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Abstract

In this paper we consider a graph-based framework for transmission of correlated sources over multiple
access channels. We show that a graph can be used as a discrete interface between the source coding and the
channel coding for this multiterminal information transmission problem. We adopt a separation-based modular
approach to this problem, involving a source coding module and a channel coding module. In the former module,
the correlated sources are encoded distributively into correlated messages which can be associated with a graph
(called message-graph), and these correlated messages are then encoded by using correlated codewords and are
reliably transmitted over the multiple access channel in the latter module. This leads to performance gains
in terms of enlarging the class of correlated sources that can be reliably transmitted over a multiple access
channel. We provide the rate of growth of the exponent (as a function of the number of channel uses) of the
size of the message-graphs whose edges can be reliably transmitted over a multiple access channel. A similar
characterization of message-graphs that can reliably represent a pair of correlated sources is also provided.

1 Introduction

Consider a set of transmitters wishing to reliably and simultaneously communicate with a single receiver using a
multiple access channel [1, 2, 3, 4, 5]. The transmitters do not communicate among themselves. Each transmitter
in the set has some independent information, and together they wish to communicate their information to a joint
receiver. This channel was first studied by Ahlswede in [1] and by Liao in [2], where they obtained the capacity
region.

At around the same time, another multiterminal communication problem involving separate (distributed) en-
coding of correlated information sources was formulated, and the corresponding optimal encoding rate region was
obtained by Slepian and Wolf in [6] (also see [7]). In this problem, the goal is to represent two (or more) distributed
correlated sources using a pair of indexes to be transmitted to a joint receiver in order to losslessly reproduce these
sources. Conventionally, this system is referred to as Slepian-Wolf source coding. The seminal result obtained in
[6] says that a no-communication constraint on the encoders leads to no loss of performance, i.e., these sources can
be represented using pairs of indexes whose total rate can approach the joint entropy of the sources [§] asymptoti-
cally. One can deduce from this that since the goal of the encoders is to produce a nonredundant representation of
the sources, the indexes (messages) transmitted by the encoders will be asymptotically independent in an optimal

system.
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Now that we have a characterization of the performance limits of a pair of multiterminal source coding and
channel coding problems, we can naturally extend Shannon’s point-to-point communication paradigm involving
transmission of a source over a channel to multiple terminals in the following way. Consider a pair of correlated
sources which are observed by a pair of distributed encoder terminals. The encoder terminals wish to simultaneously
transmit the corresponding sources over a multiple access channel to a joint decoder. In such a case, there are
generally two ways of sending these sources over the given channel. One is separate source coding and channel
coding, where one first applies the Slepian-Wolf source coding to the correlated sources in order to minimize the
redundancy in the messages representing the sources, thus producing nearly independent messages, and then applies
the multiple access channel coding on these nearly independent messages. The other is joint source-channel coding
which may reduce both delay and complexity, where the sources are directly mapped into the channel inputs. But
designing such a joint-source-channel coding scheme is generally a more difficult optimization problem. In the latter
case, what one can generally say is whether a given set of sources can be reliably transmitted over a given multiple
access channel or not.

Although the separation approach is conveniently modular, it was recognized early on [9, 10], that this approach
will not be optimal in contrast to the point-to-point case. In other words, this separation approach is in general
strictly suboptimal. Understandably the latter approach became the center of attention, and was first studied by
Slepian and Wolf in [9], where they considered a special class of such problems where there are two transmitter
terminals sharing three independent information sources. The first transmitter has access to the first and the second
source, and the second transmitter has access to the second and the third source. In other words, the sources of
information accessed by these terminals have a so-called “common part” [11, 12, 13]. In [9], a characterization of
the set of such information sources that can be transmitted reliably over a given multiple access channel was given
with direct and converse parts. In 1980, a joint source-channel coding theorem to this problem was given in [10] for
a more general case, where a single-letter characterization of the set of sources that can be reliably transmitted over
a given multiple access channel was obtained. Now, n (say) samples of the sources are distributively mapped into
n samples of the channel inputs, and the joint decoder simultaneously recovers n samples of the correlated sources
by observing n samples of the channel output. This includes the results of [1], [2], [6] and [9] as special cases. The
authors in [10] also provided an interesting example (to be illustrated here in the next section) that shows that
separate source and channel coding [14] is not optimal for multiple access channels with correlated sources. Later,
Dueck [15] showed, by an example that the approach of [10] gives only sufficient conditions for the transmissibility of
correlated sources over a given multiple access channel, but not necessary conditions. Further work related to joint
source-channel coding in this multiterminal setting can be found in [16, 17, 18, 19]. In summary, the performance of
joint-source-channel coding is strictly superior to that of separate source coding and channel coding in this setting.

To better understand why the separation approach is not optimal in this multiterminal setting, let us revisit
the point-to-point case and see fundamentally why it works here. The essence of Shannon’s separation approach in
the point-to-point case is an efficient architecture for transmission problems through a discrete interface (a finite

set) for representing information sources. Many sources can be mapped into indexes in this finite set, and these



indexes can be communicated over many channels. The fundamental concept which facilitates this is the notion of
typicality. It should be noted that although there are uncountably many finite alphabet sources whose entropy [8]
is less than or equal to some positive number, say H, when grouped into sufficiently large blocks (say blocklength
n), they exhibit a certain determinism (from the law of large numbers). So for a given source X, most of the time,
only those sequences, called typical, that come from a set of size nearly 2"7(X) are observed, and the probability
of observing any sequence from this set is nearly the same, where H(X) denotes the entropy of X [8]. For all these
sequences, the empirical histogram is close to the probability distribution of X. So loosely speaking, all the details
of the probability distribution of a source can be dispensed with, and one needs to worry only about the cardinality
of this sequence set.

Using this observation, one can see that the straightforward extension of this approach to the multiterminal
case uses a product of finite sets as a discrete interface between Slepian-Wolf source coding and multiple access
channel coding with independent messages. As mentioned above, although this representation of correlated sources
is efficient in terms of the total rate of the index pairs coming from the product of finite sets being equal to the
joint entropy of the correlated sources, this interface falls short of the expectation in terms of achieving optimal
performance for the task of transmission of these sources over multiple access channels. This is mainly because,
in the process of producing a non-redundant representation of the sources by the encoders in the source coding
module, all the correlation in the sources is destroyed. If the encoders could produce an efficient representation
of the sources which still retains some of the correlation of the sources, then it could be potentially used by the
channel coding module that follows to combat channel interference and noise in a more effective way, as the final
goal of the system is to transmit the sources over the channel. Hence the question that we would like to ask is
whether it is possible to obtain a structured and efficient representation of the sources that preserves a judiciously
prescribed amount of source correlation in it so that the end-to-end performance is not compromised, and thus
retain in the overall system the modularity, i.e., source coding and channel coding modules which are the hallmark
of the separation theorem in the point-to-point case? In short, do there exist discrete objects other than products
of finite sets which can be used as efficient representations of correlated sources?

A key insight into this problem may lie in the following observation. Of course, the notion of typicality can
be extended to two sources, say X and Y, which says that only those sequence-pairs (called jointly typical) that
come from a set of size nearly 2"(XY) will be observed most of the time, where H(X,Y') denotes the joint entropy
[8]. Although, there are roughly o (H(X)+H(Y)) gequence pairs which are individually typical, not all of them are
jointly typical because the joint entropy is in general smaller than the sum of the individual entropies. Further,
using these ideas, it can be shown that for every typical sequence of X (respectively Y') , there exist roughly
2nH(YIX) (respectively 27H(XIY)) typical Y (respectively X) sequences that are jointly typical, where H(Y|X) is
the conditional entropy [8] of Y given X. This leads us naturally to consider a bipartite undirected graph on the sets
of individually typical sequences induced from the property of joint typicality. That is, the vertexes of this graph
denote the individually typical sequences, and the jointly typical sequences are connected through an edge. We

refer to this graph as the typicality-graph of two correlated sources. Loosely speaking, for large blocks, the sources



exhibit a certain determinism, where all the sequence pairs that really matter can be associated with a bipartite
graph. These graphs capture all the correlation structure of the sources. In summary, there are roughly 27 (X:Y)
edges in this graph, and the probability of observing any edge in this graph is roughly the same, and hence this is an
equally efficient representation of the sources. Note that the bipartite graphs which have the special structure-the
number of edges connected to every vertex of a set is the same—are referred to as semi-regular graphs [20, 21]. Now
if we associate an index with each individually typical sequence, then joint typicality induces a bipartite graph on
this pair of index sets. If we consider a separate message for each vertex in the graph, this implies that only certain
pairs of messages can occur (denoted by edges in the graph) most of the time. We refer to such correlated message
sets as message-graphs. Thus, we have obtained a nearly semi-regular graph, induced from the typicality graph, as
an efficient representation of a pair of correlated sources.

Inductively, the Slepian-Wolf source coding result can also be interpreted in this framework: since the messages
produced by an optimum Slepian-Wolf source coder are nearly independent and the total rate of the message sets is
nearly equal to H(X,Y), the message sets thus produced can be thought of as a nearly fully connected semi-regular
message-graph. This leads to the following question. Are there other nearly semi-regular graphs that are efficient
representations of these sources?

The typicality graph can be thought of as being situated at one end of the spectrum. At the other end of the
spectrum is the nearly fully connected graph associated with the product of index sets used in the Slepian-Wolf
coding of these correlated sources. A slew of graphs which lie in between, and that are efficient representations
of these sources can be obtained if we leave some redundancy in the Slepian-Wolf source coding. As the residual
redundancy goes from the minimum to the maximum level, we will approach the representation involving the
typicality graph from the representation involving a fully connected graph obtained in the optimum Slepian-Wolf
source coding.

This leads to the possibility of a semi-regular graph being used as a discrete interface for the multiterminal
information transmission problem. We have seen how source encoders can represent the pair of sources using nearly
semi-regular graphs. Three examples are illustrated in Figure 1, each with two users having three messages. As
the number of edges in the graph reduces, the correlation increases. The first message-graph depicts completely
independent messages and the third message-graph depicts completely correlated messages. All the edges in a given

graph are assumed to be equally likely.
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Figure 1: “Independent” and “correlated” messages: As the number of edges in the graph decreases, the correlation between
the two message sets increases.



Now for the channel coding component, the encoders have to work with these correlated message sets and have
to reliably transmit over the channel the edges of the message-graph produced by the source encoders. The channel
encoders will now be operating on correlated messages (with the correlation structure of the graph) rather than
independent ones. Thus, for a multiple access channel, at one end of the spectrum we have independent message sets
(standard multiple access channel) as in Figure 1(a), and at the other end we have perfectly correlated messages,
i.e., both users having the same information to send as in Figure 1(c), and in the middle there is a slew of nearly
semi-regular graphs, whose edges can be reliably communicated over the channel.

Hence the act of encoding these sources into channel inputs can be divided into two operations, where the two
sources are first mapped into an appropriate bipartite message-graph (in the source coding component), and the
edges of this graph are reliably communicated to the receiver (in the channel coding component). The correlation
of the information sources is retained by these message-graphs, and this can be directly translated to the codewords
transmitted over the channel. This correlation in the channel inputs can now be exploited to combat interference
and degradation introduced by the channel. Without “smearing” these two components into a joint source-channel
coding block, in the proposed approach, we enhance them to work with correlated messages or graphs, thus retaining
the Shannon-style modular approach to this multiuser communication system.

To see a concise summary of the results presented in this paper toward the above mentioned goal, let is consider
the following definition. A nearly semi-regular bipartite graph is said to have parameters (61,02, 6,,65), if the
number of vertexes of the ith set is close to 6; for i« = 1,2, and the degree of every vertex in first set is close to
0%, and vice versa. In this paper, we first address the channel coding part, and then discuss the source coding
part in the later section. In the channel coding part, we would like to know the rates of growth of the exponents,
as functions of the number of uses of the channel, of the sizes and the associated degrees of the vertexes of all
nearly semi-regular graphs whose edges can be reliably transmitted over a multiple access channel. In other words,
our goal is to find the set of quadruples (Ry, Rg, R}, R}), called the achievable rate region such that edges coming
from every nearly semi-regular graph with parameters (27%1 2757z 2"R1,2"R§) can be reliably transmitted over a
multiple access channel by using the channel n times. Similarly, in the source coding part, the goal is to find the set
of quadruples (R1, Ra, R}, R}) such that every nearly semi-regular graph with parameters (27 2nfz2 2"R1,2"R/2)
can be used to represent efficiently n realizations of the correlated sources. If we are successful in this task, then
a pair of correlated sources can be reliably transmitted over a multiple access channel if there is a non-empty
intersection of their achievable rate regions.

To see why we have emphasized the word ‘every’ in the above paragraph, consider the set of all graphs with a
fixed quadruple of parameters (01,62, 67,05). Of course, there is more than one graph in this set, and the structure
of the graphs in this collection could be disparate. Although we will revisit this issue formally in Section 3, at this
point, it suffices to mention that these graphs can be partitioned into equivalence classes, where the graphs in an
equivalence class have the same structure. This essentially means that a single codebook can be designed that works
well for all graphs that belong to an equivalence class. Thus, we need one codebook for each equivalence class of

graphs with a given set of parameters in both the source coding and the channel coding components.



In this paper we provide partial answers to the questions raised above using single letter information quantities.
In particular, we relax the definition of the achievable rate region by replacing the word ‘every’ to ‘at least one’ in
the above definition. Our main results are stated in Theorem 1, 2 and 3. As an example, we consider an achievable
rate region for the Gaussian multiple access channel with jointly Gaussian channel input. We also compare our
new coding scheme with the separate source and channel coding scheme which involves conventional multiple access
channel coding preceded by Slepian-Wolf source coding ([6], [7]) of correlated messages. As expected, the result
says that we can send the same amount of information over the multiple access channel with less power by adopting
correlated codewords. Further, it is shown that the coding scheme of Cover, El Gamal, and Salehi [10] can be
interpreted as a match between the typicality-graph of the pair of sources and a subgraph of the typicality-graph
of some channel input distribution.

The work of Slepian and Wolf [9] is along this direction, where, as mentioned above, they considered two
correlated messages with a common part [12] as inputs to the two encoders to be transmitted over a multiple
access channel. However, it was shown by Gécs and Korner [11] and Witsenhausen [12] that the common part
of two dependent random variables is zero in most cases. Rather, in this work, we consider a more general class
of correlated messages where they need not have a common part. Ahlswede and Han considered in [22] a related
approach to the source-channel matching problem in multiuser communication. In [22], the authors considered the
problem of representing correlated sources using bipartite graphs, and transmitting the edges of these graphs over
multiple access channels without putting any structure on the graphs in terms of the distribution of the degrees
of the vertexes. In contrast, in the present work, inspired from the asymptotic equipartition property, we deal
with nearly semi-regular graphs, where the degrees of the vertexes are asymptotically the same. By restricting our
attention to this set of “symmetric” objects, we are able to provide more concrete statements on the size of such
graphs and the degrees of every vertex in those graphs such as those provided in Theorem 1, 2 and 3.

Before closing this discussion, we note that we are nowhere near achieving the ambitious goal that we began
to march with. But the set of results given in this paper is possibly the first step that one needs to take to move
toward this goal. For a skeptic who may not subscribe to this vision of connecting these two information-theoretic
results toward a separation principle for transmission of correlated sources over a multiple access channel, we still
believe that these two results would be of independent interest even when viewed separately. In other words, as an
analogy, the conventional Shannon’s channel coding theorem can be interpreted as finding the maximum number of
codewords (colors, if each codeword has a different color) that are distinguishable at the noisy channel output. In
conventional multiple access channels, the goal is to distinguish among pairs of colors at the noisy channel output,
where the first color can come from one set and the second color can come from another set, and all possible
combination of pairs in the two sets are allowed. A natural question to ask is: if only a fraction of all possible
combination of pairs of colors is permitted, what is the maximum size of the sets of these colors for which reliable
distinguishability can be guaranteed at the receiver. A similar question can be asked for the source coding problem.

The outline of the remaining part of this paper is as follows. In Section 2, we provide a brief review of the capacity

of multiple access channels with independent messages and the performance limits of the Slepian-Wolf source coding.



Then, in Section 3, we consider certain properties of bipartite graphs that are relevant to the discussion of later
sections. Thereafter, we will discuss the channel coding part of the problem in Section 4, resulting in an achievable
rate region for the multiple access channel with correlated messages, which is one of the main results of this paper.
Then, the complementary source coding part, the representation of correlated sources into message-graphs, will be
described in Section 5. After that, some examples and interpretations are provided in Section 6. Section 7 provides

some concluding remarks.

2 Preliminaries

In this section, we briefly overview the results available in the literature on the multiple access channel coding and
Slepian-Wolf source coding. We also recall an interesting example given in [10], showing that the separate source

and channel coding is not optimal, since it is closely related to our discussion.

2.1 Multiple Access Channel Capacity with Independent Messages

We summarize the well-known results [8] of the multiple access channel capacity in this section. We are given a
multiple access channel characterized by a conditional distribution p(y|z1,z2) for a two-transmitter problem, with
finite input alphabets X, X5 respectively and a finite output alphabet ). The channel is assumed to be memoryless

and stationary. In other words, a multiple access channel is an ordered tuple (X1, Xa, Y, p(y|z1, z2)).

Definition 1 A transmission system with parameters (n, A1, Ao, 7) for a multiple access channel (X1, Xa, YV, p(y|z1, 22))

would involve

e a set of mappings {f1, f2,9} where:

g: V" —={1,2,..., A1} x{1,2,..., Az} (2)

e a performance measure, given by the average probability of error:

A A

=YY e Pl £ GIXT = 10X = 0] .

i=1 j=1

Definition 2 A rate pair (R1, Ra) is said to be achievable for the given multiple access channel if Ve > 0, and
for all sufficiently large n, there exists a transmission system as defined above with parameters (n, A1, Ag, T) with

%log A; > R; —€ fori=1,2 and a corresponding decoder with the average probability of error T < e.

The capacity region of the multiple access channel, denoted by R4, is the set of all achievable rate pairs
(R1, R2). This is given [1, 2] by the following information-theoretic characterization: Ras4 is equal to the convex

closure of the set of all (R1, Rz), such that there exists a product distribution on the input p;(x1)p2(z2), and

Rl S I(Xl;Y|X2), (4)



R2 S I(XQ;Y|X1), (5)

Ri+ Ry < I(X4, Xo;Y), (6)
where I(+;-) denote the mutual information [8].

2.2 Noiseless Encoding of Correlated Sources

We are given a pair of correlated sources (for a two-source problem), with a joint distribution p(s,t) with finite
alphabets S and 7. The sources are assumed to be memoryless and stationary. In other words, a pair of correlated

sources is an ordered tuple (S, 7, p(s,t)).

Definition 3 A transmission system with parameters (n, A1, Ao, 7) for representing a pair of correlated sources (S,

T, p(s,t)) would involve
e a set of mappings {f1, f2, g} where
fi:8"—={1,2,..., A}, fo:T"—{1,2,...,Ax} (7)
g:{1,2,..., A1} x{1,2,..., A2} - S" xT" (8)
e a performance measure given by the probability of error

T=Pr[(8",T") # g(f1(S"), fo(T™))]. 9)

Definition 4 A rate pair (R1,R2) is said to be achievable for the given correlated sources if Ve > 0 and for
all sufficiently large n, there exists a transmission system as defined above with parameters (n, A1, Ao, 7) with

%log A; < R;+ € for i = 1,2 and the probability of error T < e.

The achievable rate region Rgyw, is the set of achievable rate pairs (R1, Rz). This is given by [6] the following

information theoretic characterization: Ry is equal to the set of all (Ry, Rg) such that

Ry > H(S|T), (10)
Ry > H(T|S), (11)
Ri+ Ry > H(S, T) (12)

2.3 Joint source-channel coding

Consider the joint source-channel coding scheme studied in [10]. We are given a pair of correlated sources (without

a common part) and a multiple access channel.

Definition 5 A transmission system with parameters (n, ) for transmission of a pair of correlated sources (S, T, p(s,t))

over a multiple access channel (X1, Xa, Y, p(y|z1, 22)) would involve



e a set of mappings {f1, f2, g} where
fi: 8" = AT, fo:T" — AT, (13)
g: YY" —-8"xT" (14)
e a performance measure given by the probability of error

T = Pr((s",T") # g(Y")] (15)

Definition 6 A pair of correlated sources is said to be transmissible over a multiple access channel if Ve > 0, and

for all sufficiently large n, there exists a transmission system as defined above with parameters (n, ) such that T < e.

Following [10], a pair of correlated sources is transmissible over a multiple access channel if,

H(S|T) < I(X1;Y| X2, T), (16)
H(T|S) < I(X2; Y| X1, S), (17)
H(S,T) < I(X1, X2;Y), (18)

for some p1(x1]s) and pa(x2|t), where the joint distribution is obtained as p(s,t, z1, z2,y) = p(s,t) p1(x1]s) pa(x2lt)

p(yle1, x2).
2.4 An Example of Correlated Sources over the Multiple Access Channel

Let us consider an interesting example given in [10], which shows the advantage of encoders that directly map
sources into channel inputs (joint-source-channel coding). Consider the transmission of a set of correlated sources
(S,T), with the joint distribution p(s,t) given by p(s =0,t =0) =p(s =0,t =1) =p(s =1,t =1) = 1/3, over a
multiple access channel defined by X3 = X = {0,1}, Y ={0,1,2}, Y = X7 + X5. Here H(S,T) = log3 =1.58 bits.
On the other hand,

max I(X;,X5;Y) = 1.5 bits.
p(@1)p(z2)

Thus H(S,T) > I(X;1, X2 ;Y) for all py(z1)p2(22). Consequently, it appears that there is no way, even with the
use of Slepian-Wolf source coding of S and 7', to use the multiple access channel to send S and T reliably. However,
it is easy to see that with the choice X7 = S and Xo = T, error-free transmission of the sources over the channel is
possible. This example shows that separate source and channel coding described above is not optimal — the partial
information that each of the random variables S and T contains about the other is destroyed in this separation.
In the proposed approach (to be discussed next), we allow our codes to depend statistically on the source outputs.
This induces some dependence between the codewords, which will help combat the adversities of the channel more

effectively.



3 Graphs as discrete interface

In this section, we present the problem statement, and, to better understand the significance and the limitations
of the results presented in the next section, consider some structural properties of graphs. The problem we are
addressing is the simultaneous transmission of two discrete memoryless stationary correlated sources S and T over
a discrete memoryless stationary multiple access channel as shown in Figure 2. The encoders are given by mappings
fi:8" = Al and fo : T™ — A3 The decoder is given by a mapping g : Y — 8™ x T". The performance measure

associated with this transmission system is the probability of decoding error:

Pr{(S",T") # g(Y")]. (19)
X?
N —p >
S Encoder 1 MAC v -
xn Decoder (S™,T™)
mn 2 o p(ynlw?, 333
T" — Encoder 2 >

Figure 2: Transmission of correlated sources over a multiple access channel.

3.1 Basic concepts

Consider the following approach to this problem as shown in Figure 3. The system has two modules: the source
coding module and the channel coding module. The sources are first represented efficiently using nearly semi-regular
graphs in the source coding module. The edges coming from these nearly semi-regular graphs are reliably transmitted

over the multiple access channel. The assumption is that the source coding module is going to produce message pairs

- XTL
Source | W1 [ Channd |1
S * Encoder 1 "| Encoder 1 | MAC

o) — X2 (8™, T™)
™ Source | W2 [ Channd |*2 |p(y"|27,28)
™ Encoder 2 "| Encoder 2

Figure 3: The sources are first mapped into edges in a nearly semi-regular graph, and the edges coming from this graph are
reliably transmitted over a multiple access channel.

which have some relation between them. In other words, from the perspective of the channel coding module, the
two senders have some integer message sets Wy = {1,2,...,[Wi|} and W = {1,2,...,|Ws|} respectively. Further,
there is some correlation between the two messages, i.e., messages from each sender cannot be chosen independently.
If the messages of the senders can be chosen independently, then all possible pairs (W1, Ws) in the set Wy x W, can
occur jointly. On the other hand, if they are correlated, only some pairs (W7, W) € A occur, and the other pairs

(W71, Ws) ¢ A do not, where A C Wy x Ws. In more detail, we can think of these messages as follows.
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e If the messages of the senders are independent, the message pairs (W7, Wa) are equally likely with probability
1
|W1 ><W2| :

e If the messages of senders are correlated, the message pairs (W7, Wa) € A are equally likely with probability

I_ill’ and the message pairs (W7, Ws) ¢ A have probability zero.

As an example, let us consider the simple case as shown in Figure 1. In this case, two senders have W; = W, =
{1,2,3}. The vertexes in the bipartite graph denote messages in the message sets, and an edge between two vertexes
imply that the message pairs can occur jointly. The complete bipartite graph of Figure 1(a) corresponds to the
case for which two messages from each sender can be chosen independently, so all the possible pairs can occur with
equal probability %. Figure 1(b) and Figure 1(c) show the case for which two messages are correlated. In the case
of Figure 1(b), each message pair (1, 1), (1, 2), (2, 2), (2, 3), (3, 3), and (3, 1) can occur with probability %, but (1,
3), (2, 1) and (3, 2) cannot occur. Similarly, only three message pairs (1, 1), (2, 2) and (3, 3) can occur with the
same probability % in case of Figure 1(c), which means that they are perfectly correlated. The messages of Figure
1(c) have higher correlation than those of Figure 1(b).

Before we discuss the main problem, let us first define a bipartite graph and related mathematical terms.
Although our main results deal with nearly semi-regular graphs, for the purpose of illustration, we consider semi-

regular graphs for this section alone.

Definition 7 e A bipartite graph G is defined as an ordered tuple G = (A1, Aa, B) where A1 and Az are two
non-empty sets of vertexes, and B is a set of edges where every edge of B joins a vertex in Ay to a vertex in

AQ, i.e., B - A1 X AQ.

o If G is a bipartite graph, let V1(G) and Va(QG) denote the first and the second vertex sets of G, respectively,
and E(G) denote the edge set of G.

e If(i,j) € E(G), then i and j are adjacent, or neighboring vertexes of G, and the vertexes i and j are incident

to the edge (i,7).

o [f each vertex in one set is adjacent to every vertex in the other set, then G is said to be a complete bipartite

graph. In this case, E(G) = V1(G) x V2(G).

e The degree, or valency, degg ;(v) of a vertex v € Vi(G) in a graph G is the number of edges incident to v for
i=1,2.

A subgraph of a graph G is a graph whose vertex and edge sets are subsets of those of G.

Since we consider a specific type of bipartite graphs in our discussion, let us define those bipartite graphs.

Definition 8 o A bipartite graph G is said to have parameters (01,02,01,045) if it satisfies:

— \Vi(G)| =6, fori=1, 2,
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— Vu € V1(G), degg 1(u) = 05,

— Vo € Va(G), degga(v) = 6.
e For two bipartite graphs G1 and Gz, G4 is said to cover Gy if E(G1) C E(G2).

Definition 9 With a bipartite graph G with parameters (61, 02,6},65), one can associate a pair of correlated mes-
sages with message sets Wi and Wa, referred to as a message-graph, where V1 (G) = Wy, Va(G) = W, and every

edge in E(G) denotes a message pair (W1, Wa) € Wy X Wy which occurs with nonzero equal probability.

1 1 1 1
2 2 2 2
3 3 3 3
4 4 4 4
Sender 1 Sender 2 Sender 1 Sender 2
Messages Messages Messages Messages

Figure 4: Examples of bipartite graphs G(4,4,2,2): the message-graph characterized by the graph on the right side can be
decomposed into three independent messages, with both encoders sharing a common message. This can be seen by renaming
1,2,3 and 4 as 11,21, 12 and 22 respectively.

Figure 4 illustrates two examples of bipartite message-graphs G(4,4,2,2). An example of the transmission
system considered by [9], where the messages of the two users have a “common part” can be represented by the
graph on the right side which can be divided into two complete bipartite graphs. In other words, the graph on the
right side can be represented as a set of three independent messages, each of length 1, with the first user having the
first and the second message sets, and the second user having the the first and the third message sets. This can be
seen by renaming 1,2,3 and 4 as 11,21,12 and 22 respectively. Now each message of each user has two labels. As
can be seen from the graph, for any valid message pair of the two users, the corresponding first labels are the same.
Now if we consider each label as a message, then the first label of both users corresponds to the common message.

Such graphs form a subset of all incomplete graphs as given in the above definition.

3.2 Equivalence classes of graphs

As shown in the previous example in Section 2.4, if we can design special codes which can translate the existing
correlation between messages of two senders into the channel inputs, we might achieve higher transmission rates
than those bounded by the conventional codes where all possible message pairs are assumed to jointly occur. To
facilitate such an efficient discrete interface, one needs to answer the following question. For fixed 601, 6, 07, 6, and
n, since there are more than one bipartite graph which have the same above parameters, do we need to design
a specific channel codes of block-length n for each graph having the parameters (1,62, 6/,6%) or it is possible to

design a single channel code for all of these graphs?
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To answer this question, let us consider the following example. Suppose we are given two message-graphs, given
by A and B as shown in Figure 5. Suppose there exists a channel code for a multiple access channel with n = 1
which can reliably transmit the message pairs coming from A. In the first glance, it appears that this code cannot

reliably transmit the message pairs coming from B as B # A. However, it turns out that one can indeed do so. This

A B
1 1 1 2 1 1
3 3 3 1 3 3

Figure 5: Example of permutation and relabeling.

is due to an interesting relation that exists between the two graphs. Note that if we permute the right vertexes of
A, (1,2,3), into (2/,3',1), relabel (2/,3',1’) as (2, 3,1), and then move right vertexes together with their connected
edges in natural order (1,2, 3), then we get graph B. This implies that we can use the given code to send the message
pairs coming from B after simple permutation and relabeling. This procedure is illustrated in Figure 5. Clearly, we
can also get graph A from graph B similarly. This motivates us to define equivalence classes of graphs having the
same set of parameters.

Let us consider a set bipartite graphs having parameters (n,n,a,a) and denoted by K, o, n € Z* where Z* is
the set of positive integers, and a € {1,2,...,n}. For example, Figure 6 illustrates all the elements of 3 2. So there

are totally six distinct bipartite graphs in the set K3 2. Now consider the generation of different bipartite graphs in

A B C D E F
1 1 1 1 1 1 1 1 1 1 1 1
2%2 2%2 2%2 2%2 2%2 2§2
3 3 3 3 3 3 3 3 3 3 3 3

Figure 6: All the possible bipartite graphs in the set K3 2: any graph can be obtained from any other by permutation and
relabeling.

Kn.a by permutation and relabeling of any one of them. Let K32={A, B, C, D, E, F}, where A, B, C, D, E, and
F are the bipartite graphs shown in Figure 6. In this case, all the elements in K32 can be generated from any one
element in the set by permutation and relabeling.

However, in the case of n = 4, a = 2, we cannot get all graphs in K42 by just permutation and relabeling of
any one graph in the set. There are a total of 90 distinct bipartite graphs in K49, i.e., |[Ka2] = 90. These 90
graphs can be divided into two mutually exclusive subsets, denoted by S; and Sg where |S;| = 72 and |S3| = 18.
Figure 7 shows one graph from each subset. It can be verified that all the graphs in the subset S; (for i = 1,2)
can be obtained from any graph in that set by permutation and relabeling of the vertexes. However, no graph in

the subset S; can be obtained by permutation and relabeling of a graph in S; and vice versa. This is explained
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S, So

N DN =
N N =
N N =
N 0N =

Figure 7: Graphs in the subsets of K4 2

in detail in Appendix A. In other words, the set K42 can be partitioned into two equivalence classes where the
cardinalities of these classes are 72 and 18 respectively, and the equivalence relation is characterized by the feasibility
of obtaining one element in the class by permutation and relabeling of the vertexes of the other. It can be shown
that a message-graph characterized by every graph in the set So has a common part. This means that each graph
in the set Sy can be divided into two complete bipartite graphs. Similarly, one can partition the set of all bipartite
graphs with a given set of parameters into equivalence classes. At this point, a precise characterization of the
number of equivalence classes even in K, , is an open question in combinatorics. However, it should be noted that
some of the issues regarding the combinatorics of such graphs has been studied in the recent mathematics literature
[23, 24]. Further, the complexity of the algorithms required for testing whether two graphs belong to an equivalence

class are addressed in the computer science literature [25, 26, 27].

Remark 1 We summarize the conclusions of this discussion:

e All graphs having the same set of parameters can be partitioned into equivalence classes, where one element
in a class can be obtained from the other in the same class by permutation and relabeling. Thus if we have a
channel code which can reliably transmit message pairs coming from a graph (say G1), then it can be easily

used to reliably transmit message pairs coming from any graph that belongs to the equivalence class of G.

e The graphs having the same set of parameters but belonging to different equivalence classes may have different

correlation structures.

4 Multiple Access Channel with Correlated Messages

In this section we give a characterization of the transmissibility of certain message-graphs over a multiple access

channel.

4.1 Summary of Results

We are given a stationary discrete memoryless multiple access channel with conditional distribution p(y|x1, z2), with
input alphabets given by finite sets X7 and X5, and a finite output alphabet ). Although, ideally, we would want
to use semi-regular graphs for source representation and communication of information, for the sake of analytical

tractability, as is typical in Shannon theory, we will allow some slack with regard to the degrees of the vertexes of
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these graphs, and consider the asymptotic case when this slack is reduced to an arbitrarily small value. In other

words, we consider bipartite graphs which are nearly semi-regular in our discussion.

Definition 10 A bipartite graph G is said to have parameters (A1, Ag, A}, AL, 1) if it satisfies:
o Vi(G)={1,2,...,A;} fori=1,2,
o VuE VA(G), At < degg (1) < Abp,
o Vv € Vo(G), Ajp~" < degg(v) < Ajp.

Note that > 1 is a slack parameter.

Definition 11 An (n,7)-transmission system for a bipartite graph G with parameters (Aq, Ao, A}, AL ) and a

multiple access channel (X1, Xo, Y, p(y|x1,x2)) with correlated messages would involve:

1. encoding mappings {f1, f2} and a decoding mapping g where:

g: V" — E(G), (21)

2. a performance measure given by the following average probability of error criterion:

> PrigY™MA6NIXT = f130), X3 = f2(5)] - (22)

(5,7)€E(G)

[E(G)]

Definition 12 A tuple of rates (R, Ra, R}, R}) is said to be achievable for a given multiple access channel with
correlated message sets, if for any € > 0, and for all sufficiently large n, there exists a bipartite graph G with
parameters (A1, Ag, A, AL, p) and an associated (n, T)-transmission system as defined above satisfying: R; — € <

%log A, Rl—e< %log Al fori=1,2, %log,u < € and the corresponding average probability of error T < e.

Note that in the above definition, we have taken an optimistic point of view. As long as one can find a sequence
of nearly semi-regular graphs where the number of vertexes and the degrees are increasing exponentially with given
rates, such that the edges from these graphs are reliably transmitted over the given multiple access channel, we allow
the corresponding rate tuples to belong to the achievable rate region. The goal is to find the achievable rate region R
which is the set of all achievable tuple of rates (R1, Rz, R}, R5). In the following we provide an information-theoretic

characterization of an achievable rate region.

Theorem 1 For an input probability distribution p(x1,x2) defined on Xy x Xa, if a tuple (R1, R2, R}, RS) satisfies

the following conditions,

Ry < I(X1;Y|Xo) + I(X1; Xo) = 1(X1;Y, Xa), (23)

R2 <I(X2,Y|X1)+I(X1,X2) :I(XQ;Y,Xl), (24)
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Ry + Ry < I(X1,X2;Y) + I(X1; X2) (25)

R, < R; — I(X1; Xs), fori=1, 2, (26)
then it belongs to the achievable rate region for the multiple access channel with correlated messages.

First, note that I(X7; X2) is the bonus in sumrate we get by exploiting the correlation in the messages. Second,
in this characterization, there is a constraint on the input distribution that one can choose for determining the
rate region. For any p(z1,z2), for a fixed sumrate of I(X7, X2;Y) + I(X1; X3), the minimum value that R; can
take is I(X71;Y’), and the minimum value that Rs can take is I(X2;Y). Hence the constraint on p(z1,x2) is that
min{I(X1;Y),I(X2;Y)} > I(Xy; X3). Further, for the case of independent message sets, R, = R; for i = 1,2, and

the rate region reduces to that of the standard multiple access channels with I(X;; X2) = 0.

Theorem 2 Any sequence (indexed by n) of (n,7(n))-transmission systems for a sequence of bipartite graphs G,
respectively, with parameters (2711, 2nftz onRy Z"Ré,,u(n)) and a multiple access channel (X1, X, Y, p(y|x1,x2))

with correlated messages such that 7(n) — 0 and Llogu(n) — 0 as n — co must satisfy:

Ry + Ry < I(X1, X5;Y), (27)

RI1+R2 SI(Xl,XQ;Y). (28)
for some input distribution p(x1,z2) on X1 X Xa.

Remark 2 The limitations of this theorem are illustrated in the following. Note that this theorem gives only a
partial characterization of the set of all nearly semi-regular graphs whose edges can be reliably transmitted over
a multiple access channel. In the formulation of the achievable rate region, we have the freedom of choosing a
particular message-graph for every block-length n. The theorem characterizes the exponent of the rate of growth
(as a function of the number of channel uses) of the size of certain nearly semi-regular graphs, such that edges
coming from any such graph can be reliably transmitted over the multiple access channel. This obviously also
means that it is possible to transmit edges coming from a graph belonging to the equivalence class of any of these
graphs. However, the fact that edges coming from a graph (with certain parameters) are reliably transmitted does

not mean that the edges coming from any graph with those parameters can be reliably transmitted.

4.2 Proof of Theorem 1 and 2

In this section, we present the proof of Theorem 1 and 2. We use random coding, and the notion of jointly typical
sequences as given in [8].

Given the multiple access channel with distribution p(y|z1, z2), consider a fixed joint distribution p(z1,x2) on
X1 x Xy. Also fix € > 0 and positive real numbers Ry, Ro. Without loss of generality, let us assume R; > I(X1; X5)
for i =1,2. Let R, = R; — I(X1; Xa) for i = 1,2.

Codebook generation: Draw 2"/ codewords X7'(i), i € {1,2,...,2"%1}  of length n, independently from the

16



strongly e-typical set A™ (X1). That is, P{X7'({) = 27} = m if 27 € A (X1), and P{X7(i) =27} =0if
€ 1
¢ A (X1). Let us denote this codebook C;. Similarly, the second codebook Cy can be generated by choosing

2" codewords X2(i), i € {1,2,...,2"%2} according to a uniform distribution over A (X2).

Graph generation: As shown in Figure 8, with C; and Cj, let us associate a graph G such that (i) V;(G) = C;
for i = 1,2, (ii) V(zT,25) € C; x Cq, we have (zF,2%) € E(G) if (aT,2%) is strongly jointly e-typical, i.e.,
(x7,25) € A (X1, X2). Then, there exists a set of | E(G)]| strongly jointly e-typical sequence pairs in C; x Co. We
label them by k, k € {1,2,...,|E(G)|}. For each k, let (X" (ix), X% (jr)) denote the corresponding strongly jointly

e-typical sequence pair where iy € {1,2,...,2"%1} and ji. € {1,2,...,2"%2}.

n n
f_/H f_)%
3 3
4 @4
X}l(Q"LRl) —— X%L (2"R2> 2nR1 27LR2
Sender 1 Sender 2
Codewords Codewords

Figure 8: “Correlated” random codebook: The relation of joint typicality between two codewords, one from each codebook,
induces a graph.

Encoder error events: Before we proceed to the encoding and decoding procedure, we need to make sure that
the generated codebooks satisfy certain properties. If the normalized exponent of |E(G)| of the generated graph G
is greater than I(Xi, X9;Y), then every codeword pair (z7,2%) € E(G) cannot be reliably transmitted, resulting
in errors. Moreover, if vertexes of G do not satisfy the degree conditions, the message pairs cannot be transmitted
with arbitrary small probability of error. So, an encoding error will be declared if either one of the following events

occurs. For this we need some properties [8] of strongly e-typical sets.
e For a particular z7 € A (X1), the probability that (27, X7) € A (X1, X2) is bounded by
2—7L(I(X1;X2)+5(e)) < P{(l”f,Xg) c Agn)} < 2—7L(I(X1;X2)—6(5)) (29)

where X7 is obtained by using the uniform distribution on A (X2), and 6(¢) — 0 as € — 0,
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e The probability that (X7, X7) € A™ (X1, X) is bounded by
9 nU(XuXo)+0(e) < pLXT X1) e AW} < 97U (X13Xa2)=61(€)) (30)
where for ¢ = 1,2, X is obtained by using the uniform distribution on A (X;), and d1(¢) — 0 as € — 0.

The error events are given by

o By [B(G)] > 200 (X X2) =5 —0),

e Ey: 3X} € C; such that |Llogdegs , (XT) — Ry| > 6(e) + ¢,

e Ey: 3X} € Cy such that |Llogdegs o(X5) — Ri| > 6(€) +e.
In the following we show that the probability of these error events can be made small under certain conditions.
Lemma 1 For any € > 0, and sufficiently large n,

P(Eo) <

=~

provided Ry + Ro < I(X1, X2;Y) + I(X1; X2) — d(e) — d1(¢) — €.
Proof: Refer to Appendix B.

Lemma 2 Let us define two events Eo1 and Eoz as follows. Eop : 3X{(i) € Cy such that degg 1 (X7 (7)) <
2(Ra—I(X1;X2)=0(e)=€) Eoyo : 3X3(i) € Cy such that degg o(X3'(i)) < on(F1—1(X1;X2)=0()=€)  Then for any
e > 0, and sufficiently large n:

€

P{E,, ,
{Boit < ¢

fori=1,2 (32)
Proof: Refer to Appendix C.

Lemma 3 Let us define two events Eg, and Ej, as follows. Eg, : 3X7(i) € Cy such that degg ; (X7 (7)) >
(2 —1(X13X2)+o(e)+€) g Ego - 3X3(i) € Co such that degg o(X3'(i)) > on(Fa—1(XaiX2)4o(e) ) Then for any

€ > 0, and sufficiently large n:

€

P{E;,
{ O,z}< 147

fori=1,2 (33)

Proof: Refer to Appendix D.
Note that Ey = Ey 1 U E(*j)l and By = Eyo U E5‘72. So, following the above three lemmas, with high probability

RQ*I(Xl;Xz))

we can obtain a graph G where each vertex in V4(G) has degree nearly equal to 2m( and each vertex in

V2(G) has degree nearly equal to 2"(F1=1(X1:X2)) "and the total number of edges is nearly equal to 27 (X1:X23Y) if

the product of the vertexes of the corresponding two sets is nearly equal to 27(/(X1,X2;Y)+1(X1;X5))

Choosing message-graphs If any one of the above three events occurs, then choose any graph with parameters
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(2nfh gnRz 2"R/1,2”R/2, 2”(‘5(6)+€)) as the message-graph, and no guarantee will be given regarding the probability
of decoding error. If none of these error events occurs, choose G as the message-graph, where (a) G has parameters

(2nf gl gnRy gnRy on(5(e)+e)) and (b) an integer pair (i) € E(G) if and only if (X7(i), X2(j)) € E(G).

Encoding: Sender 1 transmits the codeword X7'(i) to send message index 4; similarly, Sender 2 sends X3 (j) to

send message index j.

Decoding: At the receiver, the index pair (i,7j) is chosen as the transmitted message pair only if there exists
a unique pair (4,j) such that (X7'(¢), X5 (j),Y™) is strongly jointly e-typical in the sense of p(x1,x2)p(y|x1, z2).
Otherwise, an error is declared.

Probability of Error Analysis: The probability of error P(E) can be given by

P(E) = P(Ey U Ey U Ey)P(E|Eg U Ey U Ey) + P(E N E§ N ES N ES) (34)

< P(EhUE;UE)+ P(ENE;NE{NES) (35)
The second probability in the above equation can be bounded as given in the following lemma.

Lemma 4 For any € > 0, and sufficiently large n,

4
P(ENESNESNES) < 76 (36)

provided
Ry < I(X1;Y, X5) — Tey, (37)
Ry < I(X2;Y, X}) — Tey, (38)
Ry + Ry < I(X1, X2;Y) + I(X15 X2) — Te, (39)

where €1(e) — 0 as € — 0, and €1(€) is a continuous function associated with certain strongly typical set.

Proof. Refer to Appendix E.

Therefore,

P(E) < P(Ey)+ P(E1)+ P(E2)+ P(ENE;NE{NE;) <e. (40)

. . . . . !
Since in every realization of random codebooks, we have chosen a message-graph with parameters (2711, 2nf2 gnf

onRy 2"(5(€)+6)), and averaged over the ensemble of random codebooks, the average probability of error is smaller
than e, there must exist a message-graph with parameters (27%1 2nf2 2”R/1, onRy 2”(‘5(6)+€)) and a codebook pair
such that the average probability of error is smaller than e. This is true only under the condition given by the

statement of the theorem. Hence, the proof of Theorem 1 has been completed. |
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We have so far proved the achievability part of the capacity region. The proof of the converse part (Theorem 2)
is very similar to that of conventional multiple access channel (with independent messages) [8]. So, we have used
almost exactly the same technique except for the fact that message pairs are equally likely only if they belong to

the edge set of the message-graph. Refer to Appendix F for details.

5 Representation of Correlated Sources into Message-graphs

In the previous section, we discussed the transmission of correlated messages over multiple access channels. In this

section we consider the dual representation of correlated sources using nearly semi-regular bipartite graphs.

5.1 Summary of Results

We are given two correlated sources S and T with a joint probability distribution p(s,t) with alphabets given by
finite sets S and 7.

Definition 13 An (n,7)-transmission system for a bipartite graph G with parameters (Aq, Ag, A}, AL 1) and a

pair of correlated sources (S, T) would involve:

1. Encoder mappings f1 and fs:

fi:8" = Wi(G), (41)
fo: T" = Va(G), (42)

2. A decoder mapping:
g:EG)— 8" xT", (43)

3. A performance measure given by the probability of error:
7= Pr[{g(fi(S™), f2(T™)#(S", T™)} N {(f1(S™), f2(T™)) € E(G)}] + Pr[(f1(S"), f2(T™)) ¢ E(G)]. (44)

Note that the rationale for choosing the above performance measure is the following. Since a channel coder for a
multiple access channel with correlated messages provides guarantees on the probability of error only if the message
pair belongs to a graph of certain parameters and no guarantees will be given otherwise, the source coder has to
take this event into account while calculating the probability that the reconstruction source vectors are not equal

to the vectors observed by the encoders.

Definition 14 A tuple of rates (R1, R, R}, RS) is said to be achievable for a distributed source coding problem
with correlated sources (S,T), if for any € > 0, and for all sufficiently large n, there exists a bipartite graph
G with parameters (A1, Ag, A}, AL u) and an associated (n,T)-transmission system as defined above satisfying:
%log A; < R; + ¢, %log Al < R +e€ fori=1,2, %logu < € and the corresponding average probability of error

T <E.
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The goal is to find the achievable rate region R ps which is the set of all achievable tuple of rates (R1, R, R, R5).

An achievable rate region Rpg is given by the following theorem, which is the main result.

Theorem 3 The achievable rate region for a distributed source coding problem with correlated sources (S,T') is

given by the set of all (R1, Ra, Ry, R,) such that

Ry > H(T|S), 46

R1+R22H(S,T), 47

(45)
(46)
(47)
Ry +R,=R|+ Ry > H(ST). (48)

Remark 3 In Theorem 3, as in Theorems 1 and 2, there are limitations. The theorem gives only a partial char-
acterization of the set of all nearly semi-regular bipartite graphs that can be used to represent the given pair of
correlated sources. As in channel coding, in the above formulation of the achievable rate region, we have the freedom

to select the message-graph for every block-length n.

5.2 Proof of Theorem 3

In this section, we present the proof of the main result. We use the random binning technique used by Berger [28],
and the notion of strongly jointly typical sequences. First, we will prove the direct coding theorem. Let us consider
a fixed joint distribution p(s,t) on & x 7. Also fix € > 0 and real numbers R;, Ry. Without loss of generality, let
us assume that R, < H(S,T) for i = 1,2. Let R} = H(S,T) — Re and R, = H(S,T) — Ry.

Bin generation: Let us define o = 2"(H(S)=F1+7) and g = 27(H(T)=F2+7) where ~ will be specified shortly!. Draw
« sequences S™ of length n independently and uniformly with replacement from the strongly e-typical set Ag”)(S).
Then, put the all selected « sequences into a bin named B;. Repeat the same procedure 2" times independently,
resulting in 2" bins denoted by B; for i € {1,2,...,2"%}. Similarly, generate 2”2 bins denoted by C; for

j€{1,2,...,2"%} where each bin contains 3 sequences 7", from the strongly e-typical set AE”’ (T1).

Graph generation: As shown in Figure 9, we can associate a bipartite graph G with the bin indexes i and j of the
generated bins B; and C; where (i) Vi(G) = {1,2,...,2"%} for i = 1,2, (ii) V(i,4) € Vi(G) x Va(G), (i,j) € E(G)

if there exists a strongly jointly e-typical sequence pair (S™,T") € B; x C;.

Encoding error events: As done in the previous section regarding channel coding for the multiple access channel,
before we proceed further, let us make sure the generated codebooks satisfy certain properties. If the vertexes of G
do not satisfy certain degree requirements, we may not be able to reliably represent the sources using this graph.
So, an encoding error will be declared if either one of the following events occurs. For this, let us define a continuous

function €1 (€) [8] as follows: €1(€) — 0 as e — 0 and

INote that this is a standard technique which uses a slack parameter to construct random bins from typical sets [28].
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Figure 9: A bin-index graph (message-graph) generation from the pair of correlated sources (S, 7).
o 2n(H(S)=e1(9) < |AM (§)| < 2n(H(S)+e1(e)
o 2UH(T)=e1(e) < |Ag") (T)] < 2nH(T)+er(e)),
Choose v > €1(€), and € such that € > 2y 4 3¢1(e). The error events are defined as:
e Ei: 3i € Vi(G) such that |Llogdegg (i) — Ry| > €,
e Ey: 3j € V3(G) such that |+ logdegg o(j) — Ri| > €,

We now show that the probability of these events can be made arbitrarily small for sufficiently large n. To

bound these probabilities we first need the following lemma about a technical result.

Lemma 5 Suppose U and V are two correlated finite-alphabet random variables with joint distribution p(u,v). For
any € > 0 and any positive real numbers Ry and Ry such that Ry + Re > I(U; V), if two collections of sequences Cy
and Cy are generated with uniform distribution (with replacement) on the typical sets AE”)(U) and Ag")(V) of size
2 and 272 | respectively, then the probability P.(n) of not finding any jointly strongly e-typical pair from these
collections satisfies the following relation:
. 1
lim ——1log P.(n) = cc. (49)
n—oo n

Proof: The proof of Lemma 5 is long and technical in nature, hence omitted.

Lemma 6 Let us define two events Eg 1 and Eg 2 as follows: Eg1 : 3i € Vi(G) such that deggll(i) < Qn(H(S,T)=Ri—¢)

and Eo 2 : 3j € Va(G) such that degg »(j) < on(H(ST)=R2=¢") " Then, for any e > 0, and sufficiently large n:

€

P{E,. ,
{Boi} < 33

fori=1,2 (50)

Proof. Refer to Appendix G.
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Lemma 7 Let us define two events Eg , and Ej o as follows: Eg q : 3i € V1(G) such that degg (i) > on(H(ST)=Rite’)

and Ej o : 3j € Va(G) such that degg (i) > Qn(H(ST)=Rat€) * Then for any € > 0, and sufficiently large n:

P{E;} < 150 fori=1,2 (51)

Proof: Refer to Appendix H.
So, by Lemma 6 and Lemma 7, with high probability we can obtain a bipartite message-graph G where each

vertex in V(@) has degree nearly equal to 27(H(S:T)=F1) and each vertex in V(G) has degree nearly equal to

9n(H(S,T)~R2).

Choosing message-graphs: If any of E; or E, occurs, then choose any graph with parameters (271, 2n%z,
onBy onR; 2”5,) as the message-graph G, and no guarantees will be given regarding the probability of error. If

none of these events occur, then choose G as the message graph G ;.

Encoding: Define an encoding function f;(S™) as follows. If a source sequence S™ belongs to at least one of the
bins (B;’s), then f1(S™) is the smallest index ¢ such that S™ € Bj;; otherwise f1(S™) = 0. For the other source
sequence T™, fo(T™) can be similarly defined, i.e., fo(T™) is the smallest index j such that T" € Cj; otherwise
fo(T™) =0.

Decoding: Given the received index pair (ip, jo), declare the reconstruction pair g(io, jo) as (§",#") if there exists

a unique pair of sequences (§",#") such that (3",{") € B;, x C}, and strongly jointly e-typical. Otherwise, declare

aln error.

Probability of error analysis: Let E denote the event

{g(f1(5™), £2(T™)) # (S, T™)} N {(f1(S™), f2(T™)) € E(Gar)}) U{(f1(S"), f2(T")) & E(Gum)},  (52)

that the index pair transmitted by the encoders do not belong to E(G ), or that the reconstruction vector pair is
not equal to the source vector pair with the transmitted index pair belonging to F(G ). The probability of error

P(E) can be given by

P(E) = P(E1UE)P(E|EL U Es) + P(ENEYNES) (53)

< P(EyUE3)+ P(ENE{NES) (54)
The second probability in the above equation can be bounded as given in the following lemma.
Lemma 8 For any € > 0, and sufficiently large n,

2
P(ENESNES) < 36 (55)
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provided

Ry > H(S|T) + 27 + 2¢;, (56)
Ry > H(T|S) + 2 + 2€1, (57)
Ry + Ry > H(S,T) 4 27 + 2¢y, (58)

Proof. Refer to Appendix I.

Therefore P(E) < € for sufficiently large n and under the conditions given by the theorem. As in the previous
section, in every realization of random codebooks, we have obtained a message-graph G j; with the same constraint
on its parameters, and averaged over this ensemble, we have made sure that the probability of error is within the
tolerance level of €. Hence the proof of the direct coding theorem is completed.

The converse part of Theorem 3 can be obtained using techniques that are similar to those used in the Slepian-
Wolf source coding theorem [8]. The only difference is that the messages are correlated. The proof is given in

Appendix J.

5.3 Different Message-Graphs for a pair of Correlated Sources (5,7)

To shed more light on the representation of sources into nearly semi-regular graphs, let us consider the following

illustration shown in Figure 10. Consider three important points A, B, and C' in the shaded area in Figure 10. We

RQ A
H(S,T)}.,

H(T) -

H(T|S) -

Figure 10: Achievable rate region where each point (R1, R2) can be associated with a different message-graph that represents
the pair of correlated sources (S,T') for transmission over multiple access channels.

can make the following observations.

e Point A: In this case, the the achievable rate tuple is (H(S), H(T), H(S|T), H(T|S)). Roughly speaking, this
corresponds to the typicality-graph of (S,T). In other words, this is an efficient representation of the source
that has maximum redundancy in the conventional sense. For this point, in the direct coding theorem, the

bin size that is used is roughly unity.

e Point B: In this case, the achievable rate tuple is (H(S), H(T|S), H(S), H(T|S)). Roughly speaking, this is

an efficient representation of the source that has least redundancy in the conventional sense. For this point,
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in the direct coding theorem, the bin sizes that are used are roughly unity and 2"/(57)  respectively. In this

case we get a nearly complete graph.

Hence Point A can be thought of as situated at one end of the spectrum, and points on the line BC as situated on
the other end of the spectrum. For every point in the triangle ABC, we get an equally efficient representation of

the sources into a nearly semi-regular graph.

6 Examples and Interpretations

6.1 End-to-End Performance

In the previous sections, we have considered a discrete interface to transmit correlated sources over multiple access
channels. The main idea is that we can send these source more reliably and efficiently by exploiting the correlation
structure in the given sources without merging the source coding and the channel coding blocks. We use a nearly
semi-regular bipartite graph as an interface between source coding and channel coding to capture and translate
the correlation from the sources to the channel inputs. Now if one considers the overall end-to-end performance,
the performance bound given by the theorems of the previous sections is that H(S,T) < I(X1, X2;Y). Using the

max-flow-min-cut theorems [8], clearly one can see that this the best that one can hope for.

6.2 Gaussian Multiple Access Channel

The coding theorem given in the previous section can be extended to continuous-alphabet sources using the standard
techniques [29, 30]. Consider the Gaussian multiple access channel with the channel input distribution being jointly
Gaussian. There are two senders and one receiver. Each of the inputs has a power constraint, given by E[X?] < P;

for ¢ = 1,2. The received signal Y is given by
Y =X, +Xo+ 2 (59)

where Z is zero mean Gaussian random variable with variance N, denoted by Z ~ N(0,N), and X; and X, are

zero mean jointly Gaussian random variables with covariance matrix K given by

Py VPP,
K= 60
|:p\/ P1PQ PQ ( )

where p is the correlation coefficient. By evaluating the information quantities, we can obtain the following achievable

rate region

1 1 P
<I(X1;Y, X)) =-=1 — 1
Rl_ ( 1,14, 2) 20g<1—p2+N) (6)
1 1 P
<I(X3;Y, Xq)=-1 —= 2
RQ_ ( 2,14, 1) 20g<1_p2 N) (6)
1 1 P+ Py +2p/P P,
R1+R2<I(X1,X2;Y)+I(X1;X2):§logL_p2 <1+ L2 N” ! 2)} (63)
) 1 1
< R, — . — R _ =
R, <R, —I(X1;X2)=R; 210g(1—p2)’ (64)
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where 0 < p < pmax, and pmax is the maximum value of p within the interval [0, 1] such that

(Pi+ Py +2pV/PiP; + N) (1 - p?)
A=A mad{ P, B+ N~ (65)

The variation of the information quantities and the pair (R, R2) as functions of the correlation coefficient p are

10X,7X,)

— = = REIKEYIX)H(X,X,)
I R,=I(X,;Y) '
= = = RAREIX X, Y)HI(X,X,) U
_____ R,"=I(XYIX,) ‘

) o - Ry =10, Y)=1(X,:X,) A

Rate

Figure 11: Variation of information quantities and the corresponding rates associated with the Gaussian multiple access
channel as functions of the correlation coefficient p, for P = P, =10 and N = 1. pmax = 0.9877.

plotted in Figure 11 and 12 for a particular choice of P; = P, = 10 and N = 1. Note that as p varies from zero to
one, mutual information I(X7; X2) increases from zero to oco.
If X; and X5 are independent, i.e., p = 0, this gives the well known capacity region of Gaussian multiple access

channel with independent messages, which is the set of rate (R1, Rg) pairs satisfying

1 P 1 P 1
R1<§10g<1+—1>, R2<§log(1+—2), R1+R2<§10g<1+ (66)

P+ P
N N '

N

When p is less than about 0.9, as p become larger, Ry increases very slowly, but Ry increases rapidly. So the corner
point B in Figure 12 moves almost upward in the (Rp, R2) plane. When the roles of sender 1 and sender 2 are
exchanged, the corner point C in Figure 12 moves almost rightwards. When p ~ 0.9, Ry and Ry have almost the
same value, so the capacity region has a square shape. After that point both R; and Ry increase very fast for
p > 0.9, but R; become larger than Ry again.

To get a picture of the variation of the entire rate region as a function of the correlation coefficient p, let us
consider a special case where Py = P, = P, Ry = Ry = R and R} = R}, = R’ for the same Gaussian multiple access

channel with jointly Gaussian channel input. In this case, an achievable rate region is the set of rate pairs (R, R')
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p=0.9877

25

2.5 3

Figure 12: The variation of achievable tuples (R1, R2) (with non-negative (R}, R5)) as functions of correlation coefficient p
for Gaussian multiple access channel with jointly Gaussian channel input, for P = P, =10 and N = 1. pmax = 0.9877.

satisfying

1 1 2P +2pP
< —
R410g{1_p2 (1+ N )], (67)

) 1 1
<R- -1 .
R < R-glog 1= (68)

The boundary of the achievable rate region is thus given by

(R,R) = <ilog [1 _1p2 (1 + ZPJ]“VQ"PH ,ilog [(1 — ) (1 + %)D . (69)

Note that for this case, pmax is a monotone increasing function of P/N, approaching 1 as P/N — oc.

If X; and X2 are independent, i.e., p = 0, this gives the well known capacity region of the Gaussian multiple

access channel with independent messages, which is the set of rate pairs (R, R’) satisfying

1 2P
< -1 1+ — "= R.
R_4og<+N), R' =R (70)

The achievable rate region is illustrated in Figure 13 as a function of the correlation coefficient. Using the boundary
values for R and R’ as given by (69), we get the bound for R + R’, which is given by

2P(1+p)).

, 1
=1 1 1
R+R<2og + ¥ (71)

We can use separate source and channel coding in order to send the same correlated messages over the Gaussian

multiple access channel. In this case, we apply Slepian-Wolf source coding on the given correlated messages to
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R and R’ vs. SNR
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Figure 13: Variation of R and R’ versus correlation coefficient p, for different signal to noise ratios.

transform them into new independent messages. This is followed by conventional multiple access channel coding,
working on these new and transformed independent messages. For the same Gaussian multiple access channel, we
consider the case where P’ is the power constraint on the inputs, and the rates of the two encoders are the same.
According to the Slepian-Wolf theorem (see Section 2.2), we can encode the given correlated message-graph into
two messages of length nR and nR’. Using time-sharing, we can now assume that each encoder of the channel
coding module has access to an independent message of length (nR + nR’)/2. If we now use the given multiple
access channel n times, and use conventional multiple access channel coding, the transmission power required to

sustain reliable communication is given by

N ,
P=5 [22<R+R> —1]. (72)

Now if we substitute for R and R’, the values on the boundary of achievable rate region given by Theorem 1, then
we get

P =P(1+p). (73)

Now we can compare the two different schemes for sending correlated messages over the Gaussian multiple access
channel. One is a coding scheme with correlated codewords which exploits the existing message correlation, the
other is separate source and channel coding, working with independent codewords after applying Slepian-Wolf source
coding. In order to have the same achievable rates in both schemes, we have the condition that P’ = (14 p)P > P
if we choose a positive correlation coefficient. This means that if the given messages are not correlated, i.e., p = 0,

then the required power in both schemes are exactly the same, but if the messages are correlated with p > 0, as
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expected, we can send the same amount of information with less power by encoding with correlated codewords.

6.3 Example of Binary-Input Multiple Access Channel of Section 2.4

Let us revisit the example considered in Section 2.4 that shows that error-free transmission of the given correlated
sources over the given binary-input multiple access channel is possible with the special code X; = S and X =T.
This can be considered as a match between the typicality-graph of the source and that of the channel input, i.e.,
a match between message-graph and the graph associated with the channel code. So by applying the theorem, we

can calculate the achievable rate region for this case.
4
I(X1; X;) = log3 — 2 = 0.2516, (74)

I(X1,X2,Y) = log3 ~ 1.5850 (75)

Since the system is symmetric with respect to the two encoders, the achievable rate region (for the symmetric

case) is given by

1
R < 3 [I(X1, X2 Y) + I(Xy; Xz)] ~ 0.9183, (76)

R' < R - 0.2516. (77)

Clearly R = 0.9183 and R’ = 0.6667 is on the boundary of the given achievable rate region. It can be easily seen
that H(S) = H(T) = 0.9183 and H(S|T) = H(T|S) = 0.6667. Thus, while Sender 1 sends at a rate Ry = 0.9183,
Sender 2 also can send at a rate Ry = 0.9183, along as their messages are correlated. This means that all the
typical sequences of S and T can be sent over the channel without any error. In other words, the channel code
is the jointly strongly e-typical set of (X1, X5) (with distribution as given above), and the message-graph is just
a relabeled version of the typicality graph of the source (S,T"). Hence there is a match between the two. Here

H(S7 T) = I(X17X2;Y)'
6.4 An Interpretation of Cover, El Gamal and Salehi’s Coding [10] with Graphs

For multiple access channels with correlated sources, Cover, El Gamal and Salehi [10] gave a coding theorem, by
considering direct mapping of source symbols into channel input symbols. In this section, we interpret their coding
scheme (denoted by CES coding) by using bipartite graphs. We show that CES coding can be interpreted as
instances where typicality graph of the given correlated sources is a subset of the typicality graph of some channel
input distribution. In other words matching of the message-graph with the graph associated with the channel code.

Following Section 2.3, first note that the channel input distribution must obey the Markov chain X; — S - T —
X for successful transmission. In CES coding, for a given source sequence pair (s”, ™), channel inputs z7 and z} are
generated from [, p1(z14]s;) and [];_, p2(z2i]t;), respectively. So, for each jointly typical sequence pair (s™,¢"),
a corresponding channel input pair (z7, %) can be generated. In particular, this pair (z7,2%) € A (X1, X2) with

high probability by the Markov Lemma [8, 28].
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Roughly speaking, for every sequence s" € Agn)(S ), one can obtain a sequence x7 (s") € A (X1). Similarly for
every sequence v" € A (T'), one can obtain x5 (") € A (X2). Further, for nearly every pair (s™,t") € Agn)(S, T),
the corresponding pair (z](s™), 25 (")) € A (X1, X2). Hence the typicality graph of (X1, X2) nearly covers the
typicality graph of (S,T). One can now imagine a discrete interface with a message-graph which is essentially a
relabeled version of the typicality graph of (S,T'). Now the sources can be distributively mapped to the edges in this
graph. Nearly every edge in this graph can be reliably communicated to the joint receiver by transmitting channel

input sequence pair that is jointly strongly e-typical.

7 Conclusion

We have considered a multiterminal communication system with correlated information sources being transmitted
reliably over a multiple access channel. We have considered bipartite undirected nearly semi-regular graphs as
digital interfaces that can capture the correlation between sources. This leads to a modular architecture involving
two components: a channel coding component and a source coding component. Correlated sources are first mapped
into such graphs, and the edges coming from these graphs are reliably transmitted over a multiple access channel.

We have given a partial characterization of the set of all graphs that can be used to represent a given pair of
correlated sources, and similarly given a partial characterization of the set of all graphs such that edges coming
those graphs are reliably transmitted over a given multiple access channel. We have applied our analysis to two
examples, one involving the Gaussian multiple access channel and the other involving binary-input multiple access

channel to corroborate the claims made.

Appendix
A Detailed Explanation of Graphs in K,

Let us consider a graph in the subset S; as shown in Figure 7. If we permute and relabel the left vertexes of the
graph in the same way as explained previously, then we get 4! = 24 distinct graphs belonging to a set A such that
A C S;. Now let us do this operation on the right vertexes. By changing the right vertexes 1 and 2 in the graph, we
can get a graph in the subset B such that A and B are disjoint and B C S;. Similarly by permuting and relabeling
the left vertexes again, we can obtain all the distinct graphs in B. By changing the right vertexes 2 and 3 in the
graph, we can get another graph in the subset C such that A, B and C are disjoint and C C S; . So, we can obtain
all the graphs in Sy in this way.

Up to now, we could generate a total of 72 distinct graphs in the set 4. Note that even after we permute
the right and the left vertexes of the original graph in S;, we can not get the graph for which the edges belong
to the set given by {(1,3),(2,4),(1,3),(2,4)}. This means that there are some graphs in K42 which can not be
obtained from a graph in the subset S; by just permutation and relabeling. Now consider the graph shown in the
right side of Figure 7. This is one of the graph in the subset So, for which the edges belong to the set given by

{(1,3),(2,4),(1,3),(2,4)}. If we permute and relabel the left vertexes, then we can obtain 2‘,‘—;, = 6 distinct graphs.
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Similarly, we can obtain all the remaining distinct 18 graphs in /Cy o by changing the right vertexes of the graph.

Hence we can obtain all the remaining 18 graphs in the subset S, as well.

B Proof of Lemma 1

Let Z = {(i,5) : (X7(i), X3(j)) € A"™ (X1, X2)}. Then,

2nR1 2nR2
1Z21= > > e(i,j) (78)
i=1 j=1
- 1, if (XP(0), X5 () € A (X1, Xo)
h — ) 1 9 2 ) )
where (i, j) { 0, otherwise. (%)
From the property of strongly jointly typical sequences given in (30),
ol gnko
E|Z[ =) Y PUXT(0), X5(j) € A} (80)
i=1 j=1
< gnRignRag—n(I(X1;X2)=d1(€)) (81)

where P{(X7'(i), X%(j)) € Ag")} < 27 nU(XX2)=01(€) " and §;(e) — 0 as € — 0. So, by applying the Markov’s

inequality,
P{lz| > sy < o FEL 52
< gn(RitRo—I(X1,X2;¥) = 1(X1:X2)+3(e) 481 () +¢) (83)
Thus, for sufficiently large n,
P(Eo) = P{|2] > 200X 20079y < (84)
provided Ry + Ry < I(X1,X2;Y) 4+ I(X1;X2) — d(e) — d1(e) —e. [ |

C Proof of Lemma 2

on(R2—I(X1;X2)—6(e)—e)

Partition the codebook Cs uniformly into bins Bs(i), ¢ = 1,2,..., with the same size

on(I(X1;X2)+6(6)+€) - Similarly, Partition the codebook C; uniformly into bins B; (G),i=1,2,..., on(R1—1(X1;X2)=0(e)—€)
with the same size 27 (X1;X2)+d(e)+e)

The event Ey,; can be considered as
Qan

Eox= | Foa() (85)

i=1
where 1 (i) is the event that for a particular (random) X7'(i) € Cy, degg 1 (X](i)) < 2n(Re—1(XaiX2)=0(9 =) The

event Ey (i) can be expressed as
on(Ry—I(X1;X3)—6(e)—¢)

Eo1 (i) C U Eo(i,5) (86)
j=1
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where Ey1(i,7) is the event that for a particular (random) X7(i) € C; and VX3 € Bs(j), (X7(9),X%) ¢
A (X1, X2). So, by using the union bound, the probability of this event P(Fp (7)) can be bounded as:

on(Ry—I1(X1;X3)—6(e)—¢)

P(Eoa(i)) <P U Eo,1(i, ) (87)
j=1
gn(Ra—I1(X1;X3)—3(e)—¢€)
< > P(Ey1(i, ) (88)
j=1
() on(I(X1;X2)+5(e)+e)
< 2n(R2—I(X1;X2)—6(e)—e) |:1 _ 2—77,([(X1,X2)+(5(6)):| (89)
(b) _ NS\ - one
< gn(Ba—I(X1:Xa)=3(c) )9 —2 (90)

where
(a) is from the property of strongly jointly e-typical sequences [8],
(b) follows from Lemma 13.5.3in [8]: for 0 <z,y <1,n >0, (1 —zy)" <1—x+ 27V

Therefore, for sufficiently large n, the probability of the event Ey ; can be bounded by applying the union bound:

2nR1
P(Eo1) <> P(Eoa(i) 1)
i=1
< gnRign(Re—I(X1;X2)—6(e)—€)9—2"° (92)
— 2’n(R1+R2—I(XI;X2)_6(E)_5)_2n€ (93)
(O
o € 94
<< (94)

where (c) is from the fact that n(R; + Re — I(X1; X2) — d(€) —€) is polynomially increasing but 2™¢ is exponentially
increasing as n increases.

In a similar way, we can also show that P(Ep2) < 17 for sufficiently large n. |

D Proof of Lemma 3

The event Ej ; can be expressed as
onR1

Eia=J E5() (95)
i=1

where Eg (i) is the event that for a particular (random) X{'(i) € Cy, degg 4 (X'(7)) > (o =I(X13Xz)+o(e)Fe)

For a particular (random) X'(¢) € Cy, let the random set S = { X € Co : (X7(i), XZ) € A (X1,X2)}. Then,

2n iz
= ' N L L (X6, X5 () € AP (X7, Xa),
51= 3 4 where 30 -{ b w0, o
Then,
P{E&l(l)} = P{|S‘ > 2n(R2*I(X1§X2)+6(6)+6)} (97)

A
=a
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(2 e_atE{e”S‘}

(98)

for any ¢ > 0 where (a) follows from the Chernoff bound [8]. Now we calculate an upper bound for P{Eg ;(i)}. Let

27[1] be the I-th sequence (using some ordering) in A (X7).

onRy

e} = ex i
E{e"'} E{ p(tjzle))}
= { Jl;[l etw(j)}
|ACY (x1)] -
= Y Pr{XPG)= a:’f[l]}E{ I <+
=1 i

1AL (X)) 2nfz
)

() _ ! 11 E{etwu)

= 1AM X)) o

—

where (x) is from the fact that 1(j)’s are independent when the outcome of X7'() is fixed.

Let us denote p; = P{y(j) = 1|X["(¢) = «7[l]}. Then,
E{e" VX7 (i) = 27} = e'p; +1- (1 —p;)

=1-pj(l—¢)

< e Pil=¢) gince 1 — gz <e %,

So,
on Ry onRa
H E{e®D|X7 (i) = 27[I]} < H ePile’=1)
j=1 j=1
onh2
= exp{(et -1 Z pj}
j=1
—exp{ (¢!~ DE{IS|IXT0) = o111} |
Then,

AT (X))

E{e!81} < Z mexp{(et - DE{|S||XT(i) = «7[1]} }

=1

(%) exp{(et _ l)zn(RQI(X1§X2)+6(€))}

where (a) follows from the following inequality:

2nR2

E{ISI[X () = 211} = 3 P() = 1XT(0) = o} [} < 27Meg T (Ku¥a)=59) < gn(FaT(XiiXa)+5(0)

j=1

Therefore, for ¢t > 0,

P{E3 (0} < e~ fexp (¢ — prmtonx oo |
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= exp{ —at + (e — 1) 2R 1(X1:X2)+0(€)) } (113)
£
To get a tighter upper bound, let us denote f(t) = —at + b(e! — 1), for t > 0. Then, f'(t) = —a + be' and
f"(t) =be' > 0. So, f(t) has the minimum value when ¢ = In (%).
Thus, P{Eg (i)} is bounded as

P{E; (i)} <exp{ —aln (%) +a—b}. (114)
Note that @ = 2M(B2=1(X1;X2)+8(e)+€) and ph = 2n(R2—1(X1;X2)+8(e))
So,
P{Ea:l(l)} < EXP{ _ 2n(R2—I(X1;X2)+6(5)) [277,5 1]?1(2”6) _gne 4 1] } (115)
= exp{ - 2n(sz(X1;X2)+5(6))77} (116)

where 1 = 27¢In(2"¢) — 2" + 1. Here, n > 0 since f(z) = zln(x) — « + 1 is increasing function of z and f(x) > 0
for z > 1.

Therefore, for sufficiently large n, by applying the union bound,

onE1
PiEs. )= P{ U B} (117)
=1
2nR1
< Y P{E;, (i)} (118)
=1
< 2Mexp{ — 2n(a—T(X1iiX2)+0(e) (119)
_ exp{an In2— 2n(R2—I(X1;X2)+5(E))77} (120)
(@) €
_ 121
2. (121)

provided Ry > I(X1; X2)—6(€), where (a) is from the fact that nR; In 2 is linearly increasing but 272 =1(X1:X2)+9(c))
is exponentially increasing as n increases.

In a similar way, we can also show that P{Ef,} < {3 for sufficiently large n. |

E Proof of Lemma 4

Now let us calculate the probability P(ENESNEfNES). Without loss of generality, let us select an edge, k € E(G),
assuming that the corresponding message pair is transmitted. In other words, a codeword pair (X7 (i), X5 (jr)) is

transmitted. For a fixed k, consider the following error events;
Byt (XT(ix), X3 (), V") ¢ A™ (X1, X0, Y),
Ey ¢ 3§’ # ji such that (X7(ix), X2(5), Y™) € A" (X1, X5,Y),

Es : 3i' # ig such that (X(i'), X3(jx), Y™) € A" (X1, X,, ),
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Eg : 3’ # i, # ji such that (XP(i'), X2 (), Y") € A (X1, X5, Y).

P(ENE§NE{NES) =P (U_sE; NE§N Ef N ES) (122)
6

<> P(E;nE§NEfN ES) (123)
=3

By the property of jointly typical sequences [8], P(Es N E§ N Ef N ES) < £ for sufficiently large n. For any
xt € A (X1), let A (X2|27) denote the set of sequences in X3 that are jointly e-typical with «7. Now

P(EyNEGNETNES) < Y P((X{(ir), X5 ("), Y") € A™) (124)
J'#ik
=y > | AT (Xa)| AU (X0)| 7 Pr(y”|at) (125)
#I (a7 wp ym) AT (X1, X0,Y)
[AS (X)| 1A (X)| ! . S
.S 5 ek i S Bl
3k (w?,w?,y")EAin)(XhX%Y) | € ( 2|CE1)| zgeAﬁm(lew?)
(126)
<y > AT (Xa)[ 1AM (X)) > 2% x,1x, (" 25 |27)
I'#Ik (g0 ,2n,ym) €A™ (X1,X2,Y) a3 €A (Xa|ay)
(127)
<> > | AL (Xo)|THAM (X0)| ' x, (") 270 (128)
J'#Jk (z’f,zg,y")eAgn)(Xl,XmY)
< 9 A (X, Xy, Y2 P HXKe) ) nlH (X)) n(H(YX0)-2e0) g2 (129)
S 27’LR2277Z(H(X2)+H(X1yY)fH(XI)X27Y)7761) (130)
— 2n(R2—I(X2;X1,Y)+761) (131)
where we have used the fact that Yz € A™ (Xo|z%), we have
AL (Xo|2)|7F < 227, x, (a5 ]a), (132)
and €1(e) — 0 as € — 0. Similarly,
P(E5 N E§ N Ef N Eg) < 2n(fnfXay)rra), (133)
P(EsNENE{NES) =Y Y P(X{(i), X3 (), Y") € A™) (134)
o' Fiy § F
< 2nR1 2nR2|A£n)|2—n(H(X1)—e1)2—n(H(X2)—61)Z—H(H(Y)—3€1) (135)
< gn(Ri+R2)g—n(H(X1)+H (X2)+H(Y)—H(X1,X2,Y)—6e1) (136)
— on(Rit+Re—I(X1,X2;Y)—I(X1;X2)+6e1) (137)
So,
P(E4N ES N ES N ES) < on(Re—I(X1YiXa)4Ter) o £ (138)

7
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P(Es N ES N ES N ES) < on(B—1(X2YiXa)+7a) o ; (139)

C C C n — ; - H € €
P(EsNESNE{NES) <2 (RatRo—1(X1,X2;Y) = 1(X1;X2)+7e1) = (140)

for sufficiently large n, if R; and Ry satisfies the conditions given in (37), (38) and (39). Hence, the proof of Lemma

4 has been completed. |

F Proof of Theorem 2

Since the message pairs are equally likely, and because of the conditions imposed on the degrees of the vertexes of

the message-graph, we have,

n(Ry + Ry) < H(W1, Ws) +log p (141)
= I(Wy, Wa; Y™) + H(Wy, Wa|Y™) + log (142)
(%) I(W1,Wa;Y™) + ne, +logp (143)
(%)I(Xf(Wl),Xg(Wg);Y”)—i—nen—i—logu (144)
= H(Y") = HY"|X{ (W1), X3 (W2)) + nen + log (145)
Dy — 37 Y™, X7 (W), X3 (Wa) + ne, +log (146)

i=1

—

)

= H(Y"™) = ) H(Yi| X1, X2i) + ne, +logp (147)

-

Il
-

(2
n

H(Y;) = H(Y;|X1i, Xo;) + ney + log (148)
1 i=1

—~
®
~

NE

-
Il

I

I(X14, X243 Y2) + nep, + log (149)

=1

where

(a) follows from Fano’s inequality,

(b) from the data processing inequality,

(¢) from the chain rule,

(d) from the fact that Y; depends only on X3; and X»; and is conditionally independent of everything else, and
(e) is obtained from the chain rule and removing conditioning.

Hence we have

1 & 1
1+ 2*n;(1 2i; Vi) + € +—logpi (150)

1 n 1
:;;I(qua)ﬁq?y:;@:q)-ken—i—Elogu (151)

1
=1(X19,X20;Yq) + €n + - log i1 (152)
1

:I(X17X2;Y)+en+ﬁlogu, (153)

36



where Q =i € {1,2,...,n} with probability %, and X; £ X0, X2 £ Xag, Y £ Yig are new random variables
whose distribution depend on Q.
So, for sufficiently large n,

Ri+ Ry <I(X1,X2Y) (154)

for some distribution p(q)p(z1, z2|q)p(y|x1, x2). Similarly, we can prove

R} + Ry < I(X1, Xp;Y) (155)
for some distribution p(q)p(x1, z2|q)p(y|x1, x2). |
G Proof of Lemma 6
The event Ep 1 can be considered as

ity
Ey1 = 2LJ Eo.1(4) (156)
i=1

where Ej 1(i) is the event that for a particular i € V1(G), degg (i) < gUH(S,T)~Ri—¢")

Let us define super-bins B, and C, for p = {1,2,...,2nHET) =R ang ¢ = {1,2,..., 2nHEST)—Ri—)
which is a union of 2B tRi—H(S.T)+€) congecutive B; and C; bins, respectively. The size of each super-bin Bp
and C, is 2" H(TIS)+7+¢) and on(Fa—H(SIT)+7+¢) regpectively.

Then, the event Ej (i) can be expressed as

Qn(H(S,T)lefe’)

Eo1(i) C U Eo,1(i,q) (157)

q=1

where Ey 1 (i, q) is the event that VS™ € B; and VT™ € C,, (8", T") ¢ A (S,T). So, by using the union bound the
probability of this event P(Fy 1(i)) can be bounded as:

Qn(H(S,T)—Rl—e/)

P(Eoa(1)) <P U Eo1(i,q) (158)
g=1
on(H(S,T)~R1—¢)
< Y. P(Eoali,q) (159)
q=1
(a) ,
< gn(H(8,T) =R~ g—nM (160)

(a) is from the Lemma 5, and from the fact M > 0 is a sufficiently large number satisfying M > H(S,T) — €’. This
is true because I log |Bi||Cy| = I(S;T) + 2y + €.
Therefore, for sufficiently large n, the probability of the event Ey ; can be bounded by applying the union bound:

onfa

P(Ep) < Z P(Ep (i) (161)
=1

S 2nR12n(H(S,T)7R17€/)277’LM (162)

37



— on(H(S.T)~¢ ~M) (163)

(®) ¢
< —. 164
< (164)
In a similar way, we can also show that P(Ep2) < {5 for sufficiently large n. |
H Proof of Lemma 7
The event Ef; can be expressed as
2nR1
Eg,l = U E&l(i) (165)
i=1
where Ef (i) is the event that for a particular i € V1(G), degg (i) > QM H(S,T)=Rate’)
For a particular random bin B;, let the random set D = {j : 3(S™,T") € Ag")(S, T)N (B; x C;)}. Then,
gy 1, if3(S, 1) € A (S,T) N (B; x C)
_ . h N , 1 s € Ae R n i X Cj), 1
D] ; Vi), where () { 0, otherwise. (166)
In particular,
P{y(j) =1} = P{[{(8",T") : (5", T") € Al(S,T) N (B; x C;j)}| # 0} (167)
(%) 2n(H(S’)7R1+'y)2n(H(T)7R2+V)27n(I(S;T)7361) (168)
< on(H(S,T)=Ri—Ra+2v+3€1) (169)

where (c) is obtained by applying the union bound, and from the property of strongly jointly e-typical sequences [8]:
for a randomly and independently chosen S € A™(S) and T € A™(T), for sufficiently large n, the probability
that (S™, T™) € A" (S,T) is bounded by

9~nI(SiT)+3e1) < pr(gn Tm) e AW} < 2~ nU(SiT)=3er) (170)

where ¢, — 0 as € — 0, since 2"H(ST)—e1) < |A£") (S,T)| < 2MH(ST)+er) gn(H(S)—e1) < |A£")(5)| < on(H(S)+er)
and 2nH(T)—e1) < |A£n)(T)| < gn(H(T)+e1),

So, the expectation of |D| can be bounded as follows.

onfta
EID| = ) P{¥(j) = 1} (171)

j=1
< 9nR2gn(H(S,T)~R1—Ra+2y+3¢1) (172)
< Qn(H(8,T)=Ri+2y+3e1) (173)

Now,
P{E; 1(i)} = P(ID| > 25D Ry (174)
’ —_—
(@ oty t1D

< e E{e!tPl} (175)
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for any t > 0 where (a) follows from the Chernoff bound [8].
Now we calculate an upper bound of P{Eg,(i)}. Since |B;| = a, let us denote the sequences in B; by S™(i1),
S™(ig), - .., S™(ia). Also, let s™[I] be the I-th sequence (using some ordering) in A (9).
on itz

E{e'Ply = E{exp(t 2_: w))} (176)

2nR2

=F et (177)
()
1A (9)] 1A (9)] 1A (9)]
= D p{S"i) =s"h]} Y p{S"(i2) = "o} Y p{S" (i) = 5" [la]}
l1=1 l2=1 lo=1

onhiz
E{He

A ()] 1AM ()] A (S)]

S™(ig) = s™[ ],for9:172,...,a} (178)

L=1  lp=1 lo=1 |A£n)(5)|a
onhiz
E{ [T €| Sn(ig) = s™[lo], for 6 =1,2,..., } (179)
j=1
(o ATENAD G 1A ()
oS A 1As)e
2nR2
11 E{ew(j) S (ig) = s"[lg], for 6 =1,2,..., } (180)
j=1

where (x) is from the fact that ¥ (j ')’s are independent when the outcomes of S™(i1), S™(i2),..., 5™ (i) are fixed.

Let us denote p; = P{¢(j) = 1| S"(ig) = s"[lg], for 6 =1,2,...,a }.
Then,
E{etl | Sn(ig) = s"[lg], for 6 =1,2,...,a } =e'p; +1- (1 —p;) (181)
—1-pl—e) (182)
<eP0-¢) gincel—z <e . (183)
So,
onRa2 onRa
[T E{e@| S7(ig) = s"[lg), for 6 =1,2,...,a } < [ e~V (184)
i=1 j=
gn k2
—en{ -1 Y 0 (185)
j=1
= exp{(et —1)E{|D|| 5"(ig) = s"[lg], for 6 =1,2,...,a } }
(186)
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Then,

AT ()] 1AM (8)]

E{elPl} < Z Z T n) exp{(e — DE{|D||S"(ig) = s"[lg], for 6 =1,2,. }} (187)
=1 la=1
(%) exp{(et _ I)QH(H(S7T)R1+27+361)} (188)

where (a) is obtained because E {|D|| S"(ig) = s"[lg], for § = 1,2,..., } is bounded by the inequality (173) re-
gardless of the particular sequences s™[l1], s"[l2], ..., $"[la])-

Therefore, for t > 0,

P{E; (i)} < eatexp{(et — 1)2”<H<SxT>R1+2V+361>} (189)
= eXp{ —at+ (e" — 1) D= Rt2r+sa) } (190)
EX)

To get a tighter upper bound, let us denote f(¢) = —at + b(e* — 1), for ¢ > 0. As mentioned in the proof of
Lemma 3, f(t) has the minimum value when ¢ = In (%).

Thus, P{Eg (i)} is bounded as

P{E; (i)} SeXp{ —a,ln(b) +a,—b} (191)

where ¢ = 27L(H(S,T)—R1+e’) and b= 27L(H(S,T)—R1+2'y+351).

So,

P{Eék 1(7/)} < exp {_2n(H(S7T)7R1+2’Y+3€1)[2n(5/72y73e1) 1n(2n(5’7277361)) _ 2n(5/,277361) + 1]} (192)

_exp{ (ST) R1+2’Y+3€1) } (193)

where n = 27(¢'=2y=3e1) [ (gn(e'~2y=3e1)) _ gn(€'~2y=3e1) 4 1 Ag before, > 0 since ¢ > 2y + 3¢; and f(z) =
zIn(x) — x + 1 is increasing function of x and f(x) > 0 for > 1.

Therefore, for sufficiently large n, by applying the union bound,

onfi
P{E; = P{ | B} (194)
=1
2nR1
< Z P{E;, (i)} (195)
< 2aneXp{ H(S,T)~ Rat2yse), 1 (196)
=exp{nR;In2 — 2"(H(S’T)_R1+27+3€1)77} (197)
(a) €
— 1
<13 (198)

provided Ry < H (S, T)+2v+3e;, where (a) is from the fact that nR; In 2 is linearly increasing but 27(H (5.T) = Fi+2y+3e1)
is exponentially increasing as n increases.

In a similar way, we can also show that P{Ef,} < {5 for sufficiently large n. |
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I Proof of Lemma 8

Now let us calculate the probability P(E N E{ N ES). If previous error events do not occur, we define other error

events as follows.
By : (S",T") ¢ AM,
By : 38" € A™(S) such that f1(S") =0,
Es : 37" € A™(T) such that fo(T™) = 0,

Eg : (5™, Tm) € AU(S,T) N (By, (sn) X Cpy(rny) such that (S, T™) # (S™,T™).

Then,
P(ENE{NES) =P (U_sE; NE{ N ES) (199)
6
<Y P(E;NEfNES) (200)
1=3

By the property of jointly typical sequences [8], P(E3 N Ef N ES) < ¢ for sufficiently large n.
Following [28], for sufficiently large n

P(Ey N ESNES) < % (201)
P(Es N ESNES) < % (202)
if v > €.
Also, for sufficiently large n, by following [28] it can be shown that
P(Eg N ES N ES) < % (203)
provided Ry + Ry > H(S,T) + 2 + 3e¢;.
Therefore,
P(E)< P(Ey)+ P(E;)+ P(ENESNE{NES) <e. (204)

In addition, by combining the conditions o > 1, § > 1, and Ry + Ry > H(S,T), it is easy to show that the

following inequalities need to hold.

H(S|T) <Ry, and H(T|S) < Ry. (205)
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J Proof of converse part of Theorem 3

Let f1, f2,g be fixed. Also, let f1(S™) = Wy, fo(T™) = Wa. Then, from the Fano’s inequality, we can have

H(S™, T Wy, Ws) < Pn(log |S||T|) + 1 < ney, (206)
H(S™T™, Wi, Wa) < H(S™, T"[W1, W) < nen, (207)
H(T™S™, Wy, Wa) < H(S™, T"|W1, Wa) < ne, (208)

where €, — 0 as n — oo. Using the constraints on the degrees of the vertexes in the message-graph, we have

(@

n(Ri + Ry) > H(Wy, W) —log u (209)
= I(S™; T"|Wy, Wa) + H(Wy, Wa|S™, T") — log i (210)
@ 1875 T W, W2) — log (211)
=H(S",T")— H(S", T"|W1, W) —log i (212)
(2) H(S™,T") — ne, — log i (213)
@ nH(S,T) — ne, — log p, (214)
where
(a) is from the fact that (Wi, Ws) € E(G) with |E(G)| < p2n(FitRa),
(b) is obtained since W3 and W3 is a function of S™ and T™, respectively,
(c) follows from Fano’s inequality (206), and
(d) is obtained by using the chain rule and the fact that (S;,T;) are i.i.d.
Similarly, we can prove
n(Ry + Ra) > nH(S,T) — ne, — log . (215)
Also, by using (207), we can have
nRy S H(W) (216)
> HWT™) (217)
=I(S™,WAh|T") + H(W1|S™,T") (218)
2 1(smswAlTm) (219)
D H (ST — H(S™|T™, W, W) (220)
(g) H(S"|T™) — ney (221)
9 W H(S|T) — nen, (222)

where
(a) is from the fact that Wy € {1,2,...,2nf}
(b) is obtained since W7 = f1(S™),
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(c) follows from H(S™|T™, W1) = H(S™|T™, Wy, Wa)+I(S™; Wo|T™, W1) due to the Markov chain S™ — T™ — W,

=0
(d) follows from Fano’s inequality (207), and

(e) is obtained by using the chain rule and the fact that (S;,T;) are i.i.d.

Similarly, by using (208), we also can obtain
nRy > nH(T|S) — ney,. (223)
Therefore, we can have the converse proof by dividing the three inequalities (215), (222), and (223) by n, and

taking the limit as n — oo. |
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