0311). Let 1) be the all-zero
vector and b = 0. The ensemble of Abelian group codes consists of the set of all homomorphisms from
some J = Z’;w“ D Ziwz’z @ Z’;wg‘l. Any vector 0 = (é271,é272,é371) with 0 < 9271 <1,0< 9A272 <2

and 0 < é371 < 1 corresponds to a subgroup Kj; of the input group J given by
Ké — 2@2,1 Zngl @ 2é2,2 Ziﬁ’wzj @ 39A3,1Z/§w3,1

Similarly, any 6(n + é) = (02,2,1,03,1,1) corresponds to a subgroup HnJré = 202217, @ 3051175 of the
group G.

VI. PROOF OF CONVERSE

Consider an arbitrary shifted group code C with parameters (n, k,w). We assume that the associated

homomorphism is a one-to-one mapping. We can express the code compactly as follows:

n

- i i kwy, s
C= @ @ Za’p’sg((p),s)—)(r,m) + B ) tap,s € ZpS ,V(p, 5) € S(G)
i=1 [ (prm)=6(G) s=1
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For every pair of vectors (7,b) as defined in Section V-A, define
F"],b = {Z € [1’ n] : g((;{s)ﬁ('r‘,m) € pnp,r,m,s+|7"*8‘+Z];:UP,S\pnp,r,m,s+1+|7"*8‘+lefi“p,s ’ B(Z) = b> V(p, r,m, 5)}

Let 0 be an arbitrary vector whose components 6, , are indexed by (p, s) € S(G) and satisfy 0 < 6, <

~ ~ ~ ) k s k s
s. Construct a one-to-one correspondence a, s <> (ap s, Gp,s) Where @, s € papfSpr»U " and a, s € Z w"

A. Channel Coding
For an arbitrary a, s € Z];ZP consider the following subcode of C:

n

c@.a)=P| Z s+ p )00 )y + BO | s € P V(p,5) € S(G)
=L [rm)=6(6) 5=

The rate of the code Cy(6,a) is given by (1 — wé)% 2 (p,5)€S(G) SWp,s log p.

For a given channel (X = G,), Wy |x), suppose that rate R is achievable using group codes. Consider
an arbitrary € > 0. This implies that there exists a shifted group code C with parameters (n, k,w) that
yields a maximal error probability 7 such that 7 < € and %Z(p’ 5)eS(G) SWp,s logp > R — €. Since the
maximal error probability of the code is 7, the average error probability is no greater than 7. Using a
uniform distribution on a, we let X; denote the random channel input at the ¢th channel use induced by
this code.

For the subcode Cl(é, a), the average error probability is no greater than 7. Using the fact that a is
uniformly distributed over its range, for i € I, 5, in the code C1(0,a), the channel input X;(0,a) at the
ith channel use has the following distribution

1
H, 5l

P(Xi(é, a)=pf) = H —|r 0(n+0) (promy |+ _

(p,r,m)€G(G)
if Bpram) € S0 sl )y romy  bporm + PP D e Z for all (p,r,m) € G(G), and P(X;(0,d) =
B) = 0 otherwise. Using Fano’s inequality, and the standard information theoretic arguments, we have

kwp

for every 6 with 0 < 9ps < s, and a with a, , € Z

(1= wp)(R =1 —7) — = < S T(X(0, ) ¥)
=1
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Hence, averaging with uniform distribution on a, we get for all 6 # s,

(1_wé)(R_e)(l_7' —*< ZZP é ,a);Y;) (20)
2y ¥ ZP I(X;Yi|Xi € ag® +b+H, 5 (1)
n,b iel( n,b)
2 Z Z *I (Xi: Y| X; € Agt +b+H, o) (22)
© !F(n, b)|
= I(X 5 Y[ X0l 2
> (X Y[ X plp) (23)

where in (a) we have expressed @ (prm)EG(G) Zg" 1 dp789§;)s)—>(r m) +bprm as dg(i) +b, in (b) A denotes
the random variable corresponding to a, in (c) we have used the fact that Ag(l) +b+ H ¢ 1s uniform

over the set of cosets of I, ;+ b in Hy + b. Hence the converse follows.

B. Source Coding
Let us express C as

B DB | B D sl | s €L Vps) € SG)

n,b i€l(n,b) [ (p,rym)=G(G) s=1

Consider the following code:

P i kwp, s
e o o R
n,b i€l(n,b) | (p,r,m)=G(G) s=1

~ i - kwy, s
B D D Zawg((p{s)_}(nm) b+ H | s € 20570 V(p,5) € S(G)

n,b i€T(n,d) | (p,r,m)=G(G) s=1

where (a) follows from the fact that for ¢ € I'(n, b), we have

@ Z p, sg(p s)—(rym) * ap s € p kap V(p, 8) € S(G) = Hn—i—é'
(pyrym)=G(G) s= 1

The rate of the code Cy(0) is given by wé% 2 (p.5)eS(G) SWp,s 10gp.

For a given source (X,U = G,px,d), suppose the pair of rate and distortion (R, D) is achievable
using group codes. Consider an arbitrary € > 0. This implies that there exists a shifted group code C with
parameters (n, k, w) that yields a distortion A such that A < D+e, % Z(p,s)GS(G) swp s logp < R+-¢, and
LS [log®; —H(U;)] < e. Let U™ = Dec(Enc(X™)), induced by the code C. Note that for i € I'(n, b),
the ith sample U; takes values in H, + b. Let (U] 0= U, + H77 i, denote the unique coset of H77 46 in
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Hy + b that contains U;. Observe that [U;] is a function of U; for i € [1,n]. Let [U"]5 = ;e ) [Uils-

Note that [U"]; € Cg(é). Hence we get the following conditions for the rate of the code for all § # 0:

1 1 1 —
wy(B+€) 2 ~H([U"]g) = —I([U"]; X") = > I([Uilg; Xi) (24)
i=1
IT'(n,0)| 1
2 2 oy e X 9
, i€I'(n,b)
(@) x—~ [F'(n, b)) 1 -
=2 — —_I(Px,P;. 26
o 2 T e 0
, i€l’(n,b)
® ¢ [C(.b)] -
22 P 2 g ) 7
n,b i€ (n,b)
(©) T'(n,b
= 5 B0 0, 0 %) @8)

Here (a) follows by denoting the conditional probability P([U;]; = u|X; = z) as Pévi(ukv), and writing
explicitly the mutual information as a function of the source distribution and the conditional distribution of
the corresponding function of the reconstruction given the source. (b) follows from convexity of mutual
information. In (c) [U) ] g denote the random variable which is related to X through the conditional
probability distribution s 3,4 P

Note that for § = s we have [Un.sls = Upp. Hence we have the following conditions regarding the

distortion of the code:

D+e>A> %ZE(d(Xi, Ui) =) [, 0) > 1 > Px(x) Y Pai(ula)d(z,w)
n,b i cx

i=1 n el(n,b) [T (n, b)] x uEH,+b
- Z IT(n, b)| Z Px(z) Z P(Upp = u|X = z)d(z,u) (29)
n " 7
n,b reX UEHn-‘rb
T
-y bl (Z’ Nga(x,v,,). (30)
7,b

Finally, we ensure that U, ; is distributed nearly uniformly over its range. For every n and b, let

Uy, be uniformly distributed over H, + b. Now using the relation between the variational distance and
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information divergence [13, p.58], we have

T(n, b - \r _
Z 2n1n 2 d2 Unp, Unp) Z (UnllUnp) 3D
IT'(n,0)] 1 _
- D Ui\|Unp (32)
% " [T(n, b)| ie%b) !
T(n,b)| 1 _
= Z ‘ (77 )’ T b Z D(UiHUn,b) (33)
n,b no [T, )‘iEF(n,b)

n

= Z Z (U1 U;) le Z[log 0, — H(U;)| <e. (34)

n,b 1€F7]b =1

The converse follows from the continuity of mutual information.

VII. ACHIEVABILITY
A. Channel Coding

We give proof of only the essential elements for conciseness. Fix a triple of code parameters (n, k, w).
Let R denote the rate of the code. First we consider the special case where for every channel use, the
input can take all possible values in G. This corresponds to the choice: - ; = 1, where n* is the all-
zero vector and b is arbitrary, and hence H,- = G. Generalization to arbitrary probability distributions
is relatively straightforward.

1) Encoding and Decoding: Following the analysis of Section IV-B, we construct the ensemble of
group codes of length n over GG as the image of all homomorphisms ¢ from some Abelian group J into
G" where J and G" are as in Equations (11) and (9), respectively. The random homomorphism ¢ is
described in Equation (13).

To find an achievable rate, we use a random coding argument in which the random encoder is
characterized by the random homomorphism ¢ and a random vector B uniformly distributed over G".
Given a message a € J, the encoder maps it to © = ¢(a) + B and x is then fed to the channel. At
the receiver, after receiving the channel output y € V", the decoder looks for a unique a € J such that
¢(a) + B is jointly typical with y with respect to the distribution Px Wy x where Px is uniform over

G. If the decoder does not find such a or if such a is not unique, it declares error.

2) Error Analysis: Let a, x and y be the message, the channel input and the channel output, respec-
tively. The error event can be characterized by the union of two events: E(a) = Ej(a) U Ex(a) where

Eq(a) is the event that ¢(a) + B is not jointly typical with y and Fs(a) is the event that there exists a
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a # a such that ¢(a) + B is jointly typical with y. We can provide an upper bound on the probability
of the error event as P(E(a)) < P(Ei(a)) + P(Ez(a) N (E1(a))). Using the standard approach, one
can show that P (Fy(a)) — 0 as n — oo. The probability of the error event Fz(a) N (E1(a))¢ can be
written as
Pag(B2(a) N (E1(a))) = > Uisayen) D,  Wiix W)L (Zacsarap@+ Bear (Xly)}
e yEAr (Y|z)
The expected value of this probability over the ensemble is given by IE{Py,q(E2(a) N (E1(a))¢)} = Pepr
where
Par=3 D, WixWlo)P(s(a)+ B =230 €J:a+#a,6(a)+ B e AY(X]y))
2€G™ ye An(Y|z)
Using the union bound, we have

Por <Y > > Y WyxWla)P(d(a) + B==,6()+ B =)

G ye Ar(Yz) acd z€Ar(X|y)
a#a )

We need the following lemmas to proceed.

Lemma VIL1. For a,d € J, z,& € G" and for (p,s) € Q(J) = S(G), let 6, € {0,1,--- , s} be such

that
~ 2 k s ) k s
Qaps — Qp,s € pe”"“ Zp:Up" \pep's—"_lzpiv
Then,
; ; Cr e FE-ce L,
P(6(a) + B =2.0(a) + B =) — -
0 Otherwise
Proof: The proof is provided in Appendix IX-B ]

Lemma VIL2. Let X be a random variable taking values from the group G and for a subgroup H of
G, define [X] =X+ H. For y € AZ(Y) and x € A}(X|y), let z = [x] = v + H". Then we have

(z+ H")N A2 (X|y) = AL (X |zy)
and

Proof: The proof is provided in Appendix IX-C [ ]
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For a € J, and for 0 with 9};75 € {0,1,---,s} for all (p,s) € S(G), let
Ty(a) = {a € J|aps — aps € plreZE»\plre 178 (p, 5) € S(G)}

It follows that for all a € J
Ty = ] pltnen,
(p,5)€S(G)

and

Por <) )0 >0 ) D> Wek(ln)P(¢(a)+ B =x,¢(a) + B =

z€Gm ye Ar(Y|z) G5 a€T;(a) TEAT (X]y)

Using Lemmas VII.1, and VII.2, we have

ZEID DD D IS WY|X<y\x>|G|n|H g
45 TEG™ YA (Y|x) GET;(a) FEAT (X|y) “4+0

T€x+H™
+7+9

<D D D Wk (yla)2r el >+O(e>]yG| |H . A

N
45 TEG™ ye Ar(Y|z) a€Ty(a) 77*"‘9’

=
S~—

—A w n * b * blg € 1
< Z H p(s Op,s ) owp, s 2 [H (X =0 | Y[ X 6] 5)+0( )]ﬁ
b4s \(1.5)€S(G) "+o

k .
= Z expyq 1| Z (5 = Op,s)wp s log p+H(X,-
O+#s (p,5)€S(G)

Y, [ Xy plg) —log|H,.  41+0)

Recall that R = 2 Z(p 5)eS(G) SWp,s log p. Noting that P, is the probability of error for message a

averaged over the ensemble, in order for the maximal error probability to go to zero, we require the

exponent of all the terms to be negative; or equivalently, for all 6 #s,

Z(p,s)eS(G)(S - ép,S)wpvs log p
> (ps)eS(@) SWp,s 108 q

Therefore, the achievability conditions are

R

< log|Hn*+é| — H(X .

1
R <
-1

AI(Xn*,bS Y‘[Xn*,b]é)
[/

for all f # s. This means that the following rate is achievable

R = min IX*b;YX*bA.
For a general o, we use an extended random coding argument. We construct the ensemble of group
codes of length n over G as the image of all homomorphisms ¢ from some Abelian group J into

D, (Hy + b)"**. The random homomorphism ¢ is described in Equation (13). Given a message
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a € J, the encoder maps it to x = ¢(a) + B and z is then fed to the channel. At the receiver, after
receiving the channel output y € V", the decoder looks for a unique a € J such that for every (,b),
the appropriate set of na,,; samples of ¢(a) + B is jointly typical with the corresponding set of na,
samples of y with respect to the distribution P, , Wy x where P, is uniform over H, +0b. If the decoder
does not find such & or if such a is not unique, it declares error. Using a similar analysis, one gets the
desired achievability result.

3) Z4: Evaluating the expression for the group capacity for codes over Z4, we get three non-redundant
terms as follows:

R < SUPay ,as, w0 min{Tl, TQ, T3}

where supremum is over all a; and ao such that 0 < aj,a9,a1 +as < 1, and 0 < wy < 1 and
Ty = a1y + asly + (1 - Q] — Ozg)]é, T = (1 —+ wg) [%(IQ + Ié) + agly + (1 — Q1] — Ozg)[é] and
Ty =M ey 4 1), Iy = I(X;Y), I = I(X;Y|X € 2Z4) and I} = I(X;Y|X ¢ 2Zy). This can

be solved to obtain the following

C = max{min{ly, (I + I})}, Iz, I}}.

B. Source Coding

Fix a triple of code parameters (n, k,w). Let R denote the rate of the code. We consider the special
case where -, = 1, where n* is the all-zero vector, and hence H,- = G. Generalization to arbitrary
probability distributions is straightforward. Fix a conditional distribution Py x on G such that U is
uniform on G.

1) Encoding and Decoding: To find an achievable rate for a distortion level D, we use a random coding
argument as in channel coding. Consider a random shifted group code as C = {¢(a) + B : a € J},
where ¢ and B are uniformly distributed over their range and are independent of each other. Given the
source output sequence x € X", the random encoder looks for a codeword u € C such that u is jointly
typical with = with respect to pxy. If it finds at least one such wu, it encodes x to w (if it finds more
than one such u it picks one of them at random). Otherwise, it declares error. The decoder outputs u as
the source reconstruction.

2) Error Analysis: Let © = (x1,--+,z,) and u = (uy,---,u,) be the source output and the
decoder output, respectively. Note that if the encoder declares no error then since x and u are jointly
typical, (d(z;,u;))i=1,.. »n is typical with respect to the distribution of d(X,U). Therefore for large n,

Ld(z,u) = L5370  d(zi,u;) ~ E{d(X,U)} < D. It remains to show that the rate can be as small as
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given in the theorem while keeping the probability of encoding error small.

Given the source output x € X, define
a@)= Y Tlpeer= Y. Y Wo@ib-u
ueAr(U|z) u€A?(U|z) aeJ
An encoding error occurs if and only if a(z) = 0. We use the following Chebyshev’s inequality to show

that under certain conditions the probability of error can be made arbitrarily small:

P(a(z) =0) < var{a(@)}

E{a(x)}?
We have
E{a(x)}= > > P(¢(a)+B=u)
u€Ar(Ul|z) a€J
_ [A2Ulz)] - |/]
G|
and

E{a@)’} =E{ > > Lga)+B-us@)+b-a)

u,u€A? (Ulx) a,aced

= > Y P(éla) +B=u(a)+B=1a})

u,u€A?(Ulx) a,aceJ

1 1
=22 > 2 )X GhET
G

0 a€J ucAr(Ulz) a€Ty(a) ucA™( HU|m n
ueH™

i
u— 40

Note that the term corresponding to § = 0 is bounded from above by E{a(z)}2. Using Lemma VIIL.2,

we have
’A?(Ulf) N (u+ H" )‘ < H Uy o[[Un 25, X)+0(e)]
Therefore,

var{a} = E{a(z)?} — E{a(z)}?

QnH (Unx b[[Un> 0]4,X)+0(€)]

<SP ArUl) | T e L
~ n*+9
640 (p,s)ES(G)
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Therefore,
P (a(x) = 0) < Y@}

~ E{a(2))?
9=n[H Uy 1| X)=H(Uy o|[Uy- )5 X) -0 g m

(sfép,s)kwq,s
= Z H p I [H

620 \(n.9)€S(G) 46l
X) - H(Un*,b‘[Un*,b]é;X) = H([Un*,b]@|X) and

’J’ _ H pkswp,S

(p:s)€S(G)

Note that H (U,

Therefore,

k A
P(a(z)=0) < Zepr —n [H([Uy- plo| X)—log |Hy- - Hn*+é| + - Z Op,swp.slogp — O(€)
640 (p,8)€S(G)

In order for the probability of error to go to zero as n increases, we require the exponent of all the terms
to be negative; or equivalently,
1
R = H}&X 71([Un*,b]é’ X)
00 Wy
is achievable. Using an extension of the random coding argument to general o, 5, similar to that considered

in channel coding, we get the achievability of the theorem.

VIII. CONCLUSION

We derived the achievable set of rates using Abelian group codes for arbitrary discrete memoryless
channels. In the case of linear codes, it simplifies to the symmetric capacity of the channel i.e., the Shannon
capacity with the additional constraint that the channel input distribution is uniformly distributed. For the
case where the underlying group is not a field, we observe that several subgroups of the group appear
in the achievable rate and this causes the rate to be smaller than the symmetric capacity of the channel
in general.

We derived a similar result for the source coding problem; i.e., the achievable rate-distortion function
using Abelian group codes for arbitrary discrete memoryless sources. When the underlying group is a
field, these group codes are linear codes, and this function is equivalent to the symmetric rate-distortion
function i.e., the Shannon rate-distortion function with the additional constraint that the reconstruction
random variable is uniformly distributed. We showed that when the underlying group is not a field, due
to the algebraic structure of the code, certain subgroups of the group appear in the rate-distortion function

and cause a larger rate for a given distortion level.
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IX. APPENDIX
A. Proof of Lemma 1V.2

We first prove that for a homomorphism ¢, g4 51— (p,rm) Satisfies the above conditions. First assume
p # q. Note that the only nonzero component of 1., ,; takes values from Z . and therefore

()
~~

qSHJ:q7s,l = Z HJ:q7s,l =0
1

=1, ’qs

Note that since ¢ is a homomorphism, we have ¢(¢°L;.; ;) = 0. On the other hand,

()
=~

¢(qSHJ:q,s,l) = (b( ]IJ:q,s,l)
i=1, ,q°

=

p’/r7m

= @ qsg(q,s,l)—>(p7r,m)
(p,r,m)EG(G)

Therefore, we have ¢°g(g 1)~ (prm) = 0 (mod p") or equivalently ¢°g(g s 1)—(prm) = Cp" for some

q,8,l q,8,l

integer C. Since p # ¢, this implies p"| 9(q,5,1)—(p,r,m) and since g —(p,r,m) takes value from Z,-, we

4,8,0)
have g(q,5,1)—(p,r,m) = O-

Next, assume p = ¢ and r > s. Note that same as above, we have ¢(¢°l;.4s;) = 0 and

(rb(qs]IJZq,S,l) - @ qsg(q,s,l)%(l’:rym)
(p,rm)eG(G)

and therefore, ¢°g(g s.1)—(p,r,m) = 0 (mod p”). Since gy s 1)—s(p,r,m) takes values from Z,- and p = g,

this implies p"~°|g(g,s,1)— (p,r,m) OF €quivalently g(q s 1)~ (prm) € P *Zpr-
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Next we show that any mapping described by (7) satisfying the conditions of the lemma is a homo-

morphism. For two elements a,b € .J and for (p,r,m) € G(G) we have

[¢(a+ b)]p,nm = ¢ @ (ag,s, +q° bg,s1)

(a,50)€6()) b
()
~~
= |9 Z (aq,sl +gs bq s l)]IJ q,s,l
(a,5,)€G(J)
[ () ()

~~

Z ]IJ:q,s,l

G(J) =1, ,aq,s,1H¢sbg 51

)

(g,8,0)

Mm

(@) (@)
~~ =~
= Z Z (25 (HJ:q,s,l)
(Q:Svl)eg(‘]) i=1,+,aq,5,1F¢5bg,s,1

—

Zpr

~

(Zpr)

)

(g,8,0)€G(J) i=1,- ,aq,s,1+q¢5bq,s,1
)

(Zp (Zpr)
=

P
- Z Z 9(q,s,1)=(p,r;m)

(Q757l)eg(J) 7':17 7aq,ﬁyl+qs bflv5~l

On the other hand, we have

[6(a) + @) . im = [0(@)] i +or (D) 1 m
)

( p" (ZPT)
=~ =~
= Z Qq,s,19(q,s,)—(p,r,m) +pr Z bq,s,lg(q,s,l)%(p,'r,m)
(a,5,1)€G(J) (a,5,)€G(J)
(Zpr) (ZPT) (Zpr)
=~ =~ ~~
= Z 9(q,5,1)—(p,r,m) +pr
quvl)eg(‘] :17"'70’41’5,1 (quvl)eg(‘]) i=
(ZPT) (Zp"")
=~ =~

- Z 9(g,5,))—(p,r;m)
(g,8,0)€G(J) i=1, ,aq,s,1+bg,s,1

where the addition in ags; + by s, is the integer addition.

Py
Z [¢ (HJ:q,s,l)]p,T’m

(35)

9(g,5.1)=(p,r;m)

(36)

In order to show that ¢ is a homomorphism, it suffices to show that under the conditions of the lemma,

Equations (35) and (36) are equivalent. We show that for a fixed (q, s,1) € G(J), if the conditions of the
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lemma are satisfied, then

(Zpr) (Z:DT')

~~ ~~

> I(as.)—(p.rm) = > (a8, (p.rm) G37)
i=1,,0q,5,1Fbg,s 1 =1, ,0q,5,1F¢5bg, 5.1

Note that if p # ¢, then both summations are zero. Note that we have

(Zpr) (Zzﬂ‘)

~~ =
Z 9(a,s,)—=(p,rym) = 9(g,5,1)=(p,r,m)

izlv"’vaq,-€,1+bq,-§,l izl»"'y(aq,s,l‘i’ q,s,l) (mOd pr)
and

(ZP") (ZP")

= =

E 9(g,s,l)=(p,r;m) = E 9(g,s,l)—(p,r;m)

izl»"'yaq,svl‘i’qsbq,s,l izl»"'7(aq,s,l+q5bq,s,l) (mOd pr)

If p=gq and r <s, then we have (aqs; +¢: bgs;) (mod p") = (ags; + bgs;) (mod p”) and hence it

follows that Equation (37) is satisfied. If p = ¢ and 7 > s, since g(q.s.1)s(p,rm) € P *Zypr We have

(Zyr) (Zyr)

=~ ~~

Z 9(g,8,l)=(p,rym) = Z 9(g,5,1)=(p,rym)
izlf"vaq,s‘l"rbq,s‘l i:17"'7(aq,s,l+bq,s,l,) (mOd ps)

and hence it follows that Equation (37) is satisfied.

B. Proof of Lemma VII. 1

Note that since gy s.1)—(p,r,m)’s and B are uniformly distributed, in order to find the desired joint
probability, we need to count the number of choices for g, s1)—(p,r,m)’s and B such that for (p,r, m) €
g(Ggn),

(Zp’")
~~

Z q,5,19(q,5,1)—(p;r;m) | T Bpram = Up,rm
(a,8,0)€G(J)

(Z:n")
A~

Z Uq,5,19(q,5,1)—(pr;m) | Tpr Bprm = Up,rm
(a:5,1)€G(J)

and divide this number by the total number of choices which is equal to

|G’n . H H pmin(r,s) _ ’G|n . H H pmin(r,s)

(p,r,m)€G(G™) (q,8,1)€G(J) (p,r,m)EG(G) (g,8,)€G(J)
q=p q=p
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where the term p™in(ms) appears since the number of choices for g isphif p=y¢q,r <sand

q7S7l)*>(p7,r7m)

is equal to p® if p = q,r > s. Since B can take values arbitrarily from G", the number of choices for

the above set of conditions is equal to the number of choices for g, s.1)—(p,r,m)’s such that,
(ZPT)
~ =
Z (dQ757l - aqu7l)g(Q75=l)_)(p7ram) = ap,r,m - up,r,m
(a:5,1)€G(J)

Let 9},75’1 €{0,1,...,s} be such that G, ; — aps; € pew,lZp.e\papv&l“Zps. Note

0, , = min 0
p7s p7s7l.
{1§l§kwp,5}

Note that for all (¢, s,1) € G(J), (Gg,s1— g,51)9(g.5,0)— (pr.m) € P77 Zipr. Therefore we require @p,y,m —

a,5,0)
Up,rm € pOrrm 7, and therefore we require o — u € Hg 49 OF otherwise the probability would be zero.

For fixed p € P(G) and r € R,(G), let (¢*, s*,1*) € G(J) be such that ¢* = p and
O +0)prm =1 — 8T+ 04 510

For fixed (p,r,m) € G(G"), and for (q,s,l) # (¢%,s",1"), choose g4 s 1) (p,r,m) arbitrarily from it’s

domain. The number of choices for this is equal to

n
H H pmin(r,s)
(p,rm)EG(G) (q,s,é)_epg(tf)
(g:5,D)#(q",s™,1")
For each (p,r,m) € G(G™), we need to have
(Zp")
~~
(dq*VS*vl* - aq*,S*,l*)g(q*,s*,l*)%(p,r,m) = ﬂp,r,m - up,r,m o Z (dquvl o aquvl)g(‘I751l)—>(p’Tam)
(a,5,1)€G(J)

(g,8,D)#(g",s7,1")
Note that the right hand side is included in p%»»Z,,- and (Gg- ¢ 1+ —ay- s ) is included in e Ligyi™ -
We need to count the number of solutions for g« s« 1+)—(p,rm) 1N p'r_s*“Zpr. Using Lemma IX.1, we
can show that the number of solutions is equal to pé‘f‘ﬁ“*. The total number of solutions for ¢ is equal

to
n

11 [T e | g

(p,rm)eG  (g,5,1)€G(J)
q=p
(g,8,0)#(q",s™,1*)
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Hence we have

H(p,r,m)eg(c) p(’q*,s*,,*.H (q’s’é)fpg(‘]) pmin(r,s)
(g,8,1)#(q",8*,1*)

Il

=4
N~—

Il

n

P(¢(a) + B =u,¢(a)+ B
7,5)

[H(P,r,m)EQ(G) H(q,s,é)zepg(J) prin

n

R

= 1l 11

(p,rm)€G(G)  (a,50)€G(J)

q=p
(g,8,1)=(q",8*,1*)

pmin(’r‘,s)

Note that for (g, s,l) = (¢*, s*,1*) we have
min(r, s) = min(r,s*) =r — |r — s*|T =r — <0p,7~7m - éq*,s*,l*)

Therefore, the above probability is equal to

Ogx v 1v

ploer B 1
I I -0 I =
(prm)ed  (as0€G()) P (p.rm)EG  (g.5)€G(T)

q=p q=p
(g,8,0)=(gq*,s™,1*) L (g,8,0)=(gq*,5™,1*)
n

= H poP’T’m = 71
T ~|T
| (p,r;m)EG p ‘H’f‘+9|

Since the dither B is uniform, we conclude that

ploW+B=x)_ 1 1

o(@)+B=z | |GI"H. 4"

C. Proof of Lemma VII.2

First, we show that (x + H™) N A?(X|y) is contained in A} (X|zy). Since z is a function of x, we
have (z,z,y) € A%(X,[X],Y). For 2’ € (x + H") N A®(X|y), we have [¢/] =2+ H* =2+ H" = 2
and (2, z,y) = (¢/,[2'],y) € A(X,[X],Y). Therefore, 2’ € A”(X|zy) and hence,

(z+ H") N AL (Xy) € A(X]zy)

Conversely, for 2/ € A(X|zy), since (z,z) € A?(X,[X]) where [X] is a function of X, we have
[#'] = 2. This implies 2’ € z + H" = x + H". Clearly, we also have 2/ € A”(X|y). The claim on the
size of the set follows since (z,y) € AZ([X]Y).
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D. Useful Lemma

Lemma IX.1. Let p be a prime and s,r a positive integer such that s < r. For a € Zy: and b € Zyr,

letOgégsandéﬁ@ﬁrbesuchthat
a € pGZps \pe'HZps
be pOZpr

Write a = péa for some invertible element o € Z.,,r and b = P’ B for some B € B € {0,1,--- pr 0 — 1}

Then, the set of solutions to the equation ax (mod p") = b is
{peiéailﬁ + iailprié‘i = 07 17 e 7pé - 1}

Proof: Note that the representation of b as b = p?# is not unique and for any B of the form
A= B+ipt=0 fori=0,1,---,p’ —1, b can be written as peﬁ. Also, the representation of a as a = péa
is not unique and for any &@ = « —I—ip’"*é fori=0,1,--- ,pé — 1, we have a = péo?. The set of solutions

to ax = b is identical to the set of solutions to pé:c = p?a~1p. The set of solutions to the latter is
{PPa g +ia"p i = 0,1, 0 — 1}

It remains to show that this set of solutions is independent of the choice of o and . First, we show that
the set of solutions is independent of the choice of 5. For B = B+jp"~? for some j € {0,1,--- ,pP — 1},
we have
(PP Bt ia i =01, 0~ 1}
= {0 (B4 ") +iaTy i = 0,1, 0 1]
= {0t i+ a7y i = 0,1, 7 1]
(i) {pe_éa—lﬂ + ’iOé_lpr_é|7: = O) 1’ T 7pé - 1}

where (a) follows since the set p”_é{O, 1,---, pé — 1} is a subgroup of Z,- and jp”"_é lies in this set.
Next, we show that the set of solutions is independent of the choice of «. For & = a+ jp“é for some

je{o,1,--- ,pé—l}, we have



Therefore, it follows that the unique inverse of & satisfies o™
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1

L_ale a‘lp’"_eZpr. Assume o =

a4+ k‘oz_l "~% We have,

{pe—éd—lﬁ +ia = 0,10 pf —1)

where same as above, (a

{pg ( Ly ka~lpr- 0)ﬂ+i( Ly kalpr- G)pr_é|i:0,1,---,pé—l}
{pe 6 15+(z+zkp’" 9+kﬁp9 9) a—lpr—éuzo,l’m ,pé—l}

{pe 0 _1ﬁ+z’a‘1p’"_é|z':0,1,--- ,pé—l}

)

follows since the set p™— 9{0 1,--- ,pé —1} is a subgroup of Z,- and (z’kp“é+

kﬁpg_e)pr_e lies in this set. [ ]
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