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Abstract

Graph coloring is a central problem in distributed
computing. Both vertex- and edge-coloring problems
have been extensively studied in this context. In this
paper we show that a (2A — 1)-edge-coloring can be
computed in time smaller than log®n for any € > 0,

specifically, in e9(V1°8198™) 1ounds.  This establishes
a separation between the (2A — 1)-edge-coloring and
Maximal Matching problems, as the latter is known
to require Q(y/logn) time [15]. No such separation is
currently known between the (A + 1)-vertex-coloring and
Maximal Independent Set problems.

We devise a (1 + €)A-edge-coloring algorithm for an
arbitrarily small constant ¢ > 0. This result applies
whenever A > A, for some constant A. which depends
on €. The running time of this algorithm is O(log™ A +

Alf’iy(ll)). A much earlier logarithmic-time algorithm

by Dubhashi, Grable and Panconesi [11] assumed A >
(logn)' W For A = (logn)'™*®) the running time of
our algorithm is only O(log™ n). This constitutes a drastic
improvement of the previous logarithmic bound [11, 9].

Our results for (2A — 1)-edge-coloring also follows
from our more general results concerning (1 — €)-locally
sparse graphs. Specifically, we devise a (A + 1)-vertex
coloring algorithm for (1 — €)-locally sparse graphs that
runs in O(log™ A + log(1/¢)) rounds for any e¢ > 0,
provided that eA = (logn)'T¥® . We conclude that
the (A 4 1)-vertex coloring problem for (1 — €)-locally
sparse graphs can be solved in O(log(1/e)) + P (VicgTogn)
time. This imply our result about (2A — 1)-edge-coloring,
because (2A — 1)-edge-coloring reduces to (A + 1)-vertex-
coloring of the line graph of the original graph, and
because line graphs are (1/2 4 o(1))-locally sparse.
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1 Introduction

1.1 Edge-Coloring Consider an unweighted
undirected n-vertex graph G = (V,FE) with max-
imum degree A whose vertices host processors.
The vertices communicate with one another over
the edges of G in synchronous rounds, where local
computation is unbounded. We aim at devising
algorithms for this setting that run for as few rounds
as possible. The running time of an algorithm in this
context is the number of rounds.

In this paper we focus on the (2A — 1)- and
(1 4+ €)A-edge-coloring problems, as well as on the
(A 4+ 1)-vertex-coloring problem, in this setting. In
an a-edge-coloring (respectively, a-vertex-coloring)
problem, the objective is to color all edges (resp.,
vertices) of G with « colors so that no two incident
edges (resp., adjacent vertices) are colored by the
same color. Coloring problems are among the most
fundamental and well-studied problems in the area
of distributed algorithms. See, e.g., [5] and the
references therein.

The study of these problems can be traced back
to the seminal works of Luby [17] and Alon, Babai
and Itai [1], who devised O(log n)-time algorithms for
Maximal Independent Set problem. * Then, Luby
[17] showed a reduction from the (A + 1)-coloring
problem to MIS problem, so that the (A+1)-coloring
problem can be solved in O(logn) rounds. Since
the (2A — 1)-edge-coloring problem on a graph G
reduces to the (A 4+ 1)-vertex-coloring problem on
the line graph of G, the results of [17, 1] give rise
to O(logn)-time algorithms for the (2A — 1)-edge-
coloring problem as well.

Remarkably, even though these problems have
been intensively investigated for the last three
decades (see Section 1.3 for a short overview of

A subset U C V of vertices is called an MIS if there is
no edge in G connecting two vertices of U, and for any vertex
v € V \ U there exists a neighbor v € U.
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some of the most related results), the logarithmic
bound [17, 1] remains the state-of-the-art to this
date. Indeed, the currently best-known algorithm
for these problems (due to Barenboim et al. [7]) re-
quires O(log A) +exp(O(y/loglog n)) time. However,
for A = n®1) this bound is no better than the loga-
rithmic bound of [17, 1].

On the lower bound front, Linial [16] showed that
these problems require Q(log* n) time. Kuhn, Mosci-
broda, and Wattenhofer [15] showed that Maximal
Matching (henceforth, MM) and the MIS problems
require (v/logn) time. Observe that by eliminating
one color class at a time one can obtain, in O(A)
time, an MM from a (2A — 1)-edge-coloring, or an
MIS from a (A4 1)-vertex-coloring. Nevertheless the
lower bounds of [15] are not known to apply to the
coloring problems. On the other hand, no results are
known that separate the complexities of MM and MIS
from their edge-coloring and vertex-coloring counter-
parts.

In this paper we devise the first subloga-
rithmic time algorithm for the (2A — 1)-edge-
coloring problem. Specifically, our algorithm requires
exp(O(y/loglogn)) time, i.e., less than log®n time
for any € > 0. (In particular, it is far below the
Q(y/logn) barrier of [15].) Therefore, our result es-
tablishes a clear separation between the complexities
of the (2A — 1)-edge-coloring and MM problems.

We also devise a drastically improved algorithm
for (1 + €)A-edge-coloring. Using the Rodl nibble
method Dubhashi, Grable, and Panconesi [11] de-
vised a (1 + €)A-edge-coloring algorithm for graphs
with A = (logn)' 1) which requires O(logn) time.
In PODC 2014 Chung, Pettie and Su [9] extended
the result of [11] to graphs with A > A, for A,
being some constant which depends on e. In this pa-
per we devise a (1 + €)A-edge-coloring algorithm for
graphs with A > A, (A is as above) with running
time O(log™ A - max{1, % ). In particular, for
A = (logn)' ™M) the running time of our algorithm
is only O(log* n), as opposed to the previous state-
of-the-art of O(logn) [9, 11].

1.2 Vertex Coloring Our results for (2A — 1)-
edge-coloring problem follow, in fact, from more
general results concerning (A + 1)-vertex-coloring
(1 — ¢)-locally sparse graphs. A graph G = (V, E)
is said to be (1 — €)-locally sparse if for every vertex
v € V, its neighborhood I'(v) = {u | (v,u) € E}
induces at most (1—e¢) (%) edges. We devise a (A+1)-

A subset M C FE of edges is called an MM if no two edges
in M are incident to one another and for every edge e/ € E\ M
there exists an incident edge e € M.

vertex-coloring algorithm for (1 — €)-locally sparse
graphs that run in O(log™ A +1log 1/¢) rounds for any
e > 0, provided that eA = (logn)**™M). Without
this restriction on the range of A our algorithm has
running time O(log1/¢€) 4+ exp(O(y/loglogn)).

It is easy to see that in a line graph of degree
A = 2(A" — 1) (A is the degree of its underlying
graph) every neighborhood induces at most (A" —
12 =(A/2)? = (1/2+1/2(A —1))(5) edges. Hence,
our (A + 1)-vertex-coloring algorithm requires only
exp(O(v/1oglogn)) time for A’ > 2. (For A’ = O(1)
a graph can be (2A’ — 1)-edge-colored in O(A" +
log* n) = O(log™ n) time, using a classical (2A" — 1)-
edge-coloring algorithm of Panconesi and Rizzi [20].)

Our result that (1 — €)-locally sparse graphs
can be (A + 1)-vertex-colored in time O(log1/e) +
exp(O(y/loglog n)) time shows that the only “hurdle”
that stands on our way towards a sublogarithmic-
time (A 4+ 1)-vertex-coloring algorithm is the case
of dense graphs. In particular, these graphs must
have arboricity! \(G) > (1 — €)A/2, for any con-
stant € > 0. (Note that A(G) < A/2.) Remark-
ably, graphs with arboricity close to the maximum
degree are already known to be the only hurdle that
stands on the way towards devising a determinis-
tic polylogarithmic-time (A+ 1)-vertex-coloring algo-
rithm. Specifically, Barenboim and Elkin [4] devised
a deterministic polylogarithmic-time algorithm that
(A + 1)-vertex-colors all graphs with A\(G) < Al
for some constant € > 0.

1.3 Related Work All our algorithms in this pa-
per are randomized. This is also the case for most
of the previous works that we mentioned above. (A
notable exception though is the deterministic algo-
rithm of [20].) The study of distributed randomized
edge-coloring was initiated by Panconesi and Srini-
vasan [21]. The result of [21] was later improved in
the aforementioned paper of [11].

Significant research attention was also devoted
to deterministic edge-coloring algorithms, but those
typically use much more than 2A — 1 colors. (An
exception is the aforementioned algorithm of Pan-
conesi and Rizzi [20].) Specifically, Czygrinow et al.
[10] devised a deterministic O(A -logn)-edge-coloring
algorithm with running time O(log*n). More re-
cently Barenboim and Elkin [5] devised a determin-
istic O(A™€)-edge-coloring algorithm with running
time O(log A + log*n), and an O(A)-edge-coloring
algorithm with time O(A€ +log* n), for an arbitrary
small € > 0.

TThe arboricity A(Q) of a graph G is the minimum number
of edge-disjoint forests required to cover the edge set of G.

356 Copyright © 2015.

by the Society for Industrial and Applied Mathematics.



Downloaded 07/22/15 to 68.40.198.68. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

The notion of (1 — €)-locally sparse graphs was
introduced by Alon, Krivelevich and Sudakov [2] and
was studied also by Vu [25]. Distributed vertex-
coloring of sparse graphs was studied in numerous
papers. See, e.g., [7, 3, 24, 6, 23, 8], and the references
therein.

1.4 Technical Overview We begin by discussing
the (1 4+ ¢)A-edge coloring problem. Our algorithm
consists of multiple rounds that color the edges of
the graph gradually. Let P(u) denote the palette of
u, which consists of colors not assigned to the edges
incident to u. Therefore, an edge uv can choose a

color from P(uv) def P(u)NP(v). Our goal is to show
that P(uv) will always be non-empty as the algorithm
proceeds and we hope to color the graph as fast as
possible. If P(u) and P(v) behave like independent
random subsets out of the (1 4 ¢)A colors, then the
expected size of P(uv) is at least (¢/(14¢€))?-(14¢€)A,
since the size of P(u) and P(v) is €/(1 +€) fraction of
the original palette. This means if the size of P(uv)
concentrates around its expectation, then it will be
non-empty.

We use the following process to color the graph
while keeping the palettes behaving randomly. In
each round, every edge selects a set of colors in its
palette. If an edge selected a color that is not selected
by adjacent edges, then it will become colored with
one such color. The colored edges will be removed
from the graph.

In contrast with the framework of [11, 13], where
each edge selects at most one color in each round, se-
lecting multiple colors allows us to break symmetry
faster. The idea of selecting multiple colors indepen-
dently has been used in [14, 23, 25] to reduce the
dependency introduced in the analysis for triangle-
free graphs and locally-sparse graphs. Our analysis
is based on the semi-random method or the so-called
Rodl Nibble method, where we show by induction
that after each round a certain property H; holds
w.h.p., assuming H;_; holds. In particular, H; is the
property that the palette size of each edge is lower
bounded by p;, and the c-degree of a vertex, that is,
the number of uncolored adjacent edges having the
color ¢ in its palette, is upper bounded by ¢;. In-
tuitively, the symmetry is easier to break when the
size of the palette is larger and when the c-degree is
smaller. Therefore, we hope that the probability an
edge becomes colored increases with p; /t;. By select-
ing multiple colors for each edge in each round, we
will capture this intuition and be able to color the
graph faster than by selecting just one single color.

For the (A+1)-vertex coloring problem in (1—¢)-
locally sparse graphs, we give a twofold approach.

We will first analyze just one round of the standard
trial algorithm, where each vertex randomly selects
exactly one color from its palette. We show that
because the neighborhood is sparse, at least Q(eA)
pairs of neighbors will be assigned the same color, and
so the palette size will concentrate at a value Q(eA)
larger than its degree. Then by using the idea of se-
lecting multiple colors, we develop an algorithm that
colors the graph rapidly. In this algorithm, instead
of selecting the colors with a uniform probability as
in the edge coloring algorithm, vertices may select
different probabilities that are inversely proportional
to their palette sizes. Note that Schneider and Wat-
tenhofer [24] showed that (1 4 €)A-vertex coloring
problem can be solved in O(log(1/€) 4+ log" n) rounds
if A > logn. However, it is not clear whether their
proof extends directly to the case where palettes can
be non-uniform as in our case.

The main technical challenge is to prove the
concentration bounds. To this end, we use exisiting
techniques and develop new techniques to minimize
the dependencies introduced. First, we use the
wasteful coloring procedure [18]: Instead of removing
colors from the palette that are colored by the
neighbors, we remove the colors that are selected
by the neighbors in each round. In this way, we
can zoom in the analysis into the 2-neighborhood
of a vertex instead of 3-neighborhood. Also, we
use the expose-by-ID-ordering technique introduced
in [22]. In the edge coloring problem, assume that
each edge has a unique ID. In each round, we let
an edge become colored if it selected a color that
is not selected by its neighbor with smaller ID.
Therefore, the choices of the neighbors with larger
ID will not affect the outcome of the edge. That
makes bounding the difference or the variance of
the martingales much simpler when we expose the
choices of the edges according to the order of their ID.
Finally, we derive a modification of Chernoff Bound
(Lemma A.2) that is capable to handle the sum
of non-independent random variables conditioned on
some likely events. In particular, although the
expectation of the i-th random variable may be
heavily affected by the configuration of first ¢ — 1
random variables, our inequality applies if we can
bound the expectation when conditioning on some
very likely events that depend on the first i—1 random
variables. When combined with the expose-by-ID-
ordering technique, it becomes a useful tool for the
analysis of concentration. (See the proofs of Lemma
2.4 and Lemma 4.2.)
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2 Distributed Edge Coloring

Given a graph G = (V, E), we assume each edge
e has a unique identifier, ID(e). For each edge, we
maintain a palette of available colors. Our algorithm
proceeds by rounds. In each round, we color some
portion of the graph and then delete the colored
edges. Let G; be the graph after round 7 and P;(e) be
the palette of e after round . Initially, Py(e) consist
of all the colors {1,2,...,(1 + €)A}. We define the
sets N;(*) : VUE — 28 N, (1) : VUE — 2F,
and N7 (e) : E — 2F as follows. N;(:) is the set
of neighboring edges of a vertex or an edge in G;.
N; ((+) is the set of neighboring edges of a vertex or
an edge in G; having c in its palette. N;.(e) is the
set of neighboring edges having smaller ID than e and
having c in its palette in G;.

For clarity we use the following shorthands:
deg, () = [N:()], deg; o(-) = [Ni.e(-)], and deg](€) =
|N/.(e)], where deg; .(-) is often referred as the c-
degree. Also, if F(-) is a set function and S is a set,

we define F'(S) = J,cq F(s).

THEOREM 2.1. Let €,v > 0 be constants. There
exists a constant A , > 0 and a distributed algorithm
such that for all graphs with A > A, ., the algorithm
colors all the edges with (1 + €)A colors and runs in
O(log" A - max(1,logn/A'=7)) rounds.

COROLLARY 2.1. For any A, the (2A — 1)-edge-
coloring problem can be solved in exp(O(y/loglogn))

rounds.

Proof. Let ¢ = 1 and v = 1/2. By Theorem 2.1,
there exists a constant A; ;5 such that for A >
max((log n)Q,ALl/g), the problem can be solved in
O(log* A) rounds. Otherwise A = O(log®n) and we
can apply the (A 4 1)-vertex coloring algorithm in
[7] to the line graph of G, which takes O(log A +

exp(O(v/loglogn))) = exp(O(v/loglogn))) rounds.

We describe the algorithm of Theorem 2.1 in
Algorithm 2.1 for A > (logn)'/(=7). In the end of
the section, we show how to generalize it to smaller
A by using a distributed algorithm for contructive
Lovész Local Lemma [9]. The algorithm proceeds
in rounds. We will define {m;} and {8;} later. For
now, let us think m; is inversely proportional to the
c-degrees and (3; is a constant.

ALGORITHM 2.1. Edge-Coloring-Algorithm
(G7 {ﬂ-i}> {Bl})
1: Go+ G
140
repeat
i1+ 1

Ll

for each e € G;_1 do
(Si(e), K;(e)) < Select(e, m;, ;)
Set Pi(e) + Kile) \ Si(N7.(€))
if S;(e) N P;i(e) # 0 then color e with any
color in S;(e) N Pi(e) end if
9: end for
10:  G; « G;_1 \ {colored edges}
11: until

ALGORITHM 2.2. Select(e, ;, 5;)

1: Include each ¢ € P;_1(e) in S;(e) independently
with probability ;.

2. For each ¢, calculate r, = 32/(1 — m;)d8i-1.¢(¢),

3: Include ¢ € P,_;(e) in K;(e) independently with
probability ..

4: return (S;(e), K;(e)).

In each round ¢, each edge e selects two set of
colors S;(e) and K;(e) by using Algorithm 2.2. S;(e)
is selected by including each color in P;_;(e) with
probability 7; independently. The colors selected by
the neighbors with smaller ID than e, S;(N;_;(e)),
will be removed from e’s palette. To make the
analysis simpler, we would like to ensure that each
color is removed from the palette with an identical
probability. Thus, K;(e) is used for this purpose.
A color ¢ remains in Pj(e) only if it is in K;(e)
and no neighboring edge with smaller ID selected
c. The probability that this happens is exactly
(1- m)denglvc(e) -re = B2. Note that r. is always at
most 1 if degi ; .(u) < t;_; (defined below), which we
later show holds by induction. An edge will become
colored if it has selected a color remaining in P;(e).
Obviously, no two adjacent edges will be colored the
same in the process.

We will assume A is sufficiently large whenever
we need certain inequalities to hold. The asymptotic
notations are functions of A. Let pg = (1 4 €)A and
to = A be the initial lower bound on the palette size
and initial upper bound on the c-degree of a vertex.
Let

i =1/(Kt;_;) d=1/logA
o = (1 - ﬂi)p; ﬂl = (1 - 7Ti)t£*171

pi = Bipi-1 t; = max(a;B;t;—1,T)
pi=01—-08)"p t; = (1+6)t;
K=4+4/¢ T =A"7097/2

p; and t; are the ideal (that is, expected) lower
and upper bounds of the palette size and the vertex c-
degrees after round 7. p} and ¢} are the relaxed version
of p; and t; with error (1—4)" and (1+§)?', where § is
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chosen to be small enough such that (1—9)* = 1—o(1)
and (1+ 0)% =1+ o(1) for all i we consider, i.e. for
1 =0(log™ A).

m; is the sampling probability in our algorithm.
We will show that «; is an upper bound on the
probability an edge remains uncolored in round ¢ and
32 is the probability a color remains in the palette of
an edge depending on €. Since

1 1 (Kt =)
b= ( T w, —1>+1>

1 (Kt =1):
> (=)
(Kt;_, —1)+1

x
> e /K, Since (1 — ﬁ) >e 1,

)=

Therefore, B; is bounded below by e~ '/% which is
a constant. While p; shrinks by 3?, we will show ¢;
shrinks by roughly «;3;. Note that po/tg > (1 + €)
initially. The constant K is chosen so that e=2/% (1 +
€) — 1 = Q(e) and so «; is smaller than j3; initially,
since we would like to have ¢; shrink faster than p;.
Then, «; becomes smaller as the ratio between ¢; and
p; becomes smaller. Finally, we cap t; by T, since
our analysis in the first phase does not have strong
enough concentration when t; decreases below this
threshold. Thus, we will switch to the second phase,
where we trade the amount ¢; decreases (which is
supposed to be decreased to its expectation as in the
first phase) for a smaller error probability.

We will show that the first phase ends in
O(log" A) rounds and the second phase ends in a con-
stant number of rounds. We will discuss the number
of rounds in the second phase later in this section.

LEMMA 2.1. t,. = T after at most r = O(log* A)
rounds.

Proof. We divide the process into two stages. The
first is when t;_1 /p;_1 > 1/(1.1e3/K K). In this stage,

ti ot

pi Bipi
’ ’ t'_
= (1 — Wi)piiti_lJrl it defn. O‘iaﬁi
Pi-1
ti_
<exp (—mi (P —t)_, +1)) —— l—z<e™®
p

IN

o (25 ) 5

A
@
]
o)
/T\
—
|
Q
—
=
|
N
=
S
S
|
_
|
—_
~__
~_
|
LI

defn. p;
<o (~(1-o)- g (¥F+0-1) ) 2L

pi—1/ti—1 > (1+€)

< exp <(1 _oq1y) - 8= Q/K)Igl te - 1>> : ;:11
e >1—=x
62 ﬁi,1
—exp (~1- o) g ) -
K=4(1+¢)/e
Therefore, after at most r +

o(l))%ln (1.1Ke3/%) rounds, this stage will

end. Let j be the first round when the second stage
starts. For ¢ > j, we have

o = (1 —Wi)pi

< exp (—(1 - 0(1))% . t?il) l—xz<e™
2.
< exp (—(1 - 0(1))% . %) defn. p;

pi-1 _ Bi—1Pi—2

i1 oy tio
1 e 3K p_
<o (ol S B2 gz e
1— 11—
ti_o 1
<
pi—a  1.1Ke3/K

S exp (—1/041'_1)

Therefore, L > ¢ > A, and so

Xjtlog* A+1 T
log* A

thrlog* A+1 < max(aj+log* A+1 " A» T) =T.

Then, we show the bound on the palette size
remains large throughout the algorithm.

LeEMMA 2.2. p) = A0 for i = O(log* A).

Proof. pj = (1= 0)ip; > (1= 0)'[I5, B2A > (1 —
§)le /KA = (1 - 0(1))A—ﬁfm A = Al—o(l)

Let H;(e) denote the event that |P;(e)| > pl
and H;.(u) denote the event deg; .(u) < t. Let
H; be the event such that for all u,e € G and all
¢ € Pi(u), H; .(v) and H;(e) hold. Supposing that
H;_; is true, we will estimate the probability that
H;(e) and H; .(u) are true.

LEMMA 2.3. Suppose that H;_1 1is true, then
Pr(|Pi(e)| < (1—8)B2|Pi—1(e)]) < =070,
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Figure 1

O

1e(Niee(u)) \ Nicye(u)
(a) The bold lines denote the edges in Ni.(u). In this
example, we assume all the edges in the bottom have
smaller ID than the edges on the top. The solid square
besides an edge e in the top part denote that ¢ € K;(e).
The character ‘c’ besides an edge e in the bottom part
denote that ¢ € S;(e). The set N;.(u) is determined
by the squares and the c’s.

/
(b) An illustration showing the probability that es se-

lects a color ¢’ € P;(ez) is unaffected when conditioning
on &1, Sgl\and whether e; is colored or not. Note that
e1,e2 € Ni—1,c(u) and ID(e1) < ID(e2). & is a func-
tion of K;(e1) and the colors chosen by the edges in A
and B. &> is a function of Kj;(e2) and the colors cho-
sen by the edges in C and D. Thus, conditioning on
them does not affect the probability es select ¢’. Fur-
thermore, whether e; is colored does not depend on
whether e, selects the colors in P;(ez), but only pos-
sibly depends on whether the colors in the grey area
(P;i—1(e2) \ Pi(e2)) are selected.

Proof. Consider a color ¢ € P;_1(e). The probability
¢ remains in P;(e) is exactly Pr(c ¢ S;(N;_,(e))) -
Pr(c € K;(e)) = 2. Since the event that ¢ remains
in the palette is independent among other colors, by
a Chernoff bound, Pr(|P;(e)| < (1 —6)82|P;i_1(e)]) <
e—2(8%p})

LEMMA 2.4. Suppose that H;—1 is true, then

Pr(deg; .(u) > t}) < 2e=UT) L A= AP,
Proof. Define the auxiliary set

Niﬁc(u) &f {e € Ni_1.(u) | (c € K;(e)) and

(¢ & S(N;Zi(e) \ Ni-1,c(w)))}

and deg; (1) = |N;.(u)| (see Figure 1a). Ni.(u)
is the set of edges wv € N;_j.(u) that keep the
color ¢ in K;(uv) and no edges adjacent to v (except
possibly uv) choose c¢. We will first show that
Pr(deg; (u) < (1 + 0)8;deg; , (u) < e 20T,
Consider e = uv € N;_1 (u). The probability that
c e K;(e)and ¢ ¢ S(N;_1(e)\N;_1,(u)) both happen
is

(1 _ 7Ti)2t;7172
(1 _ 7_‘_i)degi‘fl,c(v)+deg;‘71,c(u)—2
(1 — Fi)t£*1_1

(1 — ;) desire (-1

(1 — ;) degine ()1

<

(1 =) g1 = g

Let ei,...,e; be the edges in N, .(u) and
let €,...,ep be the edges in N | (Ni—1.c(u)) \
N;_1.c(u). Clearly, d/eTgiyc(u) is determined solely by
K;(e1),...,K;(ex) and S;(e}),...,Si(e} ).

Define the following sequence:

0 j=0
Y; = (Ki(er), ..., Ki(e;)) 1<j<k
(Yk,Si(e’l),...,Si(e;_kD h<i<k+k
Let V; be

Var (Eldeg, (1) | ;1] — Bldeg, o(u) | Y] | Y1)

We will upper bound V; and apply the concentration
inequalities of Lemma A.5. For 1 < j < k, the
exposure of K;(e;) affects d/(%i’c(u) by at most 1, so
Vi<land} ;o V; <ti_y. Fork <j <k+k, the

exposure of S;(e;) affects d/(%i,c(u) by at most 2, since
edge e} is adjacent to at most 2 edges in N;_1 .(u).
Since the probability e; selects ¢ is m;, V; < 4m;.
(We make a query about whether ¢ is contained in
Si(e;). For an yes/no query, the variance is bounded
by pyes - C2, if the function is C-Lipschitz and pyes
is the probability that the answer to the query is
yes [11, 12].) Therefore, > .o 0 Vi < 4k'm; <
42 1w = 4t._ /K < 4t._,. The total variance,
D i<j<kir Vis s at most 5t;_;.

We apply Lemma A.5 with M = 2, t = 66;t;_4,
and 0% = Vj to get

Pr(deg; .(u) > (1 +8)Bti_,)
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< Pr(deg; o(u) > f; deg;_y .(u) +t)
degi—l,c(u) < t§71

t2
<exp|— 7
( 235 o2 +2t/3)>

— P\ T2t 1+2t/3)>

52 2t/21
< 2(5t;_, + 2(6Bit]_ 1)/3)>
(—Q(8%t]_y))

| /\

exp

Next, we show Pr(deg; .(u) > (1 + 5)ai(Te\gi7c(u)) <
Ae=0%P)) 1 o=Q*T) | Tt €1,...,e € ]/\\fi7c(u) listed
by their ID in increasing order. Let &£; denote the
likely event that |P;(e;)| > p;. Notice that Pr(c €
Pi(e;) | ¢ € Nie(u)) > Pr(c € Pile;)) > f; and
Pr(¢ € Pi(ej) | ej € Nio(w)) = Pr(c € Pile;)) > Bi
for all other ¢ # ¢ and ¢ € P,_1(e;). Therefore,
E[|Pi(e;)| | €j € Nic(u)] = Bil Pi—1(e;)| =

By Lemma 2.3, Pr(&;) < e~ | Let X; be
the event that e; is not colored after this round and
let X, be the shorthand for (Xy,...,X;). We will
show that

max PI‘(Xj | Xj_l,gl, ce ,5]') < oy

j—1

and so we can apply Lemma A.2, a Chernoff-type tail
bound when conditioning on a sequence of very likely
events. First, we argue that for any X;_; and ¢ €
Pi(ej), Pr(c’ € Si(ej) | Xj-1,&1,...,&) = m; (see
Figure 1b). Since ¢’ € P;(e;), ¢’ is not chosen by any
of the edges ey, €2, ..., ej_1. Therefore, whether these
edges become colored does not depend on whether
they choose ¢’ or not. Furthermore, conditioning on
&1,...,&; has no effect on the probability e; selects
¢/, because the palette sizes of ey, . .. e; do not depend
on the colors chosen by e;, but only the choices of the
edges with smaller ID. Therefore, we have:

Pr(X; | X, 1,E1,...,&)
= [ Pr(c ¢Si(e)) | Xjo1.61,...,E))

c’€P;i(ej)
=1 -m)Pe)l < - m)p2 &; is true
= a’i

Notice that by Lemma 2.3, >-. Pr(£;) < Ae—2(8%p})
By Lemma A.2 and Corollary A 1, we have:

Pr(deg; .(u) > a; - deg; ,(u) + d max(a; - deg; .(u), T))

< e T L A~ UP))

By the union bound, the probability that both

deg; (u) < @ - deg; (u) + dmax(a; - deg, .(u), T)

and d/eTgZC( ) < ( + 9)Bt;_; hold is at least 1 —

2e=0*T) _ Ae=2(5°P))  When both of them are true:
deg; . (u)

< (14 8)a;Bit,_; + d max((1
< (14 8)ayBit,_; + 6 max((1

O)aifit;_q,T)
O)aiBit; . t;)
T <t

+
+

< (1 +8)aiBiti_ +0(1+68)* 1t <t
defn. ¢; and ¢

Second Phase Suppose that H, holds at the
end of iteration r, where r is the first round where
t, = T and so deg,.(u) < t; < 2T for all u
and c¢. Now we will show the algorithm terminates
in a constant number of rounds. For i > 7, let
t/ =t T

i—1"

Recall that H;(e) denotes the event that | P;(e)| >
p; and H; .(u) denotes the event that deg; .(u) < ¢
(Notice that ¢} has a different definition when ¢ > r
than that when 0 < ¢ < r). Also recall H; denotes
the event that H;(e) and H,;.(u) are true for all
u,e € G; and all ¢ € P;(u). If A is large enough,
then we can assume that p, > A1-0-8v by Lemma
2.2. Then from the definition of ¢}, it shrinks to less

than one in (ﬁ] rounds, since T'/p; < A% and
t

/+1/(0 ) < (Afo.m)fl/(O-l'm <1

Suppose that H; ;1 is true, we will estimate the
probability that H;(e) and H; .(u) are true. Consider
a color ¢ € P;_1(e). It is retained in the palette with
probability exactly 82, so E[|P;(e)|] > 82| P;—1(e)| >
B%p._,. Since each color is retained in the palette
independently, by a Chernoff Bound, Pr(|P;(e)| <

(1= 6)87 - pjy) < e €0,

LEMMA 2.5. Suppose that H; 1 is true where i > r,
then Pr(deg; .(u) > t;) < e~ 1) 4 Ae=25°pD)

Proof. We will now bound the probability that
deg; .(u) > ti. Let er,...,ex € Nj_1.(u), listed
by their ID in increasing order. Let &; denote the
likely event that |P;(e;)| > pl. Notice that Pr(€;) <
e~ 20°P) by Lemma 2.3. For each ej € Njc(u),let X,
denote the event that e; is not colored. As we have
shown previously Pr(X; | X;-1,&,...,&) <
therefore,

Pr(deg; .(u) > ;)

th
=Pr (degi o(u) > ( . ) cayth_ ) .
’ aiti_ '
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Applying Lemma A.2 and Corollary A.1 with 1 +
6 = t;/(aut;_;), and noticing that o;deg; ; .(u) <
a;t;_,, the probability above is bounded by

t t t
exp <—ait’i_1 < —In—1— — < L — 1)))
ity oGty oGty g

+ Ae—U8p)
t/ [¢) 52 ’
< exp <—t’i <1n L — 1)) + Ae=2007P0)
agt;_4

—eo (oo (3) -2 (52))

+ AefQ((szp;)

< exp (—tg ((1 —o(1)) Kff_l —1In (etigl)»
1

+ Ae—U8p)

defn. ¢/ and t/_,/t; < A

< exp (—T ((1—;(1)) - t;f ln(eA))>

+ Ae—U8p)

< exp (—T ((1 - 0“»% - 22“5??)))
tia 2T _ 2

pi T opp T AMD

+ Ae=90%P)
<exp (—QT)) + Ae~ P

2.1 Union bound or constructive Lovasz Lo-
cal Lemma We want to ensure that H; holds
for every round i. If H; 1 is true, then
Pr(H;(e)) < exp(—A'7%97) and Pr(H;.(u)) <
exp (—A70-957) If A= > logn, then each of the
bad event occur with probability at most 1/ poly(n).
Since there are at most O(n?) events, by the union
bound, H; holds w.h.p. On the other hand, if A1~ <
logn, then one can use the constructive Lovasz Lo-
cal Lemma (LLL) to make H; hold w.h.p. Suppose
that the probability each event happens is at most
p and each event is dependent with at most d other
events. If ep(d + 1) < 1, the LLL guarantees that
the probability none of the events happen is positive.
The celebrated results of Moser and Tardos [19] gave
both sequential and parallel algorithms for construct-
ing the underlying assignments of random variables.
In [9], Chung et al. showed that if a stronger condition
of LLL, epd? < 1, is satisfied, then the assignment
can be constructed more efficiently, in O(logy /¢pq2 1)
rounds w.h.p.

Now, each of the bad events H; .(u) or H;(e) is
dependent with other events only if their distance is
at most 3. (The distance between two edges is the
distance in the line graph; the distance between a
vertex and an edge is the distance between the vertex
and the further endpoint of the edge). Since there are
O(A) events on each vertex and O(1) events on each
edge, each event depends on at most d = O(A3-A) =
O(A*) events. Let p = exp(—Al=%97) be an upper
bound on the probability of each bad event. Now we
have epd® < exp(—A!~7). Therefore, we can make
H; hold in O(log; epg2n) < O(logn/A'™7) rounds
w.h.p. This completes the proof of Theorem 2.1.

Note that our proof for Theorem 2.1 does not
rely on all the palettes being identical. Therefore,
our algorithm works as long as each palette has at
least (1 4 €)A colors, which is known as the list edge
coloring problem.

3 Coloring (1—¢)-Locally Sparse Graphs with
A+ 1 colors

In this section and the following section we switch
contexts from edge coloring to vertex coloring. Now
the palette after round 4, P;(u), is defined on the
vertices rather than on the edges. G; is the graph
obtained by deleting those already colored vertices.
Also, we assume each vertex has an unique ID, ID(u).
Redefine the set functions N;(u) : V — 2V N, .(u) :
vV - 2Y, Ni(u) : V. — 2" to be the neighboring
vertices of u, the neighboring vertices of u having
c in their palettes, and the neighboring vertices of
u having smaller ID than v and having c¢ in their
palette.

G is said to be (1 — e)-locally sparse if for
any u € (G, the number of edges spanning the
neighborhood of u is at most (1 — ¢) (g‘) (i.e. {zy €

Glxz e N(wu)andy € N(u) }| < (1—6)(%)).

THEOREM 3.1. Let e,y > 0 and G be a (1—¢)-locally
sparse graph. There exists a distributed algorithm
that colors G with A + 1 colors in O(log™ A +
log(1/€) + 1/7v) rounds if (eA)=7 = Q(logn).

COROLLARY 3.1. Let e > 0 and G be a (1—¢)-locally
sparse graph. G can be properly colored with (A + 1)
colors in O(log(1/e) + ePVIog108 1)) royns.

Proof. Let v =1/2. If eA = Q(log® n), Theorem 3.1
gives an algorithm that runs in O(log™ A + log(1/¢))
rounds. Otherwise if eA = O(log®n), the (A + 1)
coloring algorithm given in [7] runs in O(log A +
eO(\/W)) = O(log 10% + 60(¢W>)

O(log (1/€) + ePWVIoglogn)) rounds.

First we assume that each vertex v € G has A
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neighbors. If a vertex u has less than A neighbors,
we will attach A — deg(u) imaginary neighbors to
it. We will analyze the following process for just
a single round. Initially every vertex has palette
Py(u) ={1,... A+ 1}. Each vertex picks a tentative
color uniformly at random. For each vertex, if no
neighbors of smaller ID picked the same color, then
it will color itself with the chosen color. Now each
vertex removes the colors that are colored by its
neighbors. Let deg;(u) and P;(u) denote the degree
of u and the palette of u after the first round. The
idea is to show that |Pj(u)| > deg;(u) + Q(eA),
then we can apply the algorithm in the previous
section. Intuitively this will be true, because of those
neighbors of u who become colored, some fraction
of them are going to be colored the same, since the
neighborhood of u is not entirely spanned.

Let N(u) denote u’s neighbors. For z,y € N(u),
we call xy a non-edge if zy ¢ E. For z,y € N(u)
where ID(x) < ID(y), we call zy a successful non-edge
w.r.t. u if the following two condition holds: First, xy
is not an edge and = and y are colored with the same
color. Second, aside from x,y, no other vertices in
N (u) with smaller ID than y picked the same color
with z,y. We will show that w.h.p. there will be at
least €eA/(8€?) successful non-edges. Then |Py(u)| >
A+1—(A—deg; (u))+eA/(8e3) > degy (u)+eA/(8€?).

LEMMA 3.1. Fiz a vertex uw € G. Let Z denote the
number of successful non-edges w.r.t. u.

Pr(Z < eA/(8e%)) < e~ SUA)

Proof. We will assume without loss of generality that
the neighborhood of u has exactly (1 — €) (é) edges.
This can be assumed without loss of generality, be-
cause we can arbitrarily add edges to its neighbor-
hood until there are (1 — €) (g) edges. If Z' is the
number of successful non-edges in the modified sce-
nario, then Z statistically dominates Z’, i.e. Pr(Z >
z) > Pr(Z' > z). Given the same outcomes of the
random variables, if a pair zy is a successful non-
edge in the modified scenario, then it must also be a
successful non-edge in the original scenario.

We will first show that the expected number
of successful non-edges is at least eA/(4e®). Then
we will define a martingale sequence on the 2-
neighborhood of u. After showing the variance ), V;
has the same order as its expectation, O(eA), we will
apply the method of bounded variance (Lemma A.5)
to get the stated bound.

Given a non-edge zy in the neighborhood of u,
the probability it is successful is at least (1 —1/(A +
DJA=2(1/(A+1)) = (1- 1/(A+1)%371 - (1/A) >

e~3/A. The expectation (assuming A > 1)

E[Z] = Z Pr(zy is successful)
zy¢ E

z,yEN (u)

eAA—1) e 3 A-1) eA
> . = >
- 2 A 2e73 T 4e73

We will define the martingale sequence on the 2-
neighborhood of « and then show the variance ), V;
has the same order with its expectation, O(eA).
Let {ugp = wu,uy,...ux} be the vertices in the 2-
neighborhood of u, where vertices with distance 2
are listed first and then distance 1. The distance
1 vertices are listed by their ID in increasing order.
Let X; denote the color picked by u;. Given X;_1,
let Di,si be |E[Z | Xiflei = Si} — E[Z | Xi,1]| and
V; be Var(E[Z | X;] — E[Z | X;-1] | Xi-1). Note
that (see [12])

Vi < max Dy,
Si
S ma)/<|E[Z | Xi—17Xi = SZ‘} — E[Z | Xi—17Xi = S;H

Also, E[Z | XZ} Zx,yGN(u),my%E
E[zy is successful | X;]. We discuss the cases

whether wu; is a neighbor of wu separately. If
u; ¢ N(u), whether u; chose s; or s, only affects
on those non-edges xy such that at least one of x
or y is adjacent to u;. Let F; denote such a set of
non-edges. If xy € F;, then

| E[zy is successful | X,;_1, X; = s;]—
E[zy is successful | X;_1, X; = s]| < 2/(A +1)?

because they only differ when both x and y picked
s; or si. Thus, maxs, D; s, < 2|E;|/(A + 1)%. No-
tice that |E;| < eA? and Y, |E;| < eA? . (2A) <
2¢A3, since each of two endpoints of a non-edge
can be incident to eA? edges in those E;. This
implies >, |E;|? < 2¢A5, since the sum is maxi-
mized when each |E;| is either 0 or eA%. Therefore,
D e NN \N () Vi < 2 B/ (A + 1) < 82A.

On the other hand, if u; € N(u), we will first
bound D, ,, = |E[Z | X;] —E[Z | X,;_4]| for a fixed
s;. Then we will bound V; = Zsi Pr(X; = s;) -
D?,,. Again, we break Z into sum of random vari-
ables >, o B o upeN(u) Xuaus: Where Xo,q, is the
event that the non-edge wu,up is successful. The
indices a,b are consistent with our martingale se-
quences. Without loss of generality, we assume
a < b and so ID(u,) < ID(up). Let Djg, a0 =
‘E[Xuaub ‘ XiflaXi == Si] - E[Xuaub | Xi71]|- In or-
der to derive an upper bound for (3 D;, ab)?, we
divide the non-edges u,, up into five cases.
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1. a < b < i: In this case, the color chosen by u;
does not affect E[X,,_4,], because u; has a higher
ID. Thus, D; 5, b = 0.

2. i < a < b: In this case,

D s, ab < E[Xy,u, | Xic1, Xi = 84
_E[Xuauh | Xithi = S;H
<2/(A+1)2
because they only differ when u, and wu, both

picked s; or s;. There are at most eA? edges

affected. Therefore, Y, ;) Di s, ap < 2¢.

3.a < i < b If E[Xy | Xic1] = 0, then

E[Xyu | Xi—1,X; = s;] = 0, which creates no
difference. If E[X,, 4, | Xi—1] is not zero, then it
is the case that u, has picked its color uniquely
among (N (u)N{uy,...,u;—1})UN*(u,). There-
fore, B[Xy,u, | Xis1] = (1 — 1/(A +1))>7%.
1/(A + 1). If u, chose s;, then E[X, ., |
X, 1,X; = s;] = 0. Otherwise, E[X, 4, |
Xi1,X; = 5] = (1-1/(A+1))"7"1-1/(A+1).
In the former case, the difference is at most
1/(A +1). In the latter case, the difference is
at most (1 —1/(A+1)>="1. 1/(A+1)— (1 -
1/(A+ 1) 1/(A+1) < 1/(A+1)% No-
tice that among the non-edges u,up with a <
i < b, only those with u, uniquely colored s;
among (N (u) N {uy,...,u;—1}) fits into the for-
mer case. Denote the edge set by E,, we have
Y acicy Disiab < €+ |Es,[/(A 4 1). Also note
that Y, |E,,| < eA?, since E,, is disjoint from
Esg if Si 7& S;

4. a =1 < b: In this case,

D siab < E[Xuu, | Xic1, X = 84
= E[Xu,u, | Xio1, Xi = si]|
<2/(A+1)
because they are different only when w; picked

s; or s,. There are at most deg(u;) Lof

A — deg(u;) non-edges affected.  Therefore,
Yazich Digsiyab < deg(ui) /(A +1).

5. a < i=b: In this case, E[ X, v, | Xi—1, X; = si]

is either 1 or 0. Note that E[X,, 4, | Xi—1]
is at most 1/(A 4+ 1). Therefore, if s; is the
color picked by u, and wu, is the only vertex
that picked s; among vy ..., u;—1, then D; g, 4
is at most 1. Otherwise, it is at most 1/(A +1).
Let ps, be the indicator variables whether there
exists such a wu, that colored s;. We have
Za<i:b Di,si,ab S Hs; + deg(ul)/(A + 1) Note
that ¥, 1, < deg(u,):

Now we are ready to bound the variance V;. For
readability we let Ay = A + 1.

Vi=Y Pr(X;=s)- D}

< ZAll . < Z Di,si,ab+ Z Di,si,ab"'

a<b<i i<a<b

2
Z Di,si,ab""_ Z Di,si,ab"_ Z Di,ﬂ,ab)

a<i<b a=1i<b a<b=i

< _— - )
_;Al (36+ Ay * A + b
< L . Z (36)2 + ‘E%‘ 2

VAN Ay

— 2
2deg(u;) 9
- (A> s

The last inquality follows since (1 + o +x3+24)% <
7(x? + 23 + 22 + 23). Note that Zsi(Se)2 < 9A; €2,

B, )2 odeg(ui) 2 _ 4deg(us)?
D ( AL LS €A, >, (7& )> < 7% ) and
>, Hz, < deg(u;). Therefore,

2

—
V; < T 9A1€% + €A + M + deg(u;)
Ay Ay

. - -2 .
Now notice that Y, deg(u;) < eA% and Y, deg (u;) is
a sum of convex functions, which is maximized when
each term is either 0 or the maximum. Therefore,

D di@’éf(“i) < eA3. We have

Z Vi < T(9eA + €A + 4eA + eA) < 105eA
iiu; EN (u)

In order to apply Lemma A.5, we have to bound
max,, D; ¢,. Notice that for any two outcome vectors
X, X' that only differ at the i’th coordinate, Z differs
by at most 2. That is, by changing the color of
a vertex ¢ € N(u) from s; to s, the number of
successful non-edges can only differ by 2. First, this
is true if x = w or x is at distance 2 from wu, since
it can only create at most one sucessful edge when x
unselects s; and destroy one when z selects s;. When
x € N(u), we consider the effect when z unselects the
color s;. It can create or destroy at most 1 successful
non-edge. It creates a successful non-edge yz only
when z,y, z picked s; and no other vertices in N (u)
with smaller ID than y, z picked s;. It destroys a non-
edge when zy was a successful non-edge that both
colored s;. Note that if such a y exists, there can be
at most one, by the definition of successful non-edge.
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Similarly, it can create or destroy at most 1 successful
non-edge when z picks s;. It can be shown that this
2-Lipschitz condition implies D; ,, < 2 [12, Corollary
5.2].

Applying A.5 with t = eA/(8¢?) and M = 2, we
get that

Pr(Z < eA/(8¢%)) = Pr(Z < eA/(4€) — 1)

t2
< _
= oxp ( 2(105¢A + 8e2A + 2t/3)>
= exp(—Q(eA)).

Therefore, by Lemma 3.1, for any u € G,
Pr <|P1(u)| < deg; (u) + 8% : A) < e~ SHeA)
e

If eA = Q(logn), then Pr(|Pi(u)] < degy(u) +
= - A) < e~ < 1/poly(n). By the union
bound, |Pi(u)| > deg;(u) + g% - A) holds for all
u € G with high probability. If (eA)1=7 = Q(logn),
we show the rest of the graph can be colored in
O(log" A+log(1/€)+1/7) rounds in the next section.

4 Vertex Coloring with deg(u) + ¢A Colors

In this section we consider the vertex coloring
problem where each vertex has €A more colors in its
palette than its degree. The goal is to color each
vertex by using a color from its palette. Note that the
palette of each vertex may not necessarily be identical
and can have different sizes.

THEOREM 4.1. Given €, v > 0, and G, where each
vertex uw € G has a palette containing at least deg(u)+
€A colors and (eA)'™7 = Q(logn). There erists
a distributed algorithm that colors G properly in
O(log" A+ 1/v +log(1/€)) rounds.

COROLLARY 4.1. Suppose that each verter u € G
has a palette containing at least deg(u) + €A col-

ors, then G can be properly colored in O(log(1/e€) +
eOWloglogn)) roynds.

Proof. Let v =1/2. If eA = Q(log? n), Theorem 4.1
gives an algorithm that runs in O(log™ A + log(1/¢))
rounds. Otherwise if eA = O(log®n), the (A + 1)-
coloring algorithm given in [7] runs in O(log A +
eOWloglogn)y  —  O(log 10% + OWloglogn))  —

O(log (1/€) 4 ePWIoglogn)) younds.

We will define d; in Algorithm 4.1 later. Algo-
rithm 4.1 is modified from Algorithm 2.1. The first
modification is that instead of running it on the edges,
we run it on vertices. Second, instead of removing all
colors picked by the neighbors from the palette, we

only removes colors that are actually colored by their
neighbors. Third, instead of selecting colors with
identical probabilty for each vertex, the vertices may
select with different probabilities.

ALGORITHM 4.1. Vertex-Coloring-
Algorithm(G, {d;})

1: Gop+ G

2: 1+ 0

3: repeat

4: 1+ 1+1

5. for each u € G;_1 do
6: Include each ¢ € P,_1(u) in S;(e) indepen-
dently with probability
_ 1 di—1+eA
7: mi(u) = Bl dat T

8: If S;(u) \ S; (N1 (u)) # 0, u color itself with
any color in S;(u) \ S;(N7_;(u)).
9: Set  P;(u) — P_1(u) \ {c |
a neighbor of u is colored c}.
10: end for
11:  G; < G;—1 \ {colored vertices}
12: until

Due to the second modification, at any round of
the algorithm, a vertex always has e/A more colors in
its palette than its degree. The intuition of the third
modification is that if every vertex selects with an
identical probability, then a neighbor of u having a
palette with very large size might prevent u to become
colored. To avoid this, the neighbor of u should
choose each color with a lower probability. Define
the parameters as follows:

dj_1+eA
a; = e Sdi1FD

dy=A T=(eA)™

. {max(l.Olaidil,T) ifd,_,>T

% ~di_1 otherwise

Let H;(u) denote the event that deg;(u) < d;
after round 4. Let H; denote the event that H;(u)
holds for all w € G;_1, where G;_1 is the graph
induced by the uncolored vertices after round ¢ — 1.
Note that when H;_; is true,

1 di—1+ €A
Pi,l(u)| ' di—1+1
< 1 Cdeg;_y(u) + €A < 1
T |Pma(u)]  degi_y(u)+1 T deg;_q(u)+1

mi(u) = |

Notice that u remains uncolored iff it did not
select any color in P;_j(u) \ S;(N;_;(u)). We will
show that the size of P;_;(u)\ S;(N;_;(w)) is at least
|P;—1(u)|/8 and so the probability u did not become
colored is at most (1 — m;(u))!Fi-1(WI/8 < ;. Then,
the expected value of deg,(u) will be at most a;d;_.
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Depending on whether d;_; > T, we separate the
definition of d; into two cases, because we would
like the tail probability that d; deviates from its
expectation to be bounded by e~(T),

LEMMA 4.1. d; < 1 for some i = O(log" A +1/v +
log(1/€)).

Proof. We analyze how d; decreases in three stages.
The first stage is when d;—; > €A/33. During this
stage,

di = 1~0104idi—1
di—l + eA
<1.01 - | - di-
S ( 8(di—1 + 1)> '
< 1.0lexp (—1/16) - d;_;
<0.99-d;—

di1>1

Therefore, this stage ends in O(log(1/¢€)) rounds. The
second stage starts at first 1 such that T < d,, 1 <
eA/33. When i > ry:

di,1+€A
; < 1.01- -
a; < 1.0 exp( 16d, )
eA
<1.01- —
<1.0 exp( 16di1>

i eA
32) P\ 164,

di,1 S €A/33 S eA

< eA

exp | —

=P\ 380 idi,
1

S exp | — ) di_g S 6A/33
-1

Therefore, % > e >

rq+log* (1.01A)+1 N
log*(1.01A)
1.01A, and SO dry 4log* (1.01A)+1 <

max(l.Olarl+10g*(1_01A)+1A, T) < T.

The third stages begins at the first round r5 such
that drz—l =T. Ifi > T, then dl = % . di—l <
(eA)~7-d;_1. Therefore, d,,1/y11 < (eA)™H-T < 1.
The total number of rounds is O(log(1/€) + log™ A +

1/7).

LEMMA 4.2. Suppose that H;_1 holds, then
Pr(deg;(u) > d;) < e~ 1) 4 Ae=HUeA),

Proof. Let P;(x) e P;_1(z)\ S;(N;_;(z)) denote the

defined w(c) to simplify the calculation because we
will argue that when > .p () w(c) is fixed, some
inequality is minimized when each of the summand
equals to - cp. | () w(c)/|Pi—1(x)|. The probability
¢ is not chosen by any of z’s neighbors with smaller
ID is

I a-mw)

yeEN; ;| (z)

> min II a-=iw)
771‘,3(ZyeNi*71,c(z) 7 (y))=w(c) yeEN* (x)

i—1,c

which is minimized when 7}(y) = w(c)/ deg;_; .(u),
so the quantity above is

( wlc) )degfl,c(m)
2\l ==
degifl,c(x)

deg_y o(»)

(1 w(c) )w(c)'w(c)
B deg?717c($)

1\ w(c) 1
> |- ——— <5
=1 dogl_1 (@) = 2

Note that the reason that % < % is mi(y) <
1

W % for y S Ni*_lvc(.');‘). Therefore,

E[Pi(2)] = ) Prlc¢ Si(Ny())

ceP;_1(x)

s (Dw(c)

ceEP;_1(x)

IN

w'(c)
1

> .

- w’:Zw(r(r:l)lilZ w’(c) Z (4)

ceP;_1(x)

which is minimized when w’(¢) are all equal, that is,
W(€) = Xwep, (o w(¢)/| Pt ()], hence

1 Euepi,l(m) w(c)/|Pi—1(z)|
> 1Pl (3)

We_ show the exponent is at most 1, so that
E[|P;(z)|] > |Pi=1(z)|/4. The exponent

> w(e)/|Pioa(x) =
ceEP;_1(x)
[Pi—1(z) N Pi—1(y)| dioi €A 1
2 |Pi—1(y)] di-1+1 [Pi-1(z)]

current palette of = excluding the colors chosen by veNI (=)

its neighbors. We will first show that E[|P;(z)|] > < Z di—1 + €A _ 1

|Pici(x)|/4. Define w(c) = ¥ ,en: | omily). We = =, dimitl |Pie1(2)]
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< di—1+ €A ] deg; ()
di-1+1  |Pi_i(x)]

deg;_,(z) < din1
|P1_1(£C)| - di—l + eA

<1

Notice that the event whether the color ¢ €
S;(N;_1(z)) is independent of other colors, so by a

K2

Chernoff Bound:

Pr(|Pi(z)| < |Py(x)|/8) < e~ P22
_ efﬂ(eA)'

Let z1...2, € N;—1(u) be the neighbors of w,

listed by their ID in increasing order. Let &; be the
event that |P;(z;)| > |Pi(z)|/8 for all z € N;_(u).
We have shown that Pr(€;) < e %A Let X;
denote x; is not colored after this round. We will

show that:

g{nax PI‘(Xj | Xj_l,(‘:l, ce ,5]') < q;

j—1

Let ¢ € ]31(1"]) First we argue that Pr(c¢ €
Sl(aij) | Xjfl,gl, Ce ,gj) = m(u). Since ¢’ € ﬁi(mj),
¢’ is not chosen by any of z1,...,x;-1. Whether
Xi,..., X1 hold does not depend on whether ¢’ €
Si(x;). Furthermore, the events &£ ...&;_1 do not
depend on the colors chosen by x;, since x; has higher
ID than x,...,zj_1. Also, £ does not depend on
the colors chosen by z; either. Therefore, Pr(X; |
X;_1,&,...,&) = mi(u) and we have:

PI'(Xj | Xj_l,gl,...,gj)
= H PI‘(C’¢S¢(6J') |Xj_1,51,...,5j)
c’€P;(e;)

< (1 — my(u)) P I/8 & is true

. (_ diited |Pi_1(u)|>
- (di—1 + 1)[Pi—1(u)] 8

l—x<e™™
<oy

If d;—y > T, by Lemma A.2 and Corollary A.1,

Pr(degi(u) > InaX(l.OlOéidi_l,T))
< Pr(deg;(u) > max(1.01a; deg; _;(u),T))
< e U 4 AU,

Otherwise we have d; = L - d;_; < (eA)™"-T. By
Lemma A.2 and Corollary A.1 with 14+ = T'/(a;eA),

Pr (deg;(u) > d;)

T
< . covads
<Pr (degz(u) > N azdz—1>

< d r 1 r r 1
X —aidi_ 1 - n — —
= CXP Qidi—1 OéiGA aieA CVZ'EA

defn. oy
. 1n(e(eA)7))> + Ae™HeR)
defn. d;

I5 ~ s etean))

< exp

< exp (—QUT)) + AeHeA)

In both cases, we have Pr(deg;(u) > diy1) <
exp(—Q(T)) + Aexp(—Q(eA))

Since (eA)'™ = Q(logn), Pr(H;(u)) <
exp(—~QT)) + Aexp(—Q(eA)) < 1/poly(n). By
union bound H; holds with high probability. After
O(log" A + log(1/€) + 1/+) rounds, deg,(u) = 0 for
all v w.h.p., and so the isolated vertices can color
themselves with any colors in their palette.
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Appendix
A Tools

LEMMA A.1. (CHERNOFF BouND) Let Xi,...,X,
be independent trials and X = Y. | X;. Then, for
0 >0:
0 E[X]
s E[X]
The two bounds above imply that for 0 < 6 < 1, we
have:

Pr(X > (14 6)E[X]) < ¢ BIXI/3

Pr(X < (1 - 6)E[X))

IN

6—52 E[X]/2

IN

LEMMA A.2. Let &1,...,&, be (likely) events and
X1,..., X, be trials such that for each 1 < i1 < n
and X =1 | X,

?aXPI‘(Xi | Xi—17517~-~5i) Sp
i—1

where X; denote the shorthand for (Xi,...,X;).}
Then for § > 0:

5 np
Pr((X>(+6np </\5>> {1+§)1+5}

and thus by union bound,

Pr(X > (1+0)np) < {

np + Z Pr(g)

Proof. For now let us abuse &; as 0/1 random vari-
ables and let £ =[], &. For any t > 0,

(A1) Pr ((X>(1+5np (/\5))

= Pr (H Ei-exp(tX) > exp(t(l + 5)”10))

BT, & - exp(tX)]
exp(t(1 + d)np)

66
(1 + 5)(1+5) :|

SWe slightly abuse the notation that when conditioning
on the random variable X;, we are referring that X; takes
arbitrary values. While as when conditing on the event &;, we
are referring that &; happens.
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_ BTz, & - exp(tXi)]
(A2) = exp(t(1+ 0)np)

We will show by induction that

k
E|[]& CXp(tXi)] < (1 +ple' —1)F

i=1

When k = 0, it is trivial that E[E] < 1.
k
i=1
k—1
(H & exp(tXi)>

=1

E [Ek exp(th) | X,'_l, 51, e 75k—1]‘|

k—1
(H & exp(tXi)> -Pr(&)

=1

-E [exp(th) | Xi—l»gh e ,51@}]

k—1
(H & exp(tXZ-)>

i=1

-E [exp(th) | Xi—l»gh e ,51@}]

k—1
(H & exp(tXi)>

i=1

(L4 Pr(Xy | Xio1,&1,000,8) (€ = 1))]

k—1
(H &; exp(tXi)> (1 +p(e* - 1))]

i=1
k-1
(H & exp(tXi)>
i=1

< (L+p(ef = 1))
Therefore, by (A.1),

b (<X> L+ Sy A (/\s))

EE - TIio exp(tX,)]
exp(t(1+ d)np)
_ A—p(e -1
~ exp(t(1 + d)np)
_ explnp(e! — 1))
~ exp(t(1 + 8)np)

(L+ple' = 1))

- Lleipa(ﬁ)w} B

The last equality follows from the standard derivation
of Chernoff Bound by choosing ¢ = In(1 + 9).

COROLLARY A.1l. Suppose that for any § > 0,

el P
Pr ((X> (14 d)np) A </\5>> {M)(Hé)}

then for any M > np and 0 < 6 < 1,

o0 M
P((X>np+5M </\5>> [M)“m}

_s27
o0 M/3

Proof. Without loss of generality, assume M = tnp
for some ¢t > 1, we have

pe (0w aann (A

r etd np

_ 65 M

_ 5 M
<o "
< e 07M/3 05% <ePBforo<s<1

Inequality (*) follows if (14 ¢6)(1F0)/t > (14 §)(1+9),
or equivalently, ((1+t4)/t) In(14+td) > (1+9) In(1+9).
Letting f(¢) = ((1+¢6)/t) In(1+t6) — (146) In(1+4),
we have f'(t) = % (6t —In(1+ dt)) > 0 for t > 0.
Since f(1) =0 and f'(t) > 0 for t > 0, we must have
f(t)>0fort>1.

LEMMA A.3. ([12], AZUMA’S INEQUALITY) Let f
be a function of n random variables X1,..., X, such
that for each i, any X;_1, any a; and a},

[Elf | X1, Xi = @] ~ Blf | X1, Xi = af]| < ¢,
then
Pr(|f — E[f]| > t) < 2e7/@Eied),

LEMMA A.4. ([12], COROLLARY 5.2) Suppose that
flz1,...,x,) satisfies the Lipshitz property where
|f(a) — f(a’)| < ¢; whenever a and a' differ in just
the i-th coordinate. If X;,...,X, are independent
random variables, then

E[f | Xi—1,Xi=a)]| —E[f | X;-1,Xi =a}]| < ¢
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LEMMA A.5. ([12], EQUATION (8.5)) Let
X1,..., X, be an arbitrary set of random wvari-
ables and let f = f(X1,...,Xn) be such that E[f] is
finite. For 1 < i < n, suppose there exists o2 such
that for any X;_1,

Var(E[f | X;] - E[f | X;-1] | Xi1) < of

Also suppose that there exists M such that for 1 <
i<mn, |[E[f | X;]—E[f| Xi-1]| < M. Then,

+2

Pr(f > E[f] +1) <e *Eimioitis),
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