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SOLUTION OF THE QUOTA PROBLEM BY A
SUCCESSIVE-REDUCTION METHOD*

D. F. Votaw, Jr.

Yale University, New Haven, Connecticut

(Received June 10, 1957)

This paper gives a description and illustrations of a general method of
solution of the so-called ‘quota problem’ in personnel assignment. The
introduction gives a formulation of the problem and an outline of the
method of solution. In the following section, general solutions and illus-
trations are given for the cases of two and three job categories. An illus-
tration for the case of five job categories is given in the concluding section.
The quota problem is treated in reference 3, pp. 28-35, and reference 4,
pp. 15-17. The results in this paper are extensions of results in those
references. The problem is similar to a special case of the personnel classi-
fication problem, reference 5, and similar to a special case of the trans-
portation problem, reference 1, pp. 281-298, and reference 2.

ONSIDER A SET of persons and a set of job categories, and suppose

that for each job category there is a quota. Suppose further that for

each person it is known with regard to each job category whether he is

‘qualified’ or ‘not qualified.” The quota problem can be stated as follows:

(a) Does there exist an assignment of persons to jobs such that each person

is qualified on the job to which he is assigned? (b) If the answer to (a)
is yes, find such an assignment.

Let n be the number of job categories and let the n quotas be repre-
sented by b;, - -+, b,. The answer to part (a) of the quota problem is
yes or no according as the following set of 2"—1 inequalities is or is not
satisfied:

§Gi2by, g22bs, v, GuZ b,

912; b1+b2) R/ P ng bn-—l—l_bn,
6]

g12A..,,,2. b1+b2+ . ._I_b"’

where gy, ...x, represents the number of persons qualified in at least one of the
job categories hy, - - -, h, (r=n).

* This research was supported in part by the United States Air Force under
Contract No. AF 41(657)-4, monitored by the Personnel Laboratory, Air Force
Personnel and Training Research Center, P. O. Box 1557, Lackland Air Force Base,
Texas. Permission is granted for reproduction, translation, publication, and use,
in whole and in part, by or for the United States Government.
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Solution of the Quota Problem 57

Before dealing directly with part (b) of the quota problem we shall
introduce further notation. It is interesting that there are at most 2"
categories of persons relative to the n job categories. This follows since
2" is the total number of distinct sequences of n labels when each label
is one of two alternatives (‘qualified,” ‘not qualified’). We shall repre-
sent any of the 2" personnel categories by (41, - - -, %,) where 7,=1 or 0
according as the persons in that personnel category are or are not qualified
in the jth job category (j=1,::-,n). Let a;...; be the number* of
persons in the personnel category (7y, ---,%,). We shall term a;,...,
the ‘size’ of the personnel category (¢, - -+, %,). The a’s and the ¢’s are
related; for example, when n=2, we have [see (1)]

g1=010t01n, ¢2=0n+0au, ¢i2=0aw+an+au. (2)

Let ||@i;...4,; 5| be an ‘allocation matrix’; any element z;, ....,, ; represents
a possible number of persons in personnel category (43, s, - - -, %,) allocated
to jobs in job category j. This matrix is of order 2"Xn. It should be
remarked at the outset that

every xil...in;ng, . (3)
Zig..oiy;=0 when ;=0,

When the answer to part (a) of the quota problem is yes, there exists an

allocation matrix ||x;,...q, ;|| such that

.7 . . .
ot Ly S Qg iy (for each set 1, 72, - - -, 7,)

D Tig bs, (for each j=1, - -+, n)

where the summation in the second line of (4) is over all 2" personnel
categories (¢, %o, - -+, 2x). Given that the answer to part (a) is yes, the set
of all solutions of (4) is the set of all solutions of part (b).

To begin the successive-reduction method we choose an z,...;,;; that
can be made positive without reversing any of the inequalities that cor-
respond to those in (1). By “inequalities that correspond to those in (1)”
we mean inequalities obtained when a;,...;, is replaced by as;....,—@s...i;5
and b; is replaced by b;—x4...,;;. Incidentally, it is always possible to
choose such an ,...;,;; when the answer to part (a) is yes, since the number
of 2’s is finite. We then set x,....,;; equal to the largest possible value
that it may assume. This reduces the original problem to one or more
smaller order problems since x;;,...,,;; takes the value ay,...;,, or it takes the
value b;, or an equality appears among the inequalities that correspond to

4)

* Throughout this paper we shall regard the a’s and b’s as integers. The results
can be extended readily without any essential change in wording to include popu-
lation proportions.
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those in (1) (other than the one in the last line). This completes the first
step of the method.

When an equality is produced, the total of the (reduced) quotas of what
ever job categories are included equals the total of persons who are quali-
fied in at least one of those categories. All those persons must be used
just to fill those quotas. Accordingly, we separate that group of job cate-
gories from the other job categories and separate the corresponding group
of personnel categories from the other personnel categories. The original
problem is thereby replaced by two or more quota problems of smaller
order.

Having completed the first step of the method, we repeat the reduction
procedure on the reduced problem or problems obtained in the first step.
Continuing, we ultimately reduce the original problem to quota problems
involving not more than three job categories, which can be solved quickly.
General solutions of problems having not more than three job categories
are given in the next section. In the final section a solution of a problem
having five job categories is obtained by the successive-reduction method.

We shall now show that the quota problem resembles special cases of
the personnel classification problem and the transportation problem.
As regards personnel classification let us suppose that the productivity
of any person on any job is expressed simply as 0 or 1 (see reference 5,
pp. 2556-258). Part (a) of the quota problem can be interpreted here to
mean: Is there an assignment of persons to jobs such that the total pro-
duction is b;+by+---+b,2 Of course, part (b) of the problem is: If
the answer to (a) is yes, find such an assignment. Incidentally, the quota
problem is formulated in reference 5, p. 258. Turning now to transporta-
tion, let personnel categories correspond to origins, job categories correspond
to destinations, and productivities correspond to savings (negative costs).
Thus there are 2" origins and = destinations; the amount at origin
(41, * y2n) 1S @4...;, and the amount required at destination j is b;. Kach
saving is 0 or 1. Part (a) of the quota problem corresponds to the fol-
lowing question: Is there a shipping schedule such that all amounts re-
quired at destinations are supplied and every origin-destination route used
involves a saving of 1? Part (b) is: If the answer to (a) is yes, find such
a shipping schedule.

In view of its similarity to the personnel classification and transporta-
tion problems, the quota problem could be solved by means of the simplex
method (see references 2 and 5). In general, however, the successive-
reduction method requires less time and effort than the simplex method.
The successive-reduction method has been programmed on an electronic
computer for all problems in which the number of job categories is 8 or
less.
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SOLUTION OF THE QUOTA PROBLEM WHEN THE NUMBER OF JOB
CATEGORIES IS TWO OR THREE

I'or THE case n=2, the matrix [|2,,...,,; ;]| can be written as follows:

L00;1 Loo;2
Z10;1 Z10;2
(5)
Zo1;1 Zo1;2
L1151 T11;2

In this case there are two quotas, bi,bs and four personnel category sizes,
namely ag, @10, @1, dn.  When the answer to part (a) is yes, the following
values of the elements of (5) provide a solution of the problem:

Zoo;1=0 x01~,1=0

Zoo;2=0 Zor;2=10in (b, ao) 6
@10;1=min(by, o) Zi1;1= by —min(by, ay9) ©)
T10,2=0 x11;2=bg—min(b2, ao),

where ‘min’ means ‘minimum of.” The values of x19,; and xp;2 in (6) were
obtained by using the first step of the successive-reduction method twice.
The values of z11;1 and @112 were then obtained by subtraction from the
respective quotas.

Assume that in a quota problem involving exactly 2 job categories
b1=>50 and b;=50 and the personnel category sizes are ap=>5, a=060,
00=20, a;;=40. Here we have 100 jobs to be filled and a total of 125
persons to fill them. Let us first note whether it is possible to fill the
quotas with qualified persons. Irom the given information we have that

1= a0+ ay=100= b; =50
2= oyt a1 =60 = by =50 (7)
G12= Q1o+ Ao+ a1 =120 = b+ b, = 100.

In view of (7) the answer to part (a) is yes [see (1)]. To solve part (b)
we use (6) and obtain the following results:

Zo0;1=0 Zo1;1=0

Z00;2=0 Zop;2=20

Z10,1="50 211;1=50—50=0
Z10;0="0 211;2=H0~—20=30.

®)
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This solution can be conveniently presented in matrix form, as follows:

Personnel calegory sizes

0 0 oo = 5
50 0 a;0="060
lliy0;5l = ©)
0 20 Qo1 =20
0 30 an = 40

Quotas: 50 50

It should be noticed that the sum of the numbers in a column equals the
quota associated with the column, and the sum of the numbers in a row
does not exceed the personnel category size associated with the row.

The set of all solutions of the problem when part (a) is satisfied is indi-
cated below [see the remarks below (4)]:

Z10;1= bl_xll;ly Tor;2= bz—fvn;z,
b1—a10_—<_9311;1§bl, bz—améxn;zébz, (10)
$11;1+x11;2§011, 9311;130, 3311;220.

In the particular numerical example treated above the set of all solutions
is as follows:
9301;1=50—9311;1, 3701;2:50—%1;2,

0=211,1=560, 30 =211, =50, 211+ 21,2 = 40.

(11)

A general solution of the quota problem when there are exactly three
job categories will now be given. Heren=3, and there are 2°=8 personnel
categories. The allocation matrix ||2;, .4 4] is of order 8 X3. The follow-
ing matrix is a solution of part (b) of the quota problem when, of course,
the answer to part (a) is yes:

Personnel category
s13e8

o o o @ooe
min(by, aso0) o o @100
o min (b, @or0) o @010
o o min(bs, o) @o01 (12)
Ixilizia;i” = x11051 *'11052 o a0
x’lOl;l o x/10|;3 a0
[¢] x/011;2 *"o11;3 Qon
b//1 b//2 b//3 alll
Quotas: b 123 b3

The new symbols in (12) are defined as follows:
#no; =min(b’y, a0, Gro+aon—-aun—b’s)
%'110;2=min(b/2, dno‘—x/uo;l, aotarnt+am—0b")

wor;1 =min(d’1—a"110;1, G101, G101+ o +a1—0's)
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x'101;3=min(b'3, 0101—90'101;1, duo—‘x'uo;2+dlol+dlu—b'l) (13)
x'ou;2=min(b'2—x'uo;z, aou, 0101—96'101;1+0011+0111—bls)
#'os=min(d's—2"101;3, o — %" o112, Arr0— % 1101+ Gor1+ a1 —b’z)

b'y=bi—min(by, ¢100),  ba=bo—min(by, ano),  b'3=bs—min(bs;, aom),

"= bll—xlllO;l—xll()l;ly b”2=b'z*'x'uo;r'x'ou;z, b”3=b's—x'lm;s—x'ou;s.

The entries in (12) were obtained by using steps of the successive-reduction
method described earlier. The entries were chosen as follows: first, those
in the second, third, and fourth rows of (12); then 2’101, - - -, #’on1;3 in the
order listed in (13); and, finally, "', b"’s, and b"’;, which were chosen by sub-
traction from the quotas. The minima used in expressing ’110;1, - -+, o113
indicate the possible occurrence of equalities mentioned in the description
of the successive-reduction method.

A numerical illustration will now be given for the case in which there
are three job categories. Suppose the quotas and personnel category sizes
are as follows:

b; =30, b, =30, b;=40,
Qoo = 10, a100= 10, QAoro= 10, Aoor = 15,
a110=20, a0 =20, a0 =20, a1 =>.

In this example the total number, say N, of persons available for assignment
1S @ooot+ a0+ - -+ +am=110. We first check as to whether there exists a
solution—i.e., as to whether the answer to part (a) is yes. To do this we
evaluate the ¢’s and use (1) as follows:

g’s Sum of b’s
g=a0tauotaiatan=ss by=30
g2=aun0tauo+am+am =70 bz=30
23= a0+ 10+ + a1 =60 by=40
g12=N —ao00— @on1 =83 bi+by=60 (14)
g13=N —ao00—Qo10=90 bi+bs=170

g23=N —@o00— A100=90 by+-bs=70
g123=N — @000 = 100 bi+bz2+bs=100

Each g in (14) is not less than the corresponding sum of b’s; therefore the
answer to part (a) isyes. To find a solution—i.e., to solve part (b)—we use

(12) and obtain the following matrix:

Personnel category
sizes

o [o] [e) Qoo0=10
10 o o @100=1I0
o 10 o @o10= IO
o o 15 Qo1 =15 (15)
lsgigiaiill = || 20 o o ano=120
o o 20 @101= 20
o 20 o - Qo = 20
o o 5 am= 35

Quotas: 30 30 40
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It is easily verified that (15) is a solution since each entry is a nonnegative
integer, the sum of elements in a row is not greater than the corresponding
personnel category size, and the sum of elements in a column equals the
corresponding quota.

ILLUSTRATION OF THE SOLUTION WHEN THERE ARE
FIVE JOB CATEGORIES

A numERICAL illustration of the successive-reduction method will now be
given for the case of five job categories. Let the quotas be by=25,000,
b.=15,000, b;=35,000, bs=232,500, b5=2,500. There are 32 personnel cate-
gories when n=>5. Suppose the personnel category sizes are as those given
below:

Qooo00 = II,000 doo10= 2,000 do= 3,000
Qo= 1,500 Qoo = §,000 Qom0 = 3,000
Qoro00= I,500 Qoo110= 1,500 anon= 3,000
Q0= 1,500 Qoo = 3,000 o= 5,000
Qgoo10= 1,500 Qo001 = 2,000 ai110= 5,000
Qo001 = 1,500 a1100= 1,500 a0 = 5,000
Qui00= 2,000 anoo= 1,500 auon= 7,000
a10100= 2,000 ai100= 2,000 ayom = 7,000
A0010= 2,000 aG0110= 3,000 Qo= 7,000
10000 = 3,000 0101 = 3,000 11111 = 10,000
Qo00= 2,000 a1 = 3,000

In this example the total number of persons required is 100,000
(=bi+ --- +bs) and the total number, N, of persons available for assign-
ment is 112,000 (=ago+ - -+ +aum). We first check as to whether the
answer to part (a) is yes. To do this we evaluate the g’s and compare
each with the corresponding sum of b’s [see (1)]. The comparisons can be
made as follows:

g’s Sum of b’s
£1=a10000+ * + * + @111 = 58,500 b, = 25,000
g2=060,500 by = 5,000
83=062,500 b= 35,000
§1=63,500 bs=32,500
§5=109,500 bs=2,500
£12= NN — @00000— @00100 = @00010— @00001 — B00110 — F00101 —

@ooou — Goounr = 85,000 by+by= 30,000
813=284,500 by+b3= 60,000
g14=283,500 bi+bi=357,500
g15= 388,000 by +bs=27,500
go3=86,500 be+b3= 40,000
g24=85;5°° b2+b4=37:5°°
g25= 88,000 bo+b5=17,500
831=84,500 bs+bs=67,500
g35=289,000 b3+b;=37,500
g45=89’000 b4+b5=35v°°°
£123= N — @00000— @00010— @00001 — @ooo11 = 96,000 b1=+by+b3= 65,000

8124=95,000 by+be+bs= 62,500
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£125= 96,500 by+ba+b5=32,500
£134=03,000 by +bs+bs=92,500
g135=96,ooo b1+bs+b5= 62,500
£145=90,000 b1+ bs+b5= 60,000
£234=05,000 ba+-b3+bs=172,500
£235= 96,000 ba+bs+bs=42,500
£245=06,000 be-+bs~+b5= 40,000
8aus=906,000 b3+bs+bs=70,000
g1234= NN — @00000— Q00001 = 99,500 b1+be+-b3+bs=97,500
81235= 99,500 by+by+bs+bs=67,500
£1245= 00,500 by4be4-bs+4-bs= 63,000
£1345= 09,500 bl+b3+b4+b5=95,000
2345 = 00,500 ba+b3+bs+bs= 75,000
g12345 =N — @0000= 101,000 by+be4-bs+-bs+bs= 100,000

In every case the sum of b’s is not greater than the corresponding ¢; there-
fore, the answer to part (a) is yes.
The matrix |[|Zi:,...is;5]| given below is a solution of part (b):

Pemomgel category
sizes

o o [¢] [¢] o @00000= 11,000
1500 o o o o @10000= I,500
[e] 1500 o o o Qao1000= I,500
o o} 1500 o o Qo0100= I,500
o o o 1500 o Qoo010= I,500
[o} o o o} 1500 @o0001= I,500
2000 o o o o @11000= 2,000
2000 o [¢] o [¢] a10100= 2,000
2000 [¢] o o o @10000= 2,000
3000 o o o o G1000= 3,000
o 500 1500 o o Qo1100= 2,000
o o o 2000 o @oL010= 2,000
o 3000 o o 1000 ao1001= 5,000
o o 1500 o [e] Qoo110= 1I,500
o o 3000 o o Qon01= 3,000
o] o o 2000 o Qo011 = 2,000 (16)
1500 o o o o G100= 1,500
o o o 1500 o @11000= 1,500
2000 o o o o @001 = 2,000
) 0 o 3000 o Gi0110= 3,000
o o 3000 o [¢) a100= 3,000
o o o 3000 o a1001= 3,000
o o 3000 o o @oi110= 3,000
[e] o 3000 [e] o aoni1= 3,000
o o o 3000 o Qoon= 3,000
o o 5000 o o Goo1= 5,000
5000 o o o o anio= 5,000
5000 o o o o G = 5,000
1000 o o 6000 o anoy= 7,000
1) o 7000 o o o= 7,000
o o 6000 1000 [¢) Goun= 7,000
o [e] 500 9500 o 11111 = 10,000

Quotas: 25,000 5,000 35,000 32,500 2,500
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This matrix was obtained by carrying out the successive-reduction method.
For convenience the rows were ordered as in (16), and values were assigned
to all #’s in one row before proceeding to the next. Setting o2 and
Zowon;3 equal to 500 and 1500, respectively, resulted in an equality of the
sort mentioned in the description of the successive-reduction method.
Specifically, the reduced gi3 was then equal to 77,500 and the sum of the
reduced quotas of job categories 1, 3, and 4 was then 77,500. Thus the
total of all unassigned persons qualified in at least one of the job categories
1, 3, and 4 was then just equal to the total number of persons required in
those job categories. At this stage the original problem could be ‘factored’
into two smaller problems—one of them having three job categories (namely
1, 3, and 4) and the other having two job categories (namely 2 and 5).
Accordingly, we note that below the row of aoe in (16) the only persons
assigned to job categories 2 and 5 are those unqualified in each of 1, 3,
and 4.

About three hours of hand calculation was required to determine the
existence of a solution and find the solution in (16).
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