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ABSTRACT

Forbidden substructure theorems have proved to be among
of the most versatile tools in bounding the complexity of geo-
metric objects and the running time of geometric algorithms.
To apply them one typically transcribes an algorithm execu-
tion or geometric object as a sequence over some alphabet
or a 0-1 matrix, proves that this object avoids some subse-
quence or submatrix o, then uses an off the shelf bound on
the maximum size of such a o-free object. As a historical
trend, expanding our library of forbidden substructure the-
orems has led to better bounds and simpler analyses of the
complexity of geometric objects.

We establish new and tight bounds on the maximum length
of generalized Davenport-Schinzel sequences, which are those
whose subsequences are not isomorphic to some fixed se-
quence o. (The standard Davenport-Schinzel sequences re-
strict o to be of the form abab- - -.)

1. We prove that N-shaped forbidden subsequences (of
the form abc- - - zyzyz - - - cbabc- - - xyz) have a linear
extremal function. Our proof dramatically improves
an earlier one of Klazar and Valtr in the leading con-
stants and overall simplicity. This result tightens the
(astronomical) leading constants in Valtr’s O(nlogn)
bound on geometric graphs without ¥ = O(1) mutually
crossing edges.

2. We prove tight ©(na(n)) bounds on sequences avoid-
ing both ababab and all M-shaped sequences of the
form ab---yzzy---baab---yzzy---ba. A consequence
of this result is that the complexity of the union of
n o-fat triangles is O(nlog” na(n)), which improves,
slightly, a recent bound of Ezra, Aronov, and Sharir.
Here « is the inverse-Ackermann function.

3. We give a complete characterization of 3-letter linear
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and nonlinear forbidden subsequences without repeti-
tions. Specifically, a repetition-free forbidden subse-
quence is nonlinear (Q(na(n))) if and only if contains
ababa, abcacbe, or its reversal; all others are linear.

Many of our results are obtained by reinterpreting (for-
bidden) sequences as (forbidden) 0-1 matrices, which can
alternatively be thought of as point sets with integer coor-
dinates. By considering a dual sequence/matrix represen-
tation we can then apply techniques from both domains in
tandem. For example, some of our results use a new com-
position operation on 0-1 matrices called grafting, which has
no exact counterpart in the domain of sequences.

Categories and Subject Descriptors

F.2.2 [Nonnumerical Algorithms and Problems|: Ge-
ometrical problems and computations

General Terms
Theory

Keywords
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1. INTRODUCTION

A generalized Davenport-Schinzel sequence over an n-letter
alphabet is one whose subsequences are not isomorphic to
some fixed forbidden subsequence o. Let Ex(o,n) be the ex-
tremal function for o, i.e., the maximum length of such a
o-free sequence. When is Ex(o,n) linear or nonlinear? and
what characteristics of o let us determine its asymptotic
growth? These questions have been answered with startling
precision [21] when o is an alternating sequence ababab - - -
with length ¢ + 2, also called the order-t Davenport-Schinzel
sequence. These forbidden subsequences have found numer-
ous geometric applications [2, 33, 5], largely because they
relate to the complexity of the lower envelope of curves
without ¢ + 1 pairwise crossings, e.g., degree-t polynomi-
als. What can be said about forbidden subsequences o with
more evolved structure? It is known [15, 21] that Ex(o,n)
is bounded from above by n - 2P°¥(*(") " where the poly-
nomial depends on o. However, tight asymptotic bounds
on Ex(o,n) are only known when o fits into a couple well-
structured classes. Before discussing prior work on gener-
alized Davenport-Schinzel sequences and our contributions



we briefly review some standard notation for sequences and
0-1 matrices.

1.1 Definitions and Notation

The length of a sequence is denoted |o|. If 0 = (04)o<i<|o|
is a sequence let 3(o) = {o:}: be its alphabet and ||o| =
|X(o)| be the alphabet size. Two equal length sequences
0,0’ are isomorphic, written o ~ o', if there is a bijection
f : Z(o) — X(0') for which f(o;) = 0. We say o is a
subsequence of o', written o < o', if there is a strictly in-
creasing function f : [|o]] — [|o’[] for which o; = 0%,
for 0 < ¢ < |o|. Here [k] = {0,1,...,k — 1}. We write
o < o' if o is isomorphic to a subsequence of ¢’, that is,
o ~ o' <o’ for some ¢”. The phrase o appears in (or oc-
curs in) o' means either 0 < ¢’ or o < ¢’, which one should
be clear from context. A sequence o’ (or class of sequences)
is o-free if 0 A o’. A sequence o is k-sparse if o; = o; im-
plies |i —j| > k. A block is a sequence of distinct symbols. If
o is understood to be partitioned into a sequence of blocks,
[o] is the number of blocks. Absent any knowledge of o,
the predicate [o] = m asserts that there is some way to
partition o into at most m blocks. Let dbl(c) be obtained
from o by doubling each letter save the first and last, e.g.,
dbl(abab) = abbaab. There are two variants for the extremal
function of o-free sequences, one that specifies the number
of blocks (without a sparseness criterion) and another that
demands that the sequence be ||o|-sparse. Either criterion
ensures that the function is well defined and finite.

Bx(o,n,m) = max{|S| | o £ S, |S] =n, and [$] = m}
Ex(o,n) = max{[S| | o A S, [|S]| =n,
and S is ||o||-sparse}

We say a sequence o is linear or nonlinear depending on
whether Ex(o,n) is linear or nonlinear in n. It is minimally
nonlinear if no strict subsequence of ¢ is nonlinear.

The terminology for forbidden subsequences can be trans-
lated to forbidden 0-1 matrices. Let S € {0,1}"*™ and
P € {0,1}**! be two matrices. We say P is contained in
S ,or P < S/ if there are two strictly increasing functions

: [k] — [n] and g : [l] — [m] such that P(i,5) = 1 im-
phes S(f(@),q9(3)) =1, i.e., a 0 in P matches either 0 or 1.
The two functions f,g deﬁne a submatriz of S. If P is not
contained in S then S if P-free. Let PO, P®, P% pP® pS,
P®, P® denote the horizontal, vertical, and diagonal reflec-
tions of P, and the right rotations by one, two, and three
quarters, respectively. Let |S| be the number of 1s in S,
also called its weight. Define Ex(P,n,m) = max{|S| | S €
{0,1}"*™ and P £ S}. Following a common convention,
we write 0-1 matrices using bullets for 1s and blanks for Os.

There is now a large body of work devoted to forbidden
0-1 matrices; see [4, 6, 7, 9, 10, 11, 12, 14, 18, 20, 22, 23,
25, 26, 27, 28, 30, 32]. Some of our results require precise
bounds on U;-free and Us-free matrices. These and other
matrices referenced in the paper are defined in Figure 1.

THEOREM 1.1. (Fiiredi-Hagnal [11] and Tardos [30])
Ex(Ui,n,m) < 2n + 2m
and

Ex(Uz,n,m) = Ex(Va,n,m) < 5n + m.

Figure 1: Several 0-1 matrices. By convention 1s
and Os are represented by bullets and blanks.

1.2 Linearity and Nonlinearity in Generalized
Davenport-Schinzel Sequences

When o € {a,b}” is over a 2-letter alphabet we now un-
derstand the extremal function Ex(o,n) almost perfectly. It
is known that Ex(ababa,n) = O(na(n)) [13, 21] and that
Ex(dbl(abab),n) = O(n) [1, 17, 16], which implies that
ababa is the only minimally nonlinear sequence over two let-
ters. Agarwal, Sharir, and Shor [3] proved tight bounds on
Ex(ababab,n) = ©(n2%™), and, very recently, Nivasch [21]
proved essentially tight bounds on even-order Davenport-
Schinzel sequences and nearly tight bounds on odd-order
sequences:

Ex(ababa,n) = O(na(n)) (1)
Ex(ababab, n) = O(n - 2*™) (2)
Ex((ab)**2, n) = n - 2! /2 )
Ex((ab)"*2a,n) <n - 9(I+o(1))a(n) log a(n) /¢! (4)

Pettie [27] showed that doubling an alternating sequence
generally does not influence it’s extremal function. In par-
ticular, the upper bounds in (2,3,4) continue to hold for
dbl(ababab), dbl((ab)**?), and dbl((ab)'™2a). However, for
dbl(ababa) the best known upper bound on Ex(dbl(ababa), n)
is O(na®(n)).

What can we say about forbidden subsequences over larger
alphabets? Klazar and Valtr [17] showed that N-shaped se-
quences of the form dbl(a; - - - ax—1akak—1 - - - azaiaz - - - ag)
are linear and that embedding one linear sequence in another
results in a linear sequence. Specifically, if u = ujaauz and
v are both linear and 3(u) N X(v) = 0 then uiavau; is
also linear. Using results on forbidden double permutation
matrices [18, 12], Pettie [26] showed that o = midbl(mz)
is linear for any two permutations 71,72 of 3(0), e.g., 0 =
abcdeaddcceeb is such a sequence. Prior to the present work,
all sequences known to be linear could be derived (via em-
beddings) from N-shaped sequences and double-permutation
sequences.

Nivasch’s nonlinear bounds on standard Davenport-Schinzel
sequences are actually corollaries of a more general forbid-
den substructure theorem. Let Perm(r, s) be the set of all
sequences of the form 7y - - -7, where each m; is a permu-
tation over r letters, e.g., [abed][acbd][dcab] € Perm(4,3). A



sequence is Perm(r, s)-free if it avoids every o € Perm(r, s).
It is shown [21, 15] that Ex(Perm(r, s),n, m) is:

= O(na(n,m))
— O(n2(mm)
S - 2(1+0(1))o¢t(n,m)/tl

for s =4
for s=5

s>Todd, t= 553 (5)
s—4
2

<n- 2<1+o(1))a*(n,m> loga(n)/t! ¢ > 6 even, t =

This theorem gives a general upper bound on Ex(o,n)
since any o-free sequence is necessarily Perm(||o |, |o]|—||o]|+
1)-free; see [21, Lemma 1.4]. Note that the upper bounds in
(1-4) are special cases of (5).

1.3 New Results

One implication of [1, 17] is that any sequence ¢ € {a, b, c}*

avoiding ababa, abcacbc, abcbcac or their reversals must be
linear." In Section 2 we show that abcbcac is linear and
that Ex(abcacbe, n) = O(na(n)). Together with a matching
lower bound on abcacbe-free sequences [27] it follows that
a repetition-free sequence over three letters is linear if and
only if it avoids ababa, abcacbc or its reversal. Thus, we
have a nearly perfect understanding of linear forbidden sub-
sequences over both two- and three-letter alphabets.

In Section 3 we show that the maximum length of a se-
quence avoiding ababab and any M-shaped sequence (of the
formab---yzzy---baab---yzzy- - - ba) has length O(na(n)),
which, as a special case, implies that {ababab, dbl(ababa)}-
free sequences have length O(na(n)). As an application of
this theorem we show that the complexity of the union of n
o-fat triangles is O(nlog” na(n)), which slightly improves a
bound of O(nlog* n2°(™) by Ezra, Aronov, and Sharir [8].
Specifically, we prove that the complexity of the union of
n nearly-isosceles right triangles, all of which intersect the
z-axis, have complexity O(na(n)). In the conclusion of [§]
Ezra et al. claim that the 2°™ factor can be eliminated
altogether using a different approach, that is, they do not
prove an O(n) bound on the type of arrangements we con-
sider. It is an open problem whether O(na(n)) is tight for
nearly-isosceles right triangles on the z-axis.

In Section 4 we introduce a new composition operation on
forbidden 0-1 matrices called grafting and prove a lemma on
the extremal functions of 0-1 matrices formed by multiple
grafting operations. Among other corollaries, the grafting
lemma implies that all N-shaped forbidden subsequences
are linear. The leading constants in our linear bound are
significantly smaller than [17]. They are both exponential
in the alphabet size of the N-shaped sequence, with base
of 5 in our case and about 1440 in [17]. These bounds im-
mediately yield tighter O(nlogn) bounds on the maximum
number of edges in a geometric graph (and graphs whose
edges are z-monotone curves) with no k£ mutually crossing
edges; see Valtr [31].

2. FORBIDDEN SEQUENCES OVER THREE

LETTERS

We obtain a nearly complete characterization of linear for-
bidden sequences over three letters. Theorem 2.1 is a conse-

LA case analysis shows that these are the minimal sequences
not contained in dbl(abcbabe) and dbl(abcbea), which are
linear [1, 17].

quence of prior work [13, 17, 1, 27] and Theorems 2.3, 2.4,
and 2.5.

THEOREM 2.1. Let o € {a,b,c}” be a sequence on three
letters.

1. The sequences ababa and abcacbc are minimally non-
linear and the only 2-sparse minimally nonlinear se-
quences over three letters.

2. Ex(o,n) is Q(na(n)) if o contains ababa or abcacbe
and is ©(na(n)) if o € {ababa, abcacbc}.

8. If o avoids ababa, abcacbe, and the three sequences ob-
tained from abcbcac by doubling one of the underlined
symbols, then Ex(o,n) = O(n).

The Q(na(n)) lower bounds can be found in [13, 27]. We
prove that Ex(abcacbe,n) = O(na(n)), that abcbeac is lin-
ear, and, in fact, that abcbbccac is linear as well. Many of
our proofs transform sequences into 0-1 matrices, usually in
canonical form.

DEFINITION 2.2. (Canonical Form) Let S = s1---sp,
be an m-block sequence over an n-symbol alphabet. The
canonical matrix of S, denoted A = A(S), is an n x m
0-1 matriz obtained by ordering X(S) according to the first
appearance in S, then letting A(i,j) = 1 if and only if the
ith symbol appears in s;.

THEOREM 2.3. Ex(abcbcac,n) < 42n and Ex(Us,n,m) <
n + 5m.

PROOF. Let S be an abcbcac-free sequence with length
Ex(abcbecac, n). Greedily partition S = s182 - - - Sm into max-
imal bebeac-free sequences (s;), i.e., s1 is the longest bebeac-
free prefix of S, s is the longest bcbecac-free prefix of the
remaining sequence, and so on. Since each s; contains the
first occurrence of some symbol, namely the ‘a’ in bcbeac,
m < n. Let §' = 3(s1)(s2) - Z(sm) (i-e., replace each
s; by its alphabet X(s;), listed according to its order in
si) and let A = A(S’) be the n x m canonical matrix for
S’. Since s; < Ex(bcbeac, ||si||) < 3.5|s:]|, |S| < 3.5/8"|.2
If A contains Us this implies that S contains an ordered
subsequence isomorphic to 42313, and, since A is canon-
ical, that S contains 1232313 ~ abcbcac. We will show
that |A] < Ex(Us,n,m) < 7n + 5m, and therefore that
Ex(abcbeac,n) < 3.5 Ex(Us,n,n) = 42n.

The remainder of the proof is structured as follows. Given
A, we construct a set 2 of overlapping boxes (contiguous
submatrices) then convert 2 into a set #Z of disjoint boxes
with several properties: (i) after removing 3n 1s, no row or
column has a non-zero intersection with more than one box
in Z, (ii) each matrix in # is U;-free, and (iii) the number
of 1s not contained in any box is less than 2n + 3m. By
Theorem 1.1 the total number of 1s is 7Tn + 5m.

To construct the set 2 we examine each 1 in increasing
order by column then increasing order by row. Let (i, 7)

2To see this, observe that any 3-sparse bebcac-free sequence
is also bebee-free as well; its 3-sparseness guarantees that
there must be some a distinct from b and c located between
the last two cs. We remove the last occurrence of each sym-
bol in the sequence, then remove up to n/2 repetitions to
restore 2-sparseness. The 3-sparseness of the original se-
quence guarantees that n/2 suffices. Thus, the length of the
original sequence is at most 3n/2 + Ex(bcbe, n) < 3.5n.



be the current 1 and let 2 be the set of boxes obtained so
far. If (i,7) is the first 1 in its column, skip to the next
1. If (¢,7) already lies in a box in £ then skip to the next
1. Otherwise let (i',5') € A be the 1 in A maximizing 3’
such that j' < j and i’ > i; if there is no such 1 then skip
to the next 1. Include in 2 the box (i,3') x (j,00). (Here
(z,y)={z+1,...,y —1},[z,y) = {x,...,y — 1}, etc.) Let
2 = {Q1,Q2,...} be the set of boxes in the order they
were included in 2. Let the set of boxes Z = {R1, Ra, ...}
be such that Ry = Qr\U,5, Qi- Clearly boxes in # are
disjoint. See Figure 2(A,B) for an example.

Before moving on we note that the matrix of 1s outside
X is L-free, where L :[ 3_], and therefore has weight less

than 2n 4 3m. If there were such an L outside %, the 1 in
the third column would have been placed in a box when the
second 1 in the second column was examined.

Let (ik, jk), (i%, 7%) be the 1s in A defining the dimensions
of Qi and Ry, i.e., Ry is of the form (ix,i) X (jk,*). Let
f(4) be the row of the first 1 in column j.

Let A be derived from A be removing all 1s not contained
in # and removing the first two 1s and last 1 in each row.
We claim that no row in A has a nonzero intersection with
more than one box. Suppose, to the contrary, that (i,7)
and (i,j') are 1s in boxes Ry and R,, where j < j and
q < r. Figure 2(C) gives an example with (,j) and (7,5)
underlined. If j < j. (not depicted in Figure 2(C)) then
the points (i), 70); (i ja), (5> 9), (£ (Gr),dr) (i» ) form an in-
stance of Us. If 7 = j, (as in Figure 2(C)) then let (4, ;") € A
be the first 1 in row ¢ intersecting a box, say R,. Then the
1s at pOSitiOIlS (Z;n]}l))v (iPan)v (i7j/l)7 (f(jT)ajT)v (Zv]/) form
an instance of Us. Observe that R,, R;, and R, may all
have the same upper boundary (contrary to the depiction in
Figure 2(C)), requiring us to use the point (f(jr), jr) rather
than (i, j-) since it may be that i, = i, = i,. We claim, fur-
ther, that no column in A has a nonzero intersection with
more than one box. Again, suppose to the contrary that
(i,7) appears in box R, and (i, ) in R,, where i’ < i and
p < g; see Figure 2(D). In A, (¢,7) must appear between 1s
at (i,7') and (4,j"), where 7' < j < 5”. The point (i,5")
might appear outside Ry but (i,5’) will be in Rq, for if the
two 1s in A preceding (4,7) lie in another box, they would
create an instance of Us, as in Figure 2(C). Thus, the 1s
at positions (iy, j;), (ig, Jq), (4, 5'), (', 3), (¢, ") form an in-
stance of Us. Finally, each box is clearly U;-free since A
omits the first two 1s in each row. Together with (i}, j,)
these 1s form an instance of Us. See Figure 2(E).

The row- and column-disjointness properties of A and the
Ui-freeness of each box imply that |A] < Ex(Ui,n,m) <
2n+2m. Thus, the number of 1s in A contained in Z is less
than 5n + 2m and |A| < Tn+5m. O

We are unable to show that dbl(abcbeac) is linear, though

doubling the second be does not affect the linearity of abcbeac.

The proof of Theorem 2.4 appears in the appendix.

THEOREM 2.4. Ex(abcbbecac, n) < 198n and
Ex(Us,n,m) < 11n + Tm.

It is possible to get an O(na(n)) upper bound on abcacbe-
free sequences via a forbidden 0-1 matrix argument [27], but
the proof is complex. We demonstrate that this bound fol-
lows directly from Equation 5.

THEOREM 2.5. Ex(abcacbe,n) = O(na(n)).

ProoF. Consider the ways in which abcacbc might ap-
pear in some v = mmamsma € Perm(3,4), where, without
loss of generality, m1 = abc. It must be that (i) ¢ precedes
a in 72, that (ii) b precedes ¢ in w3, and that (iii) ¢ pre-
cedes b in ma. If (i) fails to hold then [abc][ac][b][c] < ~; if
(ii) fails to hold then [abc][a][cb][c] < ~; and if (iii) fails to
hold then [abc][a][c][bc] < . If 2 is either cba or beca then
lac][ba][bc][b] ~ abcacbe < ~y; thus w2 must be cab. In the
same way we can deduce that for 73 = bca and 74 = acb,
~ = [abc][cab][bea][ach] avoids abecacbe, so we have apparently
failed to obtain a contradiction. However, we can show there
isno vy’ = wwhwym), € Perm(4, 4) avoiding abcacbe. For each
of the (g) distinct Perm(3,4) sequences contained in 7/, the
first two blocks must be isomorphic to [abc][cab]. Thus, if
m = abced, ™5 must contain both cab and dbc, an impossi-
bility. [

3. M-SHAPED SEQUENCES AND FAT TRI-
ANGLES

The M-shaped sequence uy generalized ‘ababa’ to an al-
phabet of size k, where

2 2 2
He = QA1 QGk—10Ak—1 Q201042 ** Ak —1AAk—1 * - A2041.

It is an open question whether there is a universal upper
bound on puk-free sequences, i.e., O(n2at(">) for some t in-
dependent of k. In Theorem 3.1 we prove tight ©(na(n))
bounds on sequences that are both ababab-free and py-free
and in Theorem 3.2 we explain how this implies tighter
bounds on the complexity of the union of J-fat triangles.

THEOREM 3.1. For any k > 2, Ex({ux, ababab},n,m) =
O(na(n,m)+m). Observe that in the special case of k = 2,
Ex({dbl(ababa), ababab}, n,m) = O(na(n,m) + m).

Proor. We show that the claim follows from Equation 5.
Suppose there is a v € Perm(k,4) avoiding both ur and
ababab. Restricting our attention to two arbitrary symbols
a,b € 3(7), each permutation in y orders them as [ab] or [ba].
If any type is repeated thrice then clearly ababab < . The
remaining possibilities for v are [ab][ab][ba][ba], [ab][ba][ba][ab],
and [ab][ba][ab][ba]. The first two contain ababab. Since a
and b are arbitrary symbols, every pair must be arranged
in the third pattern, i.e., v can only be [a1 - - - ax] [ax - - - a1]
[a1-+-ak] [ak---a1], which is pk. Thus, any {ababab, p}-
free sequence is necessarily Perm(k, 4)-free as well. [

THEOREM 3.2. (c¢f. Ezra, Aronov, and Sharir [8]) The
complexity of the union of n §-fat triangles in the plane is
O(nlog* na(n) + nd~*log?(671)).

At one point in Ezra et al.’s [8] analysis they require a
bound on the complexity of the union of n triangles with
several restrictions: (i) each is a right, axis aligned trian-
gle, (ii) each triangle intersects the z-axis, and (iii) each is
nearly isosceles; the hypotenuse is between, say, 134 and
136 degrees. Matousek et al. [19] showed that the por-
tion of the boundary lying above the z-axis has at most
O(n) points, and in general, that it is sufficient to replace
(ii) with (ii'): each triangle’s uppermost point is on the z-
axis. They proved that the complexity of such a union is
O(n2%™) (the source of the 2¢(™ factor in Ezra et al. [8])
using bounds on order-4 Davenport-Schinzel sequences. We
prove an O(na(n)) bound by following Matousek et al.’s
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Figure 3: The points p’ and p on the hypotenuse of T() intersect the hypotenuses of 7’ and T, respectively;
T’ does not appear in the figure.



proof but concluding with a different forbidden substructure
argument.

Matousek et al. [19] show that there are O(n) intersec-
tions on the boundary involving the horizontal and/or ver-
tical edges of some triangle. It suffices to bound the num-
ber of boundary points where two hypotenuses meet. Let
7O 7@ . T™ be the triangles sorted in increasing or-
der by the x-coordinate of their uppermost points. If a point
p on the boundary meets the hypotenuses of T and T,
with ¢ < j, it is labeled ¢, i.e., the edge on the boundary just
below p belongs to T"’s hypotenuse. Let S € {1,...,n}*
be the concatenation of the labels of all boundary points in-
volving two hypotenuses, where the points are ordered from
left to right.

LEMMA 3.3. For any a < b, if the horizontal edge of 7@
lies below that of T™ then baab £ S.

ProOF. For baab to appear in S there must be two trian-
gles T, T whose hypotenuses intersect 7®’s on the bound-
ary, at, say points p’ and p, which lie under the horizontal
edge of T, See Figure 3(A). Without loss of generality
T’ precedes T. It follows that p’ must precede the verti-
cal edge of T (otherwise p’ would not be on the boundary)
and therefore that T® precedes T'. Let Ya, Vb, and 7y be the
angles of T(® T® and T opposite their horizontal edges.
Let do be the vertical distance between the two intersec-
tions of T with 7*’s hypotenuse and let d; be the height
of T® . Thus d; tanvy, > dotan~y, > (do + di)tany. The
first inequality follows since baab < S and the second because
do + dy is less than the vertical distance from p to the top
of T. This is clearly impossible since 74, Y, and y are close
to 45 degrees. [

LEMMA 3.4. A boundary point labeled a is called lower if
it appears in the lower half of T . No two lower points
have the same label.

PROOF. Suppose T(* has two lower points, p’ and p, ly-
ing on the hypotenuses of T” and T, respectively, where p’
precedes the vertical edge of 7. See Figure 3(B). Let d
be the height of T(*) and let Ya,7y be the angles of T
and T opposite their horizontal edges. It must be that
(d/2) tan~y, + dtan~ is strictly less than the length of the
horizontal edge of T(®)  namely dtan Ya, which is impossible
since v, and ~ are close to 45 degrees. [

LEMMA 3.5. Let S’ be the result of removing the last oc-
currence of each symbol in S. For any a < b, if the horizon-
tal edge of T lies above that of T™ then baba £ 5.

PRroOF. It follows from Lemma 3.4 that S’ represents
only non-lower boundary points. Let d be the height of 7@
and let p be the point on (g hypotenuse whose vertical
distance to the top of T(¥ is d/2. Let v, and 7y, be defined
as usual. See Figure 3(C). If baba appears in S’ then some
portion of T®) g hypotenuse lies below the horizontal edge of
T@ and to the left of p. Thus (d/2) tan~y, > dtany,, which
is impossible since v, and 7 are close to 45 degrees. [

PROOF. (Theorem 3.2) Let S’ be defined as in Lemma 3.5.
It follows from Lemmas 3.3 and 3.5 that S’ is both abaaba-
free and ababab-free. (These are the unique minimal se-
quences that contain abba, baab, abab, and baba.) It also fol-
lows that S’ is composed of less than 2n blocks since dif-
ferent occurrences of a symbol must be separated by the

beginning or end of some triangle. Thus, S’ is at most
Ex({dbl(ababa), ababab}, n,2n), which is O(na(n)) by The-
orem 3.1 and Equation 5. Note that abaaba-freeness alone
might be sufficient to get an O(na(n)) bound; however, the
best bound [27] on Ex(dbl(ababa),n) is only O(na?(n)). O

4. N-SHAPED SEQUENCES AND THE GRAFT-

ING LEMMA

We introduce a composition operation on 0-1 matrices
that preserves the linearity of the constituent matrices. This
operation resembles or subsumes Klazar and Valtr’s compo-
sition operations for sequences [17] and Keszegh’s two com-
position operations on 0-1 matrices [14]. The linearity of
N-shaped sequences follows almost immediately.

DEFINITION 4.1. (Grafting) Let Py be a kx1 matriz with
1s in the southwest and southeast corners, i.e., Po(k,1) =
Py(k,1) =1, and let Py be a k' x ' matriz with adjacent 1s
in the top row, i.e., P1(1,7) = Pi(1,7r+1) =1 for some 1 <
r<l'. Let Q be the (k+k'—1) x (I4+1' — 1) matriz obtained
by identifying Pi(1,7) with the 1 in the southwest corner
of a copy of Po, i.e., the submatrix of Q on the positions
[1,k] X [r,r +1) is Py, the submatriz of Q on the positions
[k, k+K)x ([1, r]U[r+1,1+1")) is Py and Q is zero elsewhere.

I

Py

DEFINITION 4.2. (Legality) A matriz R is descending if
R(i,5) = R(i',7") =1 and i < i’ imply j < j' and ascending
if they imply j' < j. A matriz S is non-descending (or
non-ascending) if no interval of S’s rows is descending (or
ascending). A matriz is legal if it is either non-descending
or non-ascending.

LEMMA 4.3. (The Grafting Lemma) Let Py, Py be ma-
trices satisfying the preconditions of Definition 4.1 where, in
addition, Py is legal. Let Q@ be obtained by grafting Po onto
Py, If Ex(Po,n,m) < con + com and Ex(Pr,n,m) < cin +
cim then Ex(Q,n,m) < en+c'm where ¢ = (co+1)(c1+1)—1
and ¢’ = (co + 1)(c] + cp)-

PrOOF. Let A be an n X m @Q-free matrix with weight
|A| = Ex(Q,n,m). Choose a parameter g > co. Partition
the 1s in each row of A into consecutive groups of g ls,
leaving up to (g —1)n 1s ungrouped, g — 1 per row. We form
a matrix A from A by assigning each group to a distinct
row in the following way. Let h; be the number of groups
in row ¢ and h<; = Zi/@ h; be the number of groups in
rows preceding . If Py is non-descending then group j of
row i in A is assigned to row h<; + j of A, whereas if Py is
non-ascending this group is assigned to row h<; +h; +1—3j
of A. Tt follows that A is a |Ex(Q,n,m)/g] x m matrix.
Note that since Py is legal, a set of rows in A containing an
occurrence of Py must correspond to distinct rows in A, i.e.,
occurrences of P in A map injectively to occurrences in A.

Call a 1 in A good if it is in the southwest corner of an
instance of Py and call a row in A bad if it contains no good
1s. The submatrix of bad rows is by definition Py-free and



contains exactly bg 1s, so bg < Ex(Py,b,m) < cob + com,
which implies b < c¢ym/(g — co). We form an n X m matrix
A that contains exactly one 1 from each group in A that
corresponds to a good 1 in A. We claim A is Pi-free. Any
two 1s at positions Pi(1,7) and Pi(1,7+1) in an occurrence
of Py are, by definition, in different groups and, since Pi (1, )
corresponds to a good 1 in A, it can be identified as the
southwest corner of an instance of Py in A, all of whose
columns strictly precede the 1 at the position corresponding
to Pi(1,r + 1). Putting everything together we have:

|A] < glA| + (9 = D)n + gchm/ (g — co)
< g-Ex(Pi,n,m)+ (g — 1)n+ gcom/(g — co)
< g(ein +cim) + (g — )n + geom/(g — co)
= (g(cr +1) = 1) -n+g(ch +co/(g — o)) - m
= ((co+1)(c1 +1) = 1) -n+ (co + 1)(ch + o) - m
=cn+cdm

where the second to last inequality follows by setting g =
co+1. [

The grafting lemma implies that some rather complex-
looking matrices are, in fact, linear.

COROLLARY 4.4. The following matrices are linear:

) ()

The first matrix is obtained by grafting U; onto the top
of UZ, then grafting US onto the left side of that matrix.
The second is obtained by grafting UP onto the top of the
matrix shown to be linear by Fulek [9]. The grafting lemma
can easily be adapted to the case when co, cj, c1, ¢} are not
constants but functions of n and m. For example, it is
shown in [27] that Ex((,--..*),n,m) = O(na*(n,m) + m)
and Ex((,+-. .+ .),n,m) = O(n2%™™ 4 m). Theorem 4.5
follows from Lemma 4.3, [27, Theorems 3.3, 3.5], and the
standard sequence-to-canonical matrix conversion.

THEOREM 4.5. Ex(o1,n,m), Ex(o2,n,m), Ex(W1,n,m),
and Ex(W1,n,m) are all O((n+m)a?(n,m)2%™™)) where
o1 = adbl(bcbababeb),
o2 = abdbl(cdcbababede),

(e )

and

Observe that Theorem 4.5’s bounds are tight to within an
O(a?(n,m)) factor, which is remarkable given the apparent
complexity of the forbidden sequences and matrices. We
now show that the grafting lemma yields linear bounds on
N-shaped sequences, improving the leading constants of [17].

THEOREM 4.6. Definevy = a1az2---axQk—1---a10z2 - - - ak,
Dy to be vi with the first ar and second a1 doubled, and Dy

to be v with the last two thirds doubled, i.e.,
N 2 2
UV = Q102 QpQk—1 Q102 - A
_ 2 2 2 2 2 2
Vi =aQa1 """ AQk—10Qp_1 - Q20102 * ** Ap_10k

The following bounds hold, for k > 3:

1. Ex(vg,n,m) < 2-Bx(Vi_1,n,m) +m < 2-5°"2n +
55 2m.

2. Ex(og,n,m) < Ex(Vi,n,m) +n < 557 1n 4+ 55" 1m/2.

3. Ex(on,n,m) < Bx(Vi,n,m) +n < 7% n 4 7% "1m/3.

4. Ex(dbl(vk),n,m) < 25G)n+4.5G)m

PROOF. Let S be an n-letter m-block vi-free sequence
and let A = A(S) be its canonical matrix. A is clearly V-
free and if we remove the first 1 in each column and every
other 1 in each row the matrix becomes Vk_l—free. Similarly,
if S is Ug-free and we remove the first 1 in each row of A,
the resulting matrix is Vk-free. Finally, if S is 7x-free and
we remove the first 1 in each row, the resulting matrix is
Vi-free. To prove Parts (1-3) it suffices to prove bounds
on Vj-free and Vi-free matrices. Part (4), however, requires
more than a simple forbidden matrix argument.

For the induction hypothesis we actually consider some-
thing slightly stronger. Let Vi be the pair of matrices includ-
ing V}, and the matrix obtained from it by contracting its last
two columns, e.g., Vy = {Vz, (. )} Clearly EX(Vk,n, m) <
Ex(V{,n,m) 4+ n. We will show Ex(V/,n,m) < é&n + é&m
and Ex(Vi,n,m) < é&n + &m for sequences (&), (¢},), (¢x),
and (¢},) to be determined. It is known that é = 4,6 = 5
and & = & = 1; see [11]. Observe that for k > 3, V) can
be obtained by grafting Vs onto \A/k',l and removing a spu-
rious 1 in the second row.? By Lemma 4.3, ¢, = 5¢,—1 + 4
and &, = 5(¢&,_; +1). By induction & = 57! — 1 and
& = (251 — 572 _ 5)/4. This proves Parts (1) and
(2). To apply Lemma 4.3 to Ex(Vi,n,m), observe that
Vi, is obtained by grafting P = (,.r*.) onto Vi1, It is
known that Ex(P,n,m) < 6n 4+ m [11], so & and &, obey
the following equalities, for k > 3: é, = Téx—1 + 6, and
& = T(¢,_,+1). It follows by induction that & = 6-7"72—1
and &, = (2-7F7! — 772 — 7)/6. This proves Part (3).

We now turn to part (4). Let S be a dbl(vy)-free sequence
and A the canonical matrix for S. We will form a sparser
matrix A with a corresponding sequence S that is dbl(vg—1)-
free through the same process used in the grafting lemma.
Let Py be Vk with the first column duplicated. It follows
from Part (2) that Ex(Py,n,m) < (57! + 1)n 4+ 5" tm/2.
First, delete the 1st 1 from each row of A and the corre-
sponding letters from S. Choose the parameter g = 5571 +2.
Next assign the remaining 1s in each row of A to groups of g,
discarding up to n(g—1) ungrouped 1s and their correspond-
ing letters. Let A be the matrix obtained be assigning each
group to a distinct row, as in Lemma 4.3. Identify good Is
and bad rows as in Lemma 4.3, i.e., bad rows do not occur as
the bottom row in an occurrence of Py. It follows that there
are at most g(5*~1/2)m 1s in bad rows. Let A be a subma-
trix of A containing exactly one representative good 1 from

3Definition 4.1 only defines grafting with respect to single
matrices. The definition extends to the case where Py and
P are sets of matrices so long as each constituent matrix
satisfies all the required properties.



each group and let S be the associated sequence. We claim
S is dbl(vg—_1)-free. Suppose there were such an occurrence
aza?---aiai_;---ajada} - ai_jax. Observe that the 1s in
A corresponding to the adjacent azs were good and necessar-
ily from distinct groups, which indicates the existence of a
Py anchored at the first 1 whose columns strictly precede the
second 1. This implies that the following sequence appears
in S:

2 2 2 2
azag -+ ApAp_1 -+ Aa302

[a2b1bs - - - bpy—1bg—1 - - - babraz]
agag te ai_lak

Where a2, b1,...,bx—1 are distinct symbols and each of by
through by_1 precedes a2 in the canonical ordering. By
the pigeonhole principle there is some symbol, call it a;, in
{b1,...,bk—1}\{as,...,ax—1}. Due to the canonical order-
ing and the fact that we deleted the first occurrence of each
symbol, the first a2 must be preceded by aiaz in S, forming
an instance of dbl(vy) in S, a contradiction. We would like
to show that Ex(dbl(v),n,m) < ¢xn + ¢,m for constants
¢r and E;C to be determined. In the base case ¢ = 6 and
¢5 =1 [11]. For k > 2 we can bound the size of S as follows:

S| = gl5] + gn + g(3° " /2)m
< g-Ex(dbl(vg_1),n,m) 4+ gn + g(5* 1 /2)m
< g(@r—1n + Eym) + gn + g(5* 71 /2)m
=" +2)@ 1+ D+ (5" 4 2)(Gr +5°1/2)m

Where the last line comes from the choice of g = 5¥7! + 2,
hence &, = (5" +2)(¢x—1 +1) and &, = (5" ' +2)(Ch_y +
57=1/2). These constants do not have a clean closed-form
solution but are bounded as ¢, < (3/2) - 5(5) and & <

4.50). O
THEOREM 4.7. Let vy, be as defined in Theorem 4.6.
2
1. Ex(vk,n) < 5(5) +hlosky,

k)3
2. Ex(dbl(vk),n) < 5(5) 2k loaky,
PRrROOF. Proof of Part (1): Define v;, and v}, as follows:
/ 3 3
Vp =102+ QpGk—1 G102+ Ak
" 3 3
Vp =02 - QrQk—1 " Q102 Ak—1

We intend to show that Ex(v;,,n) < cxn for a sequence (cx)
of constants to be determined. (This bound clearly extends
to vg-free sequences.) The base case is satisfied with ¢z =
28 [16]. Suppose we are given a vj-free sequence S with
maximum length. Greedily partition S = s - - s, into vy,-
free sequences (s;) and let S’ = £(s1) - - - X(sm) be obtained
by discarding all but one occurrence of each symbol in each
si. It follows that m < 2n since each block contains the first
or last occurrence of some symbol. Let A" = A(S’) be the
canonical matrix for S’. If we remove from each row the
first 1, second 1, and every other 1 thereafter, the resulting
matrix is clearly Vi-free. If it is shown that Ex(vy,ng) <
ckno then |S] = 37, |si| < 35, Bx (v, [lsill) < c§|S'] < /(2
Ex(Vi,n, 2n) + 2n).

We will now bound ¢}, in terms of cx—2. Let S” be an ar-
bitrary vy -free sequence. Greedily partition S = s --- s/,
into sequences such that |s]| = 2k|s}| for i < m and

[sm] < 2k||sm|l. Let S = sY'sy" s be the sequence
where s’ < s} retains one occurrence of each symbol in
sy, We claim 8"’ is vj,_,-free and therefore has length at
most ck—on. Consider an occurrence of v, _, of the form
ag- - Q2G5 _jak_o---azasaz---ag_1inS"”. Let s, Si sty
be the blocks containing the three adjacent ax_1s in v_;
and let s}, s, s’ be the blocks containing the three ad-
jacent azs. (Observe that i1 and ji are always strictly less
than m.) If we can identify some ar & {az,...,ar—1} that
appears thrice in s}, and some a1 ¢ {a2,...,ar} that ap-
pears thrice in s}, then we have found an occurrence of vy
in S”. Tteratively remove all occurrences of as,...,ax_1
from s7,. Removing ap leaves a (k — 1)-sparse sequence
with length |s7,| — [|si_1]/k > %|52’1| — 1, and, in the
same manner, removing as,...,ax—1 leaves a 2-sparse se-
quence with length 2[s} | — (k — 2) = 4||s},|| — (k — 2) on
an alphabet of size [|s{,|| — (k — 2). This sequence clearly
contains three occurrences of some symbol that is by defini-
tion different from as,...,ax—1. We do the same procedure
on 87, removing ag,...,ar, which leaves a sequence with
length +|s7 | — (k — 1) = 2||s/_;|| — (k — 1) on an alphabet
of ||s7_1]| = (k — 1) symbols. This sequence also clearly con-
tains a symbol different from ao,...,ar appearing thrice.
Putting everything together, |S”| < 2k|S"”'| = 2kck_an,
hence c% = 2kck—2. Finally, we determine c; based on
151 = Ex(vf, ).

5] =2 Isil

< ST B [sil)

< 2kc—2|9’|

< 2ke_[2 - Ex(Vi, n, 2n) + 2n)

< 2ker_o - 2[(5" T = Dn+ (5" /2 —1)2n +n)
< 8kck,25k71n

< ckn

Where the last line holds for

cx = 852k — 2)(k — 4) .. 5(K/D* < 5/ Hklogk

The proof of Part (2) follows similar lines. Redefine v,
and v, as follows:

/2 2 2 5 2 25 2 2 2

Vi = Q102 " Qg 1001 " "+ (20102 ** * Qg1 0k

n_ 2 2 5 2 2 5 2 2

Vg = Q2 Qp_100k_1 " A20102 " Ag_1-
We will prove that Ex(v,,n) < cxn holds for a sequence
(ck) to be determined. The base case is satisfied with ¢z =
100 [16]. As in Part (1), we partition a v}-free sequence S =
$1 - Sm into vy -free sequences (s;). Let S = X(s1) -+ Z(sm)
be obtained by discarding all but one occurrence of each
symbol in each s;. It follows that m < 4n since each block
contains the first, second, last, or second to last occurrence of
some symbol. We will prove that Ex(v},, no) < cjno for some
sequence (cy). If we retain only every fourth occurrence of
each symbol in S, the resulting matrix is clearly dbl(vy)-
free, which implies that |S| < 4c) - Ex(dbl(vy), n, 4n).

We bound ¢} in terms of cx_2 in a manner similar to
Part (1). Let S” be an arbitrary v -free sequence. Greedily
partition S” = s{---s, into sequences such that |s}| =
4k||s7|| for @ < m and |sp,| < 4k||sm|l. Let 8" = s{" - sm



be the sequence where s}’ < s retains one occurrence of

each symbol in s. From the same argument as in Part (1)
it follows that S is vj,_,-free and therefore has length at
most ci_on; hence c) = 4kcy_».

Z|Sz|
< ZEX vi, |lsill)

S 4kck,2\S'|
< 4dkcp—2 -4 - Ex(dbl(vk),n,4n)

Ex(l/,C7 =S| =

< dker o4+ (25n+4.5G) . an)

< 280ker_25(n < en

The last line holds for ¢ = 280%/2k(k — 2)---5¢/9° <

5(k/2)3+2klogk‘ 0

S. DISCUSSION

Davenport-Schinzel sequences have numerous applications
in discrete geometry and the analysis of algorithms and data

structures, but generalized Davenport-Schinzel sequences have

been applied in fewer situations; see [24, 31] and Theo-
rem 3.2. What accounts for this discrepancy? We believe
it to be due partly to the naturalness of alternating for-
bidden subsequences (and their geometric manifestations)
and partly to the underpublicized work on general forbid-
den patterns [1, 15, 17, 21, 29, 27, 26]. We expect that
broader awareness of the diversity of forbidden substructure
theorems will lead to broader applications.

There are now a variety of tools to analyze general forbid-
den subsequences, the two most powerful being Klazar [15]
and Nivasch’s [21] bounds on Perm(r, s)-avoiding sequences
and the reduction from sequences to canonical 0-1 matri-
ces [11, 27, 26]. The latter benefits from a growing library
of results on forbidden 0-1 matrices [11, 30, 18, 12, 14, 9,
32, 26], the grafting operation introduced in Section 4 being
just the latest example.

We will mention only a couple open problems in general-
ized Davenport-Schinzel sequences. All forbidden sequences
known to be linear are N-shaped ([17], Theorems 4.6,4.7),
double-permutations [26], the one outlier abcbbccac (The-
orem 2.4), or formed from the previous three by embed-
dings [17]. Are there other large classes of linear forbidden
sequences? Which are the linear sequences over 3- and 4-
letter alphabets?
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APPENDIX

The proof of Theorem 2.4 follows the same lines as that of
Theorem 2.3 but requires some significant changes. Recall
that Theorem 2.4 states that Ex(abcbbecac,n) < 198n and
Ex(Us,n,m) < 11n + Tm.

PROOF. (Theorem 2.4) Let S be an abcbbccac-free se-
quence with length Ex(abcbbccac,n). As in the proof of
Theorem 2.3, we partition S = s1--- S, into bebbecac-free
subsequences, where m < n. Let S’ = X(s1)---3(sm) and
let A= A(S’) be the n x m canonical matrix for S’. Since,
by [16], |si| < Ex(bcbbecac, ||si]|) < 11]|s:||, we have |S| <
11]S’| = 11]A|. The canonical matrix argument shows that
A is Us-free. We will show that Ex(Us,n,m) < 11ln + Tm
and, therefore, that Ex(abcbbecac,n) < 11 - Ex(Us,n,n) <
198n. _

To show that Ex(Us, n, m) = O(n+m) we require a couple
nontrivial modifications to the proof of Theorem 2.3, begin-
ning with the construction of 2. For j from 3 to n — 1,
examine the 1s in row j from top to bottom. Let (i,5) € A
be the current 1, let 2 be the boxes constructed so far, and
let i be maximum such that (i, j'), (i',5") € A where i < i’
and j” < j' < j. If (4,7) is the first 1 in its column, or if
it is already contained in a box in 2, or if i’ does not exist,
then skip to the next 1. Otherwise include in £ the box
(i,2) X (j,00), where i is defined as:

i =minq4 min{ io+1 (G0, 1) X (jo, 00) = Q € 2
B : 0 and i’ € [io + 2,i1)

In other words, we force the rows spanned by 2-boxes
to be laminar. The new box would naturally span rows in
the interval (i,4") but if i’ € [io + 2,41) then it would only
partially intersect the rows spanned by @. In this case we

artificially make the lower boundary of the new box meet the
upper boundary of ). See Figure 4(A) for an illustration. As
before we let # = {R1, Rz,...} where Ry = Qr\ U5, Q1-
Clearly # consists of rectangular, non-overlapping boxes.
We claim the matrix A\Z is J-free, where:

o

To see this, consider the moment the underlined 1 is exam-
ined during the construction of 2. A box will be created
that contains the overlined 1, which means that it cannot
appear in A\Z. After removing the first 1 in each row and
each column of A\Z the resulting matrix is U®-free, which,
by Theorem 1.1, implies |[A\Z| < 3n + 3m.

e—e—eo—e0

Figure 4: An instance of UP in an R € % (underlined)
implies an instance of Us in A.

Obtain the matrix A by removing all 1s outside %, remov-
ing the first three 1s and last 1 in each row, then removing
every alternate 1 in each row. Thus, |A| < 2|A| + 7n + 3m.
An argument similar to that in the proof of Theorem 2.3
shows that no column or row has a non-zero intersection
with two boxes in #. Furthermore, every 1 in A N R, for
an R € %, is preceded by two 1s in its row in AN R. We
claim each box in #Z is U®-free, which, if true, implies that
|A] < 2(Ex(U®,n,m)) + T + 3m < 11ln + Tm. Suppose
that UP appeared in R € #. Each 1 in RN A is preceded
by a 1 in its row in RN A and followed by a 1 in its row
in A. Furthermore, two consecutive 1s in a row in RN A
contain a 1 between them in A. These implied 1s and one
1 used in the formation of R give an instance of Us. See
Figure 4(B). O



